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Attosecond pulse trains (APTs) are indispensable for probing electron dynamics at their intrinsic timescales.
High-harmonic generation (HHG) has long been a successful and widely used technique in producing extreme
ultraviolet APTs. However, in the soft x-ray regime, HHG suffers from low conversion efficiency and lacking
flexibility in the waveform and spectrum control. Here in this study, based on the waveform synthesis of the
echo-enabled harmonic generation (EEHG) free-electron laser (FEL), we propose a method that can generate
soft x-ray APTs with high temporal and spectral tunability. EEHG scheme is well-known in forming phase-
locked high-harmonic bunching combs down to the soft x-ray regime. Here, the EEHG scheme is employed to
facilitate successive FEL lasing in several different harmonic numbers and then perform the coherent waveform
synthesis to generate soft x-ray APTs. Three-dimensional simulation results indicate that reproducible generation
of coherent APTs in the soft x-ray regime with peak power of 3.5 GW and micropulse duration of 160 as can be
achieved by five-harmonic synthesis. The micropulse duration together with the spectral components of the APTs
can be adjusted easily according to the programmable high-harmonic bunching combs in the EEHG scheme. This
method has the potential to establish a robust platform for attosecond sciences in the soft x-ray regime, which
can enable unprecedented studies of electron dynamics in physical and chemical reactions, biological systems,
and quantum materials.

DOI: 10.1103/zlks-y4hj

I. INTRODUCTION

Direct observation and control of electron dynamics at in-
trinsic timescales drive pioneering research at the intersection
of physics, chemistry, and materials science [1,2]. It has pro-
vided access to, e.g., photoionization delay, molecular charge
migration, electron-electron correlation, electron tunneling,
Auger process, and so on [3–5]. Attosecond (1 as = 10−18 s)
pulse trains (APTs) are ideal tools in the study of these phe-
nomena, which can enable real-time tracking of fundamental
quantum processes, providing unparalleled understanding on
physical and chemical reactions and material properties [6,7].
High-harmonic generation (HHG) technique has been suc-
cessful and widely accessible in generating APTs, which
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is actually the enabling technique for attosecond sciences
[8,9]. HHG now can provide ∼nJ-level pulse energy perhar-
monic in the extreme ultraviolet (EUV) regime, while in the
soft x-ray region, HHG-based APTs face severe problems
like low conversion efficiency, high medium absorption, and
great phase-matching difficulties [10–12]. These limitations
are further compounded by metrological challenges in fully
characterizing soft x-ray APTs [13], which is an urgent need
for emerging applications from attosecond near-edge x-ray
absorption fine structure spectroscopy to single-shot coherent
diffraction imaging [14,15]. Extending APTs into the soft
x-ray region is also essential for element-specific probing of
core-level transitions, high spatiotemporal resolution imaging,
and reduced radiation damage in biological samples [16,17].
These limitations fundamentally constrain HHG-based APTs
to the EUV regime, leaving a critical gap for high-flux, flexi-
ble soft x-ray attosecond sources needed for element-specific
spectroscopy and reduced-damage biological imaging.

Besides HHG sources, free-electron lasers (FELs) are
rapidly advancing toward the generation of APTs [18,19],
isolated attosecond pulses (IAPs) [20–24], and attosecond
sciences [25–27]. FELs employ high energy relativistic
electron beams in undulator magnets to generate ultrahigh
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brightness, ultrashort pulse duration, and wavelength-tunable
radiation pulses from EUV to x-ray regime. Most FEL facil-
ities are working on the basis of self-amplified spontaneous
emission (SASE) scheme [28,29], in which the FEL longitu-
dinal coherence is fundamentally constrained by the electron
beam shot noise and the radiation slippage effects [30].
Seeded FEL schemes such as high gain harmonic genera-
tion (HGHG) [31,32] and echo-enabled harmonic generation
(EEHG) [33,34] overcome the limitation and improve the
longitudinal coherence by imprinting fully coherent optical
laser into the electron beam. In EEHG, two laser modulators
and dispersive sections are employed to form a fine-structured
longitudinal phase space distribution in the electron beam,
yielding fully coherent high-harmonic bunching combs with
well-defined relative phases. Due to the finer bunching struc-
tures, EEHG has higher frequency-up-conversion efficiency
than HGHG, which can easily reach the soft x-ray region now.

Several FEL-based methods for generating high-power
APTs at short wavelength have been proposed [18,19,35–39].
Among them, LCLS has successfully demonstrated the unco-
herent attosecond x-ray pulses using SASE-based approaches
[19], and free electron laser radiation for multidisciplinary
investigations (FERMI) has demonstrated the coherent APTs’
generation in the EUV region [18,39], by employing the
waveform synthesis (WS) technique [40] into the HGHG-FEL
scheme. In general, the WS technique is widely used in the op-
tical community for attosecond scientific researches [41,42].
Advanced study results reveal that, combining the WS tech-
nique with high gain FEL principles, APTs’ generation with
short pulse duration down to even zeptosecond, high photon
energy beyond 10 keV and lots of scientific applications can
be made possible [38,39,43]. The main principle of the WS
technique is the coherent superimposition of multiple phase-
locked optical fields. Hence, it can be easily implemented in
seeded FEL schemes like the HGHG and the EEHG.

