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Topological operations around exceptional points via shortcuts to adiabaticity
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The existence of exceptional points (EPs) in the spectrum of non-Hermitian Hamiltonians leads to a nontrivial
spectral topology that can be exploited to generate topological operations. However, their implementation has
remained elusive due to the difficulty of generating a true adiabatic evolution. Here, we develop fast, robust
control protocols that generate a desired topological operation. Our strategy relies on shortcuts to adiabaticity,
but is not a trivial extension. The presence of EPs renders the strategy developed for Hermitian Hamiltonians
impractical as it will lead to faulty control protocols. Moreover, due to the dynamics sensitivity to parameter
uncertainties, not all shortcuts to adiabaticity can be used in a realistic setting. We illustrate our method in
the context of a two-mode non-Hermitian Hamiltonian and discuss why in general celebrated shortcuts to
adiabaticity like transitionless driving and superadiabatic transitionless are not appropriate control protocols
for non-Hermitian systems.
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I. INTRODUCTION

One of the fundamental postulates of quantum mechanics
is that closed systems are described by Hermitian Hamil-
tonians (Ĥ = Ĥ†). This guarantees a real spectrum for Ĥ
and ensures that the evolution operators obtained by solving
Schrödinger’s equation are unitary and probability is con-
served. However, most physical systems are best modeled by
assuming that they exchange energy with a large environment.
A straightforward way of modeling such dissipative sys-
tems is through the use of non-Hermitian (NH) Hamiltonians
(Ĥ �= Ĥ†) (see Fig. 1).

Theories based on NH Hamiltonians have been suc-
cessful in describing photonic systems exhibiting gain/loss
[1–3], interactions between atomic systems and their en-
vironment [4–6], and nonequilibrium dynamics present in
condensed matter systems [7–9]. The unique properties of
these NH Hamiltonians have, and continue to be, the driv-
ing force behind their growing theoretical and experimental
interest [10–13].

A signature feature of NH Hamiltonians is their complex
spectrum. Generally, the real part of the spectrum corresponds
to the system energy, while the imaginary part accounts for
the dissipative behavior. If the NH Hamiltonian depends on
externally controllable parameters, one can tune the interplay
between dissipative and coherent dynamics. Furthermore,
for certain parameter values, eigenvalues and eigenvectors
coalesce [3,11,14–17], and the NH Hamiltonian cannot be
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diagonalized. These EPs in parameter space are known as
exceptional points (EPs) and give rise to a nontrivial spectral
topology [18–20].

The archetypal characteristic is a spectrum that does not
return to itself when the parameters are varied along a
closed contour (in parameter space) that encircles an EP.
Eigenvalues appear to “swap” with one another, forming a
so-called eigenvalue braid. This topological behavior is ap-
propriately referred to as eigenvalue braiding [21–23] and
constitutes much of the interest in this work. Additionally,
as the eigenvalues braid, the eigenvectors acquire an invariant
topological phase, determined by the dimensions of the NH
Hamiltonian [24–27].

Realizing eigenvalue braiding, however, is a cumbersome
process since only one eigenstate (the least damped eigen-
state) follows adiabatic evolution [28–33]. Thus, initializing
an instantaneous eigenstate of a non-Hermitian and “slowly”
varying its parameters does not generate an evolution that
guarantees eigenvalue braiding [34–36].

In this work, we present a highly general strategy to de-
sign fast, robust control protocols that generate eigenvalue
braiding for NH systems. Our approach takes inspiration from
the field of shortcuts to adiabaticity (STAs) [37–42], specifi-
cally the dressed state method [43,44]. While it would appear
that extending the dressed state method to NH Hamiltoni-
ans would be a straightforward generalization, the nontrivial
spectral topology of NH Hamiltonians, and in particular the
presence of exceptional points, prohibits one from following
the framework developed for Hermitian Hamiltonians. Doing
so will lead to control protocols that fail to mimic the desired
adiabatic evolution.

Moreover, and in stark contrast to Hermitian STAs, non-
Hermitian STAs do not inherit the robustness of the original
adiabatic protocol against parameter uncertainties. This fol-
lows from the violation of the adiabatic theorem for NH
Hamiltonians. Our work shows how to construct adequate
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dressed states that allow one to find robust, experimentally
realizable control schemes. Our method is independent of a
particular choice of contour in parameter space and, much like
the Hermitian dressed state method, offers considerable free-
dom to design protocols that obey the constraints of specific
platforms.

Extending STAs to NH Hamiltonians is not a new idea.
Several works [45,46] have already discussed how to real-
ize transitionless driving (TD) [37,39] in the context of NH
Hamiltonians. However, these works do not discuss how to
restore adiabaticity around EPs nor the robustness of the
non-Hermitian TD against parameter uncertainties. Parameter
uncertainties effectively lead to transitions between (unper-
turbed) eigenstates, including transitions to the least damped
eigenstate. Populating the latter will unavoidably result in
its preparation at the end of the protocol, independently of
which eigenstate was initially prepared [47]. More recently,
two works [48,49] showed that there exists a special choice of
closed contour around an EP that allows one to generate adi-
abatic evolution akin to that of Hermitian systems. While the
strategy allows one to realize and study adiabatic passage with
NH Hamiltonians, it remains constrained to one specific class
of trajectories. As we discuss, our method is not restricted by a
choice of initial contour. This allows one to explore adiabatic
phenomena around EPs without being limited to a single type
of evolution.

The reminder of this paper is organized as follows: In
Sec. II, we discuss how EPs in the spectrum of NH Hamil-
tonians must be handled to define valid STAs and how the
resulting framework fundamentally differs from Hermitian
STAs. In Sec. III, we apply our formalism to a two-mode
system to illustrate the differences between the Hermitian and
non-Hermitian cases, to discuss the issue of robustness, and
to advance NH STAs that are both robust against parameter
uncertainties and experimentally feasible. Finally, in Sec. IV
we provide a brief example of applying NH STAs to a three-
mode system to demonstrate the generality of our formalism
to higher dimensional systems.

II. PRELIMINARIES

A. Spectral flow and topological operations

We consider the generic N-dimensional non-Hermitian
Hamiltonian

Ĥ = Ĥ (p), (1)

where p = (p1, . . . , pn) ∈ Rn is a shorthand notation to indi-
cate that Ĥ depends on n parameters that can be externally
varied. The right eigenstates of Eq. (1) and corresponding
right eigenvalues are defined by

Ĥ (p)|ψ j (p)〉 = λ j (p)|ψ j (p)〉. (2)

Generically, as one varies p, the spectrum Sp[Ĥ (p)] =
{λ(p)|det[Ĥ (p) − λ(p)1] = 0} ≡ {λ j (p)}N

j=1 becomes degen-
erate at values known as exceptional points of order k
(EPk), with 2 � k � N [14,50]. At these degeneracy points
k, eigenvalues and eigenstates coalesce, and Ĥ becomes non-
diagonalizable. Since the eigenvalues of a non-Hermitian
Hamiltonian are in general complex (the spectrum of Ĥ can

FIG. 1. n-coupled modes with local dissipation. The dissipative
evolution of the system can be described by an effective non-
Hermitian Hamiltonian with corresponding coupling strengths �n

and dissipation rates γn.

be entirely real, if parity-time symmetry is respected [51–53]),
an EPk formally corresponds to a branch point (end point
of a branch cut) associated with the function λ j : Rn → C,
p �→ λ j (p) [10].

We label the position in parameter space of the lth EPk

by pk,l and define Bk = {pk,l}L
l=1 as the parameter subspace

formed by all EPk’s. The union of all Bk’s forms the parameter
space Bdeg = ∪kBk , where the spectrum of Eq. (1) is degener-
ate. We denote the complement of Bdeg as Bng = B�

deg, which
corresponds to the parameter space where the spectrum is
nondegenerate. The images of Bk ∀k and Bng under the action
of Sp[Ĥ (p)] define topological manifolds that are in general
nontrivial [19–21,52,54–57], and which we denote as Sp(Bk )
and Sp(Bng), respectively.

The nontrivial topology of Sp(Bng) becomes apparent
when one studies how the spectrum varies along a family of
closed contours (loops) with a same basepoint. We denote
such a family of loops by γs[p(ε)] ⊂ Bng with ε ∈ [0, 1].
Since any loop γs starts and ends at the same basepoint, we
have Ĥ[γs(ε = 0)] = Ĥ [γs(ε = 1)] and therefore the spec-
trum must return to itself at the end of the loop. However,
it might do so in a nontrivial fashion according to

λ j[p(ε = 0)] → λ j[p(ε = 1)] = λσ ( j)[p(ε = 0)], (3)

where σn( j) is one of 1 � n � N! permutations acting on the
set {1, . . . , j, . . . , N}, and which is solely determined by the
choice of loop γs.

Pairs of loops that are homotopic (can be continuously
deformed into one another) in Bng will lead to the same
permutation σn. By defining π1(Bng) as the set of homotopy
equivalence classes of loops and considering the concatena-
tion of loops as a binary operation on π1(Bng), we can make
π1(Bng) into a group called the fundamental group [58]. Each
element of π1 corresponds to a unique permutation σn, and
the group operation between two elements of π1 is associated
with the composition of permutations.

