
PHYSICAL REVIEW RESEARCH 8, L012065 (2026)
Letter

Average-computation benchmarking for local expectation values in digital quantum devices
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As quantum devices progress toward a quantum advantage regime, they become harder to benchmark. A
particularly relevant challenge is to assess the quality of the whole computation, beyond testing the performance
of each single operation. Here, we introduce a scheme for this task that combines the target computation with
variants of it, which, when averaged, allow for classically solvable correlation functions. Importantly, the variants
exactly preserve the circuit architecture and depth, without simplifying the gates into a classically simulable set.
The method is based on replacing each gate by an ensemble of similar gates, which when averaged together form
space-time channels [P. Kos and G. Styliaris, Quantum 7, 1020 (2023)]. We introduce explicit constructions
for ensembles producing such channels, all applicable to arbitrary brickwork circuits, and provide a general
recipe to find new ones through semidefinite programming. The resulting average computation retains important
information about the original circuit and is able to detect noise beyond a Clifford benchmarking regime.
Moreover, we provide evidence that estimating average-computation expectation values requires running only a
limited number of different circuit realizations.

DOI: 10.1103/zn6p-c8w2

Introduction. Current quantum platforms allow probing
many-body systems beyond sizes that can be comfortably
simulated classically [1,2]. At the same time, the main lim-
itation in the near term is hardware noise and errors, which
may corrupt complex computations [3–5]. In response to this
limitation, near-term and midterm quantum devices rely ex-
tensively on methods to recover the ideal outcome from noisy
hardware. These range from error mitigation [6–8], applied in
classical postprocessing, to error correction performed during
the computation [9,10]. Reliable methods to assess the qual-
ity of quantum computations play a crucial dual role in this
context. First, they serve to detect the presence of noise, pro-
viding valuable feedback that guides the improvement of error
correction and mitigation strategies. Second, they help gain
confidence in the reliability of the output for computations
beyond the classically simulable regime.

Given a quantum computation of interest, assessing the
quality of its implementation falls into the broad category of
benchmarking and certification [11]. The simplest approach
in this context is to test the error rate of single operations.
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Methods for this range from full gate tomography [12,13] to
schemes that extract specific fidelity metrics, such as random-
ized benchmarking [14] and variations that allow to estimate
correlated errors [15–17]. However, testing single operations
provides little information about the overall quality of the
entire computation, especially in regimes of moderate circuit
depth [18]. At the opposite end of the spectrum, verification
and certification schemes check that a given device behaves
correctly by testing its performance on carefully crafted com-
putations. They normally rely on additional knowledge about
the desired output of the computation and leverage it to check
how closely the device reproduces it [19–22].

A highly desirable complement to previous methods is a
benchmarking scheme that can test the quality of the over-
all computation in a regime that is as close as possible to
the algorithm of interest. Such a task becomes particularly
challenging in today’s computations, where most experiments
produce data for which the expected output is not known in
advance. Motivated by this challenge, recent proposals in-
troduced randomized motion-reversal techniques that enable
estimation of the average fidelity of arbitrary circuits without
prior knowledge of their ideal outputs [23,24]. While average
fidelity is a powerful global metric, it remains highly desir-
able to complement it with more task-specific benchmarks.
In this Letter, we focus on a particularly natural objective
for quantum simulation experiments: assessing the accuracy
of local observables at the circuit output. Current strategies
rely on testing performance on simplified circuits, for which
properties of the output can be computed efficiently [25–27].
Two typical choices are (1) circuits of smaller size or depth,
which allow for brute force simulation and (2) circuits com-
posed of Clifford operations [28] or matchgates [29], which
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admit efficient classical simulation of both expectation values
and measurement sampling at the output [30–32]. However,
altering the circuit to be executed typically affects the noise
behavior, as the latter might strongly depend on the circuit
architecture and the specificity of the gates. Hence, perform-
ing checks on circuits that significantly differ from the target
computations has a high chance of providing wrong quality
assessments, unless specific assumptions on the noise model
are made [33].