Despite these breakthroughs, extending attosecond WS to
the soft x-ray regime with deterministic multiline spectral
composition remains challenging: HHG suffers from limited
flux and restricted control in soft x-rays, SASE lacks in-
trinsic shot-to-shot phase reproducibility, and HGHG faces
practical limitations in reaching very high harmonics with
a freely tailorable harmonic comb. Hence in this study, we
propose a method to generate APTs in the soft x-ray regime
with high spectral and temporal tunability by leveraging the
advanced EEHG scheme and combining it with the WS tech-
nique. The unique advantage of the EEHG scheme means
we can easily achieve short wavelength FEL lasing down
to the soft x-ray region and even cover the “water-window”
regime [44,45]. And the high-harmonic bunching spectrum in
EEHG can be controlled intentionally and tuned easily, which
helps us gain another advantage of flexible waveform and
spectrum control. By strategically controlling and optimizing
of parameters like modulation strengths, chicane dispersions,
and phase shifters, three-dimensional simulation results prove
that, through our method, phase-locked high-harmonic FEL
lasing pulses in several different harmonic numbers can be
obtained, coherent waveform synthesis can be performed, and
soft x-ray APTs’ generation can be eventually achieved. For
five-harmonic synthesis, APTs in the soft x-ray region with
peak power of 3.5 GW and micropulse duration of 160 as can

be expected. The flexible waveform and spectrum control is
also demonstrated in this study. The proposed method shows
great potential in the generation and application of fully coher-
ent soft x-ray APTs. In principle, the underlying mechanism
can be extended from the ultraviolet to the “water window.”

II. PRINCIPLE

The schematic layout of the proposed method is illus-
trated in Fig. 1, comprising three key functional sections: (1)
two-stage modulation-dispersion sections (M1, C1, M2, C2)
and two external seed lasers (Seed1, Seed2) to implement the
EEHG scheme, (2) multisegment radiators (R1, R2, R3, …)
for FEL lasing in distinct high harmonics, and (3) phase
shifters (PS1, PS2, …) positioned between successive radi-
ator segments to enable precise relative phase control for
the WS. In operation, a high-quality electron beam from
the linac first traverses the EEHG scheme to acquire the
high-harmonic microbunching imprinted by the seed lasers.
The prebunched electron beam then propagates through the
radiator segments, generating coherent FEL radiation pulses
at multiple harmonics with fixed phase relationships. This
intrinsic phase coherence renders WS via coherent superpo-
sition feasible. Crucially, the phase shifters between radiator
stages provide fine-tuning of relative phases required for sta-
ble and programmable WS, as demonstrated in prior work
[46]. The underlying principles and implementation details
are presented in the following subsections.

A. High-harmonic bunching generation and control
in the EEHG scheme

The EEHG scheme employs sequential interactions be-
tween the electron beam and external seed lasers (Seed1,
Seed2) in modulators M1 and M2 to imprint energy modula-
tions into the electron beam. The first magnetic chicane (C1),
characterized by a strong longitudinal dispersion, stretches the
energy modulation in M1 into finely structured energy bands
in the electron beam’s longitudinal phase space. A second en-
ergy modulation is then applied in M2, superimposed on this
prestructured energy distribution. Subsequently, the weaker
dispersion of chicane C2 converts the combined energy mod-
ulation into a high-fidelity density modulation. Owing to the
fine granularity of the initial energy bands, this process gener-
ates pronounced microbunching at very high harmonics of the
seed laser frequency.

A distinctive advantage of the EEHG scheme lies in its
ability to generate very high-harmonic microbunching using
only modest energy modulation amplitudes. The resulting har-
monic bunching spectrum follows the theoretical framework
established by Stupakov [33], Xiang and Stupakov [34], and
Kim et al. [47], in which the complex bunching factor at
harmonic order h is given by

bh = eimφ exp

[
− (hB2 − B1)2

2

]
Jm(−hA2B2)

× J−1[−A1(−B1 + hB2)]. (1)

Here, φ represents the relative phase between Seed1 and
Seed2, Jm denotes the mth order Bessel function of the first
kind, and the harmonic number is given by h = mκ − 1 with
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FIG. 1. Schematic layout of the proposed method, mainly composing an EEHG-FEL setup and a waveform synthesis configuration. M1 and
M2 denote the first and second modulators, C1 and C2 the corresponding dispersive chicanes, R1–R3 the radiator segments tuned to different
harmonic numbers, and PS the phase shifters placed between successive radiators. Solid black lines represent the electron beam trajectory,
while colored wavy lines indicate the generated FEL radiation at different harmonics. The arrows highlight the sequence of modulation,
dispersion, harmonic amplification, and coherent waveform synthesis.