To understand how to characterize the elements of π1(Bng),
it is useful to consider the image of a loop under the ac-
tion of Sp[γ (p)] = {λ j[p(ε)]}N

j=1. This produces a contour on
Sp(Bng) that formally corresponds to a braid of N strands
[see Fig. 2(a)], commonly known as an eigenvalue braid
[18,22,35,59,60]. Since Sp[γ (p)] defines an isotopy equiv-
alence class of braids (pairs of braids are isotopic, if they
can be continuously deformed into one another while keeping
the end points fixed and the strands from intersecting) and
one can concatenate braids, we can define a group whose
elements are equivalence classes of braids with N strands.
This group is known as the Artin group BN [61]. An ele-
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FIG. 2. Schematic representations of the eigenvalue braids traced
by a choice of contour γ [p(ε)] with p = (p1, p2). (a) Ideal braid
obtained from spectral flow. (b) Adiabatic evolution of eigenstates
does not yield the desired eigenvalue braiding. (c) STAs do not in
general produce the ideal braid, but still lead to the desired topologi-
cal operation.

ment of BN corresponds to an element of π1(Bng), since two
isotopic braids arise from two homotopic loops γ . This im-
plies π1(Bng) ∼= BN [62].

Since braid concatenation is in general not a commutative
operation, one can generate braids belonging to different iso-
topy classes by concatenating the same two loops in a different
order. This allows one to represent eigenvalue braiding as a
permutation operation defined by

P̂σn =
N∑

j=1

exp
[
iβσn( j), j

]∣∣ψσn( j)
[
p(ε = 0)

]〉〈ψ j[p(ε = 0)]|,

(4)

where βσn( j), j is a phase acquired during the operation. The
phase is defined by the phase shift incurred when cross-
ing the branch cut. In general, Eq. (4) fulfills the condition
[P̂σn , P̂σm ] �= 0, if σn �= σm. Generating operations that corre-
spond to P̂σ to control a system would be beneficial, as these
operations are robust against imprecisions always present in
control schemes, e.g., amplitude and phase of driving fields.

B. “Adiabatic” evolution and holomorphic change
of frame operators

Generating a topological operation corresponding to a
particular P̂σ j requires adiabatically evolving the system by
varying Ĥ along a control loop γ that varies in time. Assum-
ing the equation of motion to be linear and recasting it in the
form of a Schrödinger equation, we have that the flow operator

̂(t ) [equivalent to the unitary evolution operator Û (t )] obeys

i∂t
̂(t ) = Ĥ (t )
̂(t ), (5)

with 
̂(0) = 1. The flow 
̂(t ) allows one to find the state
of the system at time t , if one knows the state at time
t = 0 through the relation |k(t )〉 = 
̂(t )|k(0)〉. The problem
now is to engineer an ε(t ) such that Ĥ{γ [ε(t/tf )]} gener-
ates an adiabatic dynamics leading to 
̂(tf ) = P̂σ . This is,
however, impossible since it has been shown that systems gov-
erned by a non-Hermitian Hamiltonian violate the adiabatic
theorem [22,35,63,64].

This is best understood in the frame of instantaneous
eigenstates (adiabatic frame), where Ĥ (t ) is diagonal at each
instant of time t . In the adiabatic frame, the non-Hermitian

Hamiltonian governing the dynamics is given by

Ĥad(t ) = Ŝ−1
ad (t )Ĥ (t )Ŝad(t ) − iŜ−1

ad (t )∂t Ŝad(t )

=
∑

j

λ j (t )|ψ j〉〈ψ j | − iŜ−1
ad (t )

n∑
j=1

∂ Ŝad(t )

∂ p j
ṗ j (t ),

(6)

where we use Newton’s notation for time differentiation,
ẋ(t ) = dx(t )/dt , and

Ŝad[p(t )] =
n∑

j=1

|ψ j[p(t )]〉〈ψ j | (7)

is the time-dependent change of frame operator leading to
Ŝ−1

ad (t )Ĥ (t )Ŝad(t ) being diagonal.
Since Eq. (7) is explicitly time dependent (the instanta-

neous eigenstates of Ĥ are not stationary), the non-Hermitian
Hamiltonian in the adiabatic frame picks up a noniner-
tial term, which couples the instantaneous eigenstates [see
Eq. (6)]. This coupling leads to transitions between the instan-
taneous eigenstates, which in contrast to the Hermitian case
prevent the system from following adiabatic dynamics even
in the long-time limit [see Fig. 2(b)], i.e., when tf → ∞. The
violation of the adiabatic theorem for non-Hermitian systems
has been observed experimentally, particularly in two-mode
systems [2,65–71].

Additionally, to correctly define Eq. (6), one must con-
struct a change of frame operator Ŝad(t ) that is holomorphic
everywhere except at the location of the EPs. A holomorphic
function is a complex-valued function defined on an open
region of the complex plane that is complex-differentiable at
every point [72]. This is necessary since Eq. (6) requires one
to calculate the partial derivative of Ŝad(p) with respect to the
parameters that define the contour, which is only possible if
the matrix elements of Ŝad(p) are holomorphic functions.

It is always possible to construct a holomorphic change
of frame operator by first defining the eigenvalues λ j (t ) on
their associated Riemann surface [72] and then solving for
the eigenstates |ψ j[p(t )]〉, which define Eq. (7). We show an
explicit example of this procedure in Sec. III.

C. Dressed state approach to non-Hermitian shortcuts
to adiabaticity

Now that we have laid down the fundamental concepts
allowing one to find the correct representation of any time-
dependent non-Hermitian operator in the adiabatic frame, we
can formulate a theory to construct non-Hermitian STAs.

Our approach builds on the ideology of the dressed state
approach for Hermitian systems [43]: If one is only interested
in the topological operation generated by encircling an EP
with a control loop γ [p(t )] of duration t = t0, then it is not
necessary to follow the ideal adiabatic evolution at all times.
It is sufficient to generate an evolution that only resembles the
adiabatic evolution at the initial t = 0 and final time t = t0.
In other words, we ensure only that the end points of the
eigenvalue braids generated by the STA correspond to the end
points of the ideal eigenvalue braids [see Fig. 2(c)].

Like for Hermitian systems, we must (1) choose a dress-
ing transformation Ŝdr (t ) for the instantaneous eigenstates
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that vanishes at t = 0 and t = t0, and (2) find the associated
non-Hermitian control Hamiltonian Ŵ (t ) such that the modi-
fied non-Hermitian Hamiltonian Ĥmod(t ) = Ĥ (t ) + Ŵ (t ) gen-
erates the desired evolution at t = t0. In addition to these
requirements, we must introduce an additional constraint: (3)
The change of frame operators must be holomorphic func-
tions along γ (t ), otherwise the non-Hermitian STAs will be
unusable.

A generic dressing transformation can be parameterized by

Ŝdr[p(t )] =
n∑

j=1

|φ j[p(t )]〉〈φ j |, (8)

where |φ j[p(t )]〉 are the dressed eigenstates. With this param-
eterization, condition (1) implies that Eq. (8) must satisfy

Ŝdr (0) = Ŝdr (t0) = 1, (9)

which guarantees that the dressed states |φ j[p(t )]〉 coincide
with the instantaneous eigenstates |ψ j〉 at t = 0 and t = t0.
This is equivalent to saying that Ŵ (t ) = 0 at the end points,
which implies that the spectrum of Ĥmod(t ) reduces to the
spectrum of Ĥ (t ) at t = 0 and t = t0. The instantaneous and
dressed states are related by

|φ j[p(t )]〉 = Ŝdr[p(t )]|ψ j〉. (10)

In the dressed frame, the dynamics is described by the non-
Hermitian Hamiltonian

Ĥdr (t ) = Ŝ−1
dr (t )Ĥad(t )Ŝdr (t ) − iŜ−1

dr (t )∂t Ŝdr (t ). (11)

By imposing

〈φ j |Ĥdr (t )|φi〉 = 0 (12)

for all i �= j allows one to find the matrix element of the
control operator Ŵ (t ).

Since the dressing transformation is explicitly time depen-
dent, Ĥdr (t ) also contains a noninertial term [see Eq. (11)]
obtained from the derivative of Ŝdr (t ). To obtain the correct
noninertial term, which defines Ŵ (t ) [see Eq. (12)], one must
construct a dressing transformation that is holomorphic along
γ (t ). Therefore, one can see the necessity of including re-
quirement (3) in defining the criteria for a non-Hermitian STA.

As we discuss in Sec. III F, this leads to substantial dif-
ferences between the Hermitian and non-Hermitian cases. In
the Hermitian case, any choice of dressing can be viewed as a
family of transformations labeled by the loop time t0 and will
yield a family of control Hamiltonians Ŵ (t ) also labeled by t0.
This does not hold true in the non-Hermitian case: A dressing
transformation that yields a physical Ŵ (t ) for one value of t0
might yield an unphysical Ŵ (t ) for another value of t0.

III. EXAMPLE: TWO-MODE SYSTEM

To make things concrete, and without loss of general-
ity, we consider a symmetrized two-mode non-Hermitian
Hamiltonian

Ĥsym = −
(


 + i
�

2

)
σ̂z + �σ̂x, (13)

which describes two coupled harmonic modes subject
to damping [see Fig. 1(a)]. Here, 
 = (ω1 − ω2)/2 is

the frequency detuning, � is the coupling strength, and
� = (γ1 − γ2)/2 > 0 is the difference between the damping
rates associated with the individual modes.

