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We derive quantum geometric bounds in spinful systems with spin topology characterized by a single Z index
protected by a spin gap. Our bounds provide geometric conditions on the spin topology, distinct from the known
quantum geometric bounds associated with Wilson loops and nontrivial band topologies. As a result, we obtain
broader bounds in time-reversal symmetric systems with a nontrivial Z2 index and also bounds in systems with
a trivial Z2 index, where the quantum metric should be otherwise unbounded. We benchmark these findings
with first-principles calculations in elemental bismuth realizing a nontrivial even spin-Chern number. Moreover,
we connect these bounds to optical responses and show their robustness in the presence of disorder within a
real-space marker formulation, demonstrating that spin-resolved quantum geometry is observable in realistic
experimental settings of impure materials. Finally, we connect spin bounds to quantum Cramér-Rao bounds that
are central to quantum metrology, showing that elemental Bi and other spin-topological phases hold promises
for topological free fermion quantum sensors.

DOI: 10.1103/zlxq-fxgc

Introduction. Topological materials [1–9] constitute in-
triguing new phases of matter, as they display robust windings
in the phases of Bloch eigenvectors, which have direct physi-
cal consequences [10,11]. More recently, it has been shown
that these windings, formally characterized by the Wilson
loops, also have implications for the Riemannian geometry
of the eigenvectors [12–18], placing robust lower bounds on
the metric of the eigenvectors, integrated across the Brillouin
zone (BZ). Intuitively, this is because the winding of the states
cannot be trivialized without closing the energy gap; i.e., there
must be some minimal momentum-space dependence in the
eigenstates due to the nontrivial topology [18–25]. This has
important implications for optics, as the optical responses of
materials depend on the quantum metric [16,26]. Moreover,
the geometry of states is of key importance for quantum
metrology [27–30] and quantum sensing [31,32], as the met-
ric is related to the quantum Fisher information [33], which
places a bound on the sensitivity of sensors via the Cramér-
Rao bound [27–30,33].

The paradigmatic example of a topological phase in time-
reversal symmetric materials is the quantum spin Hall phase
[34,35]. This phase is realized in real materials, perhaps
most notably in (111) terminations of elemental bismuth (Bi)
[36–38]. In general, the topological invariant associated with
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this phase is Z2-valued and given by the Kane-Mele index
νZ2 ∈ {0, 1} [35,39]. It was realized early on, however, that
a Z-valued invariant Cs, the spin-Chern number, could also
be defined for such phases, giving rise to the concept of spin
topology. As long as the spin-orbit entanglement is moder-
ately large, i.e., the spin gap is preserved [40], this remains
well defined, but for large spin-orbit entanglement, i.e., when
the spin gap is closed, only νZ2 = Cs mod 2 is robust. This
has led to the realization that the topological νZ2 = 1 phase
in elemental Bi can actually be characterized by a higher
spin-Chern number Cs = 3 [41]. Most intriguingly, there also
exists a phase of elemental Bi with Cs = 2, with a trivial
νZ2 = 0 invariant (see Fig. 1). This phase shows interesting
behavior, including weakly gapped edge states, but as there is
generically no strict quantization of a bulk Wilson-loop invari-
ant and no exact bulk-boundary correspondence, it is difficult
to pin down a clear experimental signature of this phase. Here,
we ask the question what implications this spin topology has
for the quantum metric. We provide a lower bound on the met-
ric by the spin-topological invariant, Cs ∈ Z, the tightness of
which depends on the degree of spin-orbit entanglement. For
the highly entangled case, this bound generalizes the recently
discovered bound for the νZ2 invariant [25] and can be larger
than it. Moreover, for the νZ2 = 0 case no metric bounds were
previously identified. Thus, in this Letter, we describe the
first lower bound for such phases. Our bound is a geometric
bound purely due to the spin topology and associated winding
of the projected spin operator (PSzP) eigenvalues [42–44],
which holds even in the presence of a trivial band topology
characterized by a trivial Wilson loop winding. We further
show that our result culminates in Z bounds on optical re-
sponses and band gaps in spin-topological materials. Having
first detailed the spin topology (valid also in systems with
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FIG. 1. Illustration of the main results of this work. (a) For a
nonmagnetic material such as ultrathin bismuth, the energy bands
may not have a definite spin value, due to spin-orbit entanglement,
as illustrated schematically in panel (b), but the spin structure of
energetically isolated bands (green dashed box) with projector P can
still be defined via the projected spin operator (PSzP). The electronic
topology captured by the Kane-Mele invariant νZ2 is only protected
for odd relative Wilson loop windings of the bands in P, W[P], while
even relative Wilson loop windings of the bands can gap out (c). As
long as the energy and spin gap (defined in Sec. I of the Supplemental
Material [46]) stay open, however, the spin topology, captured by
the spin-Chern number Cs, is well defined, and the spin-Wilson loop
winding shown in panel (d) cannot gap. This has direct consequences
for the lower bound of the integrated quantum metric, which is
crucial for quantum metrology. Previously, only phases with νZ2 = 1
[green in panel (e)] had a known lower bound. We formulate a new
bound for phases with even Cs [orange in panel (e)], and extend the
bound for phases with odd Cs > 1.