κ = λ1/λ2. Here, λ1 and λ2 are the wavelengths of Seed1 and
Seed2, respectively, and k1 = 2π/λ1 and k2 = 2π/λ2 are the
corresponding wave numbers. The dimensionless modulation
and dispersion parameters are defined as

A1 = �E1

σE
, A2 = �E2

σE
,

B1 = R(1)
56 k1σE

E0
, B2 = R(2)

56 k2σE

E0
,

where �E1 and �E2 are the energy modulation amplitudes
imparted in modulators M1 and M2, R(1)

56 and R(2)
56 are the lon-

gitudinal dispersion strengths of chicanes C1 and C2, σE is the
initial rms energy spread of the electron beam, and E0 is the
nominal beam energy. It follows from Eq. (1) that the magni-
tude of the EEHG bunching factor, |bh|, is primarily governed
by the four dimensionless parameters (A1, A2, B1, B2), en-
abling precise control over the harmonic content through
tailored modulation and dispersion settings.

To illustrate the characteristic effects of the EEHG scheme,
we present the typical longitudinal phase space, correspond-
ing current profile, and harmonic bunching spectrum in
Fig. 2, simulated with modulation and dispersion parame-
ters A1 = 6.5, A2 = 5.6, B1 = 6.1, and B2 = 0.20. Figure 2(a)
shows a longitudinal slice of the electron beam spanning one

seed laser wavelength, and the corresponding current profile
is shown in Fig. 2(b). The fine-scale structure evident in this
slice confirms the generation of very high harmonic content
through the EEHG process. The harmonic bunching spectrum
is shown in Fig. 2(c), exhibiting a peak of nearly 11% at
the 32nd harmonic of the seed laser—achieved using only
moderate modulation amplitudes (A1, A2 ∼ 5–6). Notably, the
EEHG bunching spectrum exhibits a distinct, nonmonotonic
pattern, in stark contrast to the monotonic (approximately
exponential) decay observed in the HGHG scheme [48]. This
structured spectral envelope provides an additional degree of
freedom for tailoring harmonic content.

In general, the EEHG scheme enables selective enhance-
ment of a target harmonic by optimizing the modulation
and dispersion parameters. Crucially, these parameters govern
distinct aspects of the harmonic bunching spectrum: The first-
stage energy modulation amplitude A1 primarily shapes the
overall envelope and peak intensity distribution of the har-
monic bunching, while the first-stage dispersion parameter B1

determines the harmonic order at which maximum bunching
occurs. Figure 3 summarizes the evolution of the harmonic
bunching spectrum across harmonic orders under independent
scans of A1 and B1, with other parameters remain the same
as in Fig. 2. As shown in Fig. 3(a), decreasing the first-stage
modulation amplitude A1 broadens the harmonic comb and

FIG. 2. Typical longitudinal phase space [panel (a)], current profile [panel (b)], and high-harmonic bunching factor |bn| [panel (c)] for the
EEHG scheme with A1 = 6.5, A2 = 5.6, B1 = 6.1, and B2 = 0.20. In panel (a), Z denotes the longitudinal coordinate normalized to the seed
laser wavelength λseed, and P represents the normalized relative energy deviation defined as P = (E − E0)/σE .
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FIG. 3. Evolution of the harmonic bunching spectrum with the
variation of EEHG parameter. (a) Dependence on the first-stage
modulation amplitude A1, with A2 = 5.6, B1 = 6.1, and B2 = 0.20
fixed. (b) Dependence on the first-stage dispersion parameter B1,
with A1 = 6.5, A2 = 5.6, and B2 = 0.20 fixed. The red dashed lines
correspond to the parameter sets in Fig. 2.

enhances bunching in the sideband harmonics, effectively
increasing the spectral bandwidth of the microbunching. In
contrast, increasing A1 concentrates the bunching strength into
fewer harmonics, yielding a narrower but more intense spec-
tral envelope. Varying B1 shifts the target harmonic with the
peak bunching factor without significantly altering the overall
amplitude, as illustrated in Fig. 3(b), which means this can
enable precise tuning of the optimal harmonic number easily.
These results demonstrate that the EEHG process provides
two orthogonal degrees of freedom for harmonic control: A1

for spectral shaping and intensity scaling, and B1 for selecting
the target harmonic. This dual-parameter programmability es-
tablishes a robust foundation for flexible spectral and temporal
waveform engineering in the subsequent WS processes.

B. FEL lasing and harmonic bunching evolution
in multistage radiators

Following the generation of high-harmonic bunching
combs in the EEHG stage, the electron beam propagates
through a series of multistage radiators to undergo coherent
FEL amplification at different harmonic numbers, which is
prerequisite for the subsequent WS processes. Precise control
over the amplification dynamics and evolution of the bunching
combs in multistage radiators is therefore essential. Figure 4
illustrates a representative example of harmonic bunching
evolution during the FEL lasing process in a radiator tuned

FIG. 4. Evolution of (a) all harmonics bunching factor and (b) the
power and energy spread during the FEL lasing process. The radiator
is tuned to resonate at the 32nd harmonic.

to a single resonant wavelength, initialized with the same
bunching spectrum as in Fig. 2(c). The radiator is tuned
to resonance at the 32nd harmonic (H32), ensuring optimal
overlap between the electron beam’s microbunching structure
and the radiation field. As the beam traverses the radiator,
the seeded FEL process initiates coherent energy transfer
from the electrons to the radiation field at this harmonic.
This interaction not only amplifies the radiation power but
also reinforces the electron density modulation through the
FEL ponderomotive potential—a positive feedback mecha-
nism known as microbunching enhancement. Consequently,
the bunching factor of the 32nd harmonic increases from an
initial value of approximately 11% [inherited from the EEHG
stage, cf. Fig. 2(c)] to over 58% at saturation, while the FEL
power grows to the gigawatt level and the relative energy
spread rises from 0.02% to 0.12%. This coherent exponential
gain process significantly enables high-power FEL lasing and
strengthens the electron beam microbunching.

