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Sequential analysis in a continuous spin-noise quantum sensor
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Many control and detection applications require real-time analysis of signals from sensors, in order to quickly
and accurately act upon events revealed by the sensors. Such signal analysis benefits from statistical models of
signal and sensor behavior. This creates a need for data analysis methods that are simultaneously model based,

computationally efficient, and causal, in the sense that they employ only sensor data available prior to a specific
point in time. In this work, we implement sequential data analysis techniques on a spin-noise-based quantum
sensor to perform two key tasks: hypothesis testing and quickest change-point detection. These online protocols
allow us to detect weak magnetic fields by adaptively collecting measurement data until a predefined confidence
threshold is reached. We demonstrate these methods in a realistic experimental setting and derive performance
bounds for the achievable precision and response time. Our approach has potential utility when detecting
small perturbations to the magnetic field, in both applied and fundamental contexts including biomagnetism,
geophysical surveys, detection of concealed materials, searches for dark matter candidates, and exotic spin
interactions. Our results demonstrate that sequential techniques enable faster and more sensitive detection,

making them a powerful tool for quantum sensing.

DOI: 10.1103/272j-864q

I. INTRODUCTION

Continuously monitored quantum systems, such as atomic
magnetometers and optomechanical sensors, offer a promis-
ing avenue for ultraprecise quantum sensing [1-11]. These
platforms provide opportunities for real-time statistical infer-
ence in applications ranging from biomedical diagnostics to
materials characterization [5,10,12]. Their ability to operate
in real time makes them particularly suitable for detecting
and tracking stochastic time-varying signals. As such, they
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play a key role in applications requiring online and efficient
detection of abrupt transitions or sudden changes in dynamics.

Despite remarkable theoretical and experimental progress
[13-29], many aspects of real-time quantum sensing protocols
remain largely unexplored.

In most standard approaches to inference tasks, particularly
in hypothesis testing, signal information is analyzed only af-
ter data collection or after multiple experimental repetitions,
thereby limiting the possibility of real-time decision-making.
Sequential analysis offers a fundamentally different paradigm:
Decisions are made progressively as data arrives, enabling
real-time inference while maintaining rigorous statistical
guarantees. Sequential analysis has deep roots in classical
statistics dating back to Wald’s pioneering work in the 1940s
[30]. The field has experienced significant renewed interest
across multiple scientific domains. Modern developments in-
clude algorithms for quickest detection of abrupt changes in
data streams [31], and theoretical advances in safe anytime-
valid inference and e-processes [32] that address fundamental
challenges of continuous monitoring, optional stopping, and
decision-making under finite data constraints. These meth-
ods have found increasing practical application in large-scale
hypothesis-testing scenarios, from clinical trial monitoring to
high-throughput experimental platforms.

A few seminal works have laid the foundation for quan-
tum sequential analysis in settings where identically prepared
copies of a quantum system are supplied on demand. In
Refs. [33,34], the quantum analog of Wald’s [30] problem of

Published by the American Physical Society
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sequential hypothesis testing was developed. In this setting,
one aims to determine whether a quantum source is emitting
states pg or pj, using measurements on successive, identically
prepared systems, and stopping the process once sufficient
evidence has been accumulated to make a reliable decision
within a given confidence level. Similarly, Lorden’s [35] clas-
sical problem of quickest change-point detection (QCPD),
which seeks to identify as promptly as possible the moment
when the statistical properties of a sequence change, was
extended to the quantum domain in Ref. [36]. There, the
system emits quantum states initially prepared as py, which
at an unknown time switch to p;, and the task is to detect this
change with minimal delay while keeping false alarms under
control. These works have established fundamental bounds on
performance in such independent and identically distributed
(IID) quantum scenarios, showing that the relevant asymptotic
figure of merit is the quantum relative entropy D(pg] p1), just
as the Kullback-Leibler divergence plays a central role in
classical statistics. More recently, quantum-enhanced strate-
gies for quickest change-point detection have been applied in
the context of quantum communication [37-39], indicating
their relevance for real-time decision-making across a broad
range of quantum technologies. Related inference or stop-
ping rule problems have appeared implicitly in early studies
of continuous quantum error correction and quantum filter-
ing, where random error events were inferred from noisy
continuous measurement records and corrected via real-time
feedback [40,41].

This paper considers a distinct quantum sensing paradigm
in which, instead of performing a sequence of measurements
on an increasing number of independently prepared copies,
a continuous sequence of measurements is carried out on
the same quantum system. The goal is to discriminate be-
tween alternative internal dynamics governing the system.
This approach, explored theoretically in the context of binary
hypothesis testing using sequential strategies [42], offers no-
table advantages: It enables real-time analysis of individual
trajectories without requiring ensemble averages, and it can
significantly reduce measurement time by allowing data col-
lection to stop as soon as a hypothesis is identified with the
desired level of confidence.

In this work, we report what is, to our knowledge,
the first experimental implementation of sequential analysis
methodologies in continuously monitored quantum sensors.
We demonstrate this framework using two foundational se-
quential analysis primitives, sequential hypothesis testing and
quickest change-point detection, applied to atomic spin-noise
magnetometry. Atomic magnetometry is among the most
mature and widely adopted in quantum technologies, with
demonstrated relevance in diverse fields [24]. The sensing
platform of optically pumped and probed atomic vapors is ap-
plied in medicine [43,44], materials science [45], geophysics
[46], space science [47], and fundamental physics [48,49].
The statistical properties of spin-noise dynamics has been
studied extensively [50-52], including quantum-enhanced
spectroscopy with squeezed light [53,54] and measurement-
induced spin squeezing [55], and found to have excellent
agreement with gaussian statistical models [22,56], includ-
ing in high-density regimes dominated by spin-exchange
interactions [57,58].

This work is structured as follows: In Sec. II, we present
hypothesis testing, both deterministic and sequential strate-
gies, and quickest change-point-detection scenarios. Here, and
throughout this work, we use the term deterministic to refer
to standard approaches that rely on a predetermined, fixed
number of samples, in contrast to sequential strategies, where
the number of samples is stochastic, as it depends on previous
measurement outcomes. In Sec. III, we explain the physical
model, the dynamics behind the spin-noise quantum sensor,
and the probability distribution that the observations follow.
We then proceed in Sec. IV to show the experimental data and
how we tackle the problem of low-frequency spurious noise in
the system. With this at hand, in Sec. V we present the results
of sequential analysis in the spin-noise system. Finally, in
Sec. VI we derive the optimal asymptotic performance limits
for the studied inference strategies.

II. SEQUENTIAL ANALYSIS: BASIC CONCEPTS
AND METHODS

To introduce the class of sequential strategies considered
in this work, we begin with sequences of n observations
denoted by R, = (R;, ..., R,)T, where n may grow as new
data become available. In hypothesis testing, we are given two
known models labeled 2 = 0 and & = 1, with the assumption
that the sequence R, is generated by one of them. The goal
is to sequentially evaluate the plausibility of these hypothe-
ses as more observations are collected, terminating when the
evidence reaches a predetermined confidence level.

The change-point-detection scenario, on the other hand,
assumes that the observations initially follow model & = 0,
but may transition to model # = 1 at some unknown point in
the sequence. Here, the task becomes monitoring the stream
of observations to detect such a change as quickly as possible
while controlling the rate of false alarm.

As we will shortly see, in both sequential hypothesis testing
and quickest change-point detection, the central quantity that
must be computed and monitored is the log-likelihood ratio
(LLR) statistic:

pl(Rn)
pO(Rn) .

Here, p;(R,) := p(R,|h;), fori = 0, 1, denotes the probability
density function of R,, under h;. Tracking this single scalar
statistic is sufficient to implement our optimal stopping rules
and inference decisions.

ey

Rn =1In

A. Binary hypothesis testing

In binary hypothesis testing, the goal is to decide which of
two mutually exclusive hypotheses, labeled 7 = 0 and & = 1,
correctly describes a system or process based on observed
data. Each hypothesis corresponds to a distinct probability
distribution for the observations. Since decisions are made
from finite noisy data, errors are unavoidable. These errors are
quantified by two standard metrics: the type-I error (false pos-
itive), a1, which occurs when & = 0 is rejected even though it
is true, and the type-II error (false negative), oy, which occurs
when 4 = 0 is accepted while the true hypothesis is & = 1.
Broadly, the goal of hypothesis testing is to design decision
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strategies that minimize these errors using the least amount of
resources, such as the minimum number of measurements or
samples.

1. Hypothesis testing with deterministic time

In the standard approach, a sequence of measurement data
of predetermined length  is collected, after which a definitive
decision regarding the true hypothesis is made. Such decision
faces an inherent trade-off between the two error probabilities
ap and o, which generally cannot be minimized simulta-
neously. Different testing paradigms emerge depending on
the optimization criteria. An asymmetric test strategy mini-
mizes one error probability while constraining the other below
a specified threshold, which is particularly relevant when
one error type carries greater consequences than the other.
In contrast, symmetric testing naturally appears in Bayesian
frameworks where prior probabilities {mg, 71} are assigned to
the different hypotheses. Here, the optimal strategy is the one
that minimizes the average error probability

Porror = ooty + m10. ()

In order to perform the optimal decision in these problems, it
is sufficient to compute the LLR statistic L,(R,,) from Eq. (1),
choose an appropriate threshold a, and carry out the likelihood
ratio test [59]:

(1) accepth =1,ifL, > a,

(2) accepth =0,if L, < a,
which renders the error probabilities,

a

ag=P(L, <a)= / p1(8)de,

o) =Py(Ly, 2 a) = / po(b)de, 3

where p,(£) is the probability density function of the test
statistic L, under hypothesis & =0, 1. The threshold a
controls the trade-off between type-I and type-II errors: De-
creasing a reduces «; at the cost of increasing o, and vice
versa. For equal prior probabilities (p = m;), the optimal
decision rule is the maximum-likelihood estimator, which cor-
responds to setting a = 0.

For a large number n of IID observations, the error prob-
abilities decay exponentially with n, with rates characterized
by fundamental information-theoretic quantities [59]. In par-
ticular, the Chernoff information

C(po, p1) := _05?31 lnfpo(x)spl(x)‘*fdx 4)

IS

determines the optimal error exponent for symmetric hypoth-
esis testing, satisfying

1
— lim —In Py = C(po, p1). 4)
n—oo n
In asymmetric hypothesis testing, the Kullback-Leibler diver-
gence (relative entropy)
po(x)
pi(x)

governs the optimal type-II error exponent. Specifically, when
constraining the type-I error probability ¢; < € for some con-

D(polip1) = /po(X) In dx (6)

stant € < 1/2, we have

. 1
— lim ;lnoto = D(pollp1)- (N

n—o0

This represents the fastest achievable error rate, as guaranteed
by the converse of Stein’s lemma [59]: Any attempt to achieve
a better error exponent would necessarily drive the type-I error
probability to 1, resulting in complete loss of discrimination
power.