trivial Wilson loops) in the context of which we introduce a
spin-resolved quantum geometry, we retrieve spin-topological
bounds in ultrathin Bi [see Fig. 1(a)] with νZ2 = 0 and in
few-band effective Hamiltonians that can be engineered and
used for spin-topological quantum sensing and optics.

Spin topology. We consider 2D spinful time-reversal sym-
metric (T 2 = −1), periodic systems described by Bloch
Hamiltonians H (k). In a tight-binding basis with spinful or-
bitals |α〉 ⊗ |σ 〉, such Hamiltonians can be written as

H (k) =
Norb∑

α,β=1

∑
σ,σ ′=↑↓

Hασ,βσ ′ (k)[|α〉 ⊗ |σ 〉][〈β| ⊗ 〈σ ′|]. (1)

The spin operator along n̂ associated with this basis is then
given by Sn̂ = 1orb ⊗ n̂ · σ . If [H (k), Sn̂] = 0, then the eigen-
states of H (k) are spin eigenstates, and can be labeled as |ũσ

nk〉,
where n ∈ {1, . . . , Norb}. When this can be done for all k (i.e.,
there is no entanglement between spin and orbit degrees of
freedom), one can define the multiband spin-Berry curvature:

�σ
i j,nm(k) = i

[〈
∂ki ũ

σ
nk

∣∣∂k j ũ
σ
mk

〉 − c.c.
]
. (2)

Tracing over the occupied bands with spin σ , Nσ
occ = Nocc/2,

this will be quantized when integrated over a 2D
BZ, giving rise to the spin-resolved Chern numbers
Cσ

s = 1
2π

∫
BZ dk Tr �σ

xy ∈ Z, with the overall spin-Chern
number Cs = 1

2 (C↑
s − C↓

s ). Time-reversal symmetry ensures
that the Chern numbers of the opposite spin bands satisfy
C↑

s = −C↓
s [40,45]. When spin is not conserved, one can

instead formulate the equivalent quantities in terms of the
eigenstates |uσ

nk〉 of the projected spin operator Sz
P = PSzP

[see Fig. 1(b)], where P is the projector onto the occu-
pied bands. These eigenstates will not generically be energy
eigenstates when spin is not a good quantum number, but
P = P↑ + P↓, where Pσ = ∑Nσ

occ
n |uσ

nk〉 〈uσ
nk| projects onto the

top and bottom Nσ
occ states respectively; for a review of

projected spin operators, see Ref. [44] and Sec. I of the
Supplemental Material [46]. As we show in the following,
formulating the spin-Berry curvature �σ

xy in terms of projected
spin eigenstates |uσ

nk〉 provides a local bound on the quantum
metric, which holds at every point of momentum space, even
when spin is not a good quantum number.

Spin-resolved quantum geometry. We now define the spin-
resolved quantum geometry, which is fully characterized by
a spin-resolved quantum geometric tensor (QGT), termed
spin-QGT:

Qσ
i j ≡

Nσ
occ∑
n

〈
∂ki u

σ
nk

∣∣ 1 − Pσ

∣∣∂k j u
σ
nk

〉 = gσ
i j − i

2
�σ

i j, (3)

with σ =↑,↓ and spin-resolved quantum metric (spin metric)
gσ

i j . The spin-QGT definitionally satisfies a positive semidef-
initeness condition det Qσ

i j > 0, and as a consequence, we
derive the spin-geometric bound (see Sec. II of the Supple-
mental Material [46]):