In addition, Fig. 4(a) reveals that the initially strong bunch-
ing factor of the 30th harmonic (H30) gradually decreases
and the bunching factor of 31st harmonic (H31) gradually
increasing to nearly 15% at z = 8 m. The reason is that, while
the initial harmonic bunching spectrum is tailored by the
modulation and dispersion parameters (A1, A2, B1, B2), the
longitudinal dispersion R56 introduced in the radiator further
modulates the bunching evolution. Specifically, this radiator
dispersion also amplifies lower-order harmonics near the reso-
nant frequency (here, H32) and facilitates smooth gain transfer
among neighboring harmonics. This dispersion-engineered
bunching dynamics enables the sustained amplification of
multiple high harmonics along the radiator line. Consequently,
in a multistage radiator configuration, successive segments
can be tuned to lase at different harmonic numbers—such as
H32, H31, and H30—producing a set of phase-locked radiation
pulses. These pulses will serve as the essential building blocks
for WS and the subsequent generation of APTs.

It is important to note that the significant growth in
FEL radiation power will inevitably increase the electron
beam’s energy spread. This enlarged energy spread will hence
degrade the microbunching fidelity and suppress further FEL
amplification in downstream radiator sections. Consequently,
for each harmonic lasing stage, both the saturation power and
the radiator length must be carefully optimized to balance high
output power against beam quality preservation. Furthermore,
the longitudinal dispersion R56 that can be practically
introduced in the radiator segments is inherently limited by
the overall saturation length, and excessive dispersion would
distort the electron beam’s dynamics. This constraint restricts
the spectral window over which neighboring harmonics can
be simultaneously amplified through dispersion engineering,
thereby defining an upper bound on the harmonic comb
bandwidth achievable in a single radiator stage. Based on the
principles and analysis outlined above, a five-segment radiator
system—tuned sequentially to H32 through H28 with tailored
segment lengths—can be implemented. The evolution of
harmonic bunching across these radiator sections is shown in
Fig. 5. As previously discussed, the bunching factor of lower-
order harmonics near the resonant harmonic is enhanced
during FEL amplification, enabling their subsequent lasing in
downstream radiator stages. For instance, radiator section R1
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FIG. 5. Dispersion-enhanced high-harmonic bunching evolu-
tion along the five-segment radiator system for five-harmonic
synthesis.R1(0–6 m, blue) is tuned to resonate at the 32nd harmonic
(H32); R2 (6–12 m, green) is tuned to resonate at the 31st harmonic
(H31); R3 (12–15 m, yellow) is tuned to resonate at the 30th harmonic
(H30); R4 (15–21 m, red) is tuned to resonate at the 29th harmonic
(H29); R5 (21–24 m, gray) is tuned to resonate at the 28th harmonic
(H28). The design of longitudinal dispersion (R56) also enables selec-
tive enhancement of lower-order harmonics in each radiator segment,
thereby achieving multiharmonic cascaded amplification. Note: For
clarity, the figure shows only the evolution of the relevant harmonics
(H28–H32).

is tuned to (H32). During FEL amplification in R1, not only
does the bunching factor of H32 grow significantly, but that of
the adjacent H31 also increases substantially. This enhanced
H31 microbunching then serves as the seed for FEL lasing
in the next radiator section, R2. This cascaded amplification
process can be repeated across multiple stages, provided that
the bunching structure remains intact and the electron beam
retains sufficient coherence. However, the process eventually
terminates when either the EEHG-induced microbunching
structure is disrupted, causing the bunching factor of the next
target harmonic to become negligible, or the energy spread
of the electron beam is significantly increased by prior FEL
interactions, thereby suppressing further amplification. These
results demonstrate that judicious dispersion management,
combined with multistage FEL amplification, enables
flexible, configuration-dependent shaping of the harmonic
combs. Specifically, the synergistic integration of the EEHG
parameters (A1, A2, B1, B2), longitudinal dispersion R56,
and tailored multisegment radiators collectively facilitate
dynamic control over high-harmonic bunching evolution.
This capability constitutes the core methodological innovation
underlying the programmable soft x-ray WS presented in the
following sections.