Equivalent asymptotic expressions can also be derived for
(non-1ID) Gaussian noise processes, like those arising in our
setup (see Refs. [16,60] and Sec. VI).

2. Sequential hypothesis testing

In the context of continuously monitored sensors, rather
than fixing the duration of the experiment and then assessing
the error probability, it is more natural to perform inference
on the fly, continuing measurements until a desired error
threshold is reached. In this setting, the inference strategy
involves not only a decision rule but also a stopping time—a
criterion that dictates whether to continue or stop based on the
observations. Note that since the observations are stochastic,
the stopping time is itself a random variable.

In the Bayesian framework, such a stopping rule directly
follows from the operational requirement that one may stop
only when, based on the current measurement record, the
probability of correctly identifying hypothesis 2 = 0 is at least
so=1—¢€p,and thatof h = lisatleasts; =1 — ¢}, i.e.,

R,|h
PRy |y )Ty S 16 ®)
PR, |ho)mo + p(R,|hy)m

where k =0, 1 and we have made use of Bayes’ rule. The
above inequalities can be conveniently expressed in terms of
the log-likelihood ratio:

(1) Stop and accepth =0if L, < —ag := — ln(z—?lz—:‘)).

(2) Stopand accepth =1ifL, > a; := — ln(z—(‘)lz—f‘).

(3) Continue if —ag < L, < a;.

This protocol is known as the sequential probability ratio
test (SPRT) [30] and its stopping time is given by

N :=inf{n: L,(R,) ¢ (—aop, a1)}. )

p(h|Ry) =

Since the decision to stop depends only on data observed up
to time n < N, it defines a valid stopping time in the sense
of stochastic decision theory. Notice that for ¢) = €| = ¢, the
error probability from Eq. (2) satisfies Peyr < €.

‘Wald [30,61] showed that the thresholds ag, a; in the SPRT
algorithm are also in one-to-one correspondence with the
type-I and type-II errors, whose definitions do not involve
Bayesian priors. Specifically, for a process that stops either
at Ly = —agoratLy = ay,

l—e™@

oy =

I —e™®
T ew —emm’

— e~

= (10)
Wald and Wolfowitz [62] showed that, among all strategies
constrained by given type-I and type-II error bounds, the
SPRT minimizes the expected stopping time under each hy-
pothesis. Analogously to the deterministic error rates [Eqgs. (4)
and (6)] for sequential strategies, an asymptotic relation
connects the expected number of observations to the error
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bounds:

d E[N] ey
an ~——
! D(pillpo)

In a

E ~——
N B olon)
in the limit of small error bounds «g,a; < 1. Clearly,
sequential strategies achieve the same error probabilities
with far fewer observations on average. In particular, the
SPRT achieves the fastest possible exponential decay of
both error probabilities, each governed by the corresponding
Kullback-Leibler divergence. This is in contrast to fixed-
length (deterministic) strategies that can attain such a decay
rate for one error, but only at the expense of keeping the other
error probability finite.
In non-IID and quantum scenarios, recent works [33,34,42]
have also demonstrated the advantages of the SPRT, further
extending its relevance beyond classical settings.

B. Quickest change-point detection

Detecting abrupt changes in continuously monitored quan-
tum systems is a fundamental task, as it captures the general
challenge of identifying sudden shifts in the underlying
dynamics while balancing detection speed and reliability.
Beyond its conceptual importance, this problem has direct
practical relevance in contexts such as early detection of fires
or hazardous substances, or other environmental and medical
monitoring, where timely responses to unexpected events are
crucial.

In this subsection, we review the problem of quickest
change-point detection, which aims at identifying a sudden
change in the underlying quantum dynamics while minimiz-
ing both false alarms and detection delay. The cumulative
sum (CUSUM) algorithm first proposed by Page [63] is one
of the most widely used methods for quickest change-point
detection. Its popularity stems from two main features: its
computational efficiency, which allows real-time implemen-
tation, and optimality under certain mild conditions. In the
IID scenario, Lorden [35] showed that CUSUM minimizes the
worst mean detection delay among the strategies with a given
bound on the mean false alarm time. Lorden’s asymptotic
optimality proof was later shown to hold also for finite times
[64,65]. The CUSUM algorithm was extended to non-iid set-
tings and its asymptotic optimality was also proven under
some reasonable conditions by Lai [66].

In the IID quickest change-point-detection problem, the
observations are assumed to be independent and distributed
according to a prechange distribution po(R,) before the un-
known change time n < v and a postchange distribution
p1(R,) for n > v. In more general, non-IID settings, the sta-
tistical model is specified through the conditional distribution
of each observation given the past: The probability density
function of R, conditional on R; - - - R,_1, is given by

forn <v

Po(Ry|Ry -+~ R,_1), (before change), (12)

p1(RyRy---R,—1), forn>v (postchange). (13)
The CUSUM algorithms can be described in terms of the

likelihood ratio between the change-point occurring at time

1 < k < n and no change occurring in that time:
L& .— 1n p1(Ry:) (14)
" pO(Rlzn)
1) po(RilR - [Tk P (RilR1i—1)
[T, po(Ri|R1:i—1)

PI(R |Ri:i—1)
L RiR ZAL” (1>)

where the likelihood ratio increment at step i is defined as

AL = In Pl(Ri|R1:571)’ (16)
Po(Ri|Ry:i—1)
which is positive whenever the event at 7 is more likely to be
caused under the changed hypothesis than under the default
one.
The crucial statistic is the cuamulative sum:

n

M, = max L;. (17
1<k<n &=

= In

The CUSUM algorithm outputs change-point detection when-
ever this quantity exceeds a given threshold a and the
corresponding stopping, or detection, time is given by

= inf{n : M, > a}. (18)

The threshold a is chosen so that the mean false alarm time is
guaranteed to exceed a given positive number:

Tea ;= Eo(T) > Ina. (19)

Under such condition on the false alarm time, Lai showed
that the stopping time 7" minimizes the worst-worst case mean
delay [31,66]

" :=supess sup E,(T — v|T > v, Ry.,). (20)

v=0
This figure of merit considers the worst delay over all pos-
sible locations of the change point and over (almost) all
measurement outcomes before the change. A less strict way
of assessing the performance of the protocol is the maximal
conditional average delay of detection:
=supbE, (T —v|T >v)<T". 20
v>0

We note that, as a valuable by-product, whenever the CUSUM
algorithm signals a detection, i.e., M, > a, the value of k that
maximizes Eq. (17) provides a very good guess of where
the change actually occurred. Indeed, from the definition in
Eq. (14) it is clear that it corresponds to the most likely
hypothesis 1 < k < n. That is, the CUSUM algorithm effec-
tively checks at every time step if the current measurement
record is a given factor more likely to be given due to a change
at a previous time than due to the default hypothesis.

In the IID setting, one can give a closed-form formula that
quantifies the trade-off between the false alarm time and the
mean detection time:

In TFA

T~ ——.
D(pollp1)

As we will see in Secs. VB and VI, in our setting a sim-
ilar relation holds where the regularized expectation value

(22)
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FIG. 1. Scheme of the atomic sensor: An ensemble of ’Rb atoms
precesses at the Larmor frequency w; under the action of an external
magnetic field B. A probe laser beam monitors this precession via
the Faraday effect, generating a photocurrent proportional to J,, the
z component of the collective spin, with added shot noise.

of the likelihood ratio plays the role of the relative entropy
D(pollp1)-

The same notation for T', Tra, v, T*, T will be used for both
index values in a time series and actual times (discrete or
continuous). The intended meaning will be clear from the
context or explicitly specified when needed.

III. SPIN-NOISE QUANTUM SENSOR

This section outlines the experimental setup of the quantum
sensor (Sec. Il A) and the corresponding probability distri-
bution of the measured signal (Sec. IIIB). These elements
provide the foundation for calculating the L, statistic in order
to apply the sequential protocols described in Sec. II. How-
ever, since computing L, directly from this distribution in
real time is impractical, in Sec. III C we present a recursive
method to obtain it using the so-called Kalman filter. Finally,
in Sec. IIID to enable an analytical and asymptotic analysis
of the log-likelihood ratio in further sections, we examine the
signal in the frequency domain and treat the dynamics of the
system as a linear time-invariant filter.

Our experimental setup for the spin-noise sensor is shown
schematically in Fig. 1. It consists of an ensemble of ¥’Rb
atoms, whose joint state is well described by the collective
spin operators J;, with components J;(¢) for i = x, y, z. These
operators capture the total spin of the ensemble at time ¢
and govern its dynamical evolution. Under the action of an
external magnetic field B = Be,, the atomic spin J, under-
goes a precession around the direction of B, at the so-called
Larmor frequency w;, which is proportional to the magnitude
of B. This precession can be continuously measured via the
magneto-optical Faraday effect, using an off-resonant light
beam propagating along the z axis and linearly polarized in the
x direction. As the spin precesses, the plane of polarization of
the probe beam rotates proportionally to J;, and this rotation
is detected by a polarimeter that outputs a photocurrent signal
carrying information about the spin dynamics, superimposed
with optical shot noise.

The measured photocurrent provides a continuous time
trace whose statistical properties are directly determined by
the underlying spin dynamics and, consequently, by the value
of the magnetic field through the Larmor frequency wy.
Atomic magnetometers based on this principle are among
the most sensitive magnetic-field sensors available, achieving
high precision without requiring cryogenic cooling, large su-
perconducting magnets, or other complex infrastructure. Their
relatively low cost, portability, and ability to operate under
ambient conditions make them attractive for a wide range
of applications, including biomagnetic sensing, geophysical
prospecting, navigation, and the detection of concealed metal-
lic objects. In this work, we focus on hypothesis-testing and
change-detection scenarios in which the magnetic field can
take one of two possible values, corresponding to differ-
ent Larmor frequencies. Such situations arise, for example,
when the presence of a nearby object perturbs a background
magnetic field or when a physiological signal induces a tran-
sient magnetic variation. Our goal is to determine, from the
continuously monitored photocurrent, which magnetic-field
hypothesis is realized and, in particular, to detect abrupt tran-
sitions between them as quickly as possible.

A. Experimental details

Isotopically enriched 8’Rb atoms are contained in a 3-cm-
long vapor cell filled with 100 torr of N? buffer gas (pressure
specified at room temperature). The cell is enclosed in four
layers of mu-metal shielding to suppress environmental mag-
netic fields. The atoms are heated inside a ceramic oven to
102 °C using intermittent Joule heating, yielding an atomic
number density of 8.2x10'? atoms/cm?. Induction coils
driven by a waveform generator (Keysight 33500B) followed
by a low-noise current source (TwinLeaf CSUA300) generate
DC magnetic fields along the x axis with strengths around
B~ 7.22uT, corresponding to a Larmor frequency of
wr ~ 2w x 50.5kHz. The bias magnetic-field step was im-
plemented via a pulse function from the waveform generator
and synchronized with the data acquisition system.

