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Unraveling interchannel quantum interference in below-threshold nonsequential
double ionization with statistical measures
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We present a systematic study of interchannel quantum interference in laser-induced nonsequential dou-
ble ionization within the strong-field approximation. Focusing on the below-threshold intensity regime
where the recollision excitation with subsequent ionization (RESI) pathway dominates, we derive analytical
phase conditions governing interference between distinct excitation channels for arbitrary driving fields. To
quantify the interplay between channels resulting from a vast number of interfering processes, we introduce
statistical metrics based on the earth mover’s distance, allowing us to assess the relative weight of each
channel’s contribution to the two-electron photoelectron momentum distributions. We identify key factors that
determine whether interchannel interference is appreciable, such as comparable channel intensities, strong spatial
overlap between the excited-state wave functions, and the energy difference between contributing channels. We
demonstrate that for linearly polarized few-cycle pulses, the typical intrachannel interference features associated
with exchange, temporal shifts, and combined exchange-temporal interference are retained with interchannel
interference. Our findings establish a hierarchy of interference mechanisms in RESI and may provide practical
guidelines for enhancing or suppressing interference in different regions of the momentum plane. The tool kit
presented in this work is transferable to a wide range of interferometric schemes involving different excitation

channels.
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I. INTRODUCTION

Quantum interference has commanded significant attention
in strong-field and attosecond physics in recent years, both
for its role in applications like attosecond imaging of mat-
ter and electron-hole dynamics [1-3] and for their potential
in quantum technologies [4]. In particular, whenever several
quantum pathways contribute coherently to a given observ-
able, phase differences between them may leave measurable
signatures in the resulting spectra. Such situations arise nat-
urally throughout quantum mechanics, even in foundational
concepts such as the double-slit experiment. They are ubiq-
uitous not only in strong-field ionization, but also in other
research fields such as high-precision spectroscopy [5,6] and
quantum-optical interferometry [7,8], where the quantitative
comparison of probability distributions forms an essential
diagnostic tool. Techniques such as ultrafast holography [9],
phase-of-the-phase spectroscopy [10], and chiral light-matter
interactions [11] exemplify how quantum interference can be
useful for precise temporal and spatial control in ultrafast
phenomena.

Most of these studies, however, have been performed con-
sidering a single-active electron, while investigations that
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identify and exploit quantum interference in strongly corre-
lated two-electron systems are comparatively rare [12—15].
Nonsequential double ionization (NSDI) is particularly suit-
able for exploring such effects, as it combines electron-
electron correlation with intense-field dynamics (for reviews,
see Refs. [16,17]). Therefore, an electron rescatters inelas-
tically with its parent ion, transferring enough energy to
the core to release a second electron [18,19]. In the low-
frequency regime, NSDI may occur in two main ways:
Electron Impact Ionization (EI) and Recollision Excitation
with Subsequent Ionization (RESI). EI dominates when the
recolliding electron transfers sufficient kinetic energy to the
core so that the second electron can overcome the ioniza-
tion potential of the singly ionized target. It is then released
immediately, with quantum signatures largely suppressed by
averaging over transverse momenta [20]. However, RESI
arises when recollision only excites a bound electron that
then ionizes after a time delay, enabling observable inter-
ference effects between the photoelectron even after focal
averaging [12,14].

Within RESI, quantum interference can be characterized
as intrachannel interference, stemming from multiple events
within a single excitation pathway, and interchannel inter-
ference arising from interference between pathways through
different excited states. The investigations in Refs. [12,14],
performed for long pulses that can be approximated by
monochromatic waves, show that interchannel interference
can reshape the RESI distributions. In Ref. [12], this inter-
ference has been employed to break a fourfold symmetry
present in incoherent RESI distributions, and appropriate co-
herent superpositions of excitation channels have been used in
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Ref. [14] to obtain correlated, anticorrelated, cross-, or ring-
shaped RESI distributions.

Excitation to multiple intermediate channels underlies
many interferometric schemes such as reconstruction of at-
tosecond beating by interference of two-photon transitions
(RABITT), high-harmonic interferometry, and multiphoton
ionization studies [21,22]. However, the systematic investi-
gation of interchannel interference conditions in RESI under
arbitrary driving fields remains incomplete. Previous works
addressed the general conditions for intrachannel interference
and applied these to few-cycle pules [23] and bichromatic
fields [24], revealing a rich tapestry associated with electron
exchange, time-delayed processes, and a combination of elec-
tron exchange and time delays. However, a unified analytical
framework that encompasses more than one excitation chan-
nel is lacking.

A key limitation in detangling multichannel interference
arises from the huge number of interfering processes. Even
for a single channel, there exist numerous phase differences
leading to intricate interference patterns. When more than
one excitation channel is present, the overwhelming num-
ber of phase differences requires additional resources and a
complementary strategy, as the analytical tools employed in
our previous work no longer suffice to systematically study
interference. Furthermore, interchannel interference depends
strongly on the geometry and bound-state energies of the tar-
get. There are at least two channels involved, whose interplay
may be difficult to map into the resulting patterns. The aim of
the present work is to develop a systematic tool kit for iden-
tifying, classifying, and quantifying interchannel interference
in RESI whenever it occurs. This tool kit can be transferred to
amyriad scenarios within and outside strong-field and attosec-
ond physics, for which intermediate excited states play a role.
Examples are high-harmonic generation (HHG) multichannel
interference [25-27], RABITT [28-30] and interferometric
spectroscopy, laser-driven dynamics in molecules [31], and
multiphoton ionization in solids [32,33].

Here, we draw upon tools often employed in other fields
such as computer vision [34,35], particle physics [36], biology
[37], and chemistry [38] to compare the 2D RESI probability
distributions rigorously by defining a statistical-distance met-
ric. To our knowledge, within the field of attosecond science,
such measures are rarely deployed, with photoelectron mo-
mentum distributions (PMDs) often compared qualitatively.
Typically, when systematic measures are applied, the focus
is on assessing the directionality of a single PMD [39,40].
Widespread examples are the asymmetry parameter, used for
instance to characterize left-right asymmetry in streaking ex-
periments, and the photoelectron circular dichroism (PECD),
widely used in the context of chiral molecules [41-44]. In
particular, alternatives to PECD are currently being sought
and proposed in order to increase sensitivity. For customized
classes of enantio-sensitive observables, see Ref. [45]. The
framework described in this present work could aid interpreta-
tion of time-resolved photoelectron distributions in molecules,
especially when multiple electronic or vibrational channels
overlap. It provides tools for designing control schemes in
coherent control or shaped-pulse chemistry. Such tools and
observables are sought after in the study of ultrafast chirality,
which has applications in the imaging of biomolecules.

We also extend the toolbox of RESI interference condi-
tions by deriving analytic phase differences for multichannel
interference with arbitrary laser fields and classify the distinct
interchannel interference types. Using the example of the
few-cycle pulse and the simplest case of two-channel inter-
ference, we address the question of why some two-channel
combinations lead to richer interference patterns than others.
What makes two channels comparable? How do differences in
excitation energy, relative channel intensities, and the spatial
overlap of the excited states influence the resulting two-
electron photoelectron momentum distributions? Are some
types of interference more sensitive to these factors than oth-
ers? We use statistical measures, such as the earth mover’s
distance (EMD), to address these open questions and show
how temporal delays and field-induced phase shifts shape the
resulting interference signatures in the correlated electron mo-
mentum distributions. This provides both physical insight and
quantitative criteria for when such effects become observable.

Beyond its immediate application to RESI, the methods
discussed in the present work address a wider question across
many areas of physics: how can one understand the extent
to which different quantum pathways contribute to the un-
derlying dynamics? Similar questions occur in high-harmonic
generation with multiple channels, RABITT and interfer-
ometric spectroscopy, laser-driven dynamics in molecules,
multiphoton ionization in solids, and more generally in quan-
tum systems where competing pathways coherently contribute
to measured distributions. While such problems are ubiqui-
tous, attosecond and strong-field physics have so far relied
predominantly on qualitative ad hoc comparisons. The EMD
provides a more precise tool than, for example, the asymmetry
parameter that is widely used in attosecond streaking [40].

More broadly, the methods developed here can inform
quantum sensing and simulation by quantifying how inter-
ference affects both sensitivity and error accumulation. For
quantum sensing, it is important to quantify uncertainties from
quantum interference. In Ref. [46], classical and quantum
Fisher information were used to assess sensitivity in strong-
field ionization. Because the Fisher information measures how
sensitively a probability distribution changes with respect to
a parameter, whenever several quantum pathways contribute
coherently to an observable (e.g., PMDs, HHG spectra, etc.),
their interference is expected to affect that sensitivity. EMD or
related metrics detect channel-dominance changes, and thus
can be employed in conjunction with quantum-sensing tools.
Similar considerations apply to quantum simulators where
interference from competing channels may amplify sensitivity
to small parameter changes, but also render the system more
fragile and prone to error accumulation. Thus, one must de-
tect when the distribution has changed because the relative
channel contributions have shifted. The EMD provides an
ideal diagnostic tool in this setting, as it quantifies global
redistributions of probability that arise when channel balance
or channel phases drift. For recent quantum generalizations of
the EMD, see Ref. [47].

This article is organized as follows. In Sec. II, we first
review the strong-field approximation (SFA) transition am-
plitude and saddle-point equations for RESI. Section II1C
provides a background on how one can sum over channels,
events, and exchange. In Sec. III, we revisit and adapt the
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arbitrary-field intrachannel interference conditions for inter-
channel interference between any two excitation channels.
We discuss the expected interference patterns and their loca-
tion in the py p parallel momentum plane. Subsequently, in
Sec. IV, we present the PMDs and systematically investigate
the different physical factors affecting the shapes and contrast
of the interchannel interference. We also analyze the differ-
ent types of interchannel quantum interferences. Finally, in
Sec. V, we state our conclusions and provide further discus-
sion of the implications of the present work on the broader
physics community. Unless otherwise stated, atomic units are
employed.

II. BACKGROUND

A. Transition amplitude

The SFA transition amplitude for RESI and an arbitrary
excitation channel C reads

MO (py, p2)

o0 t t
=/ dt/ dt// dt”/d3k
—0Q

x VOV VO explis O (pr, pa. k. 1.7, 1], (1)

where
SOy, p2, k. 1,1, 1)

—ECy +E(C)t +EO / k -|-A(T)]2
g
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is the semiclassical action. Equations (1) and (2) have been
derived in detail in Refs. [48,49] and correspond to a process
in which an electron, initially bound in a state of energy
—El(?, is freed in the continuum at a time ¢”. Subsequently,
at a time ¢/, it returns to its parent ion with intermediate
momentum k and excites a second electron from a bound
state with energy —Ez(g) to a state with energy —Ez(f). The
first electron then leaves, reaching the detector with the final
momentum p;. The second electron is freed at a later time ¢
and has final momentum p,. One should note that the RESI
action is factorizable, although the transition amplitude is not.
Thus, electron-electron correlation is accounted for via the
time ordering: recollision of the first electron must happen
before ionization of the second electron [50].

In the SFA, all information about the target geometry and
the interactions is embedded in the prefactors Vk(;), Vp(lce)k ”
and V(C) [48,51]. These are associated with the ionization of
the ﬁrst electron, the recollision-excitation process, and the
tunnel ionization of the second electron, respectively. The
expressions are general and the superscript (C) makes them
easily adaptable to coherent superpositions of channels and
bound states.

The first electron ionization prefactor reads

V(C) k| 1%4 |K0(C)>7 3)

where V(r;) is the neutral atom’s binding potential and
(r |1/J‘(C)) lpl(c)(rl ) is the ground-state wave function for the
first electron

The excitation prefactor for the second electron is given by

pere=tp1 ¥3 | Vie [k, w37 O
where
1
Viapr — k) = 5 f d’rVip(r) expl—i(p; — k) - ]
®)

is the electron-electron interaction in momentum space, r =
r; — Iy, and Vi»(r), taken to be of contact type, describes the
interaction by which the second electron is excited. The wave
functions (ra|ysc)) = e (r2) and (ry|yss)) = Yio)(ry) are
associated with the excited and ground states of the second
electron, respectively. Finally, the second electron ionization
prefactor reads

Vol = (p| Vien |¥3, ). ©6)

where Vion(ry) is the potential of the singly ionized target,
describing the ionization of the second electron. In our cal-
culations, we employ hydrogenic wave functions ¥, (r) =
R, (r)Y/"(0, ¢) for the electronic bound states. The explicit
expressions for these prefactors can be found in the Ap-
pendix of Ref. [23]. We have taken the magnetic quantum
number m = 0 to facilitate comparison with previous works
[14] and with existing results in the literature [12].

We consider the ionization prefactors in the velocity gauge
to avoid the bound-state singularities arising due to the saddle-
point equation (10) describing the ionization of the second
electron, which leads to vanishing denominators in V;,,. for a
hydrogenic basis. Means to overcome this singularity, as well
as a detailed discussion, are given in Ref. [48]. The additional
momentum shifts resulting from the length-gauge prefactors
will not play an important role for the ionization prefactor
(6), due to the vector potential at the prevalent tunnel ioniza-
tion times being vanishingly small for the field in question.
Throughout, these shifts will cancel out for the excitation
prefactor (4) for the field in question—see Ref. [48] for a
detailed discussion. For other field shapes, such as bichro-
matic fields with driving waves of comparable strengths, due
to a nonvanishing vector potential at the ionization times,
this no longer holds for V;,,. and it is necessary to consider
length-gauge prefactors [24,52].

B. Saddle-point equations

The integrals in the transition amplitude [Eq. (1)] are cal-
culated using the saddle-point method, which seeks variables
k,t”, ¢, and t such that the action is stationary. This leads to
the saddle-point equations

[k +A@") = —2E, )
k=t / dTA(®), ®)

[p1) +ACH? + [p11]? = [k + AP - 2(ESS — EO),
©)
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and
[p2) + AP + [P ] = —2E5. (10)

Equations (7) and (10) give the conservation of energy upon
tunnel ionization for the first and second electrons, respec-
tively. Equation (8) constrains the intermediate momentum
so that the first electron returns to the site of its release,
and Eq. (9) gives the rescattering event in which the first
electron gives part of the kinetic energy [k + A(¢")]?/2 to
excite the second electron. We denote by p, and p, (n =
1, 2) the momentum components parallel and perpendicular to
the laser-field polarization, respectively, where p,, is a two-
dimensional vector spanning the perpendicular-momentum
plane. The integrals are then approximated by sums over
these stationary variables. This allows linking the saddle-point
solutions to the times associated with electron trajectories:
Their real parts, Re[r], Re[t'], and Re[t”], are directly re-
lated to the classical recollision and ionization times, while
Im[7] and Im[#”] are loosely associated with the instantaneous
tunneling probability ~ exp[—2Im[S]] of the second and first
electrons, respectively [53]. The real parts of the ionization
and rescattering times are close to the field maxima and zero
crossings, respectively [23,48].