C. Coherent multicolor WS for APTs’ generation

With a programmable harmonic comb and multiharmonic
FEL lasing established, we can then perform the WS tech-
nique to generate APTs through the coherent superposition of
the radiation fields. The temporal profile of the synthesized
pulses is governed by four controllable parameters: the num-
ber of harmonics (N), their spectral amplitudes (Mk), angular
frequencies (ωk), and phases (φk). Precise phase match-
ing among these harmonics is achieved via phase shifters

FIG. 6. Mechanism of coherent harmonic synthesis. The top
three panels display the temporal oscillation of three individual har-
monic components with frequencies ω0 (blue), ω0 − 	12 (purple),
and ω0 − 2	12 (green). Phase locking ensures that all harmonic
waves constructively align at t = 0, as indicated by the vertical dot-
ted line. The bottom panel shows the synthesized waveform resulting
from the superposition of these harmonics. The solid black curve
represents the total electric field amplitude (left axis). The dashed
red curve depicts the intensity (right axis), illustrating the formation
of a high-intensity pulse due to the constructive interference of the
spectral components. The time axis is normalized to the beat period
T = 2π/	12.

integrated between successive radiator segments. This is es-
sential for stable WS. The phase matching is achieved by
tuning the deflection parameter K of the phase shifters. The
resulting phase shift �φ is given by

�φ = 2π

λ

Lps

2γ 2

(
1 + K2

2

)
, (2)

where λ is the resonant wavelength of the target harmonic, Lps

denotes the effective length of the phase shifter, and γ is the
relativistic Lorentz factor.

To elucidate the underlying generation mechanism, we de-
fine the instantaneous radiation intensity as Iinst(t ). According
to Poynting’s theorem, this intensity can be expressed as

Iinst(t ) = ε0c E2
total(t ), (3)

where the total electric field comprises N harmonic compo-
nents:

Etotal(t ) =
N∑

k=1

Mk ei(ωkt+φk ). (4)

To aid clarity, Fig. 6 schematically illustrates the temporal
waveform evolution resulting from the coherent superposition
of harmonic components discussed below. For closely spaced
harmonics (�ω � ω̄), the rapidly oscillating carrier terms
average out over observation timescales τ � 2π/ω̄, yielding
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the slowly varying envelope intensity:

Ienv(t ) = ε0c

2

⎡
⎣ N∑

k=1

M2
k + 2

∑
i< j

MiMj cos(	i jt + 
i j )

⎤
⎦, (5)

where 	i j = ωi − ω j and 
i j = φi − φ j denote the frequency
and phase differences between harmonics i and j, respec-
tively.

The maximum intensity is attained when all interference
terms constructively interfere, i.e., when cos(	i jt + 
i j ) = 1,
for all i < j:

Imax = ε0c

2

(
N∑

k=1

Mk

)2

. (6)

This condition requires the relative phases to satisfy a lin-
ear relationship with the frequency differences, which means
equivalently a constant group delay (i.e., zero group-delay
dispersion) across the harmonic comb:


i j

	i j
= τ0 (τ0 ∈ R), (7)

which will ensure temporal synchronization of all harmonic
components. Based on Eq. (7), random phase jitter in the
phase shifters directly translates to deviations in the relative
phases 
i j . A quantitative analysis shows that maintain-
ing the phase fluctuations below approximately 0.1 rad is
sufficient to preserve the coherent superposition required
by the proposed waveform synthesis scheme [43,49]. The
permanent-magnet phase shifters of Shanghai soft x-ray free-
electron laser (SXFEL) shows an operating accuracy of below
2 mrad, which can satisfy the requirements of Eq. (7). Under
this phase-matching condition, the synthesized waveform be-
comes strictly periodic, with pulse period determined by the
greatest common divisor of all pairwise frequency differences:

T = 2π

gcd({	i j})
. (8)

To quantify the degree of coherent enhancement achieved
through WS, we define the peak intensity enhancement factor
as

α = Imax∑N
k=1 Ik

=
(∑N

k=1 Mk
)2∑N

k=1 M2
k

. (9)

Under ideal phase matching, the minimum intensity can van-
ish if the largest amplitude does not dominate the sum of the
others, i.e., if Mmax � ∑

k �=max Mk . Otherwise, the intensity is
bounded below by

Imin � ε0c

2

(
2Mmax −

N∑
k=1

Mk

)2

. (10)

For dual-harmonic synthesis (N = 2), the relative phase

12 = φ1 − φ2 can be freely adjusted, and the optimal
signal-to-noise ratio (SNR)—defined as the peak-to-sidelobe
intensity ratio—is achieved when M1 = M2, yielding a van-
ishing minimum intensity and maximal α = 2. In contrast,

TABLE I. Simulation parameters based on the SXFEL facility.

Parameter Value Unit

Electron beam
Energy 1.3 GeV
rms energy spread 60 keV
Normalized emittance 1 mm mrad
Peak current 800 A
Seed lasers
Wavelength 266 nm
Pulse duration (Seed1) 100 fs
Pulse duration (Seed2) 100 fs
Undulator system
Modulator period (M1, M2) 8 cm
Modulator length (M1, M2) 1.28 m
Radiator period 3 cm
Radiator segment length 3 m
K (R1) 1.61 –
K (R2) 1.64 –
K (R3) 1.68 –
K (R4) 1.72 –
K (R5) 1.76 –

multiharmonic synthesis (N � 3) requires strict adherence to
the linear phase-matching condition in Eq. (7). While the
peak intensity enhancement factor α is maximized for equal
amplitudes (Mk = M), the temporal contrast (SNR) can be
further optimized through tailored amplitude shaping. More-
over, equally spaced harmonics are essential to ensure a
periodic pulse train with a well-defined repetition rate and
high temporal contrast.