The polarization rotation of a linearly polarized probe
beam (830 uW) is measured with a shot-noise-limited po-
larimeter consisting of a half-wave plate, a Wollaston prism,
and a balanced photodetector (Thorlabs PDB450A). The
probe is derived from a tunable diode laser (Toptica DL.100)
operating at 795 nm, frequency stabilized via a fiber inter-
ferometer [67] to be 27 GHz blue detuned from the D' line.
The detector output is digitized with a National Instruments
PCI-4462 data acquisition card with 200 kSa/s sampling rate.
Data were collected in 200 repeated samples, each acquisition
lasting 2 s.

B. Physical model and underlying probability
distribution of the signal

The stochastic model that describes the dynamics of
the components of spin and the measured photocurrent
is described in detail in Ref. [22]. Relying on the It6
formulation for stochastic differential equations [68], the dy-
namics of the spin components in the transverse yz plane,
J: = (@), J.())T, are described by the Ornstein-Uhlenbeck
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process:
d], =A-Jdt + NaW, with A= <_” “’L>, (23)
—wp  —Y

N = /Q1,, and dW = (dW,, dW,)” with dW, and dW, two
independent Wiener noises. The matrix A encapsulates co-
herent Larmor precession at frequency w; and transverse
relaxation at rate y. Both y and the noise term with strength
N originate from different noise processes including atomic
collisions, optical depolarization, and transit-time broadening.
Together, these parameters define a linear Gaussian model for
the spin dynamics under continuous monitoring.

The photocurrent / generated by the optical detection pro-
cess is sampled at finite-time intervals t; = kA, where k € N
and A denotes the sampling period. The photocurrent captures
information about the collective spin while being affected by
optical shot noise £(#;), which is assumed to be Gaussian
and statistically independent of J,. The sensor output is thus
described by the discrete-time stochastic equation:

I = CJ, + &) = gpJ.(t) + E(t0), (24)

where € = gp(0, 1) defines the measurement coupling, with
gp the transduction constant. The measurement noise & () is
zero-mean Gaussian white noise & (t;) ~ N (0, Gy), with vari-
ance Gy = Spn/A Vk € N, where Sy, is the spectral density of
the photon shot noise.

In the steady state, the probability distribution of n
photocurrent observations, I, = (I, . .., I)T, follows a mul-
tivariate normal distribution I,, ~ A (u,,, T,), with mean o, =
0 and covariance matrix T, with elements (see Appendix A):

T =Ki_j,
with
0 _ Sph
Ki = g5 —e VKA kopA) + 8 o—=. 25
X gpzye cos (kwp A) + k0, (25)
Explicitly,
19T —1
exp (—i1' 7711,
plis o1y = SR T L), 26)

VQr)yrdet T,

From Eq. (26), one can see that the log-likelihood ratio L; , in
Eq. (1) is given by

1 detf"o,, 1 T (—1 PO
L n:—l ,\Y —I T _T 1717 27
1, 2 n(detlen)—i_z n( 0,n l,n) ( )

where 7}, , stands for the covariance matrix under hypothesis
h after n measurements. Notice that, since the process is
stationary, each descending diagonal (from left to right) of the
covariance matrix is constant; i.e., Tn is a Toeplitz matrix. We
will exploit this structure, as the spectral properties of Toeplitz
matrices and their associated functionals are well studied
(see Appendix B). For instance, the mean of L;, can be
immediately read off Eq. (27), by noting that E,[1,, f] = Th,n.
Similarly, the characteristic function of L; , under hypothesis
h, which completely determines its probability density func-

tion after n observations, can be computed as

i

iul, n:
b, (u) == E,[e™] = —. (28
v/ det(1 — iuDTj, )
A . -1 _ -l det Ty
where we defined D :=1; — 1, and n= £t_T(1J From

here, we can easily obtain the mth cumulant «,, ,, of the LLR
at time step n:
" p— d" In ¢ (u)

Fmn = du™

u=0
1 An 1
= E(m— 1)!Tr((DTh,n)m)+8m,1§1nn- (29)

In the limit of large n, for Toeplitz matrices arising from
short-memory stationary processes, such as those defined in
Eq. (27), the operator traces appearing in Eq. (29) can be
computed (see Appendix B):

W= =1y /OO (*?”’1(‘”) - ?’*”(w)>mdw
T 2w o \Sro(w)  Spi(w)

t ®© Sr.o0(w)

where t = nA and S; () is the power spectral density (PSD)
of the signal, given by the Fourier transform of the autocorre-
lation function, i.e.,

S”,(a)) = / Kh,te_lwtdl‘

o0
2 2
Y YV
=S + + Sph,
at()/“r(w—wL)2 V2+(w+wL)2> oh
31

with S 1= fb—y‘;’ Here, and in the following, the subleading
O(A) terms from the continuum approximation are omitted
for clarity. Also, with a slight abuse of notation, we write K;
for the continuous-time analog of the discrete K; of Eq. (25)
in the limit A — 0 and similarly generalize this notation to
other quantities.

Equation (30) shows that the mean, variance, and higher-
order cumulants of the log-likelihood ratio L; grow linearly
with time (up to subleading constant corrections), indicating
that the distribution of L; becomes increasingly peaked and
concentrates around its mean.

C. Hybrid Kalman filter for probability
distribution of the signal

The Kalman Filter provides a recursive Bayesian algorithm
to infer the hidden state of linear Gaussian systems. It is
widely used to estimate time-varying signals, as it yields the
optimal estimator minimizing the mean-squared error (MSE)
[69,70], e.g., in Ref. [22]. In our case, we use the KF not to
estimate the hidden signal itself, but to recursively compute
the probability distribution in Eq. (26).

The main idea is that the probability of the full measure-
ment record p(ly, ..., I,) can be built iteratively via the chain
rule. The recursion starts from a prior p(J,,), which we take
as the stationary distribution of the hidden process under the
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hypothesis being tested. The state is then updated recursively
through prediction and update steps as new observations be-
come available.

At step k = 1, after observing I}, we update the prior via
Bayes’ rule:

pUilJi) pdJs)
S pily) pde)ddy,

For k > 1, the prediction step propagates the posterior via the
state-space transition model:

p(Jt1|11) =

(32)

P(Jzklllzk—l)=/P(Jrk|Jzk,1)P(Jrk,] k- dly_,,

followed by the update

pUilJ ) pUJ i Mix-1)

I . =
P k) pIellik—1)

: (33)

with normalization
pUillig—1) = /P(1k|Jt,<)P(th|11:k71)d.]tk, 34)

where we have used the shorthand notation /1., = (I, ..., Iy).

Since both the dynamical model and the measurement
model are Gaussian, all these integrals can be computed ana-
Iytically, yielding Gaussian distributions at each step [71]. In
particular, p(I|I;.k—1) = N (i, crkz), where the mean u; and
variance okz are explicit symbolic functions of the model pa-
rameters and the previous data, computed recursively through
the Kalman filter equations.

By iterating these steps and using the chain rule, we obtain
the full likelihood of the observed data as

U—1)?
g e

pt) = [[plta = [[ = 39

k=1 k=1 /270

When comparing two hypotheses & = 0, 1, where each hy-
pothesis specifies different system parameters and therefore
distinct Kalman estimators (g 5, o,i 1) the log-likelihood ra-
tio reads

n o 1
Li,= Z In ==+ —— (I — pro)’
1 O, 1 20’]('0

~ 307, 0k = uk,l)z). (36)
Notice that Eq. (36) is the discrete-time counterpart of the
log-likelihood-ratio process derived in Ref. [42] for general
continuously monitored Gaussian systems. To account for
continuous dynamics with discretely sampled measurements,
we employ the continuous-discrete (hybrid) Kalman filter.
The explicit algorithm is detailed in Appendix C.

D. Process as a filter and probability distribution
in the asymptotic regime

As mentioned in the beginning of Sec. III, the dynamics of
observations comprised in Egs. (23) and (24) can be under-
stood as a linear time-invariant filter that inputs Wiener noise
and outputs the detected photocurrent.

A complete characterization of such continuous-time sys-
tems is provided by the transfer matrix function, which
describes the system in the Laplace domain and fully specifies
the response of the system to any input. By taking the Laplace
transform, denoted by L, of Eq. (23), we obtain

L(J,) = Hp(s)L(W,), (37)

where the transfer matrix is Hp(s) = (s1 — A)~".
Restricting the Laplace variable to the imaginary axis,
s = iw, yields the Fourier transform, F, of the system:

FJ,) = Hp(iw) F(W,). (38)

This expression allows us to understand the process as a
simple input-output relation in frequency domain in the long-
time limit. The output inherits the essential statistical features
of the input, shaped by the filter’s frequency response. In
particular, when W, is a stationary Gaussian process,' J; re-
mains stationary and Gaussian. By multiplying Eq. (38) by its
conjugate transpose, one can get a connection between their
asymptotic multivariate periodograms,

S;(®) = |Hp(iw)|*Sw(w). (39)

Evaluating |Hp(iw)|*> and taking the white noise input
E[Sw (w)] = Q1,, one recovers the well-known Lorentzian
line shape centered at the Larmor frequency:

0/2 + 0/2
V2+@—wo)?  yr+(o+o)?’

defined over w € (—o00, o). Note that, since the signal is
real valued, the Fourier components at positive and negative
frequencies are always complex conjugates of each other. In
addition, in the regime where w;, 3> y, the Lorentzian peak
centered at —w; contributes negligibly to the spectrum in
the positive-frequency domain. It is therefore sufficient to
consider only the positive-frequency branch:

/2
Y2+ (0 —wp)?’

To obtain the output signal from Eq. (24), we need to take
into account that J, enters in the photocurrent description
sampled at periods A and therefore an analogous analysis
in the discrete case must be carried out. In this scenario, the
equivalence of the s-domain representation is the so-called z
domain. The discrete version of the transfer function for our
system is

E[Ss. (@)] = (40)

L[Sy, (w)] ~ w € (0, 00). 41

Hi(z) = (1, — 27 (1, + AA)) !, (42)
and the frequency response, i.e., restricting z = e %,

Hp (%) = (1, — e ™2 (1, + AA)) 7, (43)

'For continuous-time stochastic processes (e.g., Wiener noise
appearing here) that are non-square-integrable, the Fourier trans-
form F(X;) must be understood as a finite-time, normalized limit:
FU) (@) :=limy_ o % fOT Jye~ dt, which ensures the transform
is well defined and properly captures the long-time spectral content
of the process [72].