For the second electron, the saddles are well separated in
all momentum regions and thus the standard saddle-point ap-
proximation can be applied, while, for the first electron, pairs
of saddles must be considered collectively using the uniform
approximation in Ref. [54]. Equation (9) relates the kinetic
energy Ey(¢',1”) of the returning electron to the energy dif-
ference AE© = E© — E{©) between the ground and excited
states of the second electron. The saddle-point equation de-
fines a sphere in the momentum space of the first electron
(p1y, P11), with radius \/2[Ek(t’, ") — AE©)]. A real radius
exists when E(t',t") > AE©), suggesting a possible clas-
sical counterpart for Eq. (9). By setting p;; = 0, an upper
bound on py is established so that this condition is fulfilled,
defining the classically allowed region for rescattering. Be-
yond this region, the probability density associated with the
first electron decays exponentially. This concept has been
introduced in our previous publications [48,51]. Furthermore,
the saddle-point equations state that RESI may be viewed
as two time-ordered processes—rescattered inelastic above-
threshold ionization (ATI) for the first electron and direct ATI
for the second electron.

C. Two-electron probability density

The quantity of interest is the RESI two-electron proba-
bility density as a function of the momentum components
DPn(n =1, 2) parallel to the driving-field polarization, given
by

P(p1y, p2y) = f / d’pi1d*piP(p1,p2),  (11)

where P(p1, p2) is the fully resolved two-electron momentum
probability density and the transverse momentum components
have been integrated over. Several issues must be taken into
consideration upon calculation of this probability density. The
first is electron exchange. Due to the indistinguishability of
the electrons, Eq. (1) must be symmetrized upon p; < p».

TABLE I. Possible ways of constructing probability densities for
a pulse, in terms of events, channels, and symmetrization. The letters
c and i indicate coherent and incoherent sums, respectively, regarding
symmetrization (denoted by S), event (£), and channel (C).

Process SEC Psec(pr, p2)

(a) ccc [>, ZCMEC)(pl,pz)+M§C)(p2,p1)|2

(b) cic o> Mé“(pl,pz)+M§C)(pz,p1>|2

(o) icc |2 e MOmi | +| X, e MO w2 po)f
(d) iic > |ZCM§C)(P1,P2)|2+ ! ZCME(C)(PZ’Pl)}Z

(e) cci Yoo |ZSMﬁc)(PlsP2)+M§,C)(P2,P1)|z

(f) cii dedc \Méo(p:,pz)+M§C)(pz,pu)!2

(g) ici Yo | S MOy po)| 4+ | T MO, po)|

(h) iii > My, pz)l2 + [M©(ps, pl)l2

Second, there will be several “events” within the pulse. Third,
in a real target, there will be several excitation channels,
each of which will have an associated transition amplitude.
Thus, within the saddle-point approximation, the overall RESI
amplitude must contain sums over (1) symmetrization related
to electron indistinguishability that will occur for each pair
of excitation and ionization times, (2) the events within a
pulse, and (3) transitions involving different excitation chan-
nels. Quantum mechanically, all these contributions add up
coherently. The fully coherent sum over events, channels, and
symmetrization reads

2
Precoy(P1. P2) = ‘ Y MO pr.p) + MO (pa.py)|
e C
(12)

where the symbols ¢ and C denote event and channel, respec-
tively, the symmetrization is indicated by S, and the subscript
(SEC) = (ccc) =(coherent-coherent-coherent) indicates full
coherence. Throughout, we use the notation ’P((ché(;z """ ) the

indices are associated with the symmetrization, event, and
channel, respectively. Thus, P((i‘cf)c 2--C1) gtates that the sum
considered in the probability density is coherent over the
pulse events, symmetrization, and channels, and involves the
(C1, Cy, ...Cyth channels.

However, since we are interested in detangling quantum
interference, we will construct the two-electron probability
density in several ways depending on the question we wish
to address. A summary of the possible different sums for
the events, channel, and symmetrization is provided in Ta-
ble I. For simplicity, we focus on two-channel interference,
although the approach may be generalized to an arbitrary
number of excitation channels.

Furthermore, in this work, we also consider the interfer-
ence of a specific event with the symmetrized counterpart of a
time-delayed event. In this case, assuming two events ¢ and &’,
¢ # ¢, and summing these events pairwise, the corresponding
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TABLE 1II. Relevant excitation channels for Ar™, in order of
increasing principal and orbital quantum numbers. From left to right,
the first column gives the number associated with the channel, the
second column states the electronic configuration and the excitation
pathway, the third column provides the excited-state energy in atomic
units, and the fourth column specifies whether the resulting distribu-
tions have maxima at the axes, diagonals, or both. The letters a and
d in the fourth column stand for axes and diagonals, respectively.

Channel Excited-state configuration Ez(ec) (a.u.) Maxima
1 353p°(3s — 3p) 0.52 d

2 3p33d(3p — 3d) 0.41 a,d

3 3p°4d(Bp — 4d) 0.18 a,d
4 3p’4s(3p — 4s) 0.40 a

5 3p°4p(3p — 4p) 0.31 d

6 3p°55(3p — 55) 0.19 a

coherent sum reads

2
Precessr(P1:P2) = Y 1M (1. p2) + M (2. p1)|

e,e',C
(13)

Equation (13) differs from process (a) in Table I, which is
denoted by ccc but considers the same events.

Here, we focus on interchannel interference, so in addition
to the fully incoherent distributions [processes (h) in Table I]
only probability densities with coherent sums over channels
will be considered [processes (a)—(d) in Table I]. Process (a) is
the fully coherent sum over all events and channels. In process
(b), the symmetrization is done coherently while the events
are summed over incoherently, and vice versa in process
(c). These processes will detangle the additional interference
arising from exchange and temporal shifts, respectively, and
will be referred to as “exchange-channel” and “event-channel”
interference therein. Process (d) considers the case where both
symmetrization and events are summed over incoherently, and
only the channels are summed coherently. We will therefore
refer to this process as “channel-only” interference.

Often, it is necessary to carry out partial sums in which
specific events are considered pairwise or in which we look
at an individual symmetrized event. We indicate differences
of probability densities computed by different means by
Puaite(p1), p2y) for simplicity in the figure axes, but are more
specific about which differences we consider in the captions
and discussions.

D. Target considerations

Here, we will consider argon, for which there are six main
excitation channels. The absolute values of the ionization
potential associated with the neutral and singly ionized target
are EI(C) = 0.58 a.u and Ez(c) = 1.016 a.u., respectively, for
all channels C = 1 to 6. The electronic configuration before
excitation is 1s>2s?2p%3s?3p° for all channels, but in chan-
nel 1 a hole is created in 3s upon recollision (3s3p°®). For
C =2 to 6, the second electron electron is excited from the
outer shell. These channels are given in Table II. The fine
structure has been neglected as typical fine-structure energy
splittings for low-lying levels of Ar and Ar™ are on the order

of AEg ~ 1073 — 1072 a.u., which is tiny in comparison with
the remaining energy scales in this work. In order for all
these channels to interfere, it is necessary that, in addition to
final momentum states, the final ionic state be the same, i.e.,
3s23p*. However, we have frozen the ion in our computations,
thus neglecting the recombination process from the intermedi-
ate state 3s3p° in channel 1. Because the present work serves
more as proof of concept of the statistical methods used to
quantify interference and the hierarchy of channel contribu-
tions, it is legitimate to neglect recombination process. How-
ever, it should be incorporated in a more realistic comparison.

Each excitation channel contributes to the PMDs via its
bound-state energy and bound-state geometry. The bound-
state energies affect the saddle-point equations. Equations (7)
and (10) are associated with the ionization probability of
the first and second electrons. The more tightly bound the
electrons are, the lower their tunneling probability will be.
Equation (9), associated with rescattering, determines the
classically allowed region and is affected by the energy gap
AE© = (Ez(g) — Ez(f)). Loosely bound excited states imply
large excitation gaps and therefore a small, or inexistent,
classically allowed region, causing a suppression in the first
electron’s probability density. However, loosely bound states
lead to a high tunneling probability for the second electron.
These competing effects determine the relative contributions
of individual channels to the overall PMDs. The prefactors in-
troduce biases associated with the bound-state geometry. The
shapes of P(pyy, p2;) are mainly determined by V,,. [13,48],
while the remaining prefactors exert a subtler influence. This
is due to p, being time-independent and the vector poten-
tial A(t) being vanishingly small at the dominant ionization
times determined by Eq. (10), while the time dependence of
the intermediate momentum k [see Eq. (8)] blurs the nodes.
The fourth column of Table II roughly indicates the maxima
associated with s (axes), p (diagonals), and d (axes and diag-
onals) excited states, although their actual mapping is more
complicated [23].

For coherent sums over multiple excitation channels, one
must consider the energy difference E((ﬁ(’;g'c’”) = AE©) —
AE©»_ Although the excitation gaps AE () affect the width
and intensity of the nth single-channel PMD, E;i(l’;;’c”’) deter-
mines the relative strength of the contributions of any two
channels in the full multichannel PMD, which is expected
to contain interference features arising from the contributing
channels. For instance, transitions such as 3s — 3pand 3p —
4p involving p states are expected to contribute primarily
along the diagonals, with nodes along the axes. However,
even when the orbital angular momentum quantum number
[ of the excited state remains fixed, variations in the princi-
pal quantum number n can alter the shape of the excitation
prefactor V. (and thus its mapping). Consequently, the node
and maxima in the two-channel PMDs may deviate from the
typical p-state distribution.

When the excited states differ in orbital angular mo-
mentum [/, one may observe maxima along both the axes
and the diagonals—for instance, in multichannel PMDs with
contributions from the 3p — 4s and 3p — 4p transitions.
Predicting the precise shape of the resulting two-channel
PMDs is challenging, as the relative intensity of the individ-
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ual single-channel PMDs strongly influences which features
dominate the total distribution. In summary, the final shape
and intensity of the multichannel PMD are determined by a
combination of factors: the difference in excitation gap Eg;t
(whose effect is nontrivial due to competing contributions
from the first electron’s residual kinetic energy and the second
electron’s tunneling probability), the relative intensity of the
channels, and the characteristic shapes of the contributing
single-channel PMDs.

E. Momentum constraints

Next, we recall the regions in the pj;py plane occupied
by the RESI distributions from the few-cycle pulse employed
in this work, which are detailed in Ref. [23]. Sketching
these regions uses (1) the real parts of the saddle-point so-
lutions, which can be associated with classical times; (2)
ionization being most probable around a field extremum and
rescattering around a field zero crossing, so the distributions
will be centered around these times. These estimates dictate
that the final momentum of both electrons will be located
around (py, p2y) = (—A(t"), —A(t)). The momentum regions
for which the PMDs are significant are approximately deter-
mined by the direct and rescattered ATI cutoff energies for
the second and first electrons, respectively [48,49]. Because
the rescattered ATI cutoff energy is much higher than that
of direct ATI [55], the width and the length of the distribu-
tions are determined by the second and the first electrons,
respectively. The extension of the momentum region occupied
will depend on the electron’s kinetic energy upon return at
each rescattering event. This region may be large, small, or
even have no classical counterpart. Electron indistinguisha-
bility dictates that there will also be events whose amplitudes
are centered at (py, p2j) = (—A(t), —A(t')). The shape and
symmetry of the RESI distributions will depend on that of
the driving field, with the field-determined symmetry being
retained for fully incoherent probability densities. This issue
has been addressed in Ref. [56] for ATI and in Ref. [52] for
RESI in bichromatic fields using group-theoretical arguments.
Thus, we will only outline the key points below.

We employ a linearly polarized few-cycle pulse E(¢) =
—dA(t)/dt, whose vector potential is determined by

A(t) = 2A¢ sin” (%) sin (wrf + ¢)é., (14)

where Ay is the vector-potential amplitude, N is the number
of cycles, w is the field frequency, and ¢ the carrier-envelope
phase (CEP). Throughout, we have made the approximation
Ay = 2\/UT,, where U, is the ponderomotive energy. This is
exact for a monochromatic linearly polarized field, but not for
a few-cycle pulse. It was determined that the most dominant
events in the pulse are those in the center. We only consider
the ionization event for the second electron immediately fol-
lowing the rescattering of the first electron, as the probability
of later events is smaller due to bound-state depletion and
therefore less important.

To determine the momentum regions occupied by the mul-
tichannel PMD, we must first consider the constraints for a
single channel. Similar to the procedure in Ref. [13] for a
monochromatic wave, neighboring events within the pulse,

displaced by approximately half a cycle, and those present due
to electron exchange symmetry will lead to the transition am-
plitudes M;, M,,, M,, and M, with M;(p1, p2) = M4(p2, p1)
and M,(p1, p2) = M, (p2, p1), where M;, M,, M,, and M,
refer to a probability amplitude in the left, up, right, and down
directions, respectively. The subscripts were chosen to high-
light the main momentum regions occupied by each amplitude
in the pypy plane, whose lengths and widths are defined
by the cutoff energies associated with the first and second
electrons, respectively. Details on these constraints are given
in Ref. [49] for a monochromatic driving field and in Ref. [57]
for few-cycle pulses.

Figures 1(ai), 1(aii), 1(ai’), and 1(aii’) present schematic
representations of the momentum regions associated with the
matrix elements for two distinct events within the pulse, corre-
sponding to arbitrary channels C, and C,,, respectively. In the
figure, the shaded regions indicate the momentum constraints
occupied by each of these transition amplitudes, associated
with the ATT cutoff energies for p,; = 0. Outside these con-
straints, the probability density is strongly suppressed as the
corresponding transition amplitude has no classical counter-
part.

The shaded regions are reflection symmetric about the
diagonal p; = py, which is guaranteed by electron in-
distinguishability. However, other symmetries are missing.
This happens because the pulse given by Eq. (14) is not
expected to exhibit any of the symmetries of a monochro-
matic wave, which are (1) the half-cycle symmetry A(z) #
+A(t £T/2); (2) reflection symmetry about the field ex-
trema; and (3) reflection symmetry about the field zero
crossings, together with a reflection about the temporal axis.
These three symmetries guarantee fourfold symmetric RESI
distributions (M;(p1, p2) = M,(—p1, —p2) and M, (p1, p2) =
My(—p1, —p2)), which is not the case here (see dashed red
lines in the figure). Half-cycle symmetric fields [without nec-
essarily (2) and (3) holding] yield RESI distributions that
are reflection symmetric about the antidiagonal pi = —p;),
which is also broken [52].