III. SIMULATION RESULTS

A. Soft x-ray APTs’ generation

To evaluate the proposed method, we performed three-
dimensional numerical simulations based on realistic machine
parameters from the SXFEL facility [50]. The FEL amplifica-
tion process was modeled using the time-dependent FEL code
GENESIS 1.3 [51]. The electron beam parameters were set to
representative operational values: a beam energy of 1.3 GeV,
an rms energy spread of 60 keV, a normalized emittance of
1 mm mrad, and a peak current of 800 A. Two external seed
lasers at 266 nm were employed, Seed1 and Seed2, both with
a pulse duration of 100 fs and derived from the same laser
source. The undulator system was optimized for soft x-ray
harmonic generation, featuring a period of 3 cm and alter-
nating radiator segments of 3 m length. A complete list of
simulation parameters is provided in Table I.

We simulated a five-harmonic WS scheme spanning con-
secutive harmonics from the H32 to the H28. The EEHG stage
was configured with the same parameters as in Fig. 2(c),
yielding a broad and structured bunching comb with sig-
nificant amplitudes across the target harmonic range. This
initial harmonic bunching spectrum serves as the seed for
staged amplification in a five-segment radiator system, whose
layout is illustrated in Fig. 5. As the prebunched electron
beam propagates through successive radiator sections—each
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FIG. 7. Five-harmonic WS results for consecutive harmonics from H32 to H28: (a) radiation power evolution [R1(0–6 m, blue) is tuned
to resonate at the 32nd harmonic (H32); R2 (6–12 m, green) is tuned to resonate at the 31st harmonic (H31); R3 (12–15 m, yellow) is tuned
to resonate at the 30th harmonic (H30); R4 (15–21 m, red) is tuned to resonate at the 29th harmonic (H29); R5 (21–24 m, gray) is tuned to
resonate at the 28th harmonic (H28)] and (b) radiation power profile at radiation exit of individual harmonic number, (c) temporal profile, and
(d) phase-locked harmonic components of the synthesized APTs.

tuned to resonate at a specific harmonic (R1: H32, R2: H31,
R3: H30, R4: H29, R5: H28)—the interplay between FEL gain
and radiator-induced longitudinal dispersion (R56) enables
efficient energy extraction into multiple harmonic radiation
fields, which means we can get FEL lasing pulses in sev-
eral different harmonics. Figure 7(b) shows the results of the
radiation power profiles at the exit of each radiator section,
confirming that all five harmonics FEL radiation pulses reach
tens to hundreds of megawatts peak power output. This suc-
cessful multiharmonic FEL lasing is a direct manifestation
of the dispersion-managed bunching evolution described in
Sec. II B, where R56 in each radiator selectively enhances
lower-order harmonics near resonance, thereby facilitating
smooth gain handover between successive stages.

The phase coherence imprinted during the EEHG process
is preserved throughout the amplification chain, as evidenced
by the narrow spectral linewidths of the harmonic fields in
Fig. 7(d). This coherence will enable high-fidelity coherent
superposition via the WS technique, with all the spectral
lines are within the soft x-ray regime. The four phase shifters
between the five radiator segments were adjusted to satisfy
the linear phase-matching condition in Eq. (7) with �
i j =
φ12 = φ23 = φ34 = φ45 = 0 (the parameter will become the
default in simulations unless stated otherwise), yielding the
synthesize APT shown in Fig. 7(c), which exhibits a com-
pressed micropulse duration of 160 as, a repetition rate of
2.25×1015 Hz, and a peak power exceeding 3.5 GW. The tem-
poral contrast being nearly 10, defined as the ratio of the main
pulse peak intensity to that of the nearest sidelobe, confirms
that the synthesized waveform is not only intense but also
highly structured, which will fulfill the stringent requirements
for phase-sensitive attosecond spectroscopy [9]. The results
demonstrate that by synergistically combining programmable
EEHG bunching, dispersion-engineered radiator staging, and
precise phase control, our method can achieve simultaneous
manipulation and FEL lasing of several different harmonics,
which is a critical step toward fully customizable soft x-ray
APTs. In practical seeded FEL configurations, this consider-
ation typically restricts the number of simultaneously usable
harmonics to fewer than about seven. The five-harmonic syn-
thesis demonstrated in this work should therefore be regarded
as a representative configuration rather than a unique or gen-
erally optimal choice.

B. Waveform and spectrum control

The above results demonstrate successful waveform syn-
thesis and soft x-ray APTs’ generation from a consecutive
five-harmonic combs. To further highlight the flexibility of
waveform and spectrum control in our method, we consider
a nonconsecutive harmonic comb by reoptimizing the EEHG
parameters to enhance bunching at selected target harmonics.
Specifically, we demonstrate triple-harmonic WS by coher-
ently combining the H32, H30, and H28 to further validate the
waveform tunability in our method. The modulation ampli-
tudes were set to A1 = 6.0 and A2 = 4.0, with normalized
dispersion strengths B1 = 8.6 and B2 = 0.28, respectively.
This configuration yields pronounced initial microbunching at
H32 and H30, with bunching factors exceeding 0.11, as shown
in Fig. 8(a).