033038-7



E. RODA-SALICHS et al.

PHYSICAL REVIEW RESEARCH 8, 033038 (2026)

with @ € (=%, %). Notice that now the frequency resolution

is bounded by the sampling frequency %. Finally, for a small
A, one can relate the continuous and discrete versions:
A

A8 ) = Wb L o1). (44)
Equipped with these results, and noting that the detected sig-
nal, 7 in Eq. (24), is linearly coupled to J plus some added
independent background noise, we can derive its PSD in the
limit of high sampling rate, i.e., small A, and recover the
Lorentzian profile found in Eq. (31).

Following the structure of the previous two subsections,
we now present the asymptotic probability distribution of the
signal in the continuum, long-time limit.

As discussed above, the statistical properties of the output
signal I, are inherited from those of the input white noises.
In particular, stationarity implies that for any time shift t,
the process I, has the same statistics as I;. Consequently,
the Fourier components F;(w) and e =% F;(w) must be iden-
tically distributed, which implies that the phase of F;(w) is
uniformly distributed over [0, 27). Since F;(w) is a linear
functional of a Gaussian process, it is itself a complex Gaus-
sian variable. The uniformity of the phase then ensures that the
real and imaginary parts of F;(w) are independent, identically
distributed Gaussian variables.

Moreover, stationarity also implies that the Fourier com-
ponents Fj(w) and Fj(w') are uncorrelated for w # o’
(excluding the case ' = —w, which is perfectly correlated for
real-valued signals, as noted above), and since they are jointly
Gaussian, they are statistically independent. Therefore, in the
frequency domain, F;(w) consists of independent complex
Gaussian variables across frequencies, each with independent
real and imaginary parts.

As a result, the power spectral density S;(w) = |F7(w)|?
is the sum of the squares of two independent, identically
distributed Gaussian variables; i.e., it follows a x 2 distribution
with two degrees of freedom or, equivalently, an exponential
distribution:

e—Sz(w)/Sl(w)’ (45)

p(Si(@)) = 5, ()

where S;(w) = E[S;(w)] is the mean power spectrum at fre-
quency o from Eq. (31) (see also Refs. [53,54]).

The joint probability distribution of the signal across all
frequencies factorizes into a product of exponentials given by
Eq. (45) at each frequency. In the continuum limit, this leads
to the following expression for the asymptotic log-likelihood
ratio:

o _
Lg ! In <M>dw

' om 0 S11(w)

- oo( : : >S()d (46)
— — — —— |Si(w)dw.

2 Jo \Sio(@) Sii(w)

That is, the LLR is given by a weighted sum of independent
exponential random variables and yields cumulants matching
the leading-order terms in Eq. (30), as expected in the large-
n limit. Indeed, these results are fully consistent with the
asymptotic diagonalization of Toeplitz covariance matrices
discussed in Sec. III B, where the Fourier basis asymptoti-
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FIG. 2. Representative time- and frequency-domain traces from
two datasets, corresponding to hypotheses differing in the magnitude
of the magnetic field, i.e., differing in our model [Eqs. (23) and (24)],
only through the Larmor frequencies, labeled w; ¢ and w; ;. The
values of w; and other model parameters are estimated in Sec. V A.
Top: example time traces before (left) and after (right) high-pass
filtering. Bottom: PSDs averaged over 200x2 s traces, before (green,
orange) and after (red, blue) filtering. The frequency response of the
filter is indicated on the right-hand y axis, and the inset (same units
as main) provides a close-up into 40-60 kHz near the Larmor peaks.

cally diagonalizes such matrices and the PSDs appear as their
eigenvalue spectra [73,74]. There exists a well-established
body of results (see Sec. IV B), which provides precise asymp-
totic expressions for functionals of Toeplitz matrices together
with rigorous results on their convergence rates. This frame-
work will allow us to systematically connect the infinite-size
limit with the corrections that arise at finite n.

IV. EXPERIMENTAL DATA, HIGH-PASS FILTER,
AND LOG-LIKELIHOOD RATIO

A. Experimental data and notch filter

The detection strategies considered in this work rely on
the assumption that the observed data align with the under-
lying theoretical model. However, the current physical model
does not account for low-frequency spurious noise, which is
particularly prominent near zero frequency and is ubiquitous
in laboratory environments. Figure 2 illustrates examples of
random traces corresponding to two different high Larmor
frequencies, where the presence of such low-frequency noise
can be clearly observed.

A complete characterization of this spurious noise that
could be incorporated into our model is futile, due to its
diverse and unpredictable origins. Instead, we address the
issue by applying a linear time-invariant causal filter to the
observations. The filter must satisfy three essential properties:
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first, it must be implementable in real time; second, it must
effectively suppress the unwanted noise; and third, its impact
on the relevant information in the data, specifically around
the Lorentzian peak, must be minimal. This last point will
be verified by quantifying the influence of the filter on our
primary statistic, L;, as will be shown in the next subsection.

For this purpose, we apply to the signal I,, the following in-
finite impulse response high-pass filter, designed to eliminate
the zero-frequency component and attenuate low-frequency
noise. Denoting the output by R, = (Ry, ..., R,)”, the result-
ing signal is

Ry = aRy_1 + Ja(ly — I,_y), 47

where the parameter 0 < o < 1 regulates the strength of the
filter.

Figure 2 shows the result of applying the high-pass fil-
ter to the time traces. The filtered signals are now centered
around zero, with low-frequency components effectively sup-
pressed, yielding data that better match the model predictions
of Egs. (23) and (24).

To understand the impact of the high-pass filter, we start
by noting that the transformation from I, to R,, is affine, and
therefore the Gaussianity of the observations is preserved.
Now, R, ~ N(0, $,), with R, = B,I, and %, = B,T,B!,
where 7, and B, are n x n Toeplitz matrices with matrix
elements, respectively, given by Eq. (25) and B; ; = /o (o —
Dali=/l 4+ /a2 — a)8; ;. After the filter stabilizes, ¥, also
becomes a Toeplitz matrix with diagonal entries X that for
high Larmor frequencies, i.e., far from spurious noises,

v g%)QV —blk|A 1
s (1= gm0 (3 B ) v )
(43)

where b is implicitly defined via @ = e™%* to facilitate tak-
ing the continuous-time limit. Notice that ¥, is essentially
proportional to 7; —the correlations that will give rise to the
Lorentzian centered at w;— since the term b /wj is small in
this regime. The other term in Eq. (48) is a contribution at zero
frequency that will be negligible by the functional in the LLR
expression.

In the frequency domain, the asymptotic transformation
from S;(w) to Sg(w) is given by the transfer function H, g () =

-1 7 . . .
Jo ]1_’;,,1 evaluated at z = e 2. Again, taking into account
a =e 2, the square modulus of the frequency response
satisfies

1 —cos(wA)
14+ a2 —2acos (wA)
2

}Hg(ei‘”A)|2 _

40, we (=21, @9
TP to? ““\ana
where |Hg(iw)|> = bz‘i—zwz is the continuous version. Now,
one can see how this filter has the effect of eliminating the
zero-frequency component, reducing the low-frequency noise,
and at the same time leaving the high-frequency components
largely untouched. Other filters, such as the moving aver-
age filter or the Kalman filter, could reduce zero-frequency
spurious noise, but it would not have the desired effect of

£(2)

FIG. 3. Block diagram of the process represented with the trans-
fer matrices.

annihilating it. Indeed, for large frequencies,

a)2 v 1
(50)

For high w,, the high-pass filter has negligible effect in the
region of interest, i.e., near the Lorentzian peak. Figure 2
shows the PSD averaged over 200 experimental traces, with
and without filtering. The spurious low-frequency noise ex-
ceeds the Lorentzian peak by nearly 10 orders of magnitude,
justifying the use of the high-pass filter. Figure 3 presents a
diagram of the complete process, interpreted as an effective
filter.

Sg(w) =

B. Effect of the high-pass filter on the log-likelihood ratio

The previous section demonstrates, via frequency-domain
analysis, that the filter preserves relevant signal information in
the long-time limit while suppressing spurious low-frequency
noise. However, the filtered time trace R, = BI,, differs sub-
stantially from the raw input I, at every time step. Since
the Kalman filter computes L; recursively from filtered data,
finite-time effects could in principle degrade performance or
compromise the theoretical guarantees. We address this con-
cern by quantifying how filtering modifies the Kalman filter
output and verifying that these corrections remain negligible
at timescales relevant to our protocol.

Since the log-likelihood ratio depends only on the observed
data, we define

Lr(y) == Li(Ry),

which has the same functional form as L; given in Eq. (27),
but evaluated on the filtered observations. Explicitly, this cor-
responds to

1 detTo, 1 parin TN
Lg,==In —+ I BT (T, — 1) BI,. 51
ke 2 det Tl,n 2 ( Ln ) ©D
We quantify the error induced by the filter by
€ =Ly — Lgn = 31, MI,, (52)

where we combined Eqs (27) and (51) and defined M :=
D—B"DBwith D =T, — 1)

We expect that the log hkehhood ratio is primarily dom-
inated by spectral components near the Larmor frequencies.
Since the high-pass filter acts trivially at these high frequen-
cies [see Eq. (50)], the difference introduced by filtering
should be small. Specifically, we anticipate that the error term
€, ~ szst,, where w, := %(wo + w1), is the high frequency
around which both hypotheses & = 0, 1 are centered.

To verify that the effect of the low-frequency filtering can
be safely neglected and that the finite-time corrections are
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TABLE I. Results for the five estimated parameters. We present
the inferred value, the analytical standard deviation o obtained from
the Cramér Rao bound, and the empirical MSE of the standard
deviation simulating the experiments with a total number of 1000
batches.

Parameter Unit Estimated Value o MSE
y Hz 330.90 0.90 0.98
Lo Hz 50114.03 0.97 0.98
L1 Hz 50550.88 0.97 1.02
Sat uwv?/Hz 31.768 0.087 0.094
Sph uwv2/Hz 13.0457 0.0038 0.0040

small, we compute the mean and variance of €,. Note that
Eq. (52) defines ¢, as a quadratic functional of the signal, and
as in Sec. III B, a closed-form expression for the mth cumulant
under hypothesis / can be written as

~f:l = MTr((MTM)’”) =00)+ M
' 2 2

@/ v (5 S "
» [ ( - < _I,h(w) _ _I,h(w))) do. (53)
o \@*+b*\So(@) Spi(w)
In particular, the mean and variance can be explicitly com-
puted, yielding

b? 1
Erleq] = E[Eh[LS,] + O(;) + O(1),

c c

4 1
Var(e,) = %Varh(LS,) + (9(5) +0(1), (54)

c c

which formally shows that indeed the filter has a very limited
effect on the LLR, and hence on the performance of our
protocols.