1

2
Tr gσ

i j �
√

det gσ
i j �

∣∣Tr �σ
xy

∣∣
2

. (4)

When spin-z is a good quantum number, we further show
that the quantum metric gi j = 1

2 Tr [∂ki P∂k j P] = g↑
i j + g↓

i j [12]
(see Sec. III of the Supplemental Material [46]). On com-
bining with the spin-resolved bounds and integrating, one
obtains [47]

1

2π

∫
BZ

d2k (gxx + gyy) � |C↑
s | + |C↓

s | ≡ Sλ=0 ∈ Z. (5)

We next focus on the case where spin-z is no longer a good
quantum number, i.e., [H, Sz] 
= 0, but the spin gap is pre-
served [44,48]. In this case, utilizing the Cauchy-Schwarz
inequality (see Sec. III of the Supplemental Material [46])
allows us to derive a fundamental bound with a suppression
by the number of occupied bands, Nocc, due to the spin-orbit
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entanglement (see Sec. IV of the Supplemental Material [46]),

1

2π

∫
BZ

d2k (gxx + gyy) � |C↑
s | + |C↓

s |
Nocc

≡ Sλ 
=0 ∈ Q, (6)

where on the right hand side we have a rational number Sλ 
=0.
Intuitively, the suppression by the factor Nocc arises due to the
mixing of all occupied bands with spin-orbit coupling (SOC)
while preserving the winding of the spin-Wilson loop real-
ized by the PSzP eigenstates. For odd spin-Chern numbers,
our bound is consistent with the Z2 bound of Ref. [25], yet
realizes a possible generalization to tighter inequalities for
higher odd spin-Chern numbers, e.g., |Cs| = 3, depending on
the ratio of |Cs| and Nocc. Furthermore, our bound provides
for a more general fundamental quantum geometric condition,
even if the Z2 invariant is trivial, i.e., when Cσ

s ≡ 0 mod 2.
Namely, for even spin-Chern numbers, Eq. (6) is the first
topological bound due to spin topology, yet accompanied by
trivial band topology. We further detail direct consequences of
the spin-geometric bounds, which we further demonstrate to
apply to spin-topological materials such as ultrathin Bi.

Spin-resolved geometry in optics. We proceed to show that
as a direct physical consequence, the spin-resolved quantum
geometry has direct manifestations in optical responses of
materials with nontrivial spin-resolved topology, such as bis-
muth central to this work. The integral of the quantum metric
amounts to the integral of the optical weight due to the optical
conductivities σxx(ω), σyy(ω) at frequency ω [26,47], which
therefore satisfies the spin-topological bounds,

∫ ∞

0
dω

Re[σxx(ω) + σyy(ω)]

ω
� e2

2h̄
Sλ. (7)

We further retrieve an optical bound on the gap of spin-
topological systems (see Sec. V of the Supplemental Material
[46]),

Eg � 2πnh̄2

mSλ

, (8)

where n is electron charge density, m is electron mass, and Eg

is the energy band gap. Our bounds hold also in the Z2-trivial
systems, i.e., where the Kane-Mele invariant is vanishing
νZ2 = 0, placing our bound beyond the findings of
Refs. [25,47]. We, moreover, validate our quantum geometric
bounds in real material settings of ultrathin Bi, which we
retrieve below.

Quantum geometry in spin-topological Bi. We now demon-
strate the interplay of spin topologies with spin-resolved
quantum geometries in the material context of ultrathin el-
emental bismuth. As a consequence, we further validate
and confirm that the optical weights and the band gaps
are topologically bounded. The associated first-principles
calculations are detailed in Sec. VI of the Supplemental
Material [46].

In Fig. 2, we consider ultrathin Bi in the puckered Pmn21

phase, as studied theoretically in Ref. [50] and experimen-
tally in Ref. [49]. We find that it has spin-Chern numbers
|Cs| = 2, as previously reported in Refs. [41,51]. As a conse-
quence of the nontrivial spin topology, the spin-Wilson loop
winds as shown in Fig. 2(d). Having confirmed the nontriv-
ial spin topology, we observe that the spin-Berry curvatures
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FIG. 2. Quantum (spin) geometry in ultrathin Bi. (a) Crystal
structure corresponding to the puckered Pmn21 phase [49] of
ultrathin Bi. (b) Band structure. (c) Spin-z band structure with
manifestly large spin gap �SP. (d) Topological winding of
projected spin operator PSzP eigenstates in a spin-Wilson loop.
(e) Metrics where we observe that the quantum metric (gi j)
pattern is supported by the spin-resolved quantum metrics
g↑

i j , g↓
i j . The spin-topological geometric bound is satisfied

at every point within the BZ, with spin-Berry curvatures
bounding the spin-resolved quantum metric from below (f).
We find as expected that (2π )−1