In the first radiator segment (a single-undulator, 3 m), the
32nd harmonic reached a peak power of 35 MW. The 30th
harmonic reached a peak power of 85 MW in the second
radiator segment (a dual-undulator, 6 m). The third radiator
segment also employed a 6 m dual-undulator configuration
to enhance radiation efficiency, achieving a peak power of
65 MW at the 28th harmonic. The two phase shifters between
the three radiator segments were adjusted to satisfy the linear
phase-matching condition in Eq. (7), yielding a synthesized
APT with a peak power of 525 MW, a micropulse duration
of 190 as, and a temporal contrast of 25. The correspond-
ing temporal profile and phase-locked spectrum are shown

FIG. 8. High-harmonic bunching factor (a) and radiation power
of individual harmonics (b) for nonconsecutive harmonic synthesis
with H32, H30, and H28. The EEHG parameters are tuned to be
A1 = 6.0, A2 = 4.0, B1 = 8.6, and B2 = 0.28 now.
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FIG. 9. Power and spectrum profile of the synthesized APTs
for triple-harmonic synthesis with nonconsecutive H32, H30, H28

[panels (a) and (b)] and consecutive H32, H31, H30 [panels (c)
and (d)] harmonic numbers.

in Figs. 9(a) and 9(b), respectively. For comparison purpose,
we also illustrate the synthesized results of three consecutive
harmonics (H32–H30) extracted from the first three radiator
stages in Fig. 7. The temporal and spectral results are shown
in Figs. 9(c) and 9(d), respectively. One can find out that
the micropulse duration here is clearly increased, which is
about 335 as comparing to the 190 as in Fig. 9(a). The results
presented here mean that we can adjust the waveform of the
APTs by synthesis of nonconsecutive harmonic combs in our
method.

To further validate the spectral tunability, we adjusted the
EEHG dispersion parameter B1 from 8.6 to 8.9 while retaining
the nonconsecutive harmonic layout. We know from Fig. 3(b)
that variation of B1 will shift the high-harmonic bunching
spectrum in the EEHG scheme. The modified initial bunching
spectrum now is shown in Fig. 10(a), in which we can see the
optimal bunching harmonics are H33 and H31, which is shifted
one-harmonic order larger from H32 and H30 in Fig. 8(a).
Keeping the radiator architecture unchanged, we then retuned
the resonance conditions of the three radiator segments to H33,
H31, and H29, respectively. The power distribution of high
harmonics FEL lasing at the exit of each radiator segment
is presented in Fig. 10(b). A comparison with the case in
Fig. 8(b) reveals that the output powers of all three harmonics
remain the same levels, confirming successful amplification
across the shifted harmonic combs. After adjusting the phase
shifters here, we can also achieve coherent WS of the H33,
H31, and H29 harmonics. The resulting temporal and spectral
characteristics are shown in Figs. 10(c) and 10(d). Comparing
them with the baseline synthesis results in Figs. 9(a) and 9(b),
one can find out that the synthesized waveform retains a nearly
identical pulse structure and micropulse duration, while the
entire spectrum is shifted to shorter wavelengths accordingly.
These results prove that the proposed scheme offers excellent

FIG. 10. High-harmonic bunching factor [panel (a)], radiation
power of each harmonic [panel (b)], and the synthesized power
[panel (c)] and spectrum [panel (d)] profile when shifting the spec-
trum one-harmonic order larger by varying B1 from 8.6 to 8.9 in the
EEHG scheme.

flexibility in waveform and spectrum control over the soft
x-ray APTs’ generation. The choice between consecutive and
nonconsecutive harmonics is a trade-off driven by the specific
temporal requirements of the target application (e.g., pulse
duration versus repetition rate).

IV. DISCUSSION AND CONCLUSION

In general, we demonstrate a method that can generate soft
X-ray APTs by combining the WS technique with the EEHG-
FEL scheme. The waveform and spectrum of the APTs can
also be controlled and adjusted easily taking advantage of the
programmable high-harmonic bunching combs in the EEHG
scheme. We want to emphasize that the fully coherent prop-
erties of each harmonic component in the synthesized APTs
are preserved perfectly by the intrinsic seeded EEHG-FEL
principle. However, the APTs’ temporal contrast is appar-
ently sensitive to the relative intensity distributions among
the harmonic components. To assess how the relative in-
tensity distribution among harmonic components affects the
temporal contrast of synthesized APTs, we present a further
analysis results in Fig. 11(a) based on the nonconsecutive
harmonic synthesis (H32:H30:H28). The relative intensities are
set to be 1:0.5:1 (light blue curve), 1:1:1 (blue curve), 1:2:1
(yellow curve), and 1:4:1 (red curve), respectively. One can
find out that increasing the relative weight of the central
harmonic (H30) will enhance the temporal contrast. When
the intensity ratio is tuned to 1:4:1, the sidelobes are nearly
suppressed to zero, yielding the highest signal-to-noise (SNR)
ratio. However, this will also result in the pulse broadening
in the main peak. If the central harmonic intensity is too
high and weight exceeds this condition, the former sidelobe
positions evolve into a quasicontinuous power pedestal, caus-
ing adjacent pulses in the train to merge and lose temporal
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FIG. 11. The influences of the different relative intensity ratios
[panel (a)] and the phase-matching conditions [panel (b)] on the
synthesized APTs. In panel (a), the relative intensities are 1:0.5:1
(light blue curve), 1:1:1 (blue curve), 1:2:1 (yellow curve), and
1:4:1 (red curve), respectively. In panel (b), the blue curve is un-
der the phase-matching condition while the magenta curve is not
(�
32,30 = −π/3, �
30,28 = π/5).