Here, we propose a benchmarking scheme that avoids any
such simplifications and aims to provide a more informative
testing regime applicable to any digital quantum computation.
The method is based on randomizing the desired computa-
tion while keeping intact the executed circuit’s architecture,
depth, and size. The key property is that, although the indi-
vidual realizations are not classically simulable, calculating
few-body correlation functions of the average computation
is classically efficient. Importantly, the value of the correla-
tion functions carries information about the target circuit and,
in general, remains nontrivial. Our schemes do not require
ancilla qubits or measurements, and thus each individual re-
alization closely resembles the target circuit. Next, we outline
the general idea and then propose specific examples of such
average-computation benchmarking, based on suitably cho-
sen modifications of two-qubit gates. For instance, each gate
might be randomly replaced with one of the four variants of it
with equal probability.

Average-computation benchmarking. We consider the fol-
lowing benchmarking task: Given a circuit that one is
interested in running on the device, how closely does the
actual implementation approximate the ideal result of some
observables of interest? We seek a method that involves ex-
ecuting circuits sharing the same layout, size, and depth as
the original circuit. Moreover, each such circuit should, in
general, not admit a trivial classical simulation.

In what follows, we introduce the notion of average-
computation benchmarking and argue that it satisfies all of the
above requirements. We take a digital model of computation
and define the output of an arbitrary quantum circuit as

U (|ψ0〉〈ψ0|) = Uk · · ·U2U1(|ψ0〉〈ψ0|), (1)

where |ψ0〉 is the initial state and Ui(·) are two-qubit gates
[34]. Consider also a collection of observables Otest one is
interested in testing at the output. Assume now that each gate
is part of an ensemble {Ui,α}α , chosen independently from the
others according to a distribution pi(Ui,α ) and consider the
channel resulting from the average over the whole ensemble,
namely, Ei(·) = ∑

α pi(Ui,α )Ui,α (·)U †
i,α . By fixing a sample

over gate realizations, which we call a round, and gathering
data from the output of the corresponding circuits, one can
estimate the expectation values of interest,

〈Otest〉U [r] = Tr
(
Otest U [r] (|ψ0〉〈ψ0|)

)
, (2)

where U [r] is the circuit evolution on the rth round. This is
defined by the two-qubit unitaries U [r]

k,αk
· · ·U [r]

2,α2
U [r]

1,α1
, where

the α variables represent the fixed outcome of the random
sampling for the given round and we also adopted the short-
hand notation 〈Otest〉 = {〈O1〉, 〈O2〉, . . .}. We then define the
results of the average computation to be EU∼p[〈Otest〉U ].

The main idea behind average-computation benchmarking
is that the same average can be computed in two different
ways. On the quantum computer side, one can estimate the
average via the mean over rounds

〈Otest〉Q
avg = 1

R

R∑
r=1

〈Otest〉U [r] . (3)

On the classical side, we can exploit the linearity of the aver-
age to rewrite

〈Otest〉C
avg = Tr(Otest EU∼p[U ] (|ψ0〉〈ψ0|))

= Tr(Otest Eavg (|ψ0〉〈ψ0|)), (4)

where Eavg (|ψ0〉〈ψ0|) = Ek · · · E2E1(|ψ0〉〈ψ0|) represents the
average computation as a nonunitary evolution defined by
the concatenation of the average channels Ei. Note that, to
form the individual channels, we used the fact that pi and
p j are independent if i �= j. We claim that, for certain testing
sets Otest, the averaging ensemble p(Ui,α ) can be chosen so
that evaluating the average-computation expectation values
〈Otest〉C

avg can be done with an efficient classical algorithm. Re-
markably, this remains true even for cases in which none of the
expectation values 〈Otest〉U [r] for the single circuit runs can be
computed efficiently beyond evaluating them on the quantum
device. In what follows, we illustrate concrete examples of
ensembles that lead to an efficient classical computation of the
average expectation values. For simplicity, we particularize
to one-dimensional (1D) brickwall circuit layouts and testing
set Otest involving only few-body correlators. However, our
method can be straightforwardly adapted to higher spatial
dimensions, as illustrated in the Appendix. Even these simple
correlators are already believed to be difficult to compute for
an arbitrary polynomial-sized quantum circuit, with only a
few special exceptions [28,35–37].

