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Stable three-dimensional solitons in spin-orbit-coupled atomic-molecular condensates
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We elaborate a mechanism for the creation of stable three-dimensional (3D) solitons in spin-orbit-coupled
(SOC) atomic-molecular Bose-Einstein condensates, modeled by the mean-field equations with the quadratic
three-wave interaction, characterized by mismatch α. The planar (effectively two-dimensional) SOC is applied
to the soliton’s atomic component, structuring it as a mixed mode (MM) or semivortex (SV). The molecular
component of the SV soliton is shaped as a 3D vortex, while the molecular component in the MM soliton is an
MM too. The solitons exist up to a critical value of α. The system demonstrates a relatively large norm share
of the vortex components, exceeding 50% of the total norm, which is an essential feature of SOC-supported
solitons. This is a scheme for realizing stable vortex solitons in free space with the quadratic nonlinearity.

DOI: 10.1103/zm5l-1q4w

Quadratic (χ (2)) nonlinearity is a basic ingredient in many
setups of nonlinear optics and quantum matter (in particular,
Bose-Einstein condensates, BECs). In optics, χ (2) effects,
such as the second-harmonic generation, are well known
in nonlinear crystals [1–3]. In BEC mixtures, the quadratic
nonlinearity models the atomic-molecular conversion through
photoassociation [4,5], which is a matter-wave counterpart of
the χ (2) interaction in optics. The quadratic nonlinearities give
rise to many remarkable effects, such as collapse suppression
and stabilization of bright multidimensional solitons [6,7],
which has made the χ (2) nonlinearity a basic means for the
creation of higher-dimensional solitons [8–21].

Multidimensional solitons exhibit rich phenomenology,
which is not available in one dimension [22]. In particular,
the creation of vortex solitons that carry the orbital angular
momentum is a major objective [23–30]. However, bright
vortex solitons in quadratic nonlinear media face are subject
to the azimuthal instability, which leads to fragmentation of
the vortex structure [12,13,24,31,32]. This problem impedes
the use of vortex solitons in applications to data processing
and optical manipulations. Various methods were proposed
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to stabilize vortex solitons in quadratic nonlinear systems. A
well-known approach relies on the use of competing nonlin-
earities [33–35,37,38]. Thus, it has been demonstrated that
stable two-dimensional (2D) vortex solitons can be main-
tained by the interplay of quadratic and repulsive cubic terms
in optical systems [36,37] and atomic-molecular BEC mix-
tures [38], similar to the stabilization of vortex solitons by
competing cubic-quintic nonlinearities [39–46]. Furthermore,
stable quantum droplets in binary BEC can also carry vor-
ticity, due to the interplay of the cubic mean-field (MF)
self-attraction and beyond-MF quartic self-repulsion [47–56].

Without the resort to the repulsive cubic nonlinearity, the
stabilization of vortex solitons in quadratic nonlinear systems
remains a challenging problem. Several ways were proposed
to address it, including the generation of dissipative vor-
tex solitons by introducing ring-shaped gain in lossy media
[57], and the stabilization of vortex solitons by means of
quasi-phase-matching in nonlinear photonic crystals [58,59].
However, the stability of vortex solitons in quadratic nonlin-
ear systems with the uniform background remains an open
question.

To address the problem, we here propose a setup based on
the atomic-molecular BEC with the spin-orbit coupling (SOC)
acting on the binary atomic component. We demonstrate that
this scheme, with the planar (effectively 2D) SOC, makes it
possible to create stable three-dimensional (3D) solitons of
the semivortex (SV) and mixed-mode (MM) types. The 3D
setup is modeled by the system of coupled Gross-Pitaevskii
equations (GPEs) for the MF wave functions of the atomic
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(φ1,2) and molecular (ψ) components, which includes the
planar SOC of the Rashba type. In the scaled form, the GPE
system is

i
∂φ1

∂t
= −1

2
∇2φ1 + λ

(
∂

∂x
− i

∂

∂y

)
φ2 − ψφ∗

2 , (1)

i
∂φ2

∂t
= −1

2
∇2φ2 − λ

(
∂

∂x
+ i

∂

∂y

)
φ1 − ψφ∗

1 , (2)

i
∂ψ

∂t
= −1

4
∇2ψ − φ1φ2 − αψ, (3)

where λ is the SOC strength, ∗ stands for the complex
conjugate, and α is the mismatch of the atomic-molecular
interconversion. The system conserves the energy (Hamilto-
nian),
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the total norm (scaled number of atoms),

N =
∫

(|φ1(r)|2 + |φ2(r)|2 + 2|ψ (r)|2)dr ≡N1 + N2 + N3,

(5)
where N1,2 and N3 are the norms of the two atomic and
single molecular components. The set of the system’s control
parameters is (N, α), while λ = 1 is fixed by scaling.