Equation (13) depends on three parameters, which us-
ing the language of the previous section we label by
the vector p = (
,�,�) ∈ R3. In spite of its simplicity,
Eq. (13) describes several state-of-the-art experimental plat-
forms [29,63,68,70,73–75] where non-Hermitian STAs can be
readily implemented.

A. Holomorphic change of frame operator

We start by showing how to find a holomorphic change
of frame operator that diagonalizes Eq. (13). The spectrum
of Ĥsym is given by Sp[Ĥsym(p)] = {±

√
(
 + i�/2)2 + �2}

and has EP2’s located in parameter space determined by the
system of equations

− �2

4
+ �2 + 
2 = 0, 
� = 0. (14)

The set of vectors p2,l = (
l ,�l , �l ), l � 1, obeying Eq. (14)
form the parameter subspace B2, where the spectrum is doubly
degenerate. Since the spectrum of Eq. (13) only has EP2’s,
we have Bdeg = B2, and the subspace of parameters where the
spectrum is nondegenerate is given by Bng = R3 \ B2.

Since the eigenvalues of Ĥsym behave like the complex
square root function, they are not holomorphic on all of Bng.
The region defined by

− �2

4
+ �2 + 
2 � 0, 
� = 0 (15)

must be excluded as any p belonging to this region is mapped
to the interval (−∞, 0] that corresponds to the branch cut of
the square root function [see Fig. 3(a)]. This shows the neces-
sity of finding a different representation for the eigenvalues
since any closed contour γ winding around B2 necessarily
intersects the branch cut region leading to a phase shift of the
eigenvalues [see Fig. 3(a)]. This prevents one from finding a
change of frame operator that is holomorphic in Bng.

To overcome this issue, we express the eigenvalues of
Eq. (13) on the Riemann surface for the square root function
[76] [see Fig. 3(b)]. We have

λ±(p) = ±λ(p) = ± cos [χ (p)]

√(

 + i

�

2

)2

+ �2,

(16)
where χ is a function that geometrically accounts for the “glu-
ing” of the two leaves of the square root function that make up
the Riemann surface. Basically, the function χ is constructed
to compensate for the π -phase shift incurred when crossing
the branch cut such that there is a seamless transition from
one leaf of the square root function to the other.

Using Eq. (16), we can find the right eigenmodes of Ĥsym

[see Eq. (2)] such that the coefficients of their decomposition
are holomorphic functions as desired. We find

|ψ j (p)〉 =
[
−

(

 + i

�

2

)
+ λ j (p)

]
|0〉 + �|1〉, (17)

with j ∈ {+,−}. This immediately yields the change of frame
operator that diagonalizes Eq. (13), and which is holomorphic
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FIG. 3. Riemann surface and topology of the square root function. (a) The argument of the eigenvalues of Eq. (13) in the vicinity of the EP
(red dot). The yellow (white dashed) circle represents a circular contour γcirc(ε) with basepoint ϕ = 0 indicated by the purple cross (ϕ = π ,
orange cross) [see Eq. (22)]. The argument is discontinuous along the contour. (b) Defining the eigenvalues of the NH Hamiltonian on their
associated Riemann manifold leads to holomorphic functions along γcirc(ε). Contours with different basepoints lead to different spectral flows
[yellow and white dashed traces correspond to contours defined in panel (a)]. (c) Eigenvalue braiding associated with contours defined in
panel (a).

on Bng,

Ŝad(p) =
∑

j=−,+
|ψ j (p)〉〈ψ j |, (18)

where 〈ψ j (p)| is a left eigenvector of Ĥsym. Left eigenvectors
obey the eigenvalue equation 〈ψ j |Ĥsym = λ j〈ψ j | and are re-
lated to the right eigenvectors by the orthogonality relation
〈ψk|ψ j〉 = δk, j , where δk, j is the Kronecker delta function. In
the frame that diagonalizes Eq. (13), the eigenvectors |ψ j〉 are
independent of p (constant eigenvectors).

Finally, we note that for non-Hermitian Hamiltonians with
special symmetry like Eq. (13), it is often possible to find the
change of frame operator without having to explicitly find
the eigenvalues and eigenvectors of Ĥ . Here, by making the
analogy to a spin-1/2 in an external magnetic field, the change
of frame operator that diagonalizes the Hamiltonian can be
found by aligning the quantization axis with the orientation of
the spin (rotation of the coordinate system). We find that the
holomorphic change of frame operator can also be written as

Ŝad(p) = exp

[
− i

2
θ (p)σ̂y

]
, (19)

with

θ (p) = −2 arctan

⎛
⎜⎝ �


 + i �
2 +

√(

 + i �

2

)2 + �2

⎞
⎟⎠ + χ (p).

(20)

We have defined the pseudorotation angle θ (p) using the
half-angle identity arctan[y/x] = 2arctan[y/(x +

√
x2 + y2)]

to ensure that χ is the same function as the one introduced
in Eq. (16). In this case, χ “glues” together the leaves of the

complex arctan function, which has a branch cut on the inter-
val (−i∞,−i] ∪ [i, i∞), to ensure that θ (p) is holomorphic
on R3 \ Bng.

Performing the similarity transformation defined by
Eq. (19) leads to

Ĥdiag(p) = Ŝ−1
ad (p)Ĥsym(p)Ŝad(p) = λ(p)σ̂z,diag, (21)

with λ(p) given by Eq. (16), which immediately yields the
holomorphic eigenvalues.

B. Topological operations with a two-mode system

We are now in a position to understand what kind of topo-
logical operations one can generate by winding around B2. To
this end, we consider a closed, circular contour γcirc(ε) cen-
tered at pcenter = (0,�0, �0), with radius 
0 parameterized
by


(ε) = 
0 sin(2πε + ϕ),

�(ε) = �0 + 
0 cos(2πε + ϕ),

�(ε) = �0, (22)

with ε ∈ [0, 1]. The basepoint of γcirc(ε) can be unambigu-
ously located in parameter space by specifying the center of
the circle [see red dot in Fig. 3(a)] and the angle ϕ [purple
cross for ϕ = 0, orange cross for ϕ = π in Fig. 3(a)] with the
� axis in the � = const plane.

When γcirc(ε) is centered at pcenter, the function χ has the
simple form

χ (ε) = π�

[
1 − d

2
+

(
ε − 1

2
+ ϕ

2π

)]
, (23)
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where �(x) is the Heaviside step function [with the conven-
tion �(0) = 1] and the parameter d accounts for the loop
orientation (±1 for clockwise/counterclockwise). For the rest
of this article, and unless otherwise specified, we consider the
closed contour γcirc(ε) centered at pcenter with basepoint ϕ = 0
or ϕ = π .

Using Eqs. (16) and (23), we find that λ±[p(ε)] trace a
continuous eigenvalue braid that obeys

λ±[p(0)] → −λ±[p(1)] = λ∓[p(0)]. (24)

While Eq. (24) is valid for any basepoint ϕ, the value of
λ±[p(0)] (end points of the braid) depends explicitly on the
choice of basepoint ϕ (braids generated from loops with dif-
ferent basepoints are not isotopic since the isotopy of braids
requires the end point to be fixed). We show this in Fig. 3(c)
where the braids traced for ϕ = 0 and ϕ = π are compared.

The mapping of the initial to the final eigenvalues is de-
scribed by the permutation σ1(ψ±) = ψ∓ [see Eq. (3)]. The
corresponding topological operation is given by

P̂σ1 = |ψ+[p(0)]〉〈ψ−[p(0)]| + |ψ−[p(0)]〉〈ψ+[p(0)]|,
(25)

which follows from Eq. (4). Since the mapping described by
Eq. (24) is independent of the choice of contour (including the
basepoint), σ �

n = ∏�
k=1 σn describes the eigenvalue permuta-

tion for any loop that winds � times around B2.
The topological operation defined in Eq. (25) depends on

the choice of basepoint ϕ, since the eigenmodes explicitly
depend on ϕ [see Eqs. (17) and (22)]. This implies that
P̂σ1 (ϕ = 0) �= P̂σ1 (ϕ = π ).

C. Non-Hermitian systems and violation
of the adiabatic theorem

The easiest way to implement the operation defined in
Eq. (25) would be to adiabatically evolve Ĥsym along γcirc(ε).
As discussed in Sec. II B and extensively in the literature
[22,35,63,64], this is impossible for non-Hermitian systems.
However, for completeness and to have a baseline to compare
against non-Hermitian STAs, we briefly discuss below the
dynamics generated by Ĥsym when p varies slowly in time.

To this end, we turn ε into a smooth, monotonic time-
varying function defined by

ε(t ) = d

[
6

(
t

t0

)5

− 15

(
t

t0

)4

+ 10

(
t

t0

)3
]
, (26)

which fulfills ε̇(0) = ε̇(t0) = ε̈(0) = ε̈(t0) = 0 (where ẍ =
d2x/dt2). This function varies from 0 to 1 for t ∈ [0, t0], with
t0 being the time needed to trace the loop γcirc(ε). We refer
to the time-generated loop as the control loop and use the
dimensionless quantity �0t0 to refer to the loop-time duration.