Space-time averaging. As an additional requirement, we
want to define benchmarking examples whose average corre-
lations retain some information about the single instances of
the ensemble. This is to be contrasted, for instance, to taking
Haar-random two-qubit unitaries Ui. In that case, the average
value of any correlation function vanishes, independently of
the original circuit to be benchmarked. We pursue a more
informative alternative by defining ensembles where the aver-
age channels, Ei, are space-time channels [38]. These remain
valid quantum channels (i.e., completely positive and trace
preserving) upon switching the roles of space and time and
lead to classically efficiently computable correlators.

Space-time channels subsequently play an important role
in our scheme, so we recall their definition and some basic
properties. For convenience, we will use vectorization, where
we map operators to vectors using |m〉〈n| vec�−→ |m〉 ⊗ |n〉 [38].
For instance, the Hilbert-Schmidt normalized identity opera-
tor is mapped to a Bell pair

(5)

After vectorizing density matrices, a two-qubit channel (su-
peroperator) E with Kraus operators Kα is mapped to an
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operator

(6)

where we also introduced usual graphical tensor network
notation [39]. Using this notation, trace preservation and uni-
tality are denoted as

(7)

respectively. Space-time channels arise by defining the analo-
gous conditions in the spatial direction, that is, left and right
space unitality conditions

(8)

In particular, we define four-way space-time channels as those
satisfying all four conditions, while three-way space-time
channels those satisfying Eq. (7) and at least one of Eq. (8).

In Ref. [38], it was shown how these conditions, for prop-
erly chosen input states, lead to efficiently computable local
observables and correlation functions. We present the relevant
cases in the Appendix. Here, we consider a nonexhaustive list
sharing the feature that the average-computation expectation
value is generally nonzero and retains dependence on the input
circuit. Generally, the structure of correlations is governed by
the so-called transfer matrices,

(9)

which are single-qubit quantum channels that arise from the
corresponding average channel E . The simplest result con-
cerns both three- and four-way channels a test set Otest of
single-site traceless operators O(T ) acting on site T , where
T is also the circuit depth. For properly chosen input states,
the average computation reduces to an expression of the form
〈O(T )〉avg = 〈O| ∏T

k=1(M+)k|σX 〉, where k runs over average
channels in a straight-line path connecting the first-input qubit
to the output qubit at location T . Thus, classically evaluating
the expression for 〈O(T )〉avg amounts to matrix multiplication;
crucially, the dimension of each matrix M is only 4 (for the
case of qubits considered here), independent of the system
size.

Average circuits composed of three-way channels also al-
low for efficient classical computation of nearest-neighbor
three-site observables, Otest = {O(i,i+1,i+2)}L−3

i=0 . Finally, aver-
age circuits leading to four-way channels allow for efficient
classical computation of all two-body correlators at distance
2T + 1, namely, Otest = {O(i,i+2T +1)}L−2T −2

i=0 . We now show
explicit choices of ensembles leading, for any unitaries in the
original circuit, either to four- or three-way average channels.