The SOC system conserves the angular momentum too
[60,61], which in the present case implies the conservation of
its z component Mz. To derive the expression for it, the SOC
terms in Eqs. (1) and (2) are rewritten in terms of the polar
coordinates (r, θ ), in the (x, y) plane:
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Thus, the full system of Eqs. (1)–(3) is invariant with respect
to the continuous transform,

θ → θ + δθ, φ1 → φ1 exp
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)
,
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)
, (7)

while ψ is not affected. The application of the Noether theo-
rem [62] to the system produces the expression sought for:
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where c.c. stands for the complex conjugate.

Two components of the atomic wave function, φ1 and φ2,
may differ by values of the atomic spin, similar to three-
wave interactions in optics, where two components of the
fundamental-harmonic wave differ by mutually orthogonal
polarizations [12,13]. In this respect, the molecular wave
function ψ is the counterpart of the second-harmonic wave
in the optical system.

Equations (1)–(5) are normalized using physical scales
determined by the underlying BEC system. The character-
istic length, energy, and time are the healing length L0 =
1/

√
8πn0as, MF energy E0 = 4π h̄2asn0/m, and t0 = h̄/E0,

where n0 is the peak density, as the s-wave scattering length,
and m the atomic mass. Accordingly, the original coordinates
r̃, time t̃ , and wave functions φ̃1,2 and ψ̃ are scaled as r =
r̃/L0, t = t̃/t0, and φ1,2 = φ̃1,2/

√
n0, ψ = ψ̃/

√
n0. The scaled

total atom number N , detuning α, SOC strength λ, and energy
E are expressed in units of n0L3

0, E0/h̄, 1/(L0t0), and E0,
respectively.

Note that, while the self-focusing cubic nonlinearity leads
to the commonly known effect in the form of the critical and
supercritical collapse in the 2D and 3D systems, respectively,
the quadratic nonlinearity may lead to the critical collapse
only in the formal four-dimensional case, thus being able to
support stable 3D fundamental (zero-vorticity) solitons [8,10].
However, as mentioned above, the splitting instability of vor-
tex solitons remains a major problem.

The SOC effect gives rise to absolutely stable ground-state
atomic solitons of the SV and MM types in the 2D system
with the cubic self-attraction [63], and metastable solitons of
the same types in 3D [64]. In the present case, SV solitons can
be produced by means of the imaginary-time (IT) integration
method [65–67] applied to Eqs. (1)–(3) with the following
input, written in terms of the cylindrical coordinates (r, θ, z):

φ1(t = 0) = A1 exp(−α1r2 − β1z2),

φ2(t = 0) = A2r exp(−α2r2 − β2z2 + iθ ),

ψ (t = 0) = φ1φ2, (9)

where A1,2, α1,2, and β1,2 are positive real constants, and
the molecular component of the ansatz is selected according
to the phase-matching assumption, so that components φ2

and ψ carry the same vorticity 1, while φ1 has no vorticity.
Accordingly, the wave functions of the SV states are looked
for as

φ1 = e−iμt�1(r, z), φ2 = e−iμt+iθ�2(r, z),

ψ = e−2iμt+iθ 
(r, z), (10)

where the chemical potential of the atomic components takes
values μ � μmax = −λ2/2 [63], �1,2(r, z) and 
(r, z) being
real functions satisfying the radial equations:
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FIG. 1. A stable SV soliton with parameters (N, α) = (200, 0).
Panels (a1), (b1), and (c1) display, severaly, the isosurface plot of the
3D density |φ1(x, y, z)|2, 2D density distribution |φ1(x, y)|2 in the z =
0 plane, and the corresponding phase pattern. Panels (a2), (b2), (c2)
and (a3), (b3), (c3) display, respectively, the same for components φ2

and ψ . The angular momentum of this mode is Mz = 66.2.

where ∇2
r,z ≡ ∂2

r + ∂2
z + 1

r ∂r . At r → 0, �2 and 


vanish ∼r, while �1 remains finite. At r → ∞, the
asymptotic form of the SV soliton is a product of the
exponentially decaying factor and oscillatory ones [63],
r−1/2 exp(−

√
−2μ − λ2r) cos(λr + δ), with a phase

constant δ.
3D solitons of the MM type can be produced by the IT

simulations with the following input [63]:

φ1,2(t = 0)

= A1 exp(−α1r2 − β1z2) ∓ A2r exp(∓iθ − α2r2 − β2z2),

ψ (t = 0) = φ1φ2. (12)

As suggested by its name, the MM mixes vorticities 0 and
±1 in its components, so that the total z component (8) of
this state is zero. The chemical potentials of its atomic and
molecular components remain μ and 2μ, although, unlike the
SV ansatz (10), it is not possible to introduce one for MM
solitons with explicitly separated coordinates.