In addition to that, Fig. 1 indicates that for each
channel, interference will be substantial for the coherent
sums My =M; +My,M,, =M, + M, M,; =M, + M;, and
M,; =M, + M,. To calculate intrachannel interference, one
can calculate the phase differences associated with them
within a single cycle. The sums M;; and M,, will depend on
symmetrization only, while for M,; and M,,; one must consider
a half-cycle shift and a symmetrization. The sums M,; =
M; + M, and M,; = M, + M, of events separated by half a
cycle will also overlap and interfere, but this interference will
be negligible as the probability density is vanishingly small
outside the shaded regions (for analytic proofs and explicit
computations, using monochromatic fields, see Refs. [48] and
[13], respectively).

This work focuses on interference between events occur-
ring in different channels. Thereby, key questions are what
types of interchannel interference are there and under what
conditions they are substantial. We will see interference be-
tween events depicted in Figs. 1(ai) and 1(aii) from channel
C,, with those in Figs. 1(ai’) and 1(aii’) from channel C,,.
The fully coherent sum will involve intrachannel interference
as depicted in Figs. 1(b) and 1(b’), as well as interference
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FIG. 1. Schematic representation of the momentum-space regions occupied by the RESI transition amplitudes M;, M,, M, and M,
associated with different events within the pulse [panels (a) and (a)], and those resulting from their coherent superposition [panel (b)]
for multiple channels. The negative (positive) signs in panel (ai) indicate the most probable momenta. The dashed rectangles indicate the
momentum constraints that would hold for a monochromatic driving field, while the shaded areas show their counterparts for few-cycle pulses.
We have used the same color for M, and M, and M,, and M, to highlight the property M;(p;, p2) = M, (p2, p1) and M, (p1, p2) = M, (p2, p1)-
We assumed that each subpanel in panel (a) gives the momentum regions occupied by events within a single cycle, and the events in panels
(a)(i) and (a)(ii) are summed coherently. Overlapping shaded regions indicate that quantum interference may occur. We consider two events
separated by a half cycle in each plot in panel (a), which eventually interfere, but one can extend to any number of interfering events. The full
coherent photoelectron momentum distribution (i.e., summed over all excitation channels, events, and symmetrization) will occupy the full
momentum space and will be the sum of the single-channel PMDs shown in panels (a) and (b). This idea can also be extended for multiple

channels.

from summing the channels coherently. Therefore, even for
interference between just two channels, one expects coher-
ent effects to span the entire momentum region occupied by
the contributing single-channel PMDs. If the events occupy
very different momentum regions in different channels, for
instance, due to very different geometries of the excited states,
one will see PMDs that span a wider momentum range, but
interference effects only where the events overlap according
to the present mapping. Channel-only interference between
two channels C, and C,, will be substantial for Mli‘f;*cm) =
MS'* + Mg'", where 1 = [, r, d, u, i.e., where the same events
in both channels overlap. Channel exchange will remain sub-
stantial for the coherent sums M\ and M‘G+Cn) where
now the transition amplitudes belong to different excitation
channels. Similarly, channel temporal will be substantial for
the coherent sums M ﬁ"’c’”) and Mf‘;’ Cm) Finally, the channels
in question should also be energetically close and produce
PMDs that are comparable in intensity, lest one dominate over
the other.

F. Field-specific effects

In Fig. 2, we show the sin® pulse used in this work. Its
length and CEP were chosen for continuity with our earlier
studies [23,57], but with reduced peak intensity regarding
Ref. [57] to ensure RESI dominance. We adopt the conven-
tion of Ref. [57], defining the CEP as ¢ = ¢; — ¢ with
¢o = 60°. In the following figures, ¢ denotes ¢; without
the offset. Unless stated otherwise, results are for ¢ = 65°,
which we verified against ¢ = 155°. While Ref. [23] analyzed
single-channel PMDs and intrachannel interference, here we

extend to arbitrary interchannel combinations, which occupy
similar momentum regions and exhibit comparable shapes.
Thus, our focus is on target-induced interference via excited-
state structure, making ¢ = 65° sufficient for the present
purposes. Figure 2 also indicates the relevant events for both
electrons, with orbits numbered sequentially from the pulse

) 2 (b) Channel C,
5 I
s 1 ! i
S 0 | \
2 P304 D405 Ps06
£ - © .
. i Y I
& _2 ‘Chann(‘-:lC,l . ‘ ‘ ‘
0 5 10 . 15 20 25 Channel C,,

FIG. 2. Few-cycle pulse associated with the vector potential (14),
with peak intensity I = 1.5 x 10'* W/cm?, wavelength A = 800 nm
(w =0.057 a.u.), N =4.3, and carrier-envelope phases ¢; = 65°
[panel (a)]. The three main events p;o; toward the center of the
pulse are labeled with their corresponding pair and orbit numbers.
The classical ionization and return times associated with the pairs of
orbits ps, p4, ps of the first electron are indicated by arrows, and
the most relevant ionization times for the orbits o; of the second
electron, with (j = 4, 5, 6), are signposted by rectangles. The initial
numbers chosen for the indices i, j refer to the extremum of the
field for which the counting starts. Matching styles and colors have
been used for different events &, = p;0; and the momentum mapping
in panel (b), associated with the channel C,. Panel (b) displaces
an analogous mapping for a different channel C,,. To facilitate the
interference studies, in this latter panel we have employed different
colors, although the sketched PMDs are associated with the same
events.
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FIG. 3. Temporal shifts between (a) events within a sin-
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gle channel (At, At], At;) and (b) events in different channels
(ALG, ) Dl(c, ¢ DUCCn)-

onset [Fig. 2(a)], and how they are mapped onto the pyp
plane [Fig. 2(b)]. We label them p;o;, where p; denotes the
first electron’s ionization-rescattering pair and o; the second
electron’s ionization time [23,50,57,58]. We focus on the three
dominant events marked in Fig. 2, sufficient to probe intracy-
cle and intercycle effects. For example, events p3o04 and p40s
have ionization and rescattering times that are approximately
all half a cycle apart, whereas psog occurs one full cycle after
p304. More generally, the time displacement between two
events may differ for their ionization and rescattering times.
Figure 3(a) shows how we define this time displacement,
ATy = (At(’gys,), At(/m/), At ¢y) for an arbitrary field.
Figure 2(b) shows the regions of the parallel momentum
plane pypy where the PMD associated with each of these
three events is localized, with colors matched to those in
panel (a). Specifically, p3o4 maps to the left-down (u = [, d)
quadrant, p4os to the right-up (1 = r, u), and psog, occurring
afull cycle after p3o4, to the left-down quadrant again. For this
field, the quadrant labels (u, v) suffice to identify interfering
events. In more complex fields (e.g., bichromatic fields

with multiple ionization/rescattering events per half cycle),
(Cn) (Cm)
transition amplitudes must be written as M ff‘u 2" 1o avoid

ambiguity [52], where ¢; and ¢, are the interfering events

associated with channels C, and C,. Here, we simplify to
Mffg’c'") since u, v uniquely identifies the events in each chan-
nel. For events occupying the same momentum regions, but
temporally displaced by a full optical cycle, in the remainder
of this article we employ the subscript T, i.e., (u = Ir, dr),
indicating that it belongs to a different optical cycle.

Figure 2(c) shows the PMD mapping of the same events as
in panel (b), but in a different channel. Since the excited-state
energy gaps differ across channels, the associated ionization
and rescattering times are slightly shifted, despite identical
laser parameters. This shift is illustrated in Fig. 3(b), where
gray dashed lines mark the interchannel time displacement
Az, c,)» which may differ for ionization and rescattering.
Thus, the total relative temporal displacement between events
in different channels can be denoted as AT = AT ) +
A T(Cp,Cn)-

III. GENERALIZED INTERCHANNEL INTERFERENCE
CONDITIONS

A. Diagrammatic representation

The generic phase difference associated with interference
between two arbitrary events from any two excitation
channels is given by a,(f;ycm) = S,(f”) — S, where Sl(f“)
corresponds to a generic action for the nth channel related to
the photoelectron yield in the u (= left, down, up, or right)
part of the py p plane. Both intracycle and intercycle events
may interfere.

In Ref. [23], we identified three types of intrachannel in-
terference, associated with (1) pure exchange phases from
symmetrizing individual events, (2) pure temporal phases
from time-displaced events without symmetrization, and (3)
combined exchange-temporal phases from an event and the
symmetrized counterpart of a time-displaced event. Time dis-
placement of events is as defined in Fig. 3(a).

In this work, interchannel interference is investigated in
conjunction with these three types of intrachannel interfer-
ence. For simplicity, we focus on two-channel interference,
although in principle, one can extend to any number of chan-
nels; i.e., it is possible to find pairwise phase differences and
add them up. This leads to four types of interchannel inter-
ference. They are illustrated diagrammatically in Fig. 4 using
the event-to-PMD mappings for the two arbitrary channels
depicted in Figs. 4(a) and 4(a’) (see also the pulse in Fig. 2),
but can be extended to an arbitrary number of events in a
channel. They are (1) pure channel phases associated with
summing individual unsymmetrized events from different
channels [Fig. 4(b), computed using process (d) in Table IJ,
(2) channel-exchange phases from summing individual events
from one channel with their symmetrized counterparts from
a different channel [Fig. 4(c), process (b) in Table I], (3)
channel-temporal phases from summing an event from one
channel with a time-displaced event (intercycle sums high-
lighted in gray) from a different channel [Fig. 4(d), process (c)
in Table I], and (4) channel-exchange-temporal phases from
an event in one channel and the symmetrized counterpart of a
time-displaced event from a different channel (intercycle sums
highlighted in gray) [Fig. 4(e), computed using Eq. (13)].
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FIG. 4. Schematic representation of different types of pairwise interchannel interference that may occur for NSDI RESI. Panels (a) and
(a’) show the locations of the transition amplitudes (and actions) for three different events in the parallel momentum plane, for two different
channels. &, occurs in the same cycle as ¢; and will thus exhibit intracycle interference effects, while €5 occurs in a different field cycle to &,
and so interference between these events will be intercycle. Panel (b) shows processes where only channels are summed over coherently and
events and symmetrization are incoherent, thus isolating interference occurring from coherent channels. In panel (c), electron momenta are
swapped and channels are summed coherently but intracycle events are not. In panel (d), intracycle events and channels are summed coherently
but there is no symmetrization. In panel (e), an event and the symmetrized counterpart of another event in the same cycle are summed over
coherently, along with the channels. In panels (b)—(e), the phase differences are denoted by «,, ,, where u, v = [, d, r, u and the subscript T
denotes that the event occurs in a different field cycle relative to ;. We consider only one event per half cycle here for simplicity, although one

can generalize—see Ref. [24].

The channel-only interference will occupy the same mo-
mentum region as the contributing events, i.e., left, down,
right, or up (i.e., half the momentum axes), since it will
involve coherent sums of amplitudes M (€S = MG 4 MSr,
where u = 1, d, r, u with an additional subscript 7' for events
displaced by a full cycle. If the same event does not occupy
the same regions in different channels due to, e.g., prefac-
tor biases, then this interference will be weak. We denote
the corresponding phase difference by « %), Note that the
phases |aff7;c"')| = |a{%C)| and are mirror images about the
diagonal for u, v =1, d and r, u (and I, dr).

Channel-exchange interference will occupy the first (right-
up) and third (left-down) quadrants of parallel momentum
plane, since this involves the coherent sums of ampli-
tudes Ml(f;;’c m) = MCm —}—MC , where u,v=1,d or r,u.
The channel—exchange phase differences satisfy [a(CyCn)| =
Ia](ﬁ';c'")| for w,v=1,d and r,u (and Ir,dr). Swapping
around the indices ¢ and v yields phase differences that mir-
ror images about the diagonal. There are twice as many
channel-only and channel-exchange phase differences as there
are number of events (n, = 3 here) due to symmetrization.

Channel-temporal interference occurs between temporally
displaced events from different channels. For intracycle
displaced events, the resulting interference spans the full
momentum axes (left-right or up-down), whereas intercycle
displaced events occupy only half of the momentum axes.
If temporally displaced events in different channels occupy
very different regions, there will be very little interference.
Interchannel temporal interference is expected to be more
prominent than intrachannel temporal interference because
this interference type relies on the temporal overlap between
the events. Identical events in different channels may have
greater overlap than between events within the same channel.

Channel-temporal contributions arise from coherent sums
of amplitudes of the type M, (CnCon) — M,fm + MS with pu, v =
l,r;u,d;orlr,rfor 1ntracycle interference and [, I7 or d, dr
for intercycle interference. The phase differences appear in
transposed pairs, as a consequence from electron symmetriza-
tion. For example, |aff;yc'")| = |a (C” Cn )| for w,v=10,r (r,1,
Ip,ryn ;L lp)and W', v =d, u (u d;dr,u;u,dr; dr, d).

Channel-exchange-temporal interference combines both
exchange and temporal displacement. For intracycle events,
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it occupies the second and fourth quadrants of the momen-
tum plane; for intercycle events, it appears in the first and
third quadrants. They involve the coherent sums of amplitudes
M(C Cn) = MC'" +MC”, where w,v =1,u, r,d, or Iy, u for
mtracycle events and [, dr or d, It for intercycle events. The
phase differences |otl(fuc )| = |o (C C’")| for u,v=10u (r,d,
Ir,u; r,dr; 1,dr) and @',V = d r(u,l; dr,r; ulr; dr,l)
are equal to each other and mirror images in the diagonal. For
channel-temporal and channel-exchange-temporal interfer-
ences, note that the intracycle phase differences Iaff’g’c'")| %+

|a§?ﬂ’cm)| for fields that break half-cycle symmetry such as the
few-cycle pulse.

There are 2(n§ —n,) channel-temporal and channel-
exchange-temporal phase differences where the factor 2 is
due to symmetrization. They can be subdivided into 2(2n, —
2) intracycle phase differences and 2(n? — 3n, — 2) intercy-
cle phase differences. Note that we subtract n, “diagonal”
cases from the total. This is because channel-only interfer-
ence is a special case of channel-temporal interference where
there is no relative time displacement of the events, i.e.,
At ¢ = 0. Likewise, channel-exchange interference is a spe-
cial case of channel-temporal-exchange interference where
the relative time event time displacement vanishes.