Expressing Ĥsym(t ) [see Eq. (13)] in the frame of instanta-
neous eigenmodes via Ŝad(t ) [see Eqs. (6) and (19)], we obtain
the adiabatic NH Hamiltonian

Had(t ) = −λ(t )σ̂z,ad − 1
2 θ̇ (t )σ̂y,ad, (27)

which we use to solve for the flow 
̂ad(t ) [see Eq. (5)]. Transi-
tion probabilities between instantaneous eigenmodes are then

FIG. 4. Nonreciprocal dynamics with a two-mode system.
Implementing a clockwise control loop around an EP leads
to (a) P+,+(t0) = 1 (blue trace), P+,− = 0 (orange trace) and
(b) P−,+(t0) = 1 (purple trace), P−,−(t0) = 0 (green trace).

given by

Pi, j (t ) = |〈ψ j |
̂ad(t )|ψi〉|2∑
j |〈ψ j |
̂ad(t )|ψi〉|2

, (28)

with i, j ∈ {+,−}.
We plot in Fig. 4 Pi, j (t ) as a function of �0t for 
0 =

�0 = �0/2, �0t0 = 50, ϕ = 0, and d = 1. When the system
is initialized in the least damped mode (|ψ+〉), we find as
expected that P+,+(t ) � 1 and P+,−(t ) � 0 [blue and orange
traces in Fig. 4(a), respectively] for all times. This indicates
that |ψ+〉 evolves adiabatically and λ+(t ) traces the expected
strand of the braid associated with γcirc(ε). However, when the
system is initialized in the most damped mode (|ψ−〉), we have
P−,−(t ) �= 1 and P−,+(t ) �= 0 for all times [green and purple
traces in Fig. 4(b), respectively], indicating that |ψ−〉 is not
evolving adiabatically; the small nonadiabatic transitions from
|ψ−〉 → |ψ+〉 get exponentially enhanced due to amplitude
amplification of the least damped mode [31–33]. As a conse-
quence, the strand of the braid associated with λ−(t ) cannot be
traced and the topological operation defined in Eq. (25) cannot
be generated.

D. Near-ideal permutation operation via near-coherent
evolution

Among the (infinite) possibilities for a basepoint along
γcirc(ε), there is a special choice corresponding to ϕ = π that
leads to Im[λ±[p(ε)] being an antisymmetric function with
respect to ε = 1/2 [see Fig. 5(a)]. This leads to 
̂ad(t0) being
“quasi” unitary for certain loop times �0t0 since the imaginary
part of the eigenvalues average out to zero during the evolu-
tion. We, thus, expect to observe interference phenomena akin
of what has been observed in non-Hermitian PT-symmetric
systems [53,77–80].

We plot in Fig. 5(b) the nonadiabatic transition probabili-
ties P+,−(t0) (blue trace) and P−,+(t0) (orange trace) evaluated
at t = t0 as a function of the loop time �0t0. Our results
show that for �0t0 > 1 the nonadiabatic transition probability
P+,−(t0) almost vanishes. This necessarily implies that if the
system is initialized in the least damped eigenmode (|ψ+〉) at
t = 0, it will end up in the same eigenmode at t = t0. The
situation is quite different when the system is initialized in the
most damped mode (|ψ−〉). For almost all values of �0t0, the
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FIG. 5. Dynamics with contours yielding near-ideal topological
operations. (a) Choosing ϕ = π as a basepoint for γcirc(ε) yields
a spectrum with an antisymmetric imaginary part that balances on
average gain and loss. (b) Akin to coherent evolution, there exist
special loop times for which the final transition probabilities P+,−(t0)
and P−,+(t0) vanish simultaneously. (c) For these special loop times,
the flow associated with the NH Hamiltonian at t = t0 is quasiunitary,
i.e., 
̂†(t0) ≈ 
̂−1(t0). (d) Transition probabilities as a function of
�0t for the special loop time �0t0 = 14.5.

nonadiabatic transition probability is maximal P−,+(t0) � 1,
but there are special values of �0t0 at which P−,+(t0) van-
ishes. For those special times, the system ends up in the most
damped eigenmode, if it is initially prepared in that eigen-
mode.

To verify our interpretation of the dynamics, we check that
the flow 
̂ad(t0) is “quasi” unitary at the special values of �0t0.
In Fig. 5(c), we plot the spectral norm ||
̂†

ad(t0) − 
̂−1
ad (t0)||2

as a function of �0t0. When the spectral norm is 0, we have

̂

†
ad(t0) = 
̂ad(t0), which is the defining property of unitary

operators.
In Fig. 5(d), we plot the transition probabilities P+,+(t )

(thick blue trace), P+,−(t ) (thick orange trace), P−,+(t ) (thin
purple trace), and P−,−(t ) (thin green trace) as a function of
�0t for the special control loop time �0t0 = 14.5. As one can
observe, the evolution of the eigenmodes is not adiabatic, but
akin to a coherent evolution where destructive interference
brings the system back to the desired eigenmode at t = t0
after populating the other eigenmode at intermediate times.
This also corresponds to the physical principle behind STAs,
which only emulate adiabatic dynamics at the final time.

The difficulty in using these types of control loops to gen-
erate topological operation lies in achieving the exact timing
at which P−,+(t0) vanishes; any small deviations from these
special loop times will result in P−,+(t0) > 0 [see orange trace
in Fig. 5(b)]. The idea of using a control loop that yields a
spectrum with an antisymmetric imaginary part with respect
to ε/2 to emulate adiabatic dynamics has been previously
reported [48,49,81].

E. Transitionless driving

We are now ready to discuss the main results of this
manuscript, the construction of non-Hermitian STAs. We start
by deriving the non-Hermitian equivalent of the well-known
STA coined transitionless driving [37,39], which is designed
to suppress nonadiabatic transitions between the instanta-
neous eigenstates at all times. The dressing transformation
[see Eq. (8)] leading to TD is the trivial dressing

ŜTD(t ) = 1, (29)

which guarantees that the dressed states |φ j〉 [see Eq. (8)]
correspond at all times to the instantaneous eigenmodes |ψ j〉
of Ĥsym [see Eq. (7)].

Using Eq. (12), one readily finds the non-Hermitian control
Hamiltonian associated with TD. In the frame of instanta-
neous eigenmodes of Ĥad(t ), we have

Ŵad,TD(t ) = +iŜ−1
ad (t )∂t Ŝad(t ) = 1

2 θ̇ (t )σ̂y,ad, (30)

where θ (t ) = θ{γcirc[ε(t )]} with θ (p), γcirc(ε), and ε(t ) de-
fined in Eqs. (20), (22), and (26), respectively. Like in the
Hermitian case, Ŵad,TD(t ) is simply the opposite of the non-
inertial term.

We stress once more the importance of constructing
change of frame operators that are holomorphic to obtain
the correct noninertial term (see Sec. II C). This includes the
change of frame operator that diagonalizes the non-Hermitian
Hamiltonian [see Eq. (13)] as well as the dressing transfor-
mation. If any of these are not holomorphic, it will lead to
unphysical Ŵ ’s.

For the two-mode example considered here, this boils
down to either defining the eigenvalues λ(p) [see Eqs. (16)
and (17)] or the pseudorotation angle θ (p) to be a holomor-
phic function of p [see Eqs. (19) and (20)]. However, for
this specific example, since we have χ̇{γcirc[ε(t )]} = 0 [see
Eqs. (20), (23), and (26)], using a nonholomorphic version of
λ(p) or θ (p) will also lead to the correct control operator [see
Eq. (30)]. We discuss in Sec. III F 2 how failing to define the
change of frame operator to be holomorphic generally leads
to unphysical situations when considering higher-order STAs.

Like in the Hermitian case, the modified non-
Hermitian Hamiltonian Ĥsym,TD(t ) = Ĥsym(t ) + Ŵsym,TD(t ),
withŴsym,TD (t ) = Ŝad(t )Ŵad,TD (t ) Ŝ−1

ad (t ), emulates the
expected ideal adiabatic dynamics. We compare in Fig. 6(a)
[Fig. 6(b)] the transition probabilities P+,+(t ) [P−,−(t )]
obtained with an uncorrected protocol (thick blue trace)
against the TD protocol (orange trace). As expected with
TD, we have P+,+(t ) = P−,−(t ) = 1, which indicates that the
system remains at all times in the initial eigenmode.

We also compare in Figs. 6(c) and 6(d) the state-dependent
fidelity error

Ei,i(t0) = 1 − Pi,i(t0) (31)

as a function of the control loop time �0t0 for i ∈ {+,−}
between the uncorrected protocol (thick blue trace) and TD
(orange trace). Our results show that TD behaves as in the
Hermitian case, meaning one can view Ŵsym,TD(t ) as a family
of control operators labeled by the parameter t0. As we discuss
below, and in contrast to the Hermitian case, this is in general
not true for higher-order non-Hermitian STAs.

033274-7



VISHNU CHAVVA AND HUGO RIBEIRO PHYSICAL REVIEW RESEARCH 7, 033274 (2025)

FIG. 6. Comparison between uncorrected (UC, thick blue trace),
TD (orange trace), and SATD (thin purple trace) control proto-
cols. (a) Transition probability P+,+(t ) and (b) P−,−(t ) for �0t0 = 5.
(c) State-dependent fidelity error E+,+(t0) and (d) E−,−(t0) as a func-
tion of �0t0. TD traces the ideal braid at all times (see Sec. III E),
while SATD guarantees that the end points of the generated braids
coincide with those of the ideal case (see Sec. III F).