Figure 1 presents an example of a numerically found stable
3D SV soliton, with parameters (N, α) = (200, 0). In panels
(a1), (a2), and (a3), the isosurface plots of the atomic and
molecular densities |φ1,2(x, y)|2 and |ψ (x, y)|2, respectively,
confirm the stability of the soliton after long-term real-time
propagation. The corresponding 2D cross sections of the
density and phase in the z = 0 plane, displayed alongside
each 3D view, represent the stationary solution produced by
means of the IT-evolution method. The characteristic SV
structure is clearly seen in the figure: The atomic component
φ1 [Figs. 1(a1), 1(b1), and 1(c1)] features a nearly isotropic
density profile and a nonvortical phase pattern, indicating
zero topological charge, while the density of component φ2

[Figs. 1(a2), 1(b2), and 1(c2)] exhibits a ring-shaped structure,
with the density vanishing at the center. The phase profile
of φ2 shows the 2π circulation, confirming that it carries

FIG. 2. A stable soliton of the MM type for (N, α) = (100, 0)
and Mz = 0. The meaning of panels is the same as in Fig. 1.

the unit topological charge. The respective molecular field
ψ [Figs. 1(a3), 1(b3), and 1(c3)] inherits its topology from
φ2, displaying a ring density and the corresponding phase
circulation.

An example of a stable MM soliton is showcased in
Fig. 2 for parameters (N, α) = (100, 0). The 3D isosurfaces
in panels (a1)–(a3) verify the robustness of the MM soli-
ton in the real-time evolution, while the 2D cross sections
illustrate the stationary profile. The hallmark of the MM struc-
ture is the composite pattern of the atomic components, φ1

and φ2, each exhibiting the density profile in the cross section
resulting from the superposition of the zero-vorticity mode
and ones carrying vorticities ±1. The molecular field ψ ex-
hibits a variety of the MM patterns, with the dominant central
density peak carrying a nearly uniform phase, consistent with
the expected cancellation of the vorticity in the product of the
atomic components.

Parameter charts of the SV and MM solitons in the (N, α)
plane are plotted in Fig. 3. In panel (a), the SV solitons
exist and are stable or unstable in the blue and gray areas,
respectively, and they do not exist at α > 1.06. In panel (b),
the MM solitons exist and are stable in the blue region, and do
not exist in the white one. The critical value of the detuning,
above which the MM solitons do not exist, gradually increases
with the growth of the particle number N .

Properties of the soliton families are further summarized in
Fig. 4 by means of dependences of the chemical potential μ,

FIG. 3. Parameter regions of the SV and MM solitons in the
(N, α) plane. In panel (a), the SV-soliton region includes stability
(blue), instability (gray), and nonexistence (white) areas, with no
solutions found at α > 1.06. In panel (b), the MM-soliton region
features only stability (blue) and nonexistence (white) areas.
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FIG. 4. The dependence of the soliton chemical potential μ, en-
ergy E , and angular momentum Mz on the particle number N [panels
(a1)–(c1), with α = 0] and on detuning α [panels (a2)–(c2), with
N = 200]. The solid and dashed curves represent the 3D SV and
MM solitons, respectively. The solitons do not exist above the critical
value of the detuning, α > αc.

energy E , and angular momentum Mz on the atom number N
and detuning α, with the solid and dashed curves representing
the SV and MM families, respectively. In panels (a1)–(c1),
where the detuning α = 0 is fixed, both μ and E decrease
monotonously with the increase of N . In particular, the neg-
ative slope dμ/dN < 0 is an indicator of plausible stability
of the solitons, as per the celebrated Vakhitov-Kolokolov cri-
terion [68–70]. Further, a natural property is that the angular
momentum increases approximately linearly with N , as shown
in Fig. 4(c1).

The dependences of μ, E , and Mz on detuning α, with
fixed N = 200, are plotted in Figs. 4(a2)–4(c2). In this con-
nection, the numerical solution demonstrates that, at α < 0,
the soliton’s spatial size grows with the increase of |α|, asymp-
totically approaching a spatially uniform state, for which the
chemical potential of the atomic components attains its limit
value, μmax = −λ2/2 . For α > 0, there exists a critical value,
αc, above which the SV and MM solitons do not exist.