Finally, to validate the procedure, we simulate 10* mea-
surement trajectories using the parameters listed in Table I
under hypothesis # = 0, with a sampling interval A =5 us,
matching our experimental conditions. The simulated data are
processed identically to the experimental traces: we apply
a high-pass filter with parameter ¢ = 0.91 and compute the
LLR sequentially using the Kalman filter formalism described
in Sec. IITI C, which is formally equivalent to Eq. (51). We then
compare the resulting LLR to that obtained from the unfiltered
data to compute the error €.

Figure 4 shows the mean and variance of the time-
normalized error ¢, /t alongside theoretical asymptotic predic-
tions from Eq. (54). With b*/w? = 3.6x 1073 in our setting,
the filter’s relative contribution is minimal. The inset displays
representative simulated traces, demonstrating negligible filter
effects even at short times.

V. SEQUENTIAL STRATEGIES ON THE SPIN-NOISE
ATOMIC MAGNETOMETER

We are now in a position to demonstrate sequential strate-
gies in a spin-noise quantum system. Specifically, we consider
a scenario where all system parameters are fixed except for
the Larmor frequency, ;. We set or , = @, + (—l)h%Aa),
with w, the frequency around which both hypotheses 4 = 0, 1

x10~2
0.0
0.2
{ —— Original
- | R Filtered — Ee
F—O 4 044 iltere ’
35 027 Var[e]
—0.6 - 0.0 t
—0.2 4 ﬁp
2
—0.8 1 041 “46
0‘0 0.2 0.4 0;6 0.8 1.0 —_— bil,
1.0 t (ms) we
0 10 20 30 40 50

t (ms)

FIG. 4. Comparison between analytical and simulated results for
the time-normalized error ¢, /¢ introduced by the high-pass filter. The
mean (blue) and variance (red) are estimated from 10* simulated
trajectories and are compared with the theoretical predictions. The
asymptotic values are given in terms of the regularized mean and
variance of Lg,, i.e., of p :=lim,_ tl[EO[LS,] = —0.207 ms~! and
v = lim, %Varo[le] = 0.477 ms~! [see Eq. (54)].

are centered. We have in mind applications such as detecting
biomagnetic signals, magnetic anomalies in geophysical sur-
veys, or concealed metallic objects, where a small magnetic
field perturbs a baseline field, inducing a shift Aw in wy.
Details of Aw values and the rest of parameters are given
below.

While our setting assumes fully characterized models for
both hypotheses, real devices typically require calibration be-
fore each use. This is done by operating the sensor under
controlled conditions where only the baseline field is present.
Therefore, before proceeding, we briefly outline how we esti-
mate model parameters from finite datasets.

A. Calibrating the sensor: Estimation of model parameters

We employ the maximum-likelihood estimator (MLE) to
infer the system parameters, building on the thorough analysis
of the likelihood statistic’s properties presented above. Indeed,
for long observation times, the PSD components become in-
dependent and follow exponential distributions, making the
MLE analytically tractable and statistically efficient. That is
in the sense that it achieves the Cramér-Rao bound, ensuring
optimal precision in parameter estimation given sufficiently
large datasets [75].

For a given time trace I,, we estimate the parameters
Oy, = (Sphs Sats Wh, ¥)T via maximum likelihood. Recall that
the DFT of I, is unitary and preserves the full informa-
tion content of the signal, that for stationary processes the
Fourier phases carry no information, and that for sufficiently
long traces the different frequency components become
independent. As a result, given a time trace I, or equiv-
alently its periodogram S;, the MLE can be obtained by
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maximizing

Sr(wr)
Ee,[Si(wp)]’

(35)

—Inp(5;1@4) = Y In(Fe, [Si(@)]) +
k

where k runs over the first n/2 frequencies, since the signal is
real valued and the negative frequencies are fully determined
by their positive counterparts.

For the expression of Eg, [(S;(wk))], one has two options.
Employ directly the asymptotic Lorentzian given in Eq. (31),
evaluated at the discrete frequencies wy = %, yielding the
so-called Whittle log-likelihood [76], or use the expected ex-
pression of the periodogram, which is known as the debiased.
The regime in which we will perform the estimation is long
enough to neglect the finite size effects and therefore we will
directly employ the Lorentzian approximation.

Notice that, due to the linearity of the log-likelihood in
the periodogram components, S;(wy), if we have N inde-
pendent traces collected under identical conditions, the total
log-likelihood takes the same form as Eq. (55), with S;(wy)
replaced by the ensemble average S;(w) = 1lv 21};1 87 (wp).

In this work, we aim to illustrate the use of sequential
methodologies and empirically verify their performance in
terms of mean detection times and error probabilities. To this
end, we generate multiple time traces under each hypoth-
esis, forming two datasets that enable us to estimate these
quantities and compare the performance of sequential and
deterministic strategies.

We use these two labeled datasets, corresponding to hy-
potheses A and A, to infer the relevant system parameters for
this batch of experiments. As the data are independently dis-
tributed and differ solely in the value of the Larmor frequency,
we can perform maximum likelihood estimation (MLE) by
optimizing the full joint likelihood over both datasets:

Sr0(wk)
Ee, [Si(wi)]

Sr1(wr) )
E[Si(w)le,)

> (ln (Eo, [Si(@i)]) +
k

+In (Ee, [Si(@0)]) + (56)

Since the MLE is known to saturate the Cramér-Rao bound,
we can assess the expected estimation errors by computing the
inverse of the Fisher information matrix for our model.

Again, we validate this prediction by simulating the com-
plete estimation procedure. Specifically, we generate synthetic
datasets using the parameter values @ listed in Table I, match-
ing the number of time traces used in the experimental dataset.
This process is repeated over Ny = 1000 independent batches,
yielding an estimate ®; for each batch. From these, we com-
pute the empirical covariance matrix of the estimator,

=

L (6, -0)6,-0). (57)
Np

1

[=

The simulated MSE values reported in the last column of
Table I correspond to the diagonal entries of this matrix and

show good agreement with the theoretical values predicted by
the Cramér-Rao bound.

For the estimation, we cut the region of frequencies where
the Lorentzian is centered. The Larmor frequencies of both
hypotheses are near 50 kHz. Therefore, we consider the re-
gion of frequencies between 40 and 60 kHz. The experimental
datasets for each hypothesis contain 200 traces of 2 s. The
results are detailed in Table I.

Notice that the error in the estimation of all parameters
is at least 2 orders of magnitude smaller than the separation
between the two hypotheses, since the difference between the
two Larmor frequencies is Aw = wp o — wp.1 = 436.85 Hz.
Therefore, we are in a regime where the inferred parameters
can be reliably used for the implementation of the sequential
strategies. While the reported errors correspond to theoret-
ical estimates, either from the Cramér-Rao bound or from
Monte Carlo simulations, we will later show that our exper-
imental datasets exhibit parameter fluctuations beyond these
estimates, particularly in the parameters that govern the relax-
ation processes. In Sec. VB and Appendix E, we provide a
qualitative model that explains these fluctuations and quantify
its effects.

B. Implementation of sequential strategies

For real-time implementation, both the high-pass and
Kalman filters can be efficiently implemented on microcon-
trollers or field-programmable gate arrays (FPGAs) [77-80]
capable of real-time processing, using simple arithmetic oper-
ations (see the sequential block diagrams in Appendix D). At
each time step n, the device computes the filtered signal R,
evaluates the LLR, and applies the SPRT or CUSUM thresh-
olds for sequential hypothesis testing or quickest change-point
detection, respectively. In this work, we implement these
strategies on a prerecorded dataset. This approach allows us
to assess the performance of the protocols, such as aver-
age detection times and error probabilities, by repeating the
analysis over many independent realizations under controlled
conditions.

In the hypothesis-testing scenario, we segment the
recorded trajectories into 10* independent traces of duration
40 ms for each hypothesis in order to increase statistical sam-
pling. The high-pass filter is applied with strength parameter
o = 0.91, and the acquisition sampling interval is A = 5 ys.

In Fig. 5, we compare the average time required by the
sequential probability ratio test to reach a predefined error
level with that of the optimal deterministic strategy achieving
the same error. To ensure a fair comparison, we consider a
symmetric hypothesis-testing scenario (see Sec. Il A), where
both types of errors are weighted equally, and define the aver-
age error as € = %60 + %e 1. For the deterministic strategy, we
use time traces of fixed length # and apply the optimal decision
rule described in Sec. I A 1: decide h = 1if L, >0,and h = 0
otherwise. The empirical error probability is then estimated
as the fraction of misidentified traces. For the SPRT, we set
equal error thresholds €y = €; = €. According to Eq. (8), this
determines the upper and lower thresholds for the SPRT: sam-
pling stops at the first random time ¢ when Lg; ¢ (—ao, a1),
followed by a decision: h = 1if L, > a; and h =01if Ly, <
—ayp, with ag = a; = a. The empirical error is computed as
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FIG. 5. Relation between error probability and required exper-
iment duration for sequential (dotted) and deterministic (solid)
strategies. Each point is obtained by averaging over 10* experimental
traces per hypothesis. The horizontal axis shows Ine, where € is
the empirical error probability (i.e., fraction of incorrectly identified
hypotheses), and the vertical axis shows the required experiment
duration. For the sequential strategy (SPRT), we vary the stopping
threshold a = ay = a;, compute the error probability and the average
stopping time over all runs, and plot (Ine€, ¢). For the deterministic
strategy, we fix the experiment duration ¢ to various values, and for
each value we compute the average error probability € over all runs,
and plot (Ine€, r). Experimental results (blue) are plotted alongside
simulated results (red) for comparison.

before, although it is worth emphasizing that, by construction,
the SPRT guarantees a conditional error probability € for
every trajectory.

To validate our model, results are shown for both ex-
perimental data (blue) and simulated data (red), generated
under identical conditions with matched parameters and the
same high-pass filter. In both datasets, the SPRT consistently
reaches the target error level in less time than the deterministic
strategy, while also providing rigorous error guarantees. It
is worth noting that, while sequential strategies are clearly
more time and resource efficient on average, they come with
a trade-off: the duration of each experiment is inherently ran-
dom. Although its fluctuations are typically bounded within
a characteristic range, the distribution can exhibit long tails,
making the exact stopping time unpredictable [42]. Indeed, in
our experimental implementation, we limited traces to 40 ms
to improve statistics; as a result, a tiny fraction of trajectories
(55 for h = 0 and 53 for & = 1 out of 10* each) did not reach
a stopping decision. This negligible portion of the dataset was
excluded from the averages shown in Fig. 5.