The numerical simulations were done using 
0 = 1/2,

�0 = 1/6, ϕ = −π/8, d = 1, and �0t0 = 5 for Figs. 6(a) and
6(b), and 
0 = �0 = �0/2, ϕ = 0, and d = 1 for Figs. 6(c)
and 6(d).

1. Transitionless driving dynamics

For the Hermitian case, the TD correction modifies the
coherent dynamics of the system such that when the system
is initialized in one of the old eigenmodes [an eigenmode of
Ĥsym(t ) as opposed to an eigenmode of Ĥsym,TD(t )], destruc-
tive interference prevents transitions at all times to the other
old eigenmode.

For non-Hermitian systems, this interpretation cannot hold
since we are dealing with dissipative dynamics. The gen-
eralization would be that the non-Hermitian version of TD
modifies the incoherent dynamics such that the effective decay
rate of an old eigenmode corresponds to the “ideal” decay rate
associated with the adiabatic approximation of Ĥsym(t ). This
implies, like in the Hermitian case, that Ĥsym,TD(t ) generates
a dynamics that mimics the idealized adiabatic dynamics of
Ĥsym. There is, however, another possible explanation for what
the non-Hermitian TD correction does. It modifies the control
loops such that they wind around an exceptional point of
the modified spectrum [the spectrum of Ĥsym,TD(t )] in such
a way that the generated dynamics happens to be close to the
ideal adiabatic dynamics of Ĥsym(t ) (similar to having control
loops that lead to the imaginary part of the spectrum to be
antisymmetric; see Sec. III D).

To distinguish between these two scenarios, we checked
whetherthe modified control loops wind around an EP associ-
ated with Ĥsym,TD(t ) (see Appendix A).

FIG. 7. STA validity. Exceptional point encircling check [see
Eq. (A1)] for (a) TD correction [see Sec. III E] and (b) SATD cor-
rection [see Sec. III F]. We find that TD and SATD ensure eigenvalue
braiding for all (applicable) parameter sets, but the EP associated
with Ĥsym,STA is not necessarily encircled. The labeling scheme is as
follows: �, EP encircled; �, EP not encircled; NV, not a valid STA.
Braiding of the eigenvalues associated with Ĥsym,mod is observed for
all (applicable) parameter sets.

We plot in Fig. 7(a) as a function of loop time �0t0 and
radius 
0/�0 [see Eq. (22)] a map showing when the TD-
modified control loop winds around an EP associated with
the spectrum of Ĥsym,TD(t ) (blue) or does not (purple). We
check this for 1 � �0t0 � 50, 0.1 � 
0t0 � 1, ϕ = 0,�0 =
�0/2, and d = 1. Our result shows that the modified control
loop does not necessarily wind around an EP of the modified
spectrum, but as discussed earlier, the dynamics always yields
an eigenvalue braid. This indicates that the non-Hermitian
version of TD, similar to the Hermitian case, emulates the
ideal adiabatic dynamics.

2. Choice of initial control loop

In Sec. III D, we showed that a different choice of basepoint
along the same closed contour can result in control loops
that generate a dynamics yielding the desired topological op-
eration [see Eq. (25)] without tracing the ideal eigenvalue
braid. Since this particular choice of control loop can lead
to the desired dynamics without applying a correction, one
might presume that it will lead to a more energy-effective TD
correction since there is “less” to correct.

We plot in Fig. 8(a) the root mean square (RMS) amplitude
of the fields used to implement a specific dynamics as a
function of control loop time �0t0. Since the control fields can
be complex, we define the RMS amplitude to be

RMS =
√√√√ 1

�0t0

∫ t0

0
dt

∑
i=x,y,z

| fi(t )|2, (32)

where fi(t ) is the coefficient of the decomposition of Ĥ (t )
associated with the Pauli operator σ̂i with i ∈ {x, y, z}. We
show this for the uncorrected fields (UC) associated with
the initial control loop [see Eq. (22)], and the TD correction
Ŵsym,TD for ϕ = 0 and ϕ = π . We used 
0 = �0 = �0/2 and
d = 1.

Our results indicate that there is no significant energy re-
duction in implementing TD when choosing an initial control
loop with basepoint ϕ = π ; more precisely, for �0t0 � 5 the
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FIG. 8. RMS amplitude for TD correction. (a) Comparison of
RMS [see Eq. (32)] amplitudes between uncorrected case (UC, solid
lines) and TD (dashed lines) for ϕ = 0 (blue and orange traces) and
ϕ = π (purple and green). Example of (b) real and (c) imaginary
parts of the TD correction ŴTD for �0t0 = 14.5. Leveraging the
quasicoherent regime of the uncorrected dynamics does yield TD
fields with reduced energy (see main text for more details).

RMS field amplitude of Ĥsym(t ) (solid traces) and Ĥsym,TD(t )
(dashed traces) is nearly the same for both ϕ = 0 (solid blue
and dashed orange traces) and ϕ = π (solid purple and dashed
green traces).

We further check that there is no significant difference in
the control field amplitudes for the special loop times that
generate “STA-like” dynamics when ϕ = π [see Fig. 5]. We
show this behavior in Figs. 8(b) and 8(c) where we plot the
real and imaginary parts, respectively, of the matrix elements
of Ŵsym,TD for ϕ = 0 (orange trace) and ϕ = π (green trace)
for �0t0 ≈ 14.5.

This is to be expected since the TD correction is designed
to cancel nonadiabatic transitions between the eigenmodes of
Ĥsym at all times. From a resource-cost point of view, TD can
therefore not benefit from the dynamics happening at special
values of �0t0 and ϕ = π , since there are still nonadiabatic
transitions that need to be canceled at intermediate times.

F. SuperAdiabatic transitionless driving

Despite its effectiveness, the TD correction may be con-
sidered too demanding, as it often requires considerable
resources to be implemented [82]; e.g., for the two-mode
model considered here, one must be able to couple to σ̂y

and tune the interaction. To overcome this limitation, an STA
coined superadiabatic transitionless driving (SATD) was in-
troduced [38,43]. SATD is known to yield correction fields
that are compatible with the constraints of a two-level system
and a lambda system [43,44].

Fundamentally, SATD is a special case of the dressed
state approach to STAs in which the dressing is chosen to
diagonalize the adiabatic Hamiltonian (which includes the

noninertial term that couples the instantaneous eigenmodes
[see Eq. (27)]).

For Hermitian systems, independently of the protocol time
t0, SATD allows one to engineer a modified Hamiltonian
Ĥsym,SATD(t ) that evolves a set of chosen eigenstates |ψi(t )〉 of
Ĥ (t ) such that |ψi(0)〉 is mapped to |ψi(t0)〉 without enforcing
the system to occupy |ψi(t )〉 at all intermediate times. For
non-Hermitian systems, as we discuss below, SATD does not
yield for all values of t0 a modified Hamiltonian that generates
the desired mapping. The SATD solutions cannot, therefore,
be considered as a family of solutions labeled by the protocol
time t0.

1. SATD dressing transformation

For the two-mode system described by Eq. (13), the SATD
dressing operator, which coincides with the change of frame
operator that diagonalizes Ĥad(t ), is given by

ŜSATD(t ) = exp

[
− i

2
μ(t )σ̂x

]
, (33)

where the holomorphic dressing angle is

μ(t ) = μnat (t ) + χμ(t ) = − arctan

[
1

2

θ̇ (t )

λ(t )

]
+ χμ(t ).

(34)
Here, λ(t ) and θ (t ) are given by Eqs. (16) and (20), respec-
tively, and the time dependence is acquired through a choice
of control loop γ [ε(t )], i.e., μ(t ) = μ{γ [ε(t )]}. The function
χμ(t ) is defined by

χμ(t ) = π
∑

s

�(t − ts), (35)

with �(x) defined below Eq. (23) and ts corresponds to the
times at which the control loop “crosses” the branch cut as-
sociated with μnat (t ). Geometrically, one can view χμ(t ) as a
function that glues together the leaves of μnat (t ) to make up
the Riemann surface, on which μ(t ) is holomorphic.

Constructing the holomorphic dressing angle from the nat-
ural dressing angle does not necessarily guarantee that the
boundary properties are conserved. Equation (34) shows that
even if one has initially engineered a control loop that ful-
fills μnat (0) = μnat (t0) = 0, we have μ(t0) = nπ , where n is
the number of times the branch cut associated with μ(t ) is
crossed. Thus, ŜSATD(t0) is not necessarily the identity trans-
formation as required (see Sec. II C) since

ŜSATD(t0) = exp

[
− i

2
(nπ )σ̂x

]
= (−i)nσ̂ n

x . (36)

If n is an even integer, then Eq. (36) reduces to (i)n1 and
Eq. (9) is fulfilled up to an (irrelevant) global phase. However,
if n is an odd integer, then Eq. (36) reduces to (i)nσ̂x, which
violates Eq. (9) and immediately shows that in this case one
cannot obtain a valid STA.