For the pulse, we consider three events as shown in
Fig. 2, analogous to the €, &, and e3 events in Fig. 4(a).
For two-channel interference, one can therefore compute 6
channel-only phase differences, 6 channel-exchange interfer-
ence types, 12 channel-temporal interference types, and 12
channel-combined interference types all of which are depicted
schematically in Figs. 4(b)—4(e).

B. Analytic expressions

In all derivations that follow, we consider interference
between two channels n and m, where the ionization, rescat-
tering, and tunneling times of the nth channel are given
by ¢/, 1, and t,. We take the times of the mth channel
to 1, =1, + At sty =1, + At and By, = 1y + Aty
where Atg,my = (AL, s At s Alem) are the difference
in times, for an identical event, between the n and mth chan-
nels. This is shown schematically in Fig. 3. For energetically
close channels, At ;) — 0. Note that we do not extend
these interference derivations to N-channel sums because of
the increasing complexity of the phase differences with more
than two channels. Even with two channels, there will be
(1;’) overlapping (pairwise) phase differences. As previously
stated, we neglect multiple ionization events per half cycle, al-
though the following can be generalized for such events using
a different time displacement—see Ref. [24] for intrachannel
conditions where we show how to account for such events
explicitly.

We first derive analytic conditions for channel-only inter-
ference [Fig. 4(b)], yielding phase differences with temporal
building blocks analogous to intrachannel interference. For an
event mapping to the third quadrant of the pypy plane, the
channel-only phase is given by [59]

CnsCu) __ ¢(Cy) ©Cn) _ (ene) (shift)
@ =5 =5 Apgm T (t: 1)

1 2
(pond) (A7) "o
2 Ar(,, = (tn ) — aAr(n_,,,) (tn ’ tn)

(Pl Pz)( n’ )’ (15)

Af(n )
with At = Az, ), where

(ene) (Ci) A 417
v = Eig" Dlium)

(Cy) (Cm)
+ Al‘(n m) (E E2e )

Ci
+ EZ( )Al(n,m)

plAt(n m) p%At(n,m)
2 2 ’

a1 P (1) 1) = i - [Falt, + AL, ) — Fat))]
+P2 . [FA(tn + At(n,m)) - FA(tn)]a (17)

(16)

(pond)

AI( (tn ) tn) - }7A7 (t// + At(”l m)) + FA2 (tn + At(n,m))

— Fet,) — Fe (1)), (18)
and
/ 7 14 2
o((AZ) ( 1 /) = [FA(tn + At(n M)) FA(t + At(" m))]
Aty S n 0 20, — 1) + At(,, m) Al‘& m))
Fu(t)) — Fa(t)
_ [Fa@) = Fa)P (19)
20t —t))

are the temporal shift building blocks as derived in Refs.
[23,52], with

FA(t)=/ A(r)dr, (20)

Fp(t) = / A%(t)dr. (21)

There is an additional phase difference proportional to the
energy difference of the excited states and the time delay
between rescattering and tunneling,

t};) = (tn

The energy-dependent term in Eq. (22) introduces corrections
proportional to the channel energy-gap difference and (¢t — ).
The simplest case for constructive interference n = 0 requires
each building block to vanish as studied previously for in-
trachannel interference [13,23,24]. However, the interchannel
energy shift never vanishes since neither the energy-gap dif-
ference nor (' —1¢) is zero. Thus, only n # 0 is relevant,
yielding a nonzero phase. Constructive interference occurs
only when this phase is an even multiple of 7; otherwise, it
mainly shifts the fringes.

The building blocks produce distinct interference contribu-
tions. a}s describes a hypersphere and yields circular fringes
for At” = At’ = Ar and large At, but these conditions are

not met, so its effect is minimal. a(AAj ’ depends only on the
first electron’s ionization and return times, shaped by F4(7);
it induces small shifts and may form linear alternating fringes,
which upon incoherent symmetrization yield chequerboard-
like PMD patterns. The ponderomotive block a'***" involves
Fy2 () [Eq. (21)], a smooth monotonic functlon causing nu-
merical shifts without altering interference shape. ot(p‘ oP2)
produces diagonal fringes, with spacing and intercept set by
Fa(t) [Eq. (20)]. Channel-only interference thus combines
all these contributions, but its interplay is hard to predict. In

a(shift) (t,, _ tr/l)(Ez(fn) _ Ez(ecm)) ) (22)
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intrachannel PMDs, rich structures (wings, chequerboards, v-
shaped fringes, circular substructures) were observed [23,24],
whereas channel-only interference should be simpler: It re-
quires events from both channels to occupy the same region,
which depends strongly on state geometry. Moreover, interfer-
ence contrast is suppressed if one channel dominates, and state
energies influence both the PMD localization and the size of
ATy and oMY,

The second type of two-channel interference is channel
exchange, which occurs between an event in one excitation
channel and its symmetrized counterpart in another channel,
as depicted in Fig. 4(c). For an event mapping to the third
quadrant of the pypy plane, the corresponding phase differ-
ence is

CnsC) _ ¢(Cp) Cm)
Y a =85 =5
_ (ene,pu—)pa) (pond)( )
- AT(rm) RN T(n.m)

4% PP (4!
- aAr(n m) (tn ’ n) Ar(,,,m) (tn’ In)
(exch) /. 7
— gy ooy (T ), (23)

where

(exch)

PR
o (s 1) = 5(P3

—p7)(t, — 1) (24)

and
Fu(1,)]
—F4@)] (25)

are the building blocks associated with exchange and temporal
exchange, respectively. The form of this channel-exchange
phase difference is expected due to the condition 7,, = 7, +
ATt(y,m). Note that the momenta in Eq. (23) are swapped,
denoted by p; <> p» in the superscript of two terms.

Beyond the energy, ponderomotive, and A? terms, the field-
independent phase al(fl’fg*z‘)(t, t') generates hyperbolae in the
(p1y» p2) plane with asymptotes p; = £p, and eccentricity
V2. For linearly polarized fields, channel exchange also pro-
duces diagonal or antidiagonal fringes, including a possible
central “spine.” Temporal blocks further induce phase jumps,
v-shaped fringes, and faint chequerboardlike patterns [23].
Overall, channel-exchange interference is more complex than
intrachannel interference and occupies the full overlap of the
single-channel PMDs.

An event occurring roughly half a cycle before or after
yields probability densities and amplitudes localized in the
first quadrant, associated with phase difference «,, gives

(Ap;(:;l:l)(tn» tn) =P - [FA(tn + At(n m))

+p2 - [Fa(t, + AL, )

aicuu,cm) — S£Cn) _ S(Cm)
_ (ene) (pond)
- ATioral + aAflmal (t” ’ )

(A ) (p2oP1) o/
Arm[‘,]( n° tn) - aAr, sl (tn’ t")

— o (6 + AT, 1y + AT,), (26)

where ATl = ATnm) + ATe is the total time displacement.
At, describes the time-displacement relative to the event
occupying the left-down quadrant and is roughly 7 /w for
intracycle events and 27 /w for intercycle events. Due to the
lack of half-cycle symmetry for the pulse, ¢, # oy4.

The third interference type is channel-event (or channel-
temporal) interference [Fig. 4(d)], arising from temporally
shifted events in different channels with incoherent sym-
metrization [process (c), Table I]. Compared to intrachannel
interference, the additional A7, ,) increases the total time
displacement. This is expected to enhance the effect of some
temporal building block terms.

Therefore,
a;ﬁ;l,c,,,> = 5 _ 5@ = —af) 4G, )
3o 1) — el 0 6)
—a () 1), 27

where the building blocks are as given in Eqs. (19)-(22). This
interference yields the same shapes as channel-only interfer-
ence but is weaker, since it requires overlapping events from
different channels without one dominating. Moreover, AT,
depends on field symmetry [56].

The fourth and final interference type is channel-temporal-
exchange depicted in Fig. 4(e). In this process, an event in one
channel and the symmetrized counterpart of a time-displaced
event from a different channel are summed coherently. The
phase difference involving events in the first and third quad-
rants is given by

oG5 = 560 - 56
= a4 LT 1)
—a® @ 1) — a PP 1)
—ao . 1n). 28)

This will lead to the same interference patterns as channel-
exchange interference, with changes in spacings, intercepts,
and gradients, perhaps leading to closer fringes forming “fish-
bonelike” structures in the second and fourth quadrants, near
the axes where the events may overlap. The other building
blocks are expected to play only a minimal role. Note the lack
of the oM™ building block. Given its lack of dependence on
the energy shift, this type of interference is not expected to be
particularly prominent for any two-channel combination.

IV. CORRELATED ELECTRON MOMENTUM
DISTRIBUTIONS

We begin by examining incoherent two-channel PMDs to
identify cases where channel contributions are comparable.
Among the fifteen pairwise sums shown in Fig. 5, the two
PMDs with the smallest excitation energy difference (Egisr =
0.01 a.u.), namely, 3d4s and 4d5s [Figs. 5(c) and 5(1)], deviate
most noticeably from the characteristic structures associated
with pure s, p, or d states, instead appearing as hybrid mix-
tures of d- and s-state features.

In nearly all other two-channel PMDs, one channel dom-
inates and the PMD contains the characteristic features,
summarized in the final column of Table II: maxima along
the axes (a cross, indicative of s states), along the diagonals
(p states), or in both regions (d states). For reference, the
single-channel PMDs for all six channels are shown in Fig. 12
in Appendix A, with a detailed discussion in Ref. [23]. In par-
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FIG. 5. Fully incoherent two-channel momentum distributions
for all channels in Table II, P;;(pyy, p2;) [given by process (h) in
Table I] computed for argon with a linearly polarized few-cycle pulse
with the same parameters as in Fig. 2 and taking the three most
dominant events. The axes are indicated with white dashed lines. The
excited states for each pair of channels are shown in the top-right
corner. For example, 3p4p indicates that the 3s — 3p and 3p — 4p
transitions have been combined. The panels in the figure follow
Table III closely from top to bottom, i.e., panel (a) corresponds to
the top line in Table 111, panel (b) to the second top line in Table III,
etc.

ticular, 4s5s, 3d5s, 3pSs, and 3p4s [Figs. 5(n), 5(1), 5(e), and
5(c)] are dominated by s states; 3p4p, 3d4p, 4s4p, and 3p3d
[Figs. 5(d), 5(h), 5(m), and 5(a)] by p states; and 3p4d, 3d4d,
and 4d4p [Figs. 5(b), 5(f), and 5(k)] by d states. In several
cases, such as 4s5s, 3p4p, and 3d4d [Figs. 5(n), 5(d), and
5(f)], this behavior is anticipated given the contributing states
have the same orbital angular momentum. Thus, the bound-
state geometry embedded in the prefactor V,,. is mapped
similarly to the pypy plane. The 4p5s case [Fig. 5(0)], de-
spite its moderate energy difference (0.12), also appears to
have comparable contributions from the two channels. This
is particularly evident when contrasted with 3p5Ss [Fig. 5(e)];
there is a significant enhancement of secondary maxima in the
first quadrant, at the locations where the 3p PMD is maximal.

This raises the question: Under what conditions does one
channel dominate the incoherent PMD? As outlined in the
background, the factors influencing the PMDs include the

TABLE III. Summary of metrics for all pairwise combinations
of excitation channels. The first column lists the channel pairs, with
the six cases investigated in detail highlighted in bold. The second
column gives the excitation energy-gap difference Eq;r, between the
two channels. The third column lists the relative intensity difference
of the single-channel PMDs M. The fourth column contains the
normalized radial overlap between the excited-state orbitals Ok,
quantifying their geometric similarity. The final column lists the
EMM, indicating the degree to which the two-channel PMD rep-
resents an equal contribution from both channels (EMM = 1) or is
dominated by one channel (EMM = 0).

Excited states Egis M gige Or EMM
3p3d 0.11 1 —0.225 0.380
3pdd 0.34 4 0.426 0.053
3pas 0.12 1 —-0.229 0.550
3pdp 0.21 3 0.289 0.179
3p5s 0.33 3 —0.095 0.084
3d4d 0.23 3 0.327 0.150
3d4s 0.01 0 —-0.073 0.747
3d4p 0.10 2 0.041 0.518
3d5s 0.22 2 —0.088 0.353
4d4s 0.22 3 0.249 0.103
4d4p 0.13 1 —0.291 0.383
4d5s 0.01 1 —0.085 0.549
4s4p 0.09 2 —0.983 0.346
4s5s 0.21 2 0.293 0.211
4pSs 0.12 0 —0.249 0.771

relative intensities of the single-channel PMDs, the spatial
geometry of the excited states, and the excitation energy gap
between the channels that governs the dynamics of the process
and leads to competing temporal effects. If the excitation
events in the two channels are mapped into nonoverlap-
ping momentum regions, the resulting incoherent sum may
manifest as a broader distribution—more representative of a
mixture than an interference pattern. In such scenarios, the
likelihood of interference is diminished. We next examine
how each factor shapes the incoherent PMDs, and then as-
sess their impact on interference via the coherent two-channel
PMDs.

A. Estimating comparable channels

To determine which channels dominate and to predict the
shape and contrast of two-channel interference, we quantify
the influence of three factors. The first is the energy-gap differ-
ence, Esicf’tf'c’”) = AE©) — AE©» a5 introduced in Sec. IID
calculated for each pair of excitation channels—see the sec-
ond column of Table III.

The second factor is the relative intensity of each channel,
denoted M and is given for all channel pairs in the third col-
umn of Table III. This is estimated by computing the average
magnitude of the single-channel PMDs and then evaluating
the order-of-magnitude difference between the two channels.
This serves as a heuristic to identify which channels yield
stronger PMDs and are therefore more likely to dominate,
potentially suppressing contributions from the weaker channel
in the incoherent sum.
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The third factor is the geometric similarity of the bound
excited states in the two contributing channels. To quantify
this, we focus on the radial electron distributions in argon and
compute normalized radial overlap integrals:

fOOO Rnlall (r)an,lz (r)rzdr

Or =
I R (Rrdr [7° Ry, 1, ()Prdr

. (29

where R, ; are hydrogenic radial wave functions correspond-
ing to different channels with effective nuclear charges
estimated using Slater’s rules [60]. The angular components
of the orbitals are omitted to avoid vanishing overlaps arising
from spherical-harmonic orthogonality. Note that because the
effective nuclear charges vary between different excited-state
configurations, the overlap integral will not vanish even be-
tween excited states sharing the same angular momentum.