∫
BZ �↑

xy = −(2π )−1
∫

BZ �↓
xy = 2,

whereas (2π )−1
∫

BZ �xy = 0.0. In contrast, (2π )−1
∫

BZ Tr[g↑] =
(2π )−1

∫
BZ Tr[g↓] = 15.1, whereas (2π )−1

∫
BZ Tr[g] = 25.6,

demonstrating an enhanced quantum geometry in spin-topological Bi
with |Cσ

s | = 2.

manifestly provide a local, i.e., holding at every point of the
momentum space, bound on the spin-resolved quantum met-
rics [Figs. 2(e) and 2(f)]. As a consequence, the total quantum
metric realized by the electrons in the ground state of the
material is lower-bounded by the Z index protected by the
spin gap �SP [Fig. 2(c)], and we, moreover, find that the band
gap of Bi (Eg) satisfies the previously derived spin-topological
quantum geometric bound. Intuitively, the large quantum met-
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FIG. 3. Robustness of spin-topologically bounded quantum ge-
ometry in the presence of disorder. (a) Spin-resolved metric markers

1
2π

Tr[gσ (r)] and (b) spin-Chern markers Cσ (r) in disordered ultra-
thin Bi flake system of 1746 atoms, with random potential disorder of
strength W = 1.5 eV. Averaging over 120 atoms in the center yields:

1
2π

Tr g↑(r) = 20.2 and C↑(r) = 1.8. (c) Scaling of single-point met-
rics g(σ )

sp ≡ 1
2π

Tr[g(σ )
i j ]sp, (d) single-point spin-Chern numbers Cσ

sp,
(e) spin gap �Sp, and (f) energy gap �E against disorder strength
W in ultrathin Bi system of 784 atoms, averaged over 20 disorder
realizations.

ric in Bi, beyond the saturation of topological bound, likely
arises in part due to positions of the orbitals within the unit
cell [52].

Effects of disorder. We further validate the robustness of
these results under the disorder present in realistic materi-
als. In Fig. 3, we demonstrate that the bounds are stable
up to disorder-induced delocalization transitions. We con-
firm the robustness of geometric bounds for model Bi
nanoflakes with an evaluation of real-space spin-geometric
and spin-Chern markers equivalent to the momentum-space
invariants under the change of basis [53] [see Figs. 3(a)
and 3(b)], and single-point spin-Chern numbers [54] and
metrics equal to the momentum-space definitions in a su-
percell within a single-point (k = 0) integral approximation
[55] [see Figs. 3(c) and 3(d) and Appendixes A and B for
technical details]. Remarkably, we find that no additional
symmetries are needed to protect the bound against the nat-
urally present disorder, as long as the spin and energy gaps
are preserved [see Figs. 3(e) and 3(f)], which is a promis-
ing indication that the retrieved geometric bounds hold in
real materials under experimental conditions. Further details
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FIG. 4. Scaling behavior of the quantum metric in ultrathin bis-
muth with SOC, where SOC = 1 corresponds to the unperturbed Bi
(for further information, see Sec. VI of the Supplemental Material
[46]). We observe that (a) the metric diverges close to the critical
value SOC = 1.2, where the spin-Chern numbers (b) become ill
defined. In this transition, the spin gap �SP (c) remains well defined
up to the critical point, while the energy gap �E (d) closes. The
analytical argument for the metric scaling is detailed in Sec. VII of
the Supplemental Material [46].

on the spin-geometric markers and disorder calculations are
provided in Secs. IX and X of the Supplemental Material [46],
respectively.