For a choice of control loop γ [ε(t )], there are several
parameters that can control how many times the branch cut
associated with μnat (t ), including the loop time �0t0. Thus,
and in stark contrast to the Hermitian case, the non-Hermitian
version of SATD cannot be seen as a family of solutions la-
beled by the control loop time �0t0. We illustrate this behavior
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FIG. 9. Determining the validity of SATD. (a) SATD is not a
valid STA over the whole range �0t0 = [0, 25] for γcirc,2 (see main
text for details) while it is a valid STA for γcirc,1 over the same
range �0t0. Real (b) and imaginary (c) parts of μ(t ) and μnat (t ) [see
Eq. (34)] obtained with γcirc,2 leading to an invalid STA (�0t0 = 2).
(d) Same as panel (b) but using γcirc,1, which leads to a valid STA
(�0t0 = 5).

in Fig. 9(a) where we plot the value of μ(t0)/πMod2 as a
function of �0t0 for two different circular contours γcirc,1[ε(t )]
(blue trace) and γcirc,2[ε(t )] (orange trace) [see Eq. (26)].

We choose 
0 = �0 = �0/2, ϕ = 0, and d = 1 for γcirc,1,
and 
0 = �0/2,�0 = �0/6, ϕ = −π/8, and d = 1 for
γcirc,2. The dressing angle obtained from γcirc,1[ε(t )] always
yields a valid SATD protocol; i.e., the dressing transformation
obeys conditions (1)–(3) of the dressed state approach to
non-Hermitian STAs (see Sec. II C), while the dressing angle
obtained from γcirc,2[ε(t )] only leads to a valid SATD protocol
for certain values of �0t0.

We plot in Figs. 9(b) and 9(c) the real and imaginary
parts of μnat (t ) (dashed orange trace) and μ(t ) (solid blue
trace) [see Eq. (34)] obtained with γcirc,2[ε(t )] as a func-
tion of time for �0t0 = 2 [corresponding to the green dashed
line in Fig. 9(a)]. Turning the natural dressing angle into its
holomorphic counterpart leads to a dressing angle that does
not vanish at t = t0 and, thus, cannot be used to define a
valid SATD dressing transformation. In contrast, for �0t0 = 5
[corresponding to the purple dashed line in Fig. 9(a)], one
obtains a holomorphic dressing angle that vanishes at the end
points and leads to a valid SATD protocol. This is illustrated in
Fig. 9(d) where we plot both the real parts of μnat (t ) (dashed
orange trace) and μ(t ) (blue solid trace).

We stress that this behavior is generic for any finite di-
mension and dressing choice, and is neither specific to the
two-mode model we consider nor the SATD dressing.

2. Non-Hermitian SATD control Hamiltonian

In the dressed frame defined by the SATD transformation
[see Eq. (33)], the non-Hermitian SATD control Hamiltonian

is given by

Wdr,SATD(t ) = iŜ−1
SATD(t )∂t ŜSATD(t ) = 1

2 μ̇(t )σ̂x, (37)

and is only defined when ŜSATD(0) = ŜSATD(t0) = 1 [see
Eq. (9)] up to a global phase. Transforming Eq. (37) to the
original laboratory frame yields

Ŵsym,SATD(t ) = ŜadŜSATDŴdr,SATDŜ−1
SATDŜ−1

ad

= gx(t )σ̂x + gz(t )σ̂z, (38)

where we omitted the explicit time dependence of the change
of frame operators in the first line for simplicity. The control
fields are given by

gx(t ) = −�(t ) + θ̇ (t )

2
cot μ(t ) sin θ (t ) + μ̇(t )

2
cos θ (t ),

gz(t ) = i�

2
+ 
(t ) + θ̇ (t )

2
cot μ(t ) cos θ (t ) − μ̇(t )

2
sin θ (t ).

(39)
In Sec. III E 1, we stressed that for the two-mode case there

was no difference in using Ŝad(t ) [see Eq. (19)] or a non-
holomorphic version of it to obtain Ŵad,TD(t ) [see Eq. (30)].
However, Eq. (38) shows that using the nonholomorphic ver-
sion of Ŝad(t ) leads to an invalid STA. The π -phase jumps
(see Sec. III A) will result in gx(t ) and gz(t ) either being
discontinuous or having the wrong sign.

3. SATD dynamics

As for the Hermitian case, the SATD-modified
non-Hermitian Hamiltonian Ĥsym,SATD(t ) = Ĥsym(t ) +
Ŵsym,SATD(t ) generates a dynamics that maps an eigenmode
|ψi(0)〉 of Ĥsym(t ) prepared at t = 0 to |ψi(t0)〉 without
occupying |ψi(t )〉 at all times. We show this in Figs. 6(a) and
6(b) where we plot the transition probability Pi,i(t ) (thin solid
purple trace) as a function of time for �0t0 = 5 for i ∈ {+,−}.
The transition probability obeys Pi,i(0) = Pi,i(t0) = 1 while
Pi,i(t ) �= 1 as expected. The numerics were performed with
the same control loop as the one used in Sec. III E 1.

We also show in Figs. 6(c) and 6(d) the behavior of the
state-dependent fidelity errors Ei,i(t0) as a function of �0t0 [see
Eq. (31)] for i ∈ {+,−}, respectively. Our results show that
for a valid SATD protocol (see Sec. III F 1) we can always map
|ψi(0)〉 to |ψi(t0)〉. This implies that although the dynamics
generated by Ĥsym,SATD does trace the ideal eigenvalue braids
associated with Ĥsym[γ (ε)], it still allows one to generate the
topological permutation operation defined in Eq. (25).

Similar to our analysis of the TD correction in Sec. III E,
we check whether the nontrivial braids traced by Ĥsym,SATD(t )
are linked to encircling an EP associated with the modified
spectrum. Our results are displayed in Fig. 7(b) where we
show as a function of loop time �0t0 and radius 
0/�0 a
map indicating whether an EP of Ĥsym,SATD(t ) is encircled
or not when a nontrivial braid is traced. We check this using
1 � �0t0 � 50, 0.1 � 
0t0 � 1, ϕ = 0,�0 = �0/2, and d =
1. Similarly to TD (see Sec. III E), we conclude that a valid
SATD protocol always leads to a nontrivial braid regardless
of winding around an EP associated with Ĥsym,SATD(t ).
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FIG. 10. RMS amplitude for SATD correction. (a) Comparison
of RMS [see Eq. (32)] amplitudes between uncorrected case (UC,
solid lines) and SATD (dashed lines) for ϕ = 0 (blue and orange
traces) and ϕ = π (purple and green). Example of (b) real and
(c) imaginary parts of gx (t ) [see Eq. (39)] for �0t0 = 5. There is no
appreciable difference for the gz(t ) control field. Choosing ϕ = π

yields control fields with an overall reduced amplitude.

4. Choice of initial control loop

In Sec. III D, we discussed that there exist choices of base-
points for the same contour that can lead to the imaginary part
of the spectrum to be antisymmetric with respect to t = t0/2.
Evolving the system along the associated control loop and
fine-tuning the duration of the loop leads to Pi,i(t0) = 1 for
i ∈ {+,−} (see Fig. 5), but with Pi,i(t ) �= 1 for intermediate
times.

In Fig. 10(a), we compare the RMS amplitude [see
Eq. (32)] of the fields needed to implement the initial (uncor-
rected, UC) circular control loop (solid traces) [see Eq. (22)]
and the associated SATD protocol (dashed traces) as a func-
tion of loop time �0t0 for both ϕ = 0 (blue and orange traces)
and ϕ = π (purple and green traces), with the latter choice
yielding a spectrum with an antisymmetric imaginary part
with respect to t0/2. In our numerics, we further use 
0 =
�0 = �0/2, ϕ = 0, and d = 1.

Deriving the SATD correction from a control loop with
basepoint ϕ = π yields on average a modified protocol that
requires less resources to be implemented. In particular,
choosing ϕ = π and tuning the loop time �0t0 to yield qua-
siunitary dynamics [see Figs. 5(b) and 5(c)] leads to SATD
control fields that have an amplitude that is more than 50%
smaller than those obtained with ϕ = 0. We illustrate this
behavior in Figs. 10(b) and 10(c) where we plot the real and
imaginary parts of gx(t ) [see Eq. (39)] for �0t0 = 14.5, re-
spectively. The orange (green) traces in Figs. 10(b) and 10(c)
correspond to choosing ϕ = 0 (ϕ = π ).

In contrast to TD (see Sec. III E 2), the resources needed
to implement SATD can largely be reduced by choosing an
initial control loop that yields a quasiunitary dynamics that

almost perfectly maps |ψi(0)〉 to |ψi(t0)〉. This simply follows
from the SATD philosophy, which does not enforce the ideal
adiabatic dynamics at all times, but only at the initial and final
times. Thus, for those special control loops, SATD needs to
correct the dynamics “less,” which translates into correction
fields with smaller amplitudes.

G. Robustness analysis

For Hermitian systems, STAs inherit some of the ro-
bustness against parameter uncertainties from the adiabatic
protocol they originate from [40,45,47,82,83]. Since pa-
rameter uncertainties are a form of quasistatic noise, they
induce small-amplitude, noise-mediated transitions that are
suppressed due to a large energy gap between instantaneous
eigenmodes. To a certain degree, this behavior is an extension
of the adiabatic theorem for small-amplitude, noise-mediated
transitions between eigenmodes.