Four-way averaging. Consider a general parametrization of
the two-qubit unitaries in the circuit

Ui = (WA ⊗ WB) exp

⎛
⎝i

∑
α=X,Y,Z

θ (i)
α σα ⊗ σα

⎞
⎠(VA ⊗ VB),

(10)

where WA/B,VA/B are arbitrary single-qubit unitary operations
[40] and σα are Pauli matrices; note that this simple form
is specific to qubits. We rewrite the 	θ (i) parameters for the
two-qubit part as 	θ (i,++) = ( π

4 + δx,
π
4 + δy, θz ). Define the

unitary U (±±)
i as the one that keeps the same single-qubit part

of Eq. (10) and replaces the vector 	θ (i) with 	θ (i,±±)=( π
4 ± δx,

π
4 ± δy, θz ). A simple ensemble resulting in a four-way av-
erage channel for each site i is the uniform distribution over
the four unitaries {U (++)

i ,U (+−)
i ,U (−+)

i ,U (−−)
i }. This distri-

bution is, by construction, symmetric around the dual-unitary
point δx = δy = 0 [37]; this property is enough to guarantee
that the resulting channel (after averaging) is four-way unital
[38]. Notice that the introduced ensemble always includes the
original gate, corresponding to the (++) choice.

An alternative ensemble leading to a four-way average
channel comes from a strategy that resembles Pauli twirling
[41]. Instead of replacing gates in the circuit, the ensemble
involves applying single-qubit Pauli gates before and after
each Ui. In particular, one can directly verify that the average
channel defined as

(11)

is four-way for any choice of unitary Ui, where we defined

and Alternatively, the Pauli

matrices can be applied to the opposite pair of legs, or one can
take an arbitrary convex combination of the two strategies.

Three-way averaging. A unitary ensemble leading to a
three-way average channel can be obtained with a simple
Pauli twirling procedure applied to one of the output legs of
the original unitary Ui. More precisely, the average channel
resulting from

(12)

is a three-way channel (right unital) for any input unitary.
The averaging procedure corresponds to effectively applying
a fully depolarizing channel to one of the outputs of each gate
in the circuit.

Another approach is to first simplify the dynamics by
adding dephasing channels after each gate, implemented by
applying σZ with 50% probability. This simplifies the unitary
channel to a reduced channel with only nine parameters [38].
To make the resulting channel three-way (four-way) unital,
one (two) of these parameters needs to vanish in the convex
combination of such channels. Concretely, we can select a
new unitary U ′

i such that the target parameter changes sign.
The combined channel, formed from an equal mixture of Ui

and U ′
i together with dephasing, yields a three-way unital

channel. A suitable U ′
i can be found systematically using

the equations for the aforementioned parameters, which are
reported in Appendix B1 of Ref. [42].

Relation to the original circuit. Let us elaborate on how
the proposed average computations retain information
about the original circuit. To make a quantitative
assessment, we analyze how closely the Pauli coefficients
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(Ei )β1β2,α1α2 = Tr[σβ1 ⊗ σβ2Ei(σα1 ⊗ σα2 )] of the average
channel are related to the coefficients of each original
unitary Ui.

The first relevant components to study are the set of coef-
ficients forming the transfer matrices of Eq. (9), since they
determine nonzero correlations in space-time channels (see
the Appendix). Interestingly, in the averaging procedures pro-
posed above, the coefficients of the average channel’s transfer
matrix are identical to U ′

i s, or differ only by a rescaling factor
1/3 � x � 1, which depends on the specific ensemble (see
Sec. I of the Supplemental Material [43] for details). This
perspective suggests a more systematic search for averaging
strategies by identifying averaging ensembles that preserve
the Pauli coefficients of the input unitary as much as possible.

In Sec. I of the Supplemental Material [43], we show how
to formulate the problem of searching for a given rescaling
supermap as a semidefinite program (SDP). The program
allows for searching for averaging strategies that output four-
or three-way channels with optimal values for the rescaling
factors of interest. It can be used to show that no linear
supermap can act as a projection on space-time channels such
that the resulting channel satisfies Eq. (8) while keeping the
remaining Pauli coefficients (Ei )β1β2,α1α2 the same. Notice
also that not all proposed averaging strategies can be written
as supermaps. For instance, the reflection ensemble U (±±)

i
cannot, since the resulting channel does not depend linearly
on the input unitary.