When comparing experimental and simulated results in
Fig. 5, we observe good agreement at moderate measurement
times. As the acquisition time increases, discrepancies appear,
with experimental data requiring longer times to reach the
same estimation error. This reflects that, at long times, the
information gathered about the underlying process becomes
increasingly precise, and small system imperfections, such
as parameter drifts, stability issues, or unmodeled dynamics,
become more significant. In Appendix E, we model the ef-
fect of small run-to-run variations in the system parameters,

100 1 :
—— Programmed change point
O  Change point detection
[0 MLE change point
50 9
0
3
—50 A
—100 A
—150 A

025 050 075 100 125 150 175  2.00

FIG. 6. Quickest change-point detection applied to experimen-
tal traces with an abrupt magnetic-field shift. Each trajectory starts
under hypothesis 4y and undergoes a programmed magnetic-field
change of magnitude AB = Aw/ys ~ 62.3 nT att = 1 s (indicated
by a vertical line), where y; &~ 7 Hz/nT is the gyromagnetic ra-
tio. For visualization purposes, the detection threshold is set to the
large value a = 50. Circles mark the detection times produced by
the algorithm for each run, while squares indicate the correspond-
ing maximume-likelihood estimates of the actual change-point times.
Note that the programmed change point does not coincide exactly
with the true physical change point, nor with the estimated change
points, as discussed in the main text.

particularly those governing spin relaxation, which qualita-
tively explains the statistics of the LLR.

To rigorously address scenarios with significant parameter
fluctuations, our techniques must be extended to the frame-
work of composite hypothesis testing [31,72], where each
hypothesis h corresponds to a family of possible models
defined by parameters in a given set, 6, € S;. In this set-
ting, different forms of the LLR are employed depending on
whether the parameters are partially or completely unknown,
and the stopping rules are adapted to select the most likely
hypothesis.

Finally, we demonstrate the implementation of the QCPD
algorithm using 2-s measurement traces that initially follow
hypothesis # and exhibit a sudden transition to hypothesis
hy near t = 1s. For the calibration of the detection model,
we employ the parameters previously estimated from the
hypothesis-testing datasets, as the measurements are acquired
under identical conditions, including the application of the
same high-pass filter. Representative results for different tra-
jectories are presented in Fig. 6.

Notice the marked change in the behavior of the LLR after
the change point. We use the CUSUM stopping rule defined
in Eq. (18) with a fixed threshold a = 50.

Colored circles along the LLR traces indicate the corre-
sponding stopping times, i.e., the points at which the decision
criterion in Eq. (17) triggers a change-point detection alarm.
In addition, as discussed in Sec. II B, the minimum of the LLR
curve provides the maximum-likelihood estimate of the actual
change-point time. Across all runs, this minimum (marked
with colored squares) is consistently shifted with respect to
the vertical line indicating the nominally programmed change.
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204 — Programmed change point

O Change point detection
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FIG. 7. Same as Fig. 6, but for a different set of hypothe-
ses with parameters y = 418.48 Hz, w; o =42577.43 Hz, w,, =
43640.10 Hz, S, =0.77090uV*/Hz, and Sy, = 1.4277uV?/Hz.
Unlike Fig. 6, the magnetic-field sequence and data acquisition are
synchronized here, with = 1 s marking the programmed magnetic-
field change. Circles mark detection times and squares indicate the
corresponding maximum-likelihood estimates, which closely match
the programmed change point.

This systematic offset revealed the presence of an unac-
counted technical delay caused by a timing mismatch between
the magnetic-field sequence and the data acquisition, resulting
in a constant delay of approximately 60 ms.

To confirm this diagnosis, we performed a second batch
of experiments (Fig. 7) in which the magnetic-field changes
and data acquisition were synchronized by recording the coil
current and atomic response on two channels of the same
acquisition system. The estimated change points in this con-
figuration show excellent agreement with the programmed
times, confirming the source of the initial offset. This example
demonstrates the robustness of sequential analysis: our algo-
rithm correctly identified the change in both cases, revealing
even subtle instrumental effects.

This new set of hypotheses is less distinguishable than the
former set, as indicated by a smaller regularized Kullback-
Leibler divergence in Eq. (66). This is also evident in Fig. 7,
which shows that achieving the same detection threshold
(false alarm rate) requires a detection time 2-3 times longer,
consistent with the theoretical factor of 2.65 given by the ratio
of the slopes in Eq. (66).

The threshold a = 50 considered so far was chosen to
be rather large to clearly visualize the detection delay in
Fig. 6 and corresponds to an astronomical false alarm time
of ~10° years. We now turn to a more realistic scenario and
consider a more modest bound on mean time of false alarm
of Tra = 0.5 s, which corresponds to a decision threshold
of a = In(Tga/A) = 11.5, and a much quicker detection. We
now use a widely adopted version of the CUSUM algorithm:
sequentially compute

Lt = Z ALY, with AL’ =max(0, AL),  (58)
i=1

—— Threshold for Tpa=0.5 s

1 —— Programmed change point
A Tpa

O  Change point detection

FIG. 8. Results from 200 experimental runs starting at fy =
0.25 s with a fixed initial magnetic field. A step change of AB =
62.3nT is programmed at# = 1 s (blue vertical line). The plot shows
the four trajectories that triggered a false alarm, i.e., a detection be-
fore the programmed change. Triangles indicate the false alarm times
Tra, as determined by the algorithm with a threshold of a = 11.5
(black horizontal line) corresponding to 7gy = 0.5 s.

and signal a detection alarm as soon as L[ > a. This al-
gorithm is equivalent to the procedure defined in Eq. (17),
but accumulates only positive log-likelihood contributions,
effectively resetting the reference level to zero whenever the
instantaneous evidence for change becomes negative.

Figure 8 shows the application of this procedure to a
dataset of 200 experimental trajectories, each lasting 2 s. We
show the four traces in which a false alarm was triggered; that
is, a change was detected before the programmed nominal
change point at ¢+ = 1s. The sequential analysis begins at
to = 0.25 s. In each instance of a false alarm, instead of halting
the measurement, we reset the statistic S, = 0 and resumed
data acquisition, effectively restarting the detection process
from an uninformed state.

Finally, for trajectories that correctly detected the actual
change, the average detection delay was found to be ap-
proximately 60 ms, in agreement with the theoretical value
T =56 ms predicted from Eq. (69) using the mean log-
likelihood ratio from Eq. (30).

VI. OPTIMAL ASYMPTOTIC LIMITS

In this section, we provide closed-form expressions for key
information-theoretic quantities that determine the asymptotic
performance bounds at long observation times, both for de-
terministic and sequential hypothesis testing, as well as for
QCPD.

In the standard deterministic strategy where the observa-
tion time is fixed in advance, for a sequence of n observations
I,=(,...,1,)7, the probability of error is given by

P (n) :/ min{nopO(In)v nlpl(ln)}dln- (59)
[R”

Evaluating Eq. (59) is generally intractable. However, anal-
ogously to the ii.d. case [see Eq. (5)], one can derive
asymptotic bounds in the long-time limit.
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FIG. 9. Asymptotic performance metrics for the sequential prob-
ability ratio test (dotted) and the deterministic probability ratio test
(solid), obtained by averaging over 4x 10* simulated trajectories per
hypothesis. The horizontal axis shows Ine, with € the error prob-
ability, and the vertical axis shows the experiment duration. These
quantities are computed as explained in Fig. 5. Asymptotic theoreti-
cal rates are also shown: The Chernoff information in Eq. (61) (solid
black) and the regularized Kullback-Leibler information in Eq. (66)
(dotted black) give asymptotic linear scaling of time with — In €, with
slopes 0.2055 and 0.0496 ms™', respectively. This corresponds to
more than a fourfold efficiency gain for the SPRT, py.q/ 04 == 4.14.

By applying the inequality min(a, b) < a*b'~* for all s €
(0, 1) to Eq. (59), one obtains the Chernoff bound:

Pu) < min il [ o pi) e (60
N N R»

This yields a lower bound on the error exponent:

1 1
— lim —InPey () = pger ;= lim — max C(s),
t—o0 f t—o00 t s
with
C(s) = —ln[ pol) pi,)' ~*dl,. (61)

As in the IID case, this bound is known to be attainable in
the asymptotic limit for a wide range of stochastic processes
[72] (see also Fig. 9), in which case the regularized Chernoff
information provides a lower bound on the asymptotic rate at
which the error probability decays,

—In €det ™ Pdetl - (62)

In the continuum limit, the Chernoff exponent function in
Eq. (61) has a closed form in terms of the Kalman estimators,
introduced in Sec. III C [72]:

t
C(s) = —/ (1 = $)a1(t") + soo(t') — o.(t', 5))dt’,  (63)
2G Jy
where G is the variance of the shot noise and oy, is the con-
tinuous version of the innovation variance under hypothesis
h. Moreover, o.(s,t’) is understood as the variance of the
innovations associated with the artificial signal I, = /sly +

/1 — sI;, where I, for h = 0, 1 is the signal under hypothesis
h. Equation (63) provides a useful bound of P, valid for any

observation time and predicts a linear scaling of C(s) with z,
once the variances reach their stationary values.

Alternatively, the Chernoff function in Eq. (63) ad-
mits an equivalent representation in the frequency domain.
Here, the signal is characterized by its periodogram §,, =
@Sy, ... n/2) where each §; follows an independent expo-
nential dlStrlbuthIl This leads to

n/2

co =] / Po(S;) pi(S)1=5dS,

n/2

S sSv S
1—[ 10(@)' 81 1 (w)) (64)
o (= $)8r.0(w;) + 5811 (w;)’
which, in the continuum limit, becomes [60]
00 S . l—sS S
C(s) = — [ n —orol@y) 75n1w;) (65)
2 Jo (I = 5)S;0(w)) + 58 1(w))

The performance metric for sequential hypothesis testing, and
QCPD, is given by the slope of the mean LLR:

E[L
Pseq i= tlim M (66)

— 00 t

This quantity corresponds to the time-regularized Kullback-
Leibler divergence and determines the exponential rate of
error decay and the average stopping time in sequential strate-
gies. In the time domain, using Kalman filter estimators the
expected LLR is given by [42]

|
EulLy] = [ B () = o)
0 ph

! d /
+ / L Ealpo'Y — @], (67)
0 2Sph

while in frequency domain, we recall Eq. (46),

[ Slo(w)
[Eh[L’]_zn/o @™
t (/S  Snp(w)
— — — = d O(1),
T (Sl,o(w) Smw)) @+ 0

(68)

which allows for an analytical computation of pgq. Note that
the choice of hypothesis 7 = 0, 1 only affects the sign of the
expected LLR, while its magnitude, and thus psq, remains the
same.