This procedure yields a symmetric matrix of radial over-
laps between orbitals, quantifying their structural similarity
and relative localization as a function of r. The normalized
integral serves as a similarity metric: absolute values near 1
indicate strong radial resemblance, while values near 0 indi-
cate distinct shapes or localization. The sign can be negative
or positive. A negative value indicates that the radial wave
functions have opposite sign and are therefore out of phase,
but does not imply dissimilarity. This measure enables us to
predict the extent to which two-channel PMDs may occupy
overlapping or distinct regions in the parallel momentum
plane. This quantity has been postulated based on the ioniza-
tion prefactor V,,. associated with the ionization of the second
electron being formally similar to the Fourier transform of the
second electron’s excited state, apart from the term Vo, in the
integrand.

To directly assess the relative influence of each constituent
channel on the resulting two-channel PMD, we introduce the
“equal mix metric” (EMM), an influence metric based on the
2D EMD. The EMD is a statistical measure that calculates the
minimum ‘“cost” to transform one distribution into another,
taking into account the spatial arrangement of the distribu-
tions. This makes it particularly well suited for comparing
PMDs, where spatial structure carries important physical in-
formation. Compared to alternative metrics, the EMD more
accurately reflects perceptual dissimilarity between distribu-
tions. For more details, see Ref. [34]. The EMM is defined
as

EMM =1 —2|x, — 0.5], (30)

where

EMD(P€n), PCiCn)y
1 _ 9
EMD(P©€», PCi.C)) 4 EMD(PECm), PCu.Cn))
(31)

Xn =

and EMD(P©) PCn-Cm)y represents the EMD between each
single-channel PMD and the two-channel PMD. While the
EMD itself is well established [34] and has uses in many
fields [35-38,61], the EMM represents a unique application
in this context, providing an intuitive scale for interpreting
channel dominance. Appendix B provides further details on
the specific computation details.

A value of EMM = 1 indicates that both channels con-
tribute equally to the two-channel PMD, while EMM = 0
indicates that one channel dominates and the resulting PMD
closely resembles the dominant channel. In this case, most
interference arises from intrachannel processes rather than
interchannel effects. Conversely, when EMM — 1, the PMD
exhibits characteristic features from both contributing chan-
nels, and interchannel interference fringes are expected to
appear prominently, though may be blurred due to the over-
lapping contributions. Other values of EMM indicate mixing
to varying degrees, and it is difficult to predict the shape and
contrast of such interference.

To gain insight into how each factor influences the
two-channel PMDs, we compute the Pearson correlation
coefficients (PCC) [62] between the EMM and each of
Egirr, Maise, and Op values listed in Table III. Further details
on the PCC can be found in Appendix C. The result-
ing values are REMM-Lan) — _( 84, REMMMar) — _().9, and
REMMIORD — (.45, respectively. These results indicate that
the excitation energy difference and relative magnitude are
the primary factors determining the degree of mixing be-
tween channels, while radial overlap plays a secondary role.
Negative (positive) correlation values for REMM-Ear) and
REMM M) (R EMM.IOkDY show that smaller energy and mag-
nitude differences (larger overlap) are associated with more
balanced channel contributions as measured by the EMM, as
expected.

From Table III, only the 3d4s and 4p5s pairs exhibit sig-
nificant equal mixing (EMM 2 0.7). These pairs have ideal
conditions for equal mixing, given that both have zero magni-
tude difference, the primary factor determining the degree of
mixing. The secondary factors may compete and compensate
each other with the energy gap playing a larger role, as shown
by its PCC value discussed above. For example, the 3d4s
pair has a minimal energy gap (0.01), offsetting the effect of
the least influential radial similarity factor, for which it has a
very small value (—0.073). Meanwhile, the 4pSs pair has a
moderate energy gap (0.12) but also moderate radial overlap
(—0.249), creating conditions for which one obtains a high
EMM. These two pairs are therefore expected to show strong
interchannel interference with features arising from both con-
tributing channels. Most channel pairs with large magnitude
differences (3 to 4 orders of magnitude) have low EMM
values, indicating strong suppression of mixing: when one
channel dominates in intensity, the weaker channel’s contri-
bution is effectively obscured, regardless of energy or overlap.
The most extreme case is 3p4d, with an EMM of 0.053,
making it the least likely to display interchannel interference.

Several intermediate EMM cases are also of interest. For
instance, 3p3d has a moderate energy gap and radial over-
lap but low EMM due to its small magnitude; 4d5s shows
relatively high EMM despite a large magnitude difference;
and 4s5s exhibits moderate EMM despite poor radial overlap.
These cases illustrate how the factors governing mixing can
compete and suggest that some interference types may be
more sensitive to certain factors than others. One should note
that the EMM is not a factor based on the underlying physics,
rather it is a distance between probability distributions and
thus involves a degree of arbitrariness.
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B. Quantum interference

In this section, we present the coherent two-channel PMDs
and systematically disentangle the contributions from the four
interference types. We relate features of observable interfer-
ence in the py py; plane to target and channel properties such
as excited-state energy differences, channel intensities, and
radial overlap of the excited states, as well as the overlap
in the mapping of the contributing events for each channel
onto the parallel momentum plane. This has implications for
allowing for better prediction and interpretation of interfer-
ence patterns. As established in Sec. III, the interference
patterns arising from channel-exchange, channel-temporal,
and channel-combined phase differences are expected to have
shapes similar to those for the intrachannel case, but due to
the number of processes, these patterns will be superimposed
on and may blur each other.

Our analysis is grounded in the EMM, which quantifies
how evenly a two-channel PMD combines its constituent
single-channel PMDs—a concept previously explored only
qualitatively [14]. While the EMM is linearly correlated with
the three physical factors in Table 11, it does not scale linearly
with the number or contrast of the interference fringes. A large
EMM value, indicative of equal mixing between channels,
may lead to blurred or obfuscated patterns while a moder-
ate EMM value may show richer interchannel interference
fringes. The visibility and structure of these patterns depend
heavily on how the contributing events from each channel
overlap in the momentum plane. The physical factors help
quantify this overlap, while their correlation coefficients in-
dicate their relevance to the observed interference. EMM,
used alongside these factors, predicts whether interchannel
interference is likely to occur, but not how pronounced it will
be. EMM also helps assess whether comparable channels are
necessary to observe rich interference, i.e., multiple distinct
patterns with strong fringe contrast. In this section, we evalu-
ate how well EMM and its correlations explain the observed
interference structures.

To facilitate this discussion, we examine six two-channel
PMDs spanning high, moderate, and low EMM values, plus
one pair with identical excited-state geometries. High EMM
pairs, such as 3d4s and 4p5s, are the most comparable chan-
nels and are expected to lead to interference patterns that span
the momentum region occupied by events of both constituent
channels. If the channels occupy similar regions, one may see
blurred or superimposed channel interference fringes. Low
EMM pairs, such as 3p4d, are dominated by a single channel
and typically yield sharper fringes confined to the momentum
region of the dominant channel, resembling single-channel
PMDs. Moderate EMM pairs such as 3p3d, 4d5s, and 4s5s
show slight dominance by one channel, making fringe contrast
and spatial distribution harder to predict. Where momentum
regions do not overlap, we expect crisper fringes; elsewhere,
interference may appear blurrier. For the 4s5s pair, which
occupies typical s-state regions along the axes and near the
origin, channel-only interference is expected primarily along
these regions. Importantly, all PMDs exhibit intrachannel in-
terference to varying degrees. In cases with high or moderate
EMM, this may be partially obscured by overlapping inter-
channel interference.
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FIG. 6. Fully coherent two-channel momentum distributions
Pece(P1y» p21) [Eq. (12)] for select channels in Table II (highlighted
in bold). The axes are indicated with white dashed lines. The excited
states for each pair of channels are shown in the top-right corner. All
other parameters are the same as in Fig. 2. The panels in the figure
follow the highlighted rows in Table III from top to bottom, i.e., panel
(a) corresponds to the top line in Table I1I, panel (b) to the second top
line, panel (c) to the 7th line, panel (d) to the 12th line, panel (e) to
the 14th line and panel (f) to the 15th line.

Figure 6 shows the fully coherent two-channel PMD for
the six two-channel sums of focus (see bold-text channels
in Table III). The interference comprises of a combination
of all aforementioned interference types, and the coherent
PMDs exhibit additional substructure in comparison to their
counterparts in Fig. 5. To discern the interference pattern more
clearly, we compute the parameter P, — Plii), a difference
of the fully coherent and incoherent sums, displayed in Fig. 7.
This figure serves as a reference for gauging the contributions
of each interference type across momentum regions and es-
tablishing their overall hierarchy.
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FIG. 7. Difference between the fully coherent and fully incoher-
ent RESI distributions Pecc(p1y, p2y) — Piii(p1y. p2y) for select pairs
of channels, computed with the same driving-field parameters as in
Fig. 2. The excited states for each pair of channels are shown in the
top-right corner. The axes are indicated with black dashed lines. The
equal mix metric value is indicated in the bottom-left corner of each
panel. The signal in each panel has been normalized with regard to
its maximum. The panels are classified as stated in Fig. 6, following
the bold rows in Table II1.
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The influence of channel intensity on EMM and conse-
quently on observable interference is evident when comparing
the PMDs with 3p3d [Figs. 6(a) and 7(a)] and 3d4s [Figs. 6(d)
and 7(d)]. Both resemble the single-channel 3d distribution
[Fig. 12(a)], yet the 3d4s PMD shows a more balanced con-
tribution due to equal channel intensity Mg, with maxima
not only in the 3d-dominated regions but also at the origin
from the 4s state. Although the overall interference patterns
are similar, faint checkerboard structures in the second and
fourth quadrants of panel (a) appear slightly blurred in panel
(d), consistent with stronger interchannel interference.

A similar contrast arises between 3p4d [Fig. 7(b)] and
4d5s [Fig. 7(c)], both involving d states but differing in fringe
clarity: 3p4d exhibits crisp spine lines skewed by hyperbolic
fringes, reflecting its low EMM and large intensity contrast,
while 4d5s shows similar but less pronounced features due
to moderate EMM and slight 4d dominance. Likewise, the
PMDs of 4s5s [Fig. 7(e)] and 4pSs [Fig. 7(f)] share 5s-
state characteristics, but 4p5s displays more complex fringe
structures, particularly in the first quadrant where additional
interference contributions smear the pattern, consistent with
its higher EMM.

These observations raise broader questions: How do dis-
tinct interference types manifest in the parallel momentum
plane, e.g., which regions they occupy, the patterns they
produce, and how the building blocks interact with each
other? Which interference types are most sensitive to the fac-
tors investigated; for instance, can smaller energy differences
between channels enhance or suppress specific interference
features? Systematic analysis of these trends may yield crite-
ria for predicting interference visibility, such as the conditions
under which certain patterns dominate or become obscured.

Consequently, we will now systematically investigate the
four interference types. For each, we discuss the high, mod-
erate, and low EMM cases, that is, two-channel PMDs where
both channels appear to contribute fairly equally (expected
largest channel interference), where one channel slightly dom-
inates the other (difficult to predict channel interference and
clarity of fringes), and where one channel clearly appears to
dominate over the other (expect little interchannel interference
and otherwise crisp fringes). We note any trends in interfer-
ence, such as the number of phase variations and contrast
of the fringes, as the EMM value changes. The EMM value
provides a road map by which we can systematically examine
the extent to which the three physical factors play a role.

1. Channel-only interference

Channel-only interference, depicted schematically in
Fig. 4(a), arises from phase differences such as aﬁ"’c”’)
[Eq. (15)]. This consists of building blocks that will mainly
lead to linear fringes parallel to the axes and potentially
along the diagonals with various phase shifts depending on
the amount of overlap of the contributing channels’ events
in the momentum plane. The interference patterns for the six
channel pairs in focus are displayed in Fig. 8.

The PMDs of high EMM cases such as 3d4s and 4p5s
[Figs. 8(d) and 8(f), respectively] exhibit clear signatures from
both constituent channels as expected, along with numerous
phase changes. Note that since the EMM is not exactly 1
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FIG. 8. Difference between the RESI distribution Py (p1y, p2y)
with incoherent symmetrization and incoherent summation of events
but with channels added coherently [see process (d) in Table I], and
the fully incoherent probability density P;;(p1), p2)) for select pairs
of channels, computed with the same driving-field parameters as in
Fig. 2. The excited states for each pair of channels are shown in the
top-right corner. The axes are indicated with black dashed lines. The
equal mix metric value is indicated in the bottom-left corner of each
panel. The signal in each panel has been normalized with regard to
its maximum. The panels are classified as stated in Fig. 6, following
the bold rows in Table III.

for any case, one channel always slightly prevails over the
other. This is best exemplified by the 3p3d and 3d4s cases
[Figs. 8(a) and 8(d)], where the PMDs are primarily shaped by
the 3d state. With 3d4s, the 4s contribution subtly distorts the
distribution in line with its slightly higher EMM value. These
similarities suggest comparable interference patterns. These
phase changes arise from constructive and destructive inter-
ference between channels, driven by the building blocks that
induce numerical shifts. A higher number of phase changes
implies strong channel interference. The 4pSs [Fig. 8(f)] case
has a larger overlap parameter than 3d4s [Fig. 8(d)], leading
to a greater number of phase variations.

Similar phase changes occur in almost all panels of Fig. 8.
The 4d5s case [Fig. 8(c)], with moderate EMM and lower
overlap than 4pS5s, shows fewer phase variations and is dom-
inated by the 4d state due to the large Mg value, associated
with the relative channel intensity. Consequently, phase shifts
occur mainly in the first quadrant, parallel to the axes, rather
than directly along them as typical for an s state. The 3p3d
distribution [Fig. 8(a)], also with moderate EMM, is shaped
predominantly by the 3d channel. Since both 3p and 3d PMDs
are concentrated near the origin, the channel interference is
also localized in this region. Phase variations are minimal
since the events from both channels do not overlap much when
mapped to the parallel momentum plane.