For non-Hermitian systems, however, since the adiabatic
theorem does not hold (see Sec. II B), one might conclude that
STAs offer no intrinsic form of robustness against parameter
uncertainties. While this is true in the long loop-time limit
(�0t0 � 1), where any small-amplitude transitions from the
most- to the least-lossy mode are exponentially amplified
(see Sec. III C), it is not the case in the short loop-time
limit (�0t0 � 1) since noise-mediated transitions are only
marginally amplified.

To understand how parameter uncertainties give rise to
noise-mediated transitions, it is enough to consider the sce-
nario where there is an uncertainty in the amplitude of the
control fields of Ĥsym (see Eq. 13) generating the control
loop γcirc{p[ε(t )]}. Specifically, we take the parameter 
0 [see
Eq. (22)] to incur an uncertainty of δ
0. Here, without loss of
generality, we assume that δ
0 is characterized by a normal
Gaussian distribution

p(δ
0) = 1

β
√

2π
exp

[
−1

2

(
δ
0

β

)2
]
, (40)

with mean 〈δ
0〉δ
0 = 0 and variance 〈δ
2
0〉δ
0 = β2, where

〈·〉δ
0 denotes averaging over the stochastic variable δ
0.
Within this framework, the non-Hermitian Hamiltonian

describing the evolution of the system is Ĥsym,imp(t ) =
Ĥsym(t ) + δ
0σ̂z, which in the adiabatic frame of Ĥsym(t )
takes the form

Ĥad,imp(t ) = Ŝ−1
ad (t )Ĥsym,imp(t )Ŝad(t ) − iŜ−1

ad (t )∂t Ŝad(t )

= Ĥad(t ) + δ
0(cos [2θ (t )]σ̂z − sin [2θ (t )]σ̂x ),
(41)

with Ĥad(t ) given in Eq. (27). Equation (41) shows that any
uncertainty on the parameter 
0 will result in nonadiabati-
clike transitions that cannot be corrected with STAs since the
value of δ
0 is unknown.

To illustrate the robustness of STAs in the short-time limit,
we plot in Fig. 11 the noise-averaged average fidelity error

〈Ei, j (t )〉δ
0 = 1 − 〈Pi, j (t )〉δ
0

= 1 −
∫ ∞

−∞
dδ
0 p(δ
0)

|〈ψ j |
̂ad,imp(t )|ψi〉|2∑
j |〈ψ j |
̂ad,imp(t )|ψi〉|2

(42)
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FIG. 11. Robustness of STAs against parameter uncertainties.
(a) Average state fidelity error 〈E+,+(t0)〉 [see Eqs. (31) and (42)]
as a function of �0t0 for the circular control loop γcirc [see Eq. (26)]
using ϕ = 0. (b) Same as panel (a) but with ϕ = π (see Fig. 5 and
Sec. III D). (c) Same as panel (a) for 〈E−,−(t0)〉. (d) Same as panel
(c) for ϕ = π .

as a function of the loop time �0t0 for the uncorrected circular
control loop [see Eq. (22)] (UC, blue trace) and the associated
TD (orange trace) and SATD (purple trace) protocols for both
ϕ = 0 [see Fig. 11(a) for i = j = + and Fig. 11(c) for i = j =
−] and ϕ = π [see Fig. 11(b) for i = j = + and Fig. 11(d)
for i = j = −]. The numerics were performed by choosing
4 � �0t0 � 50,
0 = �0 = �0/2, ϕ = 0, and d = 1.

Our results show the anticipated behavior: Non-Hermitian
STAs provide a certain degree of robustness against parameter
uncertainties in the short loop-time limit and allow one to
generate the desired topological operation with high-fidelity
for loop times fulfilling the condition �0t0 � 7.

In principle, the non-Hermitian versions of TD and SATD
should allow one to realize eigenvalue braiding in an experi-
mental setup, even in the presence of uncertainties, given that
one performs a “fast” control loop. However, this requires one
to realize control fields with relatively large amplitudes since
the correction fields scale like 1/t0 [see Eq. (30) for TD and
Eq. (37) for SATD].

In the next section, we show how an appropriate choice
of dressing leads to control fields with a moderate amplitude
even in the short loop-time limit. This type of STA can be
much easier to implement for a given experimental platform.

1. Reduced amplitude dressed driving

We design a dressing that yields control fields with an RMS
amplitude [see Eq. (32)] smaller than TD and SATD in the
short loop-time limit. To this end, we consider a modification
of the SATD dressing angle given by

μmod(t ) = − arctan

[
1
2 θ̇ (t )

λ(t )[1 + F(t )]

]
, (43)

FIG. 12. Comparison of resources needed to implement different
STAs. (a) RMS amplitude as a function of �0t0 for the circular
control loop γcirc [see Eq. (26)] with basepoint at ϕ = 0. (b) Sim-
ilar to panel (a), but with ϕ = π . (c) Absolute value of gx[i] for
i ∈ {μ, μmod} [see Eqs. (34), (39), and (43)] showing the overall
improvement in field magnitude for �0t0 = 10 and ϕ = 0. (d) Same
as panel (c) but for gz. In panel (c), we plotted WTD for comparison
[see Eq. (30)].

where

F(t ) = A exp

[
−

(
t − t0/2

ν

)2n
]

(44)

is a hyper-Gaussian mask function with free parameters A,
ν, and n. The purpose of F (t ) is to reduce the overall am-
plitude of the control fields gx(t ) and gz(t ) [see Eq. (39)] by
substituting μ(t ) → μmod(t ) since the fields are proportional
to the amplitude of μ(t ) and its first derivative. This defines
a different STA that we coin Reduced Amplitude Dressed
Driving (RADD).

To minimize the amplitude of gx(t ) and gz(t ), we look
for the set of values {A, ν, n} that minimize the RMS ampli-
tude [see Eq. (32)] of the control fields for a given t0. The
minimization procedure is done by considering finite ranges
for A, n, and ν. We chose A ∈ [10−2, 10], n ∈ [1, 7], and
ν ∈ [t0/25, t0/3].

In Fig. 12(a), we plot the RMS amplitude as a function of
loop time �0t0 for the uncorrected fields of Ĥsym(t ) (UC, blue
trace) [see Eq. (13)] and the associated TD (dashed orange
trace), SATD (solid purple trace), and RADD (dashed green
trace) STAs. The numerics were performed with 1 � �0t0 �
20,
0 = �0 = �0/2, and d = 1.

As our results show, there is a range of control loop times
�0t0 � 10 for which the control fields associated with the
RADD dressing have an RMS amplitude smaller than those of
TD and SATD. For �0t0 = 7, we found that the upper-bound
limit of loop times yields robust STAs in spite of parameter
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imprecisions [see Fig. 11], and the RADD RMS value is
similar to TD and UC and 25% smaller than SATD. Similarly
to SATD, RADD allows one to trace an eigenvalue braid that
is not necessarily equivalent to the eigenvalue braid defined
by Ĥsym, but still fulfills Eqs. (24), thus generating the desired
topological operation [see Eq. (25)].

We can further reduce the RMS amplitude of the control
fields by choosing the basepoint of the control loop such
that Im[λ±(t )] is antisymmetric with respect to t = t0/2, i.e.,
setting ϕ = π and �0 = �0/2 (see Fig. 5 and Sec. III D).
We compare in Fig. 12(b) the RMS amplitudes of the fields
when ϕ = π . At �0t0 = 7, the RADD RMS (dashed green
line) is similar to that of the UC fields (blue trace) and TD
(dashed orange trace), and 45% smaller than SATD (solid
purple trace). Moreover, we find that the RADD RMS value
for ϕ = π is 25% smaller compared to the RADD RMS value
for ϕ = 0.

As a consequence of reducing the RMS amplitude, RADD
also reduces the overall amplitude of the control fields. To
highlight the improvement in the field amplitudes, we com-
pare in Figs. 12(c) and 12(d) the absolute value of gx(t ) and
gz(t ) between RADD (orange trace) and SATD (blue trace)
for �0t0 = 7 and ϕ = 0, respectively. We stress that we have
chosen ϕ = 0 instead of ϕ = π , which is a better choice
at reducing the RMS value, to show that RADD generally
produces control fields with smaller RMS values than SATD
(by design) regardless of which parameter regime we use.
Our results show that RADD reduces the overall field am-
plitudes, while yielding low average fidelity errors. For the
chosen loop time, �0t0 = 7, we have an average fidelity error
of 〈E−,−〉 � 10−3 [see Fig. 11(c)], associated with generating
the topological operation defined in Eq. (25).

We stated that �0t0 = 7 is the upper-bound limit for loop
times to be robust against parameter imprecisions, but as our
results indicate it is also the lower-bound limit that yields
control fields with “reasonable” amplitudes. Since the control
field amplitude of TD scales like 1/t0 [see Eq. (30)] and that
of SATD and RADD like 1/t2

0 [see Eq. (39)], one cannot
arbitrarily shorten the control loop time. This would result
in impractical control fields. We surmise this behavior to be
linked to the existence of a speed limit akin the quantum speed
limit [84].

H. Experimental realization

We now provide an example of an experimental platform,
where our control schemes can be realized.