Once a supermap is found, it is important to find a way to
test whether it can be implemented as an averaging strategy.
Section II of the Supplemental Material [43] provides a linear
program [46] to check whether a supermap can be realized
as averaging over the application of single-qubit Pauli gates
before and after the input unitary. In the same section, we
show how the combination of the SDP and the linear pro-
gram allows us to discover the simple averaging strategies of
Eqs. (11) and (12).

Noise benchmarking. Next, we showcase that expectation
values on average computations are sensitive to noise in the
quantum circuit. Therefore, a discrepancy between the analyt-
ical prediction and the experimental value signals the presence
of unaccounted-for noise. As an illustrious concrete example
of an error that standard Clifford benchmarking would fail to
detect, we consider a brickwork circuit, composed of repeat-
ing uniformly the gate

U(n) = CNOT12(un⊗un)CNOT21(un⊗un)CNOT12(un⊗un),
(13a)

where we consider three possible options

u1 = HT 2HT H, u2 = HT 2HT HT H, u3 = HT 2HT HT,

(13b)

and a concrete noise model, i.e., a consistent but incorrect
rotation of the T-gate T = diag(1, eiφ ), where φ = π/4 corre-
sponds to no error. Figure 1 shows the analytically computed
expectation values of a local observable versus φ using our
three-way averaging scheme of Eq. (12).

An alternative scenario that fits well with the proposed
average-computation benchmarking comes from Pauli noise.
Consider a circuit realization where we assume that every
layer is followed by a gate-independent error channel Enoise =

FIG. 1. Sensitivity to coherent noise. Expectation values are plot-
ted vs the rotation angle in the imprecise T-gate T = diag(1, eiφ )
after five layers of the circuit. Dashed line marks the correct value
φ = π/4. The three gates are given in Eq. (13). This demonstrates
that our benchmarking scheme can detect this type of coherent error,
in contrast to Clifford benchmarking. We take the initial state as
explained in the Appendix and operator σX at position T .

∑
	α p	ασ	α (·)σ	α , which is a mixture of (possibly many-qubit)

Pauli errors. Such a model is widely used for error char-
acterization, error tailoring, and error mitigation in current
experiments [17,27,41,47,48]. We show in Sec. IV of the
Supplemental Material [43] that, under such a noise model,
any averaging strategy leading to space-time average channels
allows for efficient computation of noisy expectation values as
well. In this case, testing the classically computed values with
the ones from the quantum device serves as a benchmark for
the given noise model, providing an additional use case for
average-computation benchmarking.

Practical implementation. We now discuss the sample
complexity of estimating the average expectation value
〈Otest〉Q

avg from the quantum device. Assuming ‖Otest‖ � 1,
Hoeffding’s inequality directly implies that M independent
samples suffice to estimate the expectation up to an additive
error ε ∼ 1/

√
M—independent of the system size L. Building

on this, our exact numerical simulations suggest that the vari-
ance is, at least in the tested cases, actually much smaller than
one, providing evidence that only a few shots are sufficient to
estimate the mean expectation value. We simulated the first
procedure explained after Eq. (9) and in the Appendix, i.e.,
for computing 〈O(x)〉avg. Rather than looking just at the mean
value (which can be computed efficiently), we analyzed the
entire distribution of the measurement outcomes for a local
observable at sites x = T and x = T − 1, where in the latter
the average expectation value is zero. The circuit gates were
sampled according to a four-way reflection ensemble U (±±)

i .
In Fig. 2, we plot the standard deviation of the histograms

versus circuit depth (main panel) and the distribution of the
resulting expectation values for each circuit realization as a
histogram (inset). The results suggest that the standard devi-
ation of the expectation values remains small and does not
grow significantly with circuit depth. Consequently, the num-
ber of samples required to estimate the average expectation
value with constant precision remains small. These estimated
averages can then be compared to the corresponding analytical
results for benchmarking purposes.
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FIG. 2. Main: Standard deviation σ of a local observable’s ex-
pectation value vs circuit depth (T ) for operators at position T − 1,
where the average is zero, and at position T . The standard deviation
is calculated over different circuit realizations, where gates are sam-
pled according to a four-way reflection ensemble U (±±)