In contrast, the 4s5s case [Fig. 8(e)], with a yet lower
EMM and strong overlap between s-state distributions, ex-
hibits phase variations along the axes. Finally, the 3p4d case
[Fig. 8(b)], despite its lowest EMM, exhibits numerous phase
differences comparable to 4s5s. Here, the large energy differ-
ence enhances the A7, ,,) term and amplifies the influence of
the building blocks, including the o“" contribution. Due to
the large My value, the PMD is dominated by the 4d state
and concentrated in its characteristic momentum region [see
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FIG. 9. Difference between the RESI distribution Py (p1y, p2y)
(coherent sum over channels and symmetrization, incoherent sum
over events [see process (b) in Table I]) and the fully incoherent
probability density P;;;(piy, p2;) for select pairs of channels, com-
puted with the same driving-field parameters as in Fig. 2. The excited
states for each pair of channels are shown in the top-right corner.
The diagonal p,; = py; is indicated with a dashed black line. The
equal mix metric value is indicated in the bottom-left corner of each
panel. The signal in each panel has been normalized with regard to
its maximum. The panels are classified as stated in Fig. 6, following
the bold rows in Table III.

Fig. 12(a) in the Appendix for the single-channel 4d PMD].
Strong spatial overlap between 3p and 4d events makes the
interference features more prominent in direct contrast with
Fig. 12(a), where such overlap is minimal.

2. Channel-exchange interference

The second type of interference is channel exchange,
shown in Fig. 4(b). This interference type is the dominant
contributor to the fully coherent PMDs—many of the ex-
change features displayed in Fig. 9 are prominent in Fig. 7.
Across all cases, the PMDs exhibit diagonal fringes skewed
by hyperbolae, consistent with the building blocks associated
with channel exchange [Eq. (23)]. These arise particularly
from the channel-independent oM term and the aP'<P:
term, which contributes strongly regardless of At ,; con-
sequently, this building block produces such patterns for
all pairwise channel sums. Equation (23) additionally pre-
dicts linear and “feathery” fringes that may overlap to form
checkerboardlike structures accompanied by possible phase
jumps.

The dependence of these features on the EMM is evident
across cases. For low EMM, such as 3p4d [Fig. 9(b)], the
PMD is dominated by the 4d state and closely resembles the
single-channel result [see Fig. 14(c) compared to Fig. 14(a)].
The fringes are crisp with minimal phase fluctuations, as the
large magnitude difference suppresses channel interference,
leaving only the channel-independent exchange contribution
fom 5%

In coﬁtrast, the moderate EMM case 4d5s [Fig. 9(c)]
exhibits similar closely spaced diagonal fringes but with
increased waviness and phase jumps, particularly at larger
momenta, and reduced contrast in the central fringe. The cen-
tral spine, a signature of intrachannel exchange interference,
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PV Up Py Up Py YUy

FIG. 10. Difference between the RESI distribution Pjc.(p1y, p2y)
(coherent sum over channels and events, unsymmetrized [see pro-
cess (c) in Table I]) and the fully incoherent probability density
Piii(p1y, p2y) for select pairs of channels, computed with the same
driving-field parameters as in Fig. 2. The excited states for each pair
of channels are shown in the top-right corner. The axes are indicated
with a dashed black line. The equal mix metric value is indicated
in the bottom-left corner of each panel. The signal in each panel
has been normalized with regard to its maximum. The panels are
classified as stated in Fig. 6, following the bold rows in Table III.

-2 2

becomes attenuated with stronger interchannel mixing. The
diagonal fringes of the other moderate case, 4s5s [Fig. 9(e)],
resemble those of the high EMM 4p5s case [Fig. 9(f)], al-
though there is blurring in quadrant one of the latter arising
from events of the 4p state being mapped to larger momentum
regions. In both, phase variations blur the fringes and diminish
the prominence of the central spine.

Finally, the 3p3d and 3d4s cases [Figs. 9(a) and 9(d)]
exhibit similar interference structures since they are both
dominated by the 3d state to varying degrees. The for-
mer case shows pronounced diagonal fringes and a strong
spinelike feature, while the latter exhibits a broader spine
spanning quadrants one and three, modified by the 4s con-
tribution. This is expected given 3d4s has a higher EMM
than 3p3d. Both also feature feathery, fishbonelike fringes in
the second and fourth quadrants, arising from the ag’;(‘; 1:'12))
term whose effect is washed out to varying degrees in
other panels except for 3d4s where they overlap faintly
to form a checkerboard pattern. These fishbone structures
are linked to the temporal component in a™) phase shift
[Eq. (19)], associated with the delay At(C,,C,) between
channels.

3. Channel-temporal interference

Channel-temporal interference, depicted schematically in
Fig. 4(c) and described by phase differences such as afi”‘c”')
[Eq. (27)], comprise of building blocks that predominantly
influence the total interference at large momenta—compare
temporal patterns displayed in Fig. 10 to the total interfer-
ence shown in Fig. 7. The building blocks are expected to
lead to shapes such as circular or oval fringes, linear fringes
parallel to the axes, and possible checkerboardlike structures.
The degree and nature of channel-temporal interference varies
strongly between cases.
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The low-EMM case 3p4d [Fig. 10(b)], characterized by a
large Mgisr value, unsurprisingly closely resembles the single-
channel 4d temporal interference pattern [see Fig. 13(c) in
Appendix A]. A similar temporal interference pattern com-
ing from the dominance of the 4d state occurs for 4dS5s
[Fig. 10(c)], which also features distinctive oval fringes in
the third quadrant. In contrast, the moderate-EMM 4s5s
and high-EMM 4p5s cases [Figs. 10(e) and 10(f)] exhibit
only weak, low-contrast fringes near the origin, reflecting
poor momentum-space overlap between temporally displaced
events [see Figs. 13(e) and 13(f) and refer to Figs. 15(g)
and 15(h) in Ref. [23] for a more in-depth discussion].
The richest temporal interference occurs for 3p3d and 3d4s
[Figs. 10(a) and 10(d)], both involving the 3d state. The
interference contrast is stronger for the 3d4s distribution
than the 3p3d and blurrier given the temporal shifts arising
from A7, c,). Both these PMDs contain diverse structures:
linear and diagonal fringes, multiple phase jumps, and over-
laid patterns from both channels. For example, the 3p3d
PMD exhibits temporal interference characteristic of the 3d
state [see Fig. 13(b)], as well the similar pattern from the
3p state [see Fig. 13(a)] that is overlaid and slightly out
of phase.

Overall, interchannel temporal interference introduces
greater blurring and complexity than intrachannel interference
because of the larger total time displacement ATy, Which
amplifies certain phase-building blocks, such as the circular
substructure from the o®™ term that now manifests even for
lower momenta as in Fig. 10(c).

4. Channel-exchange-temporal (combined) interference

Channel-combined interference, schematically shown in
Fig. 4(d) and arising from phase differences such as a,(i”’c'")
[Eq. (28)], produces very faint patterns and contributes least
to the overall interference. Comparison of Fig. 11, showing
the channel-combined interference for the studied pairs, with
the channel-only interference in Fig. 8, reveals that the overall
PMD shapes and locations remain nearly unchanged. Most
visible structures originate from channel interference, while
the combined component adds only fine fringes and slight
blurring. The largest deviation occurs for the lowest EMM
case, 3p4d [Fig. 11(b)], whose PMD closely matches the 4d
interchannel interference pattern [see Fig. 14(d)] at smaller
momenta skewed by the 3p interchannel interference [see
Fig. 14(b)] at slightly larger momenta, causing numerous
fine fringes. It is also the only case displaying the “wing”
structures reported in Ref. [23], which are suppressed in other
panels by stronger channel-temporal interference patterns.
The wings are pure intrachannel features that are not obfus-
cated due to the lack of overlap of events in momentum space
from these channels, and because combined-channel interfer-
ence does not depend on the o*M' building block unlike other
interference types.

In the remaining cases, the main difference between the
channel-only and channel-combined PMDs is a phase in-
version caused by the additional time delay At,, which
alters conditions for constructive and destructive interfer-
ence in some building blocks of Eq. (28). Fine diagonal
fringes also appear, with gradients and offsets determined
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FIG. 11. Difference between the two-channel RESI distribution
Pece,ee’ (P11 P2y) [Eq. (13)] that involves summing an event in the
first channel with the symmetrized counterpart of a time-delayed
event in another channel and the fully incoherent probability density
Piii(p1y, p2y) for select pairs of channels, computed with the same
driving-field parameters as in Fig. 2. The events chosen are p;o4 and
D405 50 At .y = m /w. The excited states for each pair of channels
are shown in the top-right corner. The axes are indicated with a
dashed black line. The equal mix metric value is indicated in the
bottom-left corner of each panel. The signal in each panel has been
normalized with regard to its maximum. The panels are classified as
stated in Fig. 6, following the bold rows in Table III.

by the underlying phase-building blocks (see Ref. [24] for
details on fringe spacing). The clearest example is the high-
EMM case 3d4s [Fig. 11(d)], which exhibits shallow diagonal
fringes along the positive momentum half-axes. Other high
and moderate-EMM cases, 4p3Ss, 4s5s, and 4d5s [Figs. 11(f),
11(e), and 11(c)], show only faint low-contrast fringes near
the origin, consistent with limited overlap between temporally
displaced channel events. The moderate-EMM 3p3d case
[Fig. 11(a)] displays fine fishbonelike fringes in quadrants
one and three, arising from partial temporal overlap of tem-
porally displaced and symmetrized events in the contributing
channels.

V. CONCLUSIONS

In this paper, we investigate multichannel interference in
RESI using statistical measures to determine the extent to
which different excitation pathways contribute to the total
PMDs and examine some of the factors influencing their shape
and intensity. We also derive analytical interchannel interfer-
ence conditions, extending our previous work focused on the
intrachannel phase differences [23,24] to an interchannel set-
ting. As an application, we discuss two-channel interference
in argon with a linearly polarized few-cycle pulse, although
the method is general and can be extended to arbitrary fields
and interfering channels. Due to the overwhelming number of
processes involved, employing statistical measures constitutes
a more effective strategy than purely analytical arguments, as
they determine whether interchannel interference is apprecia-
ble or physically relevant.

In previous work [13,14], two-channel sums were investi-
gated employing ad hoc arguments, which led to the empirical
observation that the spacing of the interchannel fringes is
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inversely proportional to the energy difference between two
excitation channels. Here, we approach the problem from
a more systematic angle and show that, for interchannel
interference to be significant, three other conditions must
be fulfilled: (1) the relative intensities of the contributing
channels’ PMDs must be comparable; (2) there must be a large
overlap [Eq. (29)] between the excited states’ radial wave
functions; and (3) there must be a large overlap between the
mapping of the dominant events onto the pypy; plane from
the contributing channels.

This conclusion is reached by defining an “Equal Mix Met-
ric” that quantifies the extent to which a two-channel PMD
is an equal mix of the contributing channels, or whether one
channel dominates, and then computing the correlation with
the energy difference, overlap, and relative intensities. The
third condition is determined from unexpected behavior of
the two-channel PMD interference. The EMM is based on the
earth mover’s distance, a statistical measure used to quantify
the dissimilarity between two probability distributions. These
are commonly used in several areas of knowledge, such as
computer vision [35], biology [37], ecology [61], chemistry
[38], and particle physics [36], but not in strong-field and at-
tosecond physics. Nonetheless, it is potentially a valuable tool
for understanding to which extent different quantum pathways
contribute to the underlying dynamics in an interferometric
process.

Interchannel interference is governed primarily by target
properties rather than field symmetries and is challenging to
disentangle due to the vast number of contributing pathways.
Nevertheless, following the methodology of Refs. [23,24],
we derive analytic interference conditions for channel-
only, channel-exchange, channel-temporal, and combined
(temporal-exchange) interferences. This extends the classifi-
cation of two-electron quantum-interference mechanisms in
RESI within the SFA to arbitrary driving fields, complet-
ing the systematic framework introduced in Refs. [23,24].
The resulting interference patterns exhibit familiar building
blocks from the intrachannel case such as spine, hyperbolic,
and fishbone structures but when multiple excitation chan-
nels are involved these patterns can overlap, distort, and blur,
rendering a fully analytic characterization difficult. Among
the various types, channel-exchange interference is dominant,
while the remaining interference types play a secondary role,
consistent with the trends observed for intrachannel interfer-
ence [23].

The toolbox of interchannel interference conditions de-
rived the present work is general. It is applicable to arbitrary
fields and may provide guidelines for constructing two-
electron interferometric schemes, similar to the configurations
employed in one-electron pump-probe schemes. This may
become a powerful tool, as preliminary results show that in-
terchannel interference has potential for reshaping correlated
electron momentum distributions [12,14]. If two excitation
channels can be preselected according to well-defined crite-
ria, this may inform the construction of bound-state coherent
superpositions in RESI. The resulting interference patterns
are also influenced by the characteristics of the driving field.
Therefore, our interchannel results connect target structure,
field structure, and quantum phases in a unified way. Conse-
quently, the choice of preparation scheme or the mechanism

used to induce specific transitions may substantially alter the
interference outcome. Thus, these insights may serve as a
foundation for tailoring multielectron quantum interference.
Moreover, in a realistic scenario, interference will only take
place for quantum pathways, resulting in the same final com-
pound ionic-electronic state. Therefore, for some pathways
recombination to ensure this may need to be incorporated in
the present model.

Finally, this work more broadly illustrates how techniques
originating from statistical and computational physics can be
leveraged to extract physical insight caused by microscopic
dynamics from correlated systems by comparing predicted
and measured distributions. This is critical for applications
such as quantum-enhanced imaging, where pattern com-
parison is critical. Quantum-boosted interferometric setups
exist in areas of knowledge as diverse as gravitational wave
detection [63] and nonlinear microscopy [64]. With the advent
of strong-field physics with quantum light, harnessing this ad-
vantage is expected to become important in extreme quantum
optics as well, although the range of applications is broader.
Thus, it will be desirable to have tools such as the EMD
to detect changes in probability distributions. Although most
studies of intense laser-matter interaction with quantum light
have been done for high-order harmonic generation [65,66]
and above-threshold ionization [67-69], NSDI computations
with bright squeezed vacuum do exist [70]. NSDI and more
specifically, RESI serves as a minimal yet nontrivial process
for exploring quantum electron-electron correlations in strong
laser fields. Thus, such methods may be particularly of interest
for attosecond quantum technologies. There is currently a
major interdisciplinary effort to unite quantum technologies
and attosecond physics. So far, most studies of quantum cor-
relation have looked at electron-field (see, e.g., Refs. [71-73]
among others) or electron-ion [74-78] entanglement, and
there is large untapped potential regarding electron-electron
entanglement, with only a few recent studies [79-82]. The
systematic analysis of interference in conjunction with the
statistical tools used provide a powerful way to probe and even
tailor such correlations.
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FIG. 12. Fully coherent single-channel momentum distributions
Pee(p1y, p2y) for all channels in Table II. The panels follow the
channel order in Table II, i.e., panel (a) corresponds to channel 1,
panel (b) to channel 2, panel (c) to channel 3, panel (d) to channel
4, panel (e) to channel 5, panel (f) to channel 6. The transitions are
indicated in the top-right corner. The diagonal is indicated by the
white dashed line. All other parameters are the same as in Fig. 2.