The mean detection time in sequential tests then scales as

L (69)
Pseq
where a = — In «rj, for a Wald test under hypothesis # and a =

In(Tga/A) in the case of QCPD with false alarm constraint
TFA~

In Fig. 9, we present the results for sequential (dotted) and
deterministic (solid) hypothesis testing. To estimate the per-
formance in the asymptotic regime of long observation times,
corresponding to small error probabilities, a large number
of trials is required. For this reason, we rely on simulated
data. Analytical asymptotic error rates are also plotted for
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FIG. 10. Mean detection time (blue, 5x 103 traces left axis) and
mean false alarm (orange, 10° traces, right axis) for simulated data.
The red line shows the asymptotic detection time rate, ps‘eé = 4.88 ms
from Eq. (69), and the green line indicates the expected linear rela-
tion between threshold / and In(7gs/A), with slope 1. Both slopes
match the simulation results.

reference. Notably, the numerical results approach the the-
oretical Chernoff bound, confirming its attainability in this
setting. Furthermore, we note that the sequential strategy
outperforms the deterministic one, exhibiting more than a
fourfold improvement in time required to achieve a given error
probability.

Similarly, Fig. 10 illustrates the asymptotic results for the
quickest change-point-detection problem. In order to compute
these asymptotic results, we rely again on simulated data.
Notice how the simulated results are in agreement with both
slopes validating numerically the theoretical predictions.

In Appendix F, we show that, in our setting where the
two models differ only in the Larmor frequency w; , = w, +
(—l)h% and large central frequency w,, assuming the Cher-
noff bound is attainable, the sequential strategies outperform
deterministic ones by at least a factor of 4.

To conclude this section, we show that when the two hy-
potheses become arbitrarily close, regardless of the specific
way in which they differ, the Chernoff and Kullback-Leibler
information, which determine the deterministic and sequential
performances, respectively, differ by a factor of 4.

In order to see this, we can, without loss of generality,
choose a parametrization such that the two hypotheses differ
only in a single parameter. Specifically, we take 6 = 6, under
ho and 6; = 6y + 86 under h;. Then, §; 4 () := S; 0(w) and
S1.1(@) = Sro(w) + 80280y + O(862).

Under these assumptions, and using Eq. (65), we readily
obtain

—1)86% [ -
oger = min “E 109 / deo(@ 1n51.0(@)lo—g, P+O(56%)

5€(0,1) 4 0
562 o0 -

=— | do@dn5(w)ls=g,)* + O6°)
167 0
862 3

— ?}'(90) + O(86°), (70)

where in the last equality we have identified the regularized
Fisher information of the process with respect to parameter 6:

1
F(0) := lim —Ey[(3 In po(I,))’]

1 [ -
=— dw(dy In Sp 9(w))>. (71)
21 0
Similarly, for nearing hypothesis, the regularized relative en-
tropy becomes

862 3
Pseq = 7-7:(00) + 0(89 )s (72)

which, by direct comparison with Eq. (70), implies that
Pseq = 4pger- That is, sequential strategies require up to 4
times less observation time to achieve the same error perfor-
mance as deterministic ones.

VII. DISCUSSION AND OUTLOOK

In this work, we have presented what is, to our knowl-
edge, the first experimental implementation of sequential data
analysis methods in continuously monitored quantum sensors.
We realize two cornerstone primitives, namely, sequential hy-
pothesis testing and quickest change-point detection, in an
atomic spin-noise magnetometer. This bridges a gap between
quantum sensing theory and realistic, real-time sequential
protocols. Our methods enable adaptive decision-making,
allowing detection of weak magnetic perturbations with min-
imal delay and a quantifiable confidence threshold. This
represents progress toward making quantum sensors more
autonomous, efficient in data use, and compatible with real-
world constraints.

We have presented the first comprehensive demonstration
that sequential decision protocols can be applied to data from
continuously monitored quantum sensors, further exploiting
their intrinsic sensitivity. Although decisions were computed
postacquisition, all components of the analysis were designed
with real-time feasibility in mind. Using a linear Gaussian
state-space model of spin-noise magnetometry and process-
ing measurement records with a hybrid continuous-discrete
Kalman filter, we evaluated the log-likelihood ratio via the
Sequential Probability Ratio Test for binary discrimination
and the CUSUM algorithm for change-point detection.

Beyond validating the feasibility of these strategies in
a state-of-the-art experimental platform, our results open
several promising directions for future research. From a
methodological standpoint, the sequential framework can be
extended to tackle multiple and composite hypothesis test-
ing, signal segmentation (involving the detection of multiple
abrupt changes), and anomaly detection, critical in contexts
such as rare signal searches. Introducing adaptive feedback,
open and closed loop and in both classical and quantum forms,
and quantum-enhanced resources, such as spin-squeezed
states, could further enhance detection efficiency or sensi-
tivity. This synergy between quantum sensing and sequential
decision theory has yet to be fully explored and could unlock
new performance frontiers.

These results confirm that sequential decision-making
protocols can be efficiently integrated with continuously
monitored quantum systems. While we focused on atomic
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spin-noise magnetometry, the methodology, combining state-
space modeling, real-time filtering, and sequential decision
rules, is broadly applicable across other quantum sensing
platforms such as optomechanical resonators [10], super-
conducting circuits [28], NV centers in diamond [81], and
cavity-based architectures [82], provided suitable measure-
ment models exist.

Finally, an important open direction lies in model-free ap-
proaches, where the log-likelihood ratio is inferred directly
from measurement data using machine-learning techniques.
Such methods could bypass the need for full model knowl-
edge, making sequential analysis more flexible and robust in
complex, real-world environments.
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APPENDIX A: PROBABILITY DISTRIBUTION OF
THE MEASURED SIGNAL IN THE STEADY STATE

The formal solution of the Ornstein-Uhlenbeck process
given in Eq. (23) is well known [68] and can be readily
obtained to be

~ 4 ~ ~
Ji=os [ oW =gy kN D
0

with Jo the initial condition and J; being a Markovian pro-
cess. The first term in Eq. (A1) is the deterministic solution,
whereas the second is the stochastic contribution due to
Wiener noise, defined by N,. Since Eq. (23) is a linear sys-
tem with additive Gaussian noise, J; is a stochastic Gaussian
variable, and is therefore fully determined by its mean, E[J,],
and covariance matrix Cov(J,, J,). Averaging Eq. (23), and
recalling that E[dW;] = 0, we obtain the differential equa-
tion dE[J,] = AE[J,]dt whose solution can be verified to be

ELJ,] = e Jo.

with

eAt — e—yt ( cos (a)Lt) (A2)

—sin (wrt)

sin (a)Lt)>

cos (wrt)

Notice that the asymptotic expected value achieved in the
steady state is E[J;]4 := lim;_ o E[J;] = O regardless of J.

From Eq. (A1), it is straightforward to check that the noise

properties of J, are inherited by those of its stochastic compo-

nent N,. Using that E[N,] = O since N, is the infinite sum of

Wiener noises:

Cov(J,. Jy) = E[J; - J]] — EIE[J]]

= E[N,N}] = Cov(N,,Ny).  (A3)

In fact, due to the properties of the independent Wiener noise
processes, i.e., E[dW/dW.] = 8;;8(s — s')dsds' for i =y, z
and j =y, z, one can see that when ¢’ < ¢,

topt o toptt NP
E[N.N;]=0 /0 /0 ACIE[aW aW () = 0 /0 /0 A8 (s — s )dsds' 1 ~0)"

[ R ’
_ Q/ eA(z—s’)(eA(t’—s’))Tds/ — g(e—y(t—r’) _ e—y(t-H’))( cos (wr(t —t'))
0

2y
Repeating the same procedure for ' > ¢, we conclude that

Q

CovlJr, Jr) = E(G_V‘H" — e_V(l-H/))(

sin (wy (¢t —t’))). (Ad)

—sin(wp(t — 1)) cos(wr(t —1"))

cos (wr(t — 1))
—sin (wy(t — 1)) (A5)

cos (wp.(t — 1))

sin (wr (t — t’)))
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Note that for ¢t =¢/, Cov(J;,J,) = %(l —e 21, and at
t =t = 0, the variance is zero since J is a fixed initial con-
dition. Moreover, the asymptotic variance is Cov(J;, J;)a =
lim;_, o, Cov(J;, J;) = %]1. For a process with unknown
Jo but that starts in the steady state, i.e., E[Jo] =0 and
Var(Jo, Jo) = %]l, the first two moments are E[J;]eaqy = 0
and

Cov(J;, Jt’)steady

Q v cos(opt —1)
2y —sin (oLt — "))

sin (wz(t — 1))
cos(wp (t —1') )"
(A6)

Observe that Cov(J;, J; )sieady 1S translational invariant since
it can be expressed as a function of the difference ¢ —¢'.
Regarding the properties of the photocurrent /, since J and
& are independent normal variables, I is also a Gaussian.
At the discretized harvesting times #,, = mA, the mean and
covariance matrix elements of / in the steady state are E[/,,] =
gpt[J:(#,)] = 0 and

Cov(ly, In—t) = g5CovV(J,(tm), I (tm—t))
+ Cov(&(tm), E(tu—r))

= g%)%e_y'k‘A cos (wrkA) + 80;{% =T,
(A7)
where again the second moments of / are translational in-
variant. With this at hand, we present the normal probability
distribution of a sequence of n photocurrent observations in
the steady state, I, = {I}, ..., I,}, i.e,, I, ~ N'(n,, T,) with
mean and Toeplitz covariance matrix:

w, =Et[I,]=0,
v T n - T,
n Th T T
L,=|h T T (A8)
: T
n, T, - T Ty

APPENDIX B: TOEPLITZ MATRICES

In this Appendix, we overview the main definitions and
theorems that we use in this work regarding Toeplitz opera-
tors, first introduced in Sec. 111 B.

A Toeplitz matrix T,,(f) of size n x n is defined by a sym-
bol f(0), a 2m-periodic function f € L*°([0, 277)), through its
entries [84]:

(T.(f)ij = Ci—j,
where

1 2 )
Co=5=[ f©®) a0,
27'[ 0
Here, L*°([0, 27r)) is the space of all essentially bounded,
Lebesgue-measurable functions on the interval [0, 27 ).
The symbol generates the matrix via Fourier coeffi-
cients, with f(0) = > 72 Cre™?. For large n, the spectral

I<ij<sn (BI)

properties of T, (f) are governed by harmonic analysis on the
unit circle.
For the process under study, recalling Eq. (25),
S
Ci = Tk = ySue™"M1 cos (kop A) + 5/«0%’ (B2)

with Sy = g%)% The corresponding symbol f(6) is

£6) = 1 y Sy sinh(y A)
~ 2cosh(yA) —cos(d — Awy)
1 ySx sinh(y A) Sph

= —, (B3
2 cosh(y A) — cos(6 + Awy) A

which, by taking & = wA, at leading order in A~! « 1 leads
to Lorentzian profile found in Eq. (31).