i . Inset: The
full distribution of the expectation values 〈O(T )〉 of different circuit
realizations for depths T = 6, 14. The parameters of U (±±)

i were
set to generic values not too far from dual unitarity, θz = 0.6, δx =
δy = 0.05, and we used fixed randomly chosen single-site gates and
a fixed operator. The particular choice of single-site gates does not
significantly alter the distribution. Their specific values are reported
in Sec. III of the Supplemental Material [43].

Second, we analyze how the correlations used for bench-
marking depend on the original circuit. As discussed before,
correlations in our average computations are determined by
suitable multiplication of the transfer matrices (9), which are
inherited from the original unitaries in the circuit. By follow-
ing the analysis in Ref. [38], the second leading eigenvalues
of those matrices determine the speed of decay of the average
correlations used for benchmarking. We could not find any
example of averaging ensemble leading to a transfer matrix
with two degenerate eigenvalues equal to 1, beyond the trivial
case of dual-unitary gates, which would make the initial cir-
cuits already solvable. Hence, we typically expect the average
correlations 〈Otest〉C

avg to decay exponentially with the circuit
depth, likely requiring an increasing number of samples to
benchmark. Averaging strategies that rescale the initial trans-
fer matrix, such as Eq. (11), will increase the decay speed by
the rescaling factor. This makes average-computation bench-
marking mostly suited to low-depth quantum circuits, as those
addressed in typical near-term quantum computations.

Conclusions. In this Letter, we introduced average-
computation benchmarking of quantum devices. The method
involves replacing each gate in the circuit with one chosen
from an ensemble of similar gates. While each individual
random circuit likely remains as computationally complex as
the original, the expectation values of local observables, when
averaged over the ensemble, become classically tractable.

Our scheme offers important advantages over existing
methods. It assesses the performance of the entire computa-
tion without simplifying the original circuit or altering its size
and depth. We also demonstrated that the method is sensitive
to coherent errors that evade standard Clifford-based protocols

and that the number of experimental runs required to estimate
the benchmark values is manageable.

Poor agreement with average-computation expectation val-
ues provides a direct signature of uncompensated noise in
the device. As with other benchmarking schemes, however,
passing the test does not strictly speaking guarantee a flawless
computation, since certain errors may be suppressed by the
averaging procedure. Our method should be thought of as
part of a broader set of complementary tests that strengthen
confidence in the validity of the executed computation.

Beyond hardware characterization, the benchmarking pro-
cedure can directly be used to evaluate the performances of
classical simulation algorithms for many-body dynamics and
quantum computation.

Generalizing our proposed approach to qudits is straight-
forward. While the reflection strategy is not easily generaliz-
able due to the lack of a standard decomposition for general
qudit gates, our other strategies are readily adaptable. The
generalization would also provide an alternative benchmark-
ing scheme for qubits by grouping several sites together to
form effective qudits.

The local correlators used in our examples decay exponen-
tially with circuit depth, making the scheme most suitable for
near- and midterm applications. A promising future direction
is to explore benchmarking schemes based on nondecay-
ing signals, such as out-of-time-ordered correlators (OTOCs).
This would require an extension of the current framework, as
computing OTOCs involves “two-replica” quantities that are
not solvable within the class of space-time channels presented
here.
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Appendix: Benchmarking schemes. Here, we detail how

four- and three-way unital channels simplify the calculation
of certain local expectation values at the output of an average
computation, where each unitary in the circuit is replaced by a
channel. We use the diagrammatic folded representation intro-
duced in the space-time averaging section (see also Ref. [38]).