APPENDIX A: SINGLE-CHANNEL PMDs

Here, we provide the single-channel PMDs for the six
channels listed in Table II, used to compute the two-channel
sums in this paper. These were originally presented in
Ref. [23] and are reproduced here in the same scale and
colormap for ease of reference. Figure 12 displays the fully
coherent PMDs, while Fig. 13 displays the temporal in-
terference. Finally, we give the intrachannel exchange and
combined interference plots in Fig. 14 for the 3s — 3p and
3p — 4d channels. This supplements the discussion of the
3p4d two-channel interference.

APPENDIX B: EARTH MOVER’S DISTANCE

To quantify similarity between the photoelectron momen-
tum distributions across the channels, pairwise EMDs are
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FIG. 13. Difference between the RESI distributions P (p1y, p2y)
where events are summed over coherently, and symmetrization is
incoherent, and the fully incoherent sum P;(py, py), for each of
the six channels in Table II. Each panel is normalized with regard
to its maximum. The transitions are indicated in the top-right corner.
The axes are indicated with black dashed lines. All other parameters
are the same as in Fig. 2.
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FIG. 14. RESI distributions ’P(,‘(]JIH, p2”) — P,'[(pln, pzn) isolat-
ing intrachannel exchange interference [panels (a) and (c)], and
Peceer(P11s P21) — Pi(prys p2y) isolating intrachannel combined in-
terference taking the two most dominant events for the pulse in
question p3o4, p4os [panels (b) and (d)], for the 3s — 3p [panels
(a) and (b)] and the 3p — 4d [panels (c) and (d)] transitions. Each
panel is normalized with regard to its maximum. The transitions are
indicated in the top-right corner. The axes are indicated with black
dashed lines. All other parameters are the same as in Fig. 2.

computed. The EMD is mathematically equivalent to and
otherwise known in the literature as the Wasserstein-1 (W;)
distance [83]. The signal for each channel C is represented
by a non-negative 2D matrix defined on a common momen-
tum grid (py), p2). Prior to the distance computation, we
applied the following preprocessing steps. First, each matrix
is symmetrized with respect to the diagonal by averaging the
original matrix with its antidiagonal reflection. This enforces
the expected (and qualitatively observed) symmetry of the
underlying signal and reduces any noise-induced asymmetries
arising for example from the resolution. Second, the matrices
are downsampled by block averaging to reduce computational
cost while preserving large-scale spatial structure. Finally,
each matrix is normalized such that it defines a discrete prob-
ability distribution

N M
©) _ ©) _
me = ZZMPHMPZIH =1

i=1 j=1

(B

where the grid is identified by the set of points
{(p1)is P21 Yimt,..N:j=1,..m C R*. This is required for
optimal transport computations [34]. Each grid cell is treated
as a point in 2D Euclidean space. The ground cost between
two momentum-space bins (pyy;, p2;) and (pyyir, p2y;) is
defined as their Euclidean distance

clpryis p21j)s (prjirs P2yl = \/(pllli — pui)* + (P2 — payyi)*
(B2)

For each pair of channels C, and C,,, the EMD is computed
between the corresponding normalized distributions using this
precomputed ground cost matrix. The EMD quantifies the
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minimum cost required to transform one spatial distribution to another and is computed as

W (M(Cu)’ M(Cm)) — min

y el (uCm) 11 (Cn))

Z y(Pll\isPZHj):(Plni’»Pz”j’)

(Puyi,s P21 (Pyyir s Pay )

x c[(p1yi> P21j)s (P1yirs P2y (B3)

where y denotes a “transport plan” specifying how the
probability mass wp, . p,; is redistributed between discrete
momentum-space bins. The set T'(u©), 1)) contains all
transport plans that exactly reproduce the source and tar-
get distributions; i.e., the total mass leaving each bin
of the source and arriving at each bin of the target is
fixed. The resulting pairwise distances form a symmetric
matrix. This yields a metric that captures differences in
the spatial structure of the PMD signal between channels
(as opposed to simple pointwise differences in intensity)
and is therefore sensitive to collective shifts of the PMD
signal.

(
APPENDIX C: PEARSON CORRELATION COEFFICIENT

The PCC is computed to investigate any correlations be-
tween the EMD values and the other factors expected to
influence interference such as the energy difference. Generi-
cally, for any two variables X and Y with paired entries (X;, ¥;)
and means X, Y, the PCC is defined as

DY O SN
\/Zi(Xi —X) \/Zi(Yi —-Yy

This results in a scalar value ryy € [—1, 1] quantifying
the strength of the linear correlation between the variables X
and Y.

rxy (C1)

[1] F. Krausz and M. Ivanov, Attosecond physics, Rev. Mod. Phys.
81, 163 (2009).

[2] S. Haessler, J. Caillat, W. Boutu, C. Giovanetti-Teixeira, T.
Ruchon, T. Auguste, Z. Diveki, P. Breger, A. Maquet, B. Carré,
R. Taieb, and P. Salieres, Attosecond imaging of molecular
electronic wavepackets, Nat. Phys. 6, 200 (2010).

[3] J. P. Marangos, Development of high harmonic generation spec-
troscopy of organic molecules and biomolecules, J. Phys. B: At.
Mol. Opt. Phys. 49, 132001 (2016).

[4] P. Stammer, J. Rivera-Dean, A. S. Maxwell, T. Lamprou,
J. Argiello-Luengo, P. Tzallas, M. F. Ciappina, and M.
Lewenstein, Entanglement and squeezing of the optical field
modes in high harmonic generation, Phys. Rev. Lett. 132,
143603 (2024).

[5] T. W. Hénsch, Nobel lecture: Passion for precision, Rev. Mod.
Phys. 78, 1297 (2006).

[6] J. L. Hall, Nobel lecture: Defining and measuring optical fre-
quencies, Rev. Mod. Phys. 78, 1279 (2000).

[7] C. M. Caves, Quantum-mechanical noise in an interferometer,
Phys. Rev. D 23, 1693 (1981).

[8] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum-enhanced
measurements: Beating the standard quantum limit, Science
306, 1330 (2004).

[9]1 Y. Huismans, A. Gijsbertsen, A. S. Smolkowska, J. H.
Jungmann, A. Rouzée, P. S. W. M. Logman, F. Lépine, C.
Cauchy, S. Zamith, T. Marchenko, J. M. Bakker, G. Berden,
B. Redlich, A. F. G. van der Meer, M. Y. Ivanov, T.-M. Yan,
D. Bauer, O. Smirnova, and M. J. J. Vrakking, Scaling laws
for photoelectron holography in the midinfrared wavelength
regime, Phys. Rev. Lett. 109, 013002 (2012).

[10] S. Skruszewicz, J. Tiggesbaumker, K.-H. Meiwes-Broer, M.
Arbeiter, T. Fennel, and D. Bauer, Two-color strong-field pho-
toelectron spectroscopy and the phase of the phase, Phys. Rev.
Lett. 115, 043001 (2015).

[11] D. Ayuso, P. Decleva, S. Patchkovskii, and O. Smirnova, Chiral
dichroism in bi-elliptical high-order harmonic generation, J.
Phys. B: At. Mol. Opt. Phys. 51, 06LTO01 (2018).

[12] X. L. Hao, J. Chen, W. D. Li, B. Wang, X. Wang, and W.
Becker, Quantum effects in double ionization of argon below
the threshold intensity, Phys. Rev. Lett. 112, 073002 (2014).

[13] A. S. Maxwell and C. Figueira de Morisson Faria, Quantum
interference in time-delayed nonsequential double ionization,
Phys. Rev. A 92, 023421 (2015).

[14] A. S. Maxwell and C. Figueira de Morisson Faria, Controlling
below-threshold nonsequential double ionization via quantum
interference, Phys. Rev. Lett. 116, 143001 (2016).

[15] W. Quan, X. L. Hao, Y. L. Wang, Y. J. Chen, S. G. Yu, S. P. Xu,
Z. L. Xiao, R. P. Sun, X. Y. Lai, S. L. Hu, M. Q. Liu, Z. Shu,
X. Wang, W. D. Li, W. Becker, X. J. Liu, and J. Chen, Quantum
interference in laser-induced nonsequential double ionization,
Phys. Rev. A 96, 032511 (2017).

[16] C. Figueira de Morisson Faria and X. Liu, Electron—electron
correlation in strong laser fields, J. Mod. Opt. 58, 1076
(2011).

[17] T.-L. Ho, X. Cui, and W. Li, Alternative route to strong interac-
tion: Narrow Feshbach resonance, Phys. Rev. Lett. 108, 250401
(2012).

[18] P. B. Corkum, Plasma perspective on strong field multiphoton
ionization, Phys. Rev. Lett. 71, 1994 (1993).

[19] W. Becker, X.J. Liu, P. J. Ho, and J. H. Eberly, Theories of pho-
toelectron correlation in laser-driven multiple atomic ionization,
Rev. Mod. Phys. 84, 1011 (2012).

[20] L. B. Fu, G. G. Xin, D. FE. Ye, and J. Liu, Recollision dynamics
and phase diagram for nonsequential double ionization with
circularly polarized laser fields, Phys. Rev. Lett. 108, 103601
(2012).

[21] N. Dudovich, O. Smirnova, J. Levesque, Y. Mairesse, M. Y.
Ivanov, D. M. Villeneuve, and P. B. Corkum, Measuring and
controlling the birth of attosecond XUV pulses, Nat. Phys. 2,
781 (2006).

[22] D. Shafir, H. Soifer, B. D. Bruner, M. Dagan, Y. Mairesse, S.
Patchkovskii, M. Y. Ivanov, O. Smirnova, and N. Dudovich,
Resolving the time when an electron exits a tunnelling barrier,
Nature (London) 485, 343 (2012).

013156-20


https://doi.org/10.1103/RevModPhys.81.163
https://doi.org/10.1038/nphys1511
https://doi.org/10.1088/0953-4075/49/13/132001
https://doi.org/10.1103/PhysRevLett.132.143603
https://doi.org/10.1103/RevModPhys.78.1297
https://doi.org/10.1103/RevModPhys.78.1279
https://doi.org/10.1103/PhysRevD.23.1693
https://doi.org/10.1126/science.1104149
https://doi.org/10.1103/PhysRevLett.109.013002
https://doi.org/10.1103/PhysRevLett.115.043001
https://doi.org/10.1088/1361-6455/aaae5e
https://doi.org/10.1103/PhysRevLett.112.073002
https://doi.org/10.1103/PhysRevA.92.023421
https://doi.org/10.1103/PhysRevLett.116.143001
https://doi.org/10.1103/PhysRevA.96.032511
https://doi.org/10.1080/09500340.2010.543958
https://doi.org/10.1103/PhysRevLett.108.250401
https://doi.org/10.1103/PhysRevLett.71.1994
https://doi.org/10.1103/RevModPhys.84.1011
https://doi.org/10.1103/PhysRevLett.108.103601
https://doi.org/10.1038/nphys434
https://doi.org/10.1038/nature11025

UNRAVELING INTERCHANNEL QUANTUM ...

PHYSICAL REVIEW RESEARCH 8, 013156 (2026)

[23] S. Hashim, R. Tenney, and C. Figueira de Morisson Faria,
Detangling the quantum tapestry of intrachannel interference
in below-threshold nonsequential double ionization with few-
cycle laser pulses, Phys. Rev. A 109, 063110 (2024).

[24] S. Hashim, D. Habibovi¢, and C. F. d. M. Faria, Below-
threshold nonsequential double ionization with linearly polar-
ized two-color fields. II. Quantum interference, Phys. Rev. A
112, 023119 (2025).

[25] O. Smirnova, Y. Mairesse, S. Patchkovskii, N. Dudovich, D.
Villeneuve, P. Corkum, and M. Y. Ivanov, High harmonic in-
terferometry of multi-electron dynamics in molecules, Nature
(London) 460, 972 (2009).

[26] B. B. Augstein and C. Figueira de Morisson Faria, High-order
harmonic generation in diatomic molecules: Quantum interfer-
ence, nodal structures and multiple orbitals, Mod. Phys. Lett. B
26, 1130002 (2012).

[27] O. Hassouneh, A. C. Brown, and H. W. van der Hart, Multichan-
nel interference in high-order-harmonic generation from Ne™t
driven by an ultrashort intense laser pulse, Phys. Rev. A 89,
033409 (2014).

[28] P. M. Paul, E. S. Toma, P. Breger, G. Mullot, F. Augé, P.
Balcou, H. G. Muller, and P. Agostini, Observation of a train
of attosecond pulses from high harmonic generation, Science
292, 1689 (2001).

[29] J. M. Dahlstrom, A. L’Huillier, and A. Maquet, Introduction to
attosecond delays in photoionization, J. Phys. B: At. Mol. Opt.
Phys. 45, 183001 (2012).

[30] P. Agostini, Nobel lecture: Genesis and applications of attosec-
ond pulse trains, Rev. Mod. Phys. 96, 030501 (2024).

[31] M. Nisoli, P. Decleva, F. Calegari, A. Palacios, and F. Martin,
Attosecond electron dynamics in molecules, Chem. Rev. 117,
10760 (2017).

[32] S. Ghimire and D. A. Reis, High-harmonic generation from
solids, Nat. Phys. 15, 10 (2018).

[33] S. Y. Kruchinin, F. Krausz, and V. S. Yakovlev, Colloquium:
Strong-field phenomena in periodic systems, Rev. Mod. Phys.
90, 021002 (2018).

[34] Y. Rubner, C. Tomasi, and L. J. Guibas, The earth mover’s
distance as a metric for image retrieval, Int. J. Comput. Vision
40, 99 (2000).

[35] C. Zhang, Y. Cai, G. Lin, and C. Shen, Deepemd: Few-shot
image classification with differentiable Earth Mover’s Dis-
tance and structured classifiers, in IEEE/CVF Conference on
Computer Vision and Pattern Recognition (CVPR 2020),
Seattle, WA (IEEE, Piscataway, NJ, 2020), pp. 12200-12210.