To explain these findings, we employ the cascading-limit
approximation [9], adiabatically eliminating the molecular
field ψ in the case of strong detuning (large −α), neglecting
derivatives of ψ in Eq. (3): ψ ≈ −φ1φ2/α. Substituting this
approximation in Eqs. (1) and (2) yields simplified equations,

i
∂φ1

∂t
= −1

2
∇2φ1 + λ

(
∂

∂x
− i

∂

∂y

)
φ2 + α−1|φ2|2φ1,

i
∂φ2

∂t
= −1

2
∇2φ2 − λ

(
∂

∂x
+ i

∂

∂y

)
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For α < 0, the cubic terms in Eq. (13) account for the attrac-
tive interaction between the atomic components, promoting
the formation of solitons. In the case of −α � 1, the SV soli-
ton gradually spreads out, turning into an indefinitely broad
state with an indefinitely small amplitude. For α > 0, the
cubic terms mediate the repulsive interaction; therefore, when
positive α exceeds the critical value αc, the repulsion over-

FIG. 5. The norm ratio of the vortex components in the SV
solitons (Fv) vs N [panel (a)] and α [panel (b)]. In panel (a), α = 0 is
fixed, while in panel (b) N = 200.

whelms the SOC-induced confinement, eliminating the 3D
solitons in the framework of the full system of Eqs. (1)–(3).

For the solitons of the SV type, vortex components are
φ2 and ψ ; therefore, for these states, the norm share of the
vorticity-carrying components is defined as

Fv = N2 + N3

N
(14)

[see Eq. (5)]. To characterize the SV soliton family, in
Figs. 5(a) and 5(b) we plot the norm share (14) versus the
total norm N and detuning α. A key observation is that the
vortex-norm share consistently exceeds 50% across the in-
vestigated parameter range. This is an essential feature of
SOC-supported solitons, as in the usual atomic system the
norm share of the vortex components is small [63].

For the experimental realization of the setup considered
in this work, the 3D BEC can be prepared in a magnetic or
optical trap by means of evaporative cooling [71,72]. The
planar Rashba-type SOC can be induced, using two Raman
lasers, as demonstrated experimentally in Ref. [73], where
the lasers couple the spin and momentum states of the atoms
to induce the SOC effect. Further, photoassociation can be
used to couple atomic pairs into the molecular bound state
[74]. To connect with realistic experimental conditions, we
consider BEC in the ultracold gas of 39K atoms [73,75],
with the scattering length as ≈ 10aBohr and peak density
n0 ≈ 1.0 × 1014 cm−3, which produces the following scales:
length L0 ≈ 0.866 µm, time t0 ≈ 0.923 ms, and normalized
energy E0/h ≈ 172 Hz. Based on this calibration, generic
parameters that occur in the above consideration imply the
following physical values: N = 100 corresponds to �6500
atoms; detuning α = 1 corresponds to αphys � 100 Hz; the
evolution time t = 1000 translates into tphys ≈ 1 s; and en-
ergy E = −100 corresponds to Ephys � −1 × 10−29 J, where
E < 0 implies a stable bound state of the system.

I. CONCLUSION

Our analysis reveals the existence of stable free-space 3D
solitons of the SV and MM types in the atomic-molecular
BEC system with the quadratic nonlinearity. The solitons are
stabilized by means of the SOC interaction, applied solely to
the atomic components. The planar SOC is sufficient for the
stabilization of the 3D solitons, while in the case of the binary
atomic system with the cubic self- and cross-attraction only
the three-dimensional SOC can maintain the metastability of
the SV and MM solitons in 3D [64]. The molecular compo-
nents of the SV and MM solitons feature the vortex and MM
structures, respectively. Basic characteristics of the solitons,
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including the chemical potential, energy, and angular momen-
tum, are presented as functions of the control parameters,
namely, the total norm and mismatch of the atomic-molecular
interconversion α. The solitons do not exist above the critical
point, i.e., at α > αc > 0, which is explained by means of
the cascading approximation. In contrast to the conventional
SOC-BEC systems, in which the vortex components carry
a small share of the total norm, the atomic-molecular BEC
supports stable 3D solitons in which the share of the vortex
parts is dominant, accounting for >50% of the total norm.

As a development of the present work, it is relevant to
address mobility of the solitons (the results of Ref. [63] sug-
gest that MM solitons may be set in motion). It is relevant
to construct stable “optical bullets” in the photonic version
of the system, based on the three-wave parametric interaction
and the photonic counterpart of SOC (cf. Ref. [76]). A chal-
lenging possibility is to consider excited states of the solitons,
with extra vorticity added to both atomic components and the
double vorticity added to the molecular one.
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[18] M. Bağci, Partially-symmetric lattice solitons in quadratic non-
linear media, Phys. Rev. A 103, 023530 (2021).
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