As in the main text, we formulate the quantities to be
tested in terms of observables. The schemes can, however, be
directly adapted to yield the corresponding reduced state by
contracting the same diagrams with the observables removed.
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Initial states. Our procedure requires compatible solvable
initial states [38], or an averaging procedure that transforms
the initial states into solvable ones. States that are compat-
ible with our procedure are solvable matrix product density
operators (MPDOs) [38]. Their defining characteristic is that
they are trace-preserving maps from left to right or vice versa,
where we group the left (right) physical and auxiliary indices
together. In this Letter, we will limit ourselves to a simple
example, a product state on sites 0, . . . , L − 1 composed of
Bell pairs, |�+〉 = 1√

2
(|00〉 + |11〉):

ρ(0) = ρ
⊗L/2
Bell , ρBell = |�+〉〈�+|. (A1)

The state preparation can be treated as an additional single
layer of gates, as compared with the target circuit.

Two-body correlations: Four-way channels. Once a solv-
able initial state ρ0 is prepared, we can compute physical
observables. First, we consider the two-body correlations
between local operators a(i) and b( j) at position i and j,
respectively, captured by two-body operator O(i, j) = a(i)b( j).
After evolution by T layers of circuit, they are given by
〈O(i, j)〉avg = Tr(O(i, j)ρ(T )), where we assume j > i. ρ(T )
results from a quantum evolution of T layers with a brickwall
circuit composed of local quantum channels. Graphically, we
express the two-point equal time correlation function as

(A2)

In the presence of left and right unitality and trace preser-
vation, which is the case for four-way channels, the diagram
simplifies considerably. In particular, for j > i + 2T + 1 and
our specific solvable initial states, the correlations are equal to
zero. Instead, for j = i + 2T + 1 the diagram can be simpli-
fied to [38]

(A3)

First, we simplified from the top using trace preservation,
which created backward light cones from the local opera-
tors. Then, we use left and right unitality to simplify the
diagram from the sides. For j < i + 2T + 1, the diagram is
almost the same, except that the initial Bell pair is changed to
(vec E )|©©〉. In the presence of unitality, which is a property
of all our average channels, this also simplifies to zero.

Equation (A3) is an effective 1D diagram that can be con-
tracted efficiently. The final expression can be written using

the transfer matrices from Eq. (9) as

〈O(i,i+2T +1)〉avg = 〈ab|
T∏

k=1

(M−)k ⊗(M+)k|ρBell〉, (A4)

where we added the subscript k to denote that M± may be
different in different layers.

Nearest-neighbor k-body correlations: Three-way chan-
nels. The simplification from the previous section cannot be
achieved without both left and right unitality. Nevertheless,
the case of three-way channels is still interesting and tractable.
Let us assume the channel is unital, trace preserving, and
right unital. In this scenario, we can consider the expecta-
tion value of an observable acting on three consecutive sites:
〈O(i,i+1,i+2)〉avg = Tr(O(i,i+1,i+2)ρ(T )). For this calculation,
we simplify the corresponding diagram from the top (using
trace preservation) and from the right (using right unitality),
leading to the following diagram:

(A5)

where the black dots denote the position of the observable.
This effectively one-dimensional diagram can be efficiently
contracted using repeated actions of two-qubit quantum chan-
nels

(A6)

The final expression reads

〈O(i,i+1,i+2)〉avg = 〈O|(1 ⊗ EL )
T −1∏
k=1

(M2
+)k (MR⊗1)|ρBell〉,

(A7)

where O is a three-site operator, and

MR = 〈©|L(vec E )1|©〉L, EL = (vec E )T |©〉R. (A8)

(vec E )i denotes the vectorized local channel in layer i
and L, R denote the left or right site. Notice that a sim-
ilar procedure can be used to simplify the calculation of
any nearest-neighbor k-body correlations 〈O(i,...,i+k−1)〉avg =
Tr(O(i,...,i+k−1)ρ(T )). The generalized expression will involve
transfer matrices acting on more and more qubits, hence re-
sulting in a contraction effort that scales exponentially with k.
Hence, the computation of correlations will remain efficient,
as long as one considers a finite k.