isolation. In addition, an equal-intensity configuration (blue
curve) will maximize the peak intensity enhancement factor
α = (

∑
Mk )2/

∑
M2

k , in excellent agreement with the theo-
retical prediction in Sec. II C. Hence, the intensity ratio should
be within the red and the blue curve to balance the peak inten-
sity and the SNR of the synthesized APTs, which can be easily
achieved through tuning the K of radiator segments. Further-
more, the linear phase-matching condition in Eq. (7) must be
satisfied for the generation of synthesized APTs. We simu-
lated the case where the relative phases of the three harmonics
(H32:H30:H28) deviate from the linear phase-matching condi-
tion specified in Eq. (7). Specifically, we introduced random
phase offsets of −π/3 to H30, H28 and π/5 to H30, H32. The
result is shown in the magenta curve in Fig. 11(b). We can see
the resulting waveform exhibits severe temporal degradation,
in which a pronounced quasicontinuous power pedestal forms
across the pulse trains, and the contrast between the main peak
and adjacent sidelobes is drastically reduced. In contrast, in
the blue curve in Fig. 11(b), the waveform synthesized under
the matching condition maintains a clean temporal envelope
with high peak-to-sidelobe contrast.

The practical applicability of the proposed scheme is
subject to several intrinsic limitations, which are briefly dis-
cussed below. The cumulative energy-spread growth induced
by multistage FEL amplification ultimately degrades high-
harmonic microbunching, thereby imposing an upper limit
on the number of harmonics that can be efficiently amplified
and coherently synthesized. Moreover, the usable harmonic
bandwidth is constrained by both the initial EEHG bunching
spectrum and the finite, discretized longitudinal dispersion
that can be introduced in practical radiator sections, which
may prevent certain harmonic groups from reaching their opti-
mal gain conditions. In addition, the quality of the synthesized
waveform critically depends on the relative phase stability
among different harmonic components, placing stringent re-
quirements on seed-laser synchronization and phase-shifter
control. Despite these intrinsic limitations, the requirements
of the proposed scheme remain within the capabilities of
modern high-performance seeded FEL facilities.

An additional point concerns the practical stability of the
proposed scheme. In the present approach, harmonic gener-
ation originates from EEHG microbunching, whose stability

has been experimentally demonstrated under comparable op-
erating conditions at facilities such as SXFEL and FERMI
[44,45,50]. The subsequent harmonic evolution relies on the
longitudinal dispersion provided by the undulator sections,
which is intrinsically stable during routine operation. More-
over, the phase shifters employed here are permanent-magnet
devices with fixed magnetic fields; the achievable gap ad-
justment precision of about 1μm corresponds to a phase
accuracy on the order of 2 mrad, which comfortably ex-
ceeds the phase stability requirements of the scheme. Taken
together, these considerations indicate that the proposed mul-
tiharmonic synthesis approach is compatible with realistic
operating conditions of modern seeded FEL facilities.

The experimental characterization of the proposed soft
x-ray attosecond pulse trains also warrants brief discussion.
Since attosecond waveform synthesis is only meaningful
when accompanied by reliable temporal diagnostics, estab-
lished attosecond metrology techniques are of direct relevance
here. Methods such as RABBITT (Reconstruction of Attosec-
ond Beating by Interference of Two-photon Transitions) [52]
and CoBRA (correlation-based reconstruction of attosecond
pulses) are appropriate for characterizing APTs. In particular,
the correlation-based CoBRA technique, which is immune to
delay jitter and enables robust retrieval of relative harmonic
phases, is well matched to FEL conditions. CoBRA has been
successfully extended to the soft x-ray regime and experi-
mentally demonstrated at the FERMI [39]. These techniques
provide a feasible experimental pathway to validate the at-
tosecond pulse duration and waveform control enabled by the
proposed scheme.

In conclusion, this work demonstrates a viable pathway
for generating soft x-ray APTs with gigawatt peak power,
sub-200 as pulse duration, and highly waveform and spec-
trum tunability. Theoretical analysis and three-dimensional
numerical simulation results have been presented to validate
the proposed method. Detailed optimization of five-harmonic
synthesis gives out soft x-ray APTs with peak power of
3.5 GW and micropulse duration of 160 as. The noncon-
secutive harmonic FEL lasing and synthesis, together with
the shifts of the target harmonic components during the
WS processes, demonstrate the flexible spectral and tem-
poral control and adjustment of the synthesized APTs. The
proposed method leverages precise control over harmonic
components, relative phases, and radiator dispersions to shape
the seeded FEL radiation pulses, thereby transforming the
seeded FEL from a fully coherent single-harmonic source
into a flexible platform for ultrafast laser pulse engineering.
Beyond APTs’ generation, the demonstrated capability to in-
dependently manipulate the relative phases and amplitudes of
multiple harmonics offers a powerful degree of freedom for
ultrafast science.
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