Spin-resolved quantum metrology. We now discuss how the
spin-resolved quantum geometry can be utilized for quantum
metrology [33], providing for a set of applications within
quantum sensing [31], and opening a new direction of creating
topological quantum sensors with time-reversal symmetric
spin-topological materials, given their topologically bounded
quantum geometry. As such an implementation of a spin-
topological Hamiltonian in a quantum, e.g., free fermion,
sensor [32], offers for a topologically Z-bounded enhance-
ment of measurement sensitivity in realistic T -symmetric,
spinful systems. Quantum sensing relies on the uncertainty in
the Cramér-Rao bounds [31], which by relation to the quan-
tum Fisher information [33] can be improved with enhanced
quantum metric. We demonstrate the scaling of the quantum
sensing-adaptable metric against the SOC realized in the spin-
topological Bi Hamiltonian (Fig. 4), which is controllable
with external parameters, e.g., bending [56], thus reducing
uncertainty in the Cramér-Rao bounds for quantum sensing
(see also Appendix C).

Discussion. Below we discuss our results and their ap-
plicability. We first stress that the derivation of the here
introduced spin-topological bounds was possible because of
the presence of a spin gap, which defines the P↑, P↓ eigenstate
manifolds. Closing the spin gap amounts to the trivializa-
tion of the here-derived geometric bounds, as well as of
the spin-Chern numbers Cσ

s [40,45]. Moreover, the deriva-
tion of quantum geometric bounds is possible without a
direct use of energy eigenstates; previously, a similar strategy
was implemented for deriving geometric bounds in topo-
logical Euler bands [18,22,23], where auxiliary states rather
than eigenstates were utilized for the implementation of a
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geometric positive semidefiniteness condition, before ulti-
mately connecting to the energy eigenstates via a unitary
transformation. It should be noted that our bounds, rather than
being of Z2 type, i.e., given by topological Z2 indices, as
previously retrieved in electronic [25,57] and excitonic con-
texts [58,59], fundamentally belong to the class of Z bounds
[18–20,22,23]. Having derived new geometric optical bounds
due to spin topology, a question of their experimental valida-
tion naturally arises. In that regard, quantum geometry was
shown to be measurable with inelastic X-ray scattering [60]
and photoemission [61], which also applies to the measure-
ments of the quantum metric induced by spin topology studied
in this work. A further experimental study of an interplay of
the spin-resolved quantum geometry, spin-density response,
and entanglement provides for an interesting future pursuit, in
particular, given the robustness of our findings in the pres-
ence of ubiquitous disorders. Finally, we stress that while
preserving a Z character, our bounds applicable to quantum
metrology and quantum sensing remain nontrivial in the pres-
ence of time-reversal symmetry, unlike the previous bounds
for topological magnetic systems [28,32]. Hence, our bounds,
adaptable even for four-state systems as discussed in the Sup-
plemental Material [46], could enable a class of topological
quantum sensors operating without magnetic environments.

Conclusions and outlook. We propose an avenue for prob-
ing a range of spin-topological systems from the perspective
of quantum geometric relations, which notably, for a vanish-
ing Z2 index, were previously not targetable with observables.
We derive a set of spin-topological Z bounds, even for eigen-
states that are trivial from a Wilson loop perspective, which
provide optical constraints on optical weights and band gaps.
We show that the bounds are valid in the presence of disorder
and up to moderate spin-orbit entanglements, i.e., as long
as the spin gap is preserved. We validated these quantum
geometric conditions in bismuth and in an effective Hamil-
tonian with high spin-Chern number. By deriving quantum
geometric relations central to quantum metrology, we show
that quantum geometry bounded by the spin topology could
enable spin-topological quantum sensors.
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Appendix A: Spin-geometric and topological markers in
disordered systems. We here provide minimal technical details
on the spin-geometric real-space markers and their interplay
with the spin-Chern markers. For full technical details, see
Sec. IX of the Supplemental Material [46].

The local spin-metric marker, which we define in real
space under open boundary conditions for disordered spin-

topological systems studied in this work, reads

gσ
i j (r) = 1

2Acell

∑
α

〈rα| Pσ {Pσ x̂iPσ , Pσ x̂ jPσ } |rα〉 . (A1)

|rα〉 is a real-space physical orbital α at a unit cell centered
at the position vector r, Acell is the area of a unit cell, and
{. . . , . . .} denotes an anticommutator of spin-projected oper-
ators Pσ x̂iPσ , with spin-projector Pσ in real-space basis and
position operator components x̂i. The spin-Chern marker is
defined as [53]

Cσ (r) = 4π

Acell
Im

∑
α

〈rα| Pσ [x̂, Pσ ], [ŷ, Pσ ] |rα〉 . (A2)

On defining Tr[gσ (r)] ≡ gσ
xx(r) + gσ

yy(r), the spin-metric
marker and spin-Chern marker satisfy a topological bound
consistent with the results presented in Fig. 3,

∑
i∈cells

1

2π
Tr[gσ (ri )] �

∑
i∈cells

|Cσ (ri )|, (A3)

which we rigorously derive in Sec. IX of the Supplemental
Material. Supplementary calculations with spin-metric and
spin-Chern markers are presented in Sec. X of the Supple-
mental Material.