Single-body expectation values: Three-way channels and
nontranslational invariant initial state. An alternative ap-
proach is to evaluate quantities that mimic infinite temperature
correlation functions. This approach, proposed in Ref. [50],
works for both four-way and the aforementioned three-
way unital channels. It uses an initial state of plus state
|+〉 = 1/

√
2(|0〉 + |1〉) and Bell pairs under open boundary

L012065-6



AVERAGE-COMPUTATION BENCHMARKING FOR LOCAL … PHYSICAL REVIEW RESEARCH 8, L012065 (2026)

conditions:

ρ(0) = |
0〉〈
0|, |
0〉 = |+�+�+ · · · 〉. (A9)

We then consider the expectation value of a single-site
observable at site T (first site is at position 0) [51], namely,
〈O(T )〉avg = Tr(O(T )ρ(T )). The corresponding diagram can be
simplified from the top (using trace preservation) and from the
right (using right unitality), yielding

(A10)

This expression matches the infinite temperature space-
time two-point correlation function Tr(O(T )(σX )(0)(T )) =
〈O| ∏T

k=1(M+)k|σX 〉 [37,50]. In contrast to 2T single-site
transfer matrices in Eq. (A3), it uses only T of them. As a
result, the correlations decay to a similar level at twice the cir-
cuit depth. This slower decay is beneficial for benchmarking
purposes, as the signal persists longer and is easier to measure
in deeper circuits.

More general initial states. More general initial states can
also be accommodated. This can be achieved in two ways:
(1) by taking convex combinations of different initial states to
form solvable states, or (2) by applying a layer of local chan-
nels that transforms the initial state into a solvable MPDO. A
trivial example of the latter is a layer of totally depolarizing
channels.

As an illustrative example of method (1), we consider
an initial pure state described by an injective matrix-product
states (MPS) with two-dimensional physical and bond dimen-
sions. Here, we can think of the MPS tensor as a unitary
gate on two qubits. Then, we can use the reflection procedure
developed for unitary gates (four-way averaging in the main

text) to construct a solvable MPDO. When the dimensions
of the auxiliary and physical spaces are different, finding
these “reflections” is more difficult, but we expect that a
modification of the SDP procedure outlined in Sec. I of the
Supplemental Material [43] for this task is possible.

Benchmarking schemes in 2 + 1D. These ideas can be
extended to two-dimensional systems. This requires gener-
alizing dual unitarity to two dimensions, known as ternary
unitarity [52–54], and combining it with the concept of space
channels.

In two dimensions, we first focus on brickwall evolution,
which is composed of plaquette gates acting on four sites
arranged in two layers [52]. These gates are ternary unitary
if, in addition to normal unitarity, they remain unitary when
either of the two spatial dimensions is reinterpreted as the time
direction.

Analogous to the 1D case, we can generalize these ideas
to local quantum channels and construct plaquette channels
that satisfy up to six unitality conditions. These conditions are
sufficient to simplify the correlation functions, ensuring they
are nonzero only along the light rays, exactly as for the unitary
case in Ref. [52].

A randomizing procedure leading to average six-way unital
channels can be easily applied to a concrete circuit architec-
ture on a square lattice. The circuit is composed of successive
brickwall layers of the form

U = Uoo,vertUoo,horzUee,vertUee,horz, (A11)

where Uee,horz (Uoo,horz) are tensor products of arbitrary two-
qubit unitaries acting on sites with even (odd) valued x
coordinate and their right neighbors, and Uee,vert (Uoo,vert)
between even (odd) valued y coordinate with their upper
neighbors. Then, applying the reflection strategy to each of
the gates results in four-way unital two-qubit channels. Com-
bining vertical and horizontal interactions of even (odd) layer
into plaquette channels, such as local channels arising from
Uoo = Uoo,vertUoo,horz, results in six-way unital channels.

We believe that more elaborate schemes are possible, but
they are beyond the scope of this work.
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