We consider an optomechanical setup with two laser
drives, such that each mechanical mode is coupled to two opti-
cal modes [63]. Tracing out the degrees of freedom associated
with the optical modes leads to the effective non-Hermitian
Hamiltonian given by

Ĥ =
2∑

j=1

(
ωmech, j − i

γmech, j

2
− ig2

jη
)
| j〉〈 j| − iηg1g2σ̂x,

(45)

where ωmech, j , γmech, j , and g j are the frequency, damping rate,
and optomechanical coupling constant of the jth mechanical
mode, respectively. The complex mechanical susceptibility η

is given by

η = PL

h̄�L, j

κin, j

(κ/2)2 + δ2
0

×
[

1

κ/2 − i(ω0 + δ0)
− 1

κ/2 + i(−2ω0 + δ0)

]
,

(46)

where δ0 is the mean detuning between the laser and the
cavity, κ is the linewidth of the cavity, κin is the input coupling
rate of the cavity, ω0 = (ω1 + ω2)/2, PL is the power of the
laser, and �L its frequency. Equation (45) can be made time
dependent by making both the power and frequency of the
laser time dependent. Within this framework, the effective NH
Hamiltonian describing the evolution of the optomechanical
setup resembles the two-mode NH Hamiltonian defined in
Eq. (13).

By mapping Eq. (45) to Ĥsym(t ) + ĤRADD(t ) [see Eqs. (13)
and (43)], we can find the modified time-dependent optome-
chanical NH that allows one to generate the desired braiding
operations. This procedure reduces to solving two equa-
tions for two unknowns: PL(t ) and δ0(t ).

IV. EXAMPLE: TRANSITIONLESS DRIVING
FOR THREE-MODE SYSTEM

To showcase the generalizability of our framework for de-
signing STAs for non-Hermitian systems, we provide a simple
example of applying transitionless driving for a three-mode
system. In the two-mode case, we benefited from a simple
subspace of exceptional points and the fact that we can always
analytically diagonalize a 2 × 2 matrix. In the three-mode
case, and in general for larger n-mode systems, we can no
longer rely on these properties since we now have a non-
trivial subspace containing EP2’s and EP3’s, and analytical
diagonalization can be cumbersome. However, any 3 × 3 NH
Hamiltonian can be reduced to its Arnold-Jordan normal form
[85], which describes an NH Hamiltonian near its EP3, and
can always be analytically diagonalized. We can therefore
proceed with deriving STAs analytically and generalize the
framework to all three-mode non-Hermitian Hamiltonians.

We start with the Arnold-Jordan normal form for a general
three-mode non-Hermitian Hamiltonian

Ĥ3×3(p) = |0〉〈1| + |1〉〈2| + f |2〉〈0| + g|2〉〈1|, (47)

where f , g ∈ C, p = (Re[ f ], Im[ f ], Re[g], Im[g]), and Ĥ3×3

contains both EP2’s and an EP3. The eigenvalues are

λn(p) = e(2π i/3)nC(p) − g

3e(2π i/3)nC(p)
, (48)

where

C(p) = ξ (p)
3

√
− f

2
+ cos[χ (p)]

√
f 2

4
+ g3

27
, (49)

and n ∈ {0, 1, 2} labels the eigenvalues of Ĥ3×3. To ensure that
Eq. (48) is holomorphic, we have to consider the branch cuts
of both the square and cube roots. Here, the function χ (p)
has the same role as Eq. (23); it accounts for the phase shift
incurred when crossing the branch cut. For the cube root, the
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FIG. 13. Comparison between 〈2|Ŵ3×3,ad,TD|2〉 and 〈2|
Ŵ3×3,ad,TD,nat|2〉 [see Eq. (53)] for the (a) real and (b) imaginary
parts.

function that accounts for the phase shift is given by

ξ (p) =
∑

s

ei(2π/3)ms�(p − ps), (50)

where ps corresponds to parameter values that map to branch
cut and ms dictates which phase to apply; at ps, if λ0 → λm,
ms = m for ms ∈ {1, 2}.

The holomorphic eigenvectors are thus given by

|ζn(p)〉 = |0〉 + λn(p)|1〉 + λ2
n(p)|2〉 (51)

and the change of frame operator by

Ŝ3×3,ad(p) =
2∑

n=0

|ζn(p)〉〈ζn|. (52)

Since we wish to dynamically braid the eigenvalues of Ĥ3×3,
we make p → p(t ). We then parameterize a control loop that
encircles both EP2’s and the EP3 (details of the control loop
parameterization are given in Appendix B). This allows us to
build the noninertial term, and consequently the TD correction
[see Eq. (30)]

Ŵ3×3,ad,TD(t ) = +iŜ−1
3×3,ad(t )∂t Ŝ3×3,ad(t ). (53)

In the two-mode case, ŴTD benefited from certain symmetries
that allowed one to ignore the need for holomorphic functions.
This behavior does not extend for the three-mode system or
for higher dimensional systems in general. We show this by
plotting the matrix element 〈2|Ŵ3×3,ad,TD|2〉 as a function of
�0t in Fig. 13. We compare the nonholomorphic ŴTD,nat and
holomorphic ŴTD expressions. The nonholomorphic version
is defined when χ (t ) = 0 and ξ (t ) = 1. The need for holo-
morphic functions is clearly shown as multiple discontinuities
are present in ŴTD,nat and absent in ŴTD.

V. CONCLUSION

In this work, we have demonstrated how to construct
shortcuts-to-adiabaticity non-Hermitian systems in the pres-
ence of EPs. Failing to account for the latter and naively
following the recipe developed for Hermitian Hamiltonians
will lead to control schemes that do not generate the desired
dynamics.

We found that valid NH STAs, in stark contrast to the
Hermitian case, do not lead to a family of control schemes

characterized by the protocol duration. Besides the fundamen-
tal aspect, this has practical implications since a given NH
STA may be constrained to long protocol durations. As we
have discussed, NH STAs are unstable in this regime in the
presence of parameter uncertainties.

The lack of inherent robustness limits the use of celebrated
protocols like TD and SATD in realistic settings, but as we
have shown the versatility of our approach allows one to find
STAs that are robust against parameter uncertainties and con-
strained in terms of experimental resources. Our results pave
the way toward another class of control protocols, for both
classical and quantum systems, that leverage the interplay
between coherent and incoherent dynamics.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [86].

APPENDIX A: CRITERIA FOR EIGENVALUE BRAIDING

For a two-mode system described by a symmetric NH
Hamiltonian, i.e., Tr[Ĥ (t )] = 0, the following conditions hold
true:

(I) : λ±(0) = λ∓(t0) = λ±(2t0),

(II) :
∫ t0

0
dtλ±(t ) �= 0,

∫ 2t0

0
dtλ±(t ) = 0,

(A1)

where λ±(t ) are the holomorphic eigenvalues associated with
the NH Hamiltonian Ĥ (t ).

Condition (I) expresses the fact that encircling an EP2

twice with a control loop that results from the concatenation of
two loops with the same orientation brings the spectrum back
to its original position on the Riemann surface associated with
the spectrum of Ĥ (t ).

Condition (II) follows from condition (I) and expresses
the fact that encircling an EP2 twice with a control loop that
corresponds to the concatenation of two identical loops leads
to λ±(t ), t ∈ [0, 2t0], to be an antisymmetric function with
respect to t = t0.

APPENDIX B: THREE-MODE PARAMETERIZATION

We parameterize control loops for Ĥ3×3 [see Eq. (47)] by
following a parameterization provided in Ref. [21] that maps a
4D space to 3D in order to design and visualize control loops
that encircle an EPk . We start by defining the mapping

Re[x(t )] = 1 − X (t )2 − Y (t )2 − Z (t )2

1 + X (t )2 + Y (t )2 + Z (t )2
,

Im[x(t )] = 2Z (t )

1 + X (t )2 + Y (t )2 + Z (t )2
,

Re[y(t )] = 2X (t )

1 + X (t )2 + Y (t )2 + Z (t )2
,

Im[y(t )] = 2Y (t )

1 + X (t )2 + Y (t )2 + Z (t )2
, (B1)

033274-14



TOPOLOGICAL OPERATIONS AROUND EXCEPTIONAL … PHYSICAL REVIEW RESEARCH 7, 033274 (2025)

where

X (t ) = {(D − r) sin[ρ] + r sin[ρ + 2πε(t )]} cos[τ ],

Y (t ) = {(D − r) sin[ρ] + r sin[ρ + 2πε(t )]} sin[τ ],

Z (t ) = (D − r) cos[ρ] + r cos[ρ + 2πε(t )] (B2)

describe the 3D coordinates for the control loop plotted using the stereographic projection

(X,Y, Z ) →
(

Re[y]

1 − Re[x]
,

Im[y]

1 − Re[x]
,

Re[x]

1 − Re[x]

)
, (B3)

which uses spherical polar coordinates (D, ρ, τ ) and has a pole at (0, 0, 1, 0). Here, ε(t ) is given by Eq. (26). The control loop
has an initial basepoint of D = 2.5, ρ = 5π/12, τ = −π/12 with radius r = 1.2, and d = 1, �0t0 = 5. The loop defined by this
projection generates the results in Fig. 13. This choice is convenient for visually representing the control loops, the line of EP2’s,
and EP3, as defined in Ref. [21].
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