Appendix B: Single-point spin-geometric and spin-
topological invariants in disordered systems. In the following,
we outline minimal technical details on the single-point spin
metric and its interplay with the single-point spin-Chern in-
variant [54]. For full technical details, see Sec. IX of the
Supplemental Material.

The single-point formulation relies on approximating the
momentum-space invariants, as in Eq. (5), with a single k-
point sampling at a supercell BZ center (k = 0), i.e., the �-
point, assuming that the finite-size corrections of the shrunk
BZ can be neglected [55]. In the limit of infinite (disordered)
supercell, the supercell BZ shrinks to the �-point, justifying
the approximation.

In this limit, the single-point spin-Chern numbers Cσ
sp

(Cσ
s = 1

2π

∫
BZ dk Tr �σ

xy → Cσ
sp) are defined as [54]

Cσ
sp ≡ −|b1||b2|

π

Nσ
occ∑
n

Im
〈
∂kx u

σ
nk=�

∣∣∂ky u
σ
nk=�

〉
, (B1)

where b1, b2 are reciprocal lattice vectors of a two-
dimensional supercell. Moreover, we here define the single-
point (spin) metric

[
g(σ )

i j

]
sp ≡ 2|b1||b2|

N (σ )
occ∑
n

Re
〈
∂ki u

(σ )
nk=�

∣∣∂k j u
(σ )
nk=�

〉
, (B2)

with 1
2π

Tr[g(σ )
i j ]sp ≡ 1

2π
([g(σ )

xx ]sp + [g(σ )
yy ]sp). We retrieve a

bound inherited from the local momentum-space inequality,
Eq. (4):

1

2π
Tr

[
gσ

i j

]
sp �

∣∣Cσ
sp

∣∣. (B3)
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Further details on the evaluation of numerical derivatives
|∂ki u

σ
nk=�〉 are provided in Ref. [54], and the further simpli-

fied expressions are detailed in Sec. IX of the Supplemental
Material [46].

Appendix C: Quantum Cramér-Rao bound and quantum
sensing. The quantum metric, through its relations to the quan-
tum Fisher information, sets a lower bound on multiparameter
estimation with pure states, as captured by the so-called quan-
tum Cramér-Rao bound (QCRB), that is of central interest for
quantum metrology and can be used in quantum sensing [31].
In the following, we consider pure states |φk〉 with density ma-
trix ρ = |φk〉 〈φk| constituted by the coherent superpositions
of occupied single-particle eigenstates (see Sec. VII of the
Supplemental Material [46] for more details). We furthermore
provide a four-band model for Z-indexed spin topology in
Sec. VIII of the Supplemental Material [46], which can be
adapted for qudits or coupled qubits, and where the role of
Bloch momenta can be taken by two angles, i.e., (kx, ky) →
(φ, θ ). The QCRB, given for a pure state by the quantum

metric, reads [33]√
det �i j � 1

4M
√

det gi j
, (C1)

where M is the number of measurements and we introduce the
covariance matrix �i j for an unbiased two-parameter estima-
tor k. Here, the estimator that was identified with the angular
parameters takes values in the two-parameter family over the
two-torus [k = (kx, ky) ∈ T 2] under a set of positive operator-
valued measurements, �p yielding the expected measurement
values of individual parameters k̄i, with i = x, y. Explicitly,
the covariance matrix reads [33]

�i j = 〈δkiδk j〉 ≡
∑

p

(ki − k̄i )(k j − k̄ j )Tr[ρ�p], (C2)

which quantifies the uncertainty in two measured parameters
ki, k j . As we show numerically in spin-topological Hamiltoni-
ans (Fig. 4), �i j can be topologically suppressed by the metric
values provided by our Z bound, for spin-topological quantum
sensors with topologically reduced uncertainties.
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