[36] P. T. Komiske, E. M. Metodiev, and J. Thaler, Metric space of
collider events, Phys. Rev. Lett. 123, 041801 (2019).

[37] D.Y. Orlova, N. Zimmerman, S. Meehan, C. Meehan, J. Waters,
E. E. B. Ghosn, A. Filatenkov, G. A. Kolyagin, Y. Gernez,
S. Tsuda, W. Moore, R. B. Moss, L. A. Herzenberg, and G.
Walther, Earth Mover’s Distance (EMD): A true metric for
comparing biomarker expression levels in cell populations,
PLoS One 11, 0151859 (2016).

[38] Z. Wang, J. Liang, and M. Head-Gordon, Earth Mover’s Dis-
tance as a metric to evaluate the extent of charge transfer
in excitations using discretized real-space densities, J. Chem.
Theory Comput. 19, 7704 (2023).

[39] L.-W. Pi and A. S. Landsman, Attosecond time delay in pho-
toionization of noble-gas and halogen atoms, Appl. Sci. 8, 322
(2018).

[40] J. Venzke, A. Becker, and A. Jaron-Becker, Asymmetries in
ionization of atomic superposition states by ultrashort laser
pulses, Sci. Rep. 10, 16164 (2020).

[41] N. Bowering, T. Lischke, B. Schmidtke, N. Miiller, T. Khalil,
and U. Heinzmann, Asymmetry in photoelectron emission from
chiral molecules induced by circularly polarized light, Phys.
Rev. Lett. 86, 1187 (2001).

[42] S. Beaulieu, A. Comby, A. Clergerie, J. Caillat, D. Descamps,
N. Dudovich, B. Fabre, R. Géneaux, F. Légaré, S. Petit,
B. Pons, G. Porat, T. Ruchon, R. Taieb, V. Blanchet, and
Y. Mairesse, Attosecond-resolved photoionization of chiral
molecules, Science 358, 1288 (2017).

[43] A. G. Harvey, Z. Masin, and O. Smirnova, General theory
of photoexcitation induced photoelectron circular dichroism, J.
Chem. Phys. 149, 064104 (2018).

[44] D. Habibovié, K. R. Hamilton, O. Neufeld, and L. Rego, Emerg-
ing tailored light sources for studying chirality and symmetry,
Nat. Rev. Phys. 6, 663 (2024).

[45] A. F. Ordonez, D. Ayuso, P. Decleva, and O. Smirnova, Geo-
metric magnetism and anomalous enantio-sensitive observables
in photoionization of chiral molecules, Commun. Phys. 6, 257
(2023).

[46] A. S. Maxwell, A. Serafini, S. Bose, and C. F. d. M. Faria,
Quantum estimation in strong fields: /n situ ponderomotive
sensing, Phys. Rev. A 103, 043519 (2021).

[47] B. T. Kiani, G. De Palma, M. Marvian, Z.-W. Liu,
and S. Lloyd, Learning quantum data with the quantum
earth mover’s distance, Quantum Sci. Technol. 7, 045002
(2022).

[48] T. Shaaran, M. T. Nygren, and C. Figueira de Morisson Faria,
Laser-induced nonsequential double ionization at and above
the recollision-excitation-tunneling threshold, Phys. Rev. A 81,
063413 (2010).

[49] T. Shaaran and C. Figueira de Morisson Faria, Laser-induced
nonsequential double ionization: Kinematic constraints for the
recollision-excitation-tunneling mechanism, J. Mod. Opt. 57,
984 (2010).

[50] T. Shaaran, C. Figueira de Morisson Faria, and H. Schomerus,
Causality and quantum interference in time-delayed laser-
induced nonsequential double ionization, Phys. Rev. A 85,
023423 (2012).

[51] T. Rook, L. C. Rodriguez, and C. F. d. M. Faria, Influence
of catastrophes and hidden dynamical symmetries on ultra-
fast backscattered photoelectrons, Phys. Rev. Res. 6, 023329
(2024).

[52] S. Hashim, D. Habibovi¢, and C. F. d. M. Faria, Below-
threshold nonsequential double ionization with linearly polar-
ized two-color fields. I. Symmetry and dominance, Phys. Rev.
A 112, 023118 (2025).

[53] T. Shaaran, A rigorous treatment of excitation and quantum
interference in laser-induced nonsequential double ionization of
atoms and molecules, Ph.D. thesis, University College London,
2012.

[54] C. Figueira de Morisson Faria, H. Schomerus, and W. Becker,
High-order above-threshold ionization: The uniform approxi-
mation and the effect of the binding potential, Phys. Rev. A 66,
043413 (2002).

[55] For a monochromatic field or long enough pulses, the direct
(rescattered) ATI cutoff energy is 2U, (10U,), where U, is the
ponderomotive energy. These numbers relate to the maximal

013156-21


https://doi.org/10.1103/PhysRevA.109.063110
https://doi.org/10.1103/g5wr-2gbz
https://doi.org/10.1038/nature08253
https://doi.org/10.1142/S021798491130002X
https://doi.org/10.1103/PhysRevA.89.033409
https://doi.org/10.1126/science.1059413
https://doi.org/10.1088/0953-4075/45/18/183001
https://doi.org/10.1103/RevModPhys.96.030501
https://doi.org/10.1021/acs.chemrev.6b00453
https://doi.org/10.1038/s41567-018-0315-5
https://doi.org/10.1103/RevModPhys.90.021002
https://doi.org/10.1023/A:1026543900054
https://ieeexplore.ieee.org/document/9156564
https://doi.org/10.1103/PhysRevLett.123.041801
https://doi.org/10.1371/journal.pone.0151859
https://doi.org/10.1021/acs.jctc.3c00894
https://doi.org/10.3390/app8030322
https://doi.org/10.1038/s41598-020-73196-9
https://doi.org/10.1103/PhysRevLett.86.1187
https://doi.org/10.1126/science.aao5624
https://doi.org/10.1063/1.5040476
https://doi.org/10.1038/s42254-024-00763-8
https://doi.org/10.1038/s42005-023-01358-y
https://doi.org/10.1103/PhysRevA.103.043519
https://doi.org/10.1088/2058-9565/ac79c9
https://doi.org/10.1103/PhysRevA.81.063413
https://doi.org/10.1080/09500340903414619
https://doi.org/10.1103/PhysRevA.85.023423
https://doi.org/10.1103/PhysRevResearch.6.023329
https://doi.org/10.1103/b6b3-mt29
https://doi.org/10.1103/PhysRevA.66.043413

S. HASHIM AND C. FIGUEIRA DE MORISSON FARIA

PHYSICAL REVIEW RESEARCH 8, 013156 (2026)

kinetic energy that a direct or rescattered ATI electron may
acquire from the external field, and are approximate for few-
cycle pulses. Bichromatic or polychromatic fields will lead to
different cutoff laws, but the final kinetic energy of the first
electron will always be higher. For NSDI RESI, there is an
inelastic collision, so that the energy that gap E,, — E, should
be subtracted from the rescattered ATI cutoff.

[56] T. Rook and C. F. de Morisson Faria, Exploring symmetries
in photoelectron holography with two-color linearly polarized
fields, J. Phys. B: At. Mol. Opt. Phys. 55, 165601 (2022).

[57] C. Figueira de Morisson Faria, T. Shaaran, and M. T. Nygren,
Time-delayed nonsequential double ionization with few-cycle
laser pulses: Importance of the carrier-envelope phase, Phys.
Rev. A 86, 053405 (2012).

[58] C. Figueira de Morisson Faria, M. Dorr, W. Becker, and W.
Sandner, Time-frequency analysis of two-color high-harmonic
generation, Phys. Rev. A 60, 1377 (1999).

[59] Note that this channel-only phase difference, al(f]:"’Cm), differs

from the 0‘1(,'7'") phase difference employed in Ref. [24] where
m and n refer to different events within a channel, whereas
this work neglects multiple ionization events per half cycle for
simplicity but this convention can be extended in principle.

[60] E. Clementi and D. L. Raimondi, The correlation coefficient:
An overview, J. Chem. Phys. 38, 2686 (1963).

[61] B. Kranstauber, M. Smolla, and K. Safi, Similarity in spatial
utilization distributions measured by the earth mover’s distance,
Methods Ecol. Evol. 8, 155 (2017).

[62] A. G. Asuero, A. Sayago, and A. G. Gonzdlez, The correlation
coefficient: An overview, Crit. Rev. Anal. Chem. 36, 41 (20006).

[63] J. Aasi, J. Abadie, B. P. Abbott, R. Abbott, and T. D. Abbott,
Enhanced sensitivity of the LIGO gravitational wave detector
by using squeezed states of light, Nat. Photonics 7, 613 (2013).

[64] C. A. Casacio, L. S. Madsen, A. Terrasson, M. Waleed,
K. Barnscheidt, B. Hage, M. A. Taylor, and W. P. Bowen,
Quantum-enhanced nonlinear microscopy, Nature (London)
594,201 (2021).

[65] A. Rasputnyi, Z. Chen, M. Birk, O. Cohen, I. Kaminer, M.
Kriiger, D. Seletskiy, M. Chekhova, and F. Tani, High-harmonic
generation by a bright squeezed vacuum, Nat. Phys. 20, 1960
(2024).

[66] M. Lewenstein, M. F. Ciappina, E. Pisanty, J. Rivera-Dean, P.
Stammer, Th. Lamprou, and P. Tzallas, Generation of optical
Schrodinger cat states in intense laser-matter interactions, Nat.
Phys. 17, 1104 (2021).

[67] Y. Fang, F-X. Sun, Q. He, and Y. Liu, Strong-field ionization
of hydrogen atoms with quantum light, Phys. Rev. Lett. 130,
253201 (2023).

[68] S. Wang and X. Lai, High-order above-threshold ionization of
an atom in intense quantum light, Phys. Rev. A 108, 063101
(2023).

[69] J. Rivera-Dean, P. Stammer, C. F. d. M. Faria, and M.
Lewenstein, Microscopic analysis of above-threshold ioniza-
tion driven by squeezed light, Phys. Rev. A 112, 063101
(2025).

[70] H. Liu, H. Zhang, X. Wang, and J. Yuan, Atomic double
ionization with quantum light, Phys. Rev. Lett. 134, 123202
(2025).

[71] U. Bhattacharya, T. Lamprou, A. S. Maxwell, A. Ordéiiez,
E. Pisanty, J. Rivera-Dean, P. Stammer, M. F. Ciappina, M.
Lewenstein, and P. Tzallas, Strong-laser-field physics, non-
classical light states and quantum information science, Rep.
Prog. Phys. 86, 094401 (2023).

[72] J. Rivera-Dean, P. Stammer, A. S. Maxwell, T. Lamprou, P.
Tzallas, M. Lewenstein, and M. F. Ciappina, Light-matter en-
tanglement after above-threshold ionization processes in atoms,
Phys. Rev. A 106, 063705 (2022).

[73] P. Stammer, J. Rivera-Dean, A. Maxwell, T. Lamprou, A.
Ordéilez, M. F. Ciappina, P. Tzallas, and M. Lewenstein, Quan-
tum electrodynamics of intense laser-matter interactions: A
tool for quantum state engineering, PRX Quantum 4, 010201
(2023).

[74] M. J. J. Vrakking, Control of attosecond entanglement and
coherence, Phys. Rev. Lett. 126, 113203 (2021).

[75] M. J. J. Vrakking, Ion-photoelectron entanglement in photoion-
ization with chirped laser pulses, J. Phys. B: At. Mol. Opt. Phys.
55, 134001 (2022).

[76] 1. A. Ivanov and K. T. Kim, Entanglement in photo-ionization
process, Sci. Rep. 14, 11378 (2024).

[77] S. Majorosi, M. G. Benedict, and A. Czirjdk, Quantum entan-
glement in strong-field ionization, Phys. Rev. A 96, 043412
(2017).

[78] M. Ruberti, V. Averbukh, and F. Mintert, Bell test of quantum
entanglement in attosecond photoionization, Phys. Rev. X 14,
041042 (2024).

[79] F. Shobeiry, P. Fross, H. Srinivas, T. Pfeifer, R. Moshammer,
and A. Harth, Emission control of entangled electrons in pho-
toionisation of a hydrogen molecule, Sci. Rep. 14, 19630
(2024).

[80] D. Younis, S. Xie, and J. H. Eberly, Quantum entanglement
during single-cycle nonsequential ionization, arXiv:2403.09854
[physics.atom-ph].

[81] A. S. Maxwell, L. B. Madsen, and M. Lewenstein, Entangle-
ment of orbital angular momentum in non-sequential double
ionization, Nat. Commun. 13, 4706 (2022).

[82] J. Zhang, Z. Cao, X. Hao, W. Li, and J. Chen, Enhanced
electron—electron entanglement in few-cycle laser-atom inter-
actions, Chin. Phys. Lett. 42, 110301 (2025).

[83] C. R. Givens and R. M. Shortt, A class of Wasserstein
metrics for probability distributions, Mich. Math. J. 31, 231
(1984).

013156-22


https://doi.org/10.1088/1361-6455/ac7bbf
https://doi.org/10.1103/PhysRevA.86.053405
https://doi.org/10.1103/PhysRevA.60.1377
https://doi.org/10.1063/1.1733573
https://doi.org/10.1111/2041-210X.12649
https://doi.org/10.1080/10408340500526766
https://doi.org/10.1038/nphoton.2013.177
https://doi.org/10.1038/s41586-021-03528-w
https://doi.org/10.1038/s41567-024-02659-x
https://doi.org/10.1038/s41567-021-01317-w
https://doi.org/10.1103/PhysRevLett.130.253201
https://doi.org/10.1103/PhysRevA.108.063101
https://doi.org/10.1103/hb3n-h2zy
https://doi.org/10.1103/PhysRevLett.134.123202
https://doi.org/10.1088/1361-6633/acea31
https://doi.org/10.1103/PhysRevA.106.063705
https://doi.org/10.1103/PRXQuantum.4.010201
https://doi.org/10.1103/PhysRevLett.126.113203
https://doi.org/10.1088/1361-6455/ac6e17
https://doi.org/10.1038/s41598-024-62198-6
https://doi.org/10.1103/PhysRevA.96.043412
https://doi.org/10.1103/PhysRevX.14.041042
https://doi.org/10.1038/s41598-024-67465-0
https://arxiv.org/abs/2403.09854
https://doi.org/10.1038/s41467-022-32128-z
https://doi.org/10.1088/0256-307X/42/11/110301
https://doi.org/10.1307/mmj/1029003026