Szegd’s theorems and spectral properties

Theorem Bl. First Szegd Theorem: For f > 0 with
In f € L, the determinant satisfies

2
fim L 1n det T(f) = %/ In £(0)d0 = InG(f), (B4)
0

n—oo n

where G(f) is the geometric mean of f.
Theorem B2. Strong Szegd Theorem: If f is sufficiently
smooth (e.g., f € C*) and positive,

det T,,(f) ~ G(f)" - E(f),

o0
E(f) =exp (Z k(In f)(In f)_k>, (B5)
k=1
where (-); denote Fourier coefficients. The eigenvalues
{A;}}_, satisfy A; — f (27 j/n) in distribution.

Traces and inverses for smooth f > 0:
Traces of powers:

2
Te(T,(f)) = — f FOFdO + Cu(f) + o(1).
27'[ 0
Inverses:

L™ ~ T/ f),

o +0(1) (B6)

o f(O) .

Here, Ci(f) = 0(1‘)‘ depends on the symbol’s smoothness.

The Fourier basis {e"/ 9};;1 asymptotically diagonalizes T,,(f).
Generalized traces: For products involving inverses of

Toeplitz matrices with smooth positive symbols,

Te| [ 70" =%/0

J=1

-1 n
Te(T,(f)) = o

2r M

[1s©)yd6 + o),
j=1

B7)

where €; = %1.

Proof. We provide a sketch of the proof using some of
the results in Ref. [84]. A Toeplitz matrix 7,(f) can be
understood as T,,(f) = P,T (f)P,, where T (f) is the infinite-
dimensional Toeplitz matrix (bounded operator) and P, :
{x1,x0,x3,...} = {x1,x2,...%,,0,0, ...} is the projector on
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the nth dimensional subspace. The main ingredients for the
proof are the following:
(1) By Proposition 2.12 (Widom), p. 40, if a, b € L*°, then

T,(ab) = T,(a)T,(b) + P,H (a)H (b)P, + W,H (a)H (b)W,,
(B8)

where H denotes the so-called Hankel matrix, W, :
{x1, x2,x3, ...} = {x4, Xy—1,...,x1,0,0, ...} is a projection,
and @ := a(1/t) with t = €.

(2) By Theorem 2.14 (Widom), p. 42, if T'(a) is invertible,
for all sufficiently large n,

T(a)"' = T(a™ ") + P.K(@)P, + W,K(@W, + C,, (B
where K(a) = Ha HYH@)T '(a), K@) = H(@ “)H(a)
T-'(a), and ||C,|| — 0 as n — oo. Here, || - || is the operator
norm.

(3) By Theorem 2.15 (p. 43), if T (a) is invertible and
Y nez Inl%lay,| < oo for some a > 0, then ||C, || = o(n™®).

(4) Let W be the Wiener algebra and W N B2 = {a e
Wy, (nl+ 1)|a,)? < oo}. From pp. 122-123, if a e
wn Bl/62 and has no zeros, then a~! € W N BY/2. Moreover, if
a,b € WNB'2(i.e., a, bsufficiently smooth), then H (a)H (b)
is a trace class operator, i.e., |H (a)H (b)|; < oo, where || - |
is the trace norm.

Notice that from (1) and (4),

|Te (T, (ad) — T, (a)T, (D))
= [Tr(P,H(a)H (b)P, + W, H (@)H (b)W,))|
< |1P,H (a)H (B)P, + W,H (@)H (D)W, |11
< \P.H(@H B)P, 1 + IW,H(@H (bYW, |l < c, (B10)
where ¢ is a constant since ||(P,H(a)H D)P,; <
P | H(@)H (D)) = |H(a)H(b)||; < oo and the same
for ||W,H (a)H (b)W,)||, (a trace class operator multiplied by

a bounded operator is still trace class).
For traces involving inverses and o > 1, from (2)—(4),

ITe(T (@)~ = T(a™ "))l
+ |P,H (@ YH(@)T " (a)P,I;

+ W,H @ YH@T " @Wlli +1Calls < ¢/, (B11)

since P,H (a~YH(a)T "' (a)P, and W,H (a~H)H (a)T ~"(a)W,)
are trace class due to the bounded property of T~ !(a)
and T~'(@). Moreover, ||C,||; < n||C,|| = o(n'~%) < o(1) for

o> 1.
From Eq. (B11),

ITe(T,(b) Ty (a) ™" — T(b) T, (@)

< ITDINT(@)™ = Tu@a Hll < ¢, (B12)
and therefore combining Egs. (B10) and (B12),
Tr(T,(D)To(@) ") = Tr(T,(ba™")) + O(1). (B13)

These processes can be repeated recursively, when increasing
the number of multiplying Toeplitz inside the trace, to obtain

Te| [[ @)Y | =Te| [T 150 | + 0D,

J=1 J=1

(B14)

and by the Szegd theorems arrive to the result in Eq. (B7). W

The generalized trace property in Eq. (B7) is defined for the
symbol f(6) with 6 in the unit circle, i.e., 8 € (0, 27). When
we move to the continuous limit, i.e., A — 0, we have that
w is defined in the interval (—o0, 0c0). Moreover, f;(wA) =
gj(w) 4+ O(A) and for sufficiently smooth symbols,

Te| [ 7.(fi0))°

j=1

WA [T/A M
_na (A dw+ 0(1
ZH/O ]]:[lf_,(w Yidw + O(1)
- %/ [ [si(@)9dw +1O(A) + O(1).
ot

APPENDIX C: HYBRID KALMAN FILTER ALGORITHM

In the two-step procedure of the KF algorithm, we de-
note by j,_; the predicted state of the system at time 7,
and the corresponding estimators that construct the mean and
covariance of the normal distribution as ]’ku“l and Sipi.
In addition, for the computation of the next predictions, we
denote the updated estimators by jklk and f)k\k. Then, the
explicit procedure is given as follows [72,85].

Prediction (Jy_jp—1 = Jrp—1> Zk—1jk—1 —> Zgk—1). We
define the transition matrix & as the solution of the deter-
ministic part of the state vector. When A is time independent,
for any A interval, &= CTDA = eA2, Then, we can construct
Juk—1 and Sy over the interval [f_y, 7], as

Jkk—1 = cb]kfl\kflv

& A& A AN
Sik—1 = P11 @ + Oy, (Cn
where 0f = fz:: d, .0, dADr{ . dt is the effective covariance
matrix of the system noise.

Update (jklk—l — jklk’ Zk\kfl — 2k|k)~ To take into ac-
count the kth outcome I, one computes

Tk = a1 + K.

S = @ — KO Eppts (C2)

where the so-called innovation and the Kalman gain are, re-
spectively, i = Iy — jt and Ky = Sg—1CT 8" Here, 1y =
C‘]’k‘ v« 1s the prediction of the kth outcome value and
02 = E[ii5 1 = G2 + CE44—1CT is the covariance matrix
for the kth innovation yy.

Finally, to initialize the filter at time #;, one chooses an
appropriate initial distribution, p(Jo0) ~ N (,70|0, f)ow), rep-
resenting the knowledge about the state vector. In our case, we
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FIG. 11. Block diagram of Eq. (36) (see main text) that describes the log-likelihood ratio in terms of the Kalman estimators. Here, n
represents the time step and Z~! the time delay. The rest of the elements are part of the hybrid Kalman filter algorithm (see Appendix C).

start with the steady-state solution derived in Sec. A, J o0 =0
and 20“} = %]]..
APPENDIX D: BLOCK DIAGRAMS
FOR SEQUENTIAL STRATEGIES

In this Appendix, we present the block diagrams of the
high-pass filter and the log-likelihood ratio that can be de-
ployed on an Field-Programmable Gate Array (FPGA) board
for real-time implementation. As explained in the main text,
these two diagrams represent a chain process; i.e., at each time
step n, the log-likelihood ratio is evaluated (Fig. 11) after the
filtered signal R, is first calculated (Fig. 12). Finally, either
the SPRT or CUSUM thresholds are applied for sequential
hypothesis testing or quickest change-point detection, respec-
tively.

APPENDIX E: MODEL FOR STOCHASTIC SPIN
RELAXATION PARAMETER AND EXPERIMENTAL
DATA BEHAVIOR

As discussed in Sec. VB, at long observation times, we
observe discrepancies between the simulated and experimen-
tal results in the hypothesis-testing scenario. To investigate the
origin of these differences, we analyze the LLR as a function
of time. In Fig. 13, we present the mean and variance of
the statistic obtained from the 10* experimental traces, each

Iin] —{() ()

a/l Z—l I\_\/a
2 1>

FIG. 12. Block diagram of Eq. (47) (see main text) that describes
the high-pass filter. Here, n represents the time step and Z~! the time
delay. Recall that « is the strength of the filter.

lasting t = 40 ms per hypothesis, and compare them with the
simulated results and theoretical predictions. The exact result
for the mean is obtained in a recursive way via the Kalman
estimators and the analytical slope for the variance is directly
the asymptotic solution.

The LLR is computed using both the Kalman filter (shown
in blue) and the Whittle log-likelihood method introduced
in Sec. V (shown in red). For the latter, we compute the
raw periodogram (no high-pass filter applied) and perform
a frequency-domain cut, considering only the contributions
from the range near the Lorentzian peaks—specifically from
40 to 60 kHz. This range is chosen to be broad enough to
retain relevant information while excluding less informa-
tive regions and the spurious low-frequency noise. Then, the
Whittle LLR is

Z -
Siw) (1 1
In = = — = S , El
L gt <So(wk> s1<wk>) e ED

where wy = 2mk/t, and m and [ are the integers correspond-
ing to the edges of the region of interest. Observe that both
approaches converge as time ¢ increases, and for both hy-
potheses, the variance grows faster than linearly with time. In
contrast, the simulated traces (shown in green) closely follow
the expected behavior of the first two moments of the LLR, as
indicated by the theoretical curves (shown in black).

To understand the behavior of the LLR, especially with
respect to the variance, we computed the covariance matrix
across different frequencies of the experimental periodogram.
Figure 14 displays a two-dimensional (2D) plot of these
frequency correlations near the Larmor frequency w; , and
shows an unexpected structure emerging around this fre-
quency, taking both positive and negative values. To better
visualize this structure, we exclude the diagonal elements
(i.e., the variance), which are orders of magnitude larger and
obscure the finer details. Furthermore, we have applied a 5x5
2D binning to reduce noise and enhance the clarity of the
correlation patterns.
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Experimental data for wg,o (KF)
0.00 + Experimental data for wg,o (PSD) 051
Simulated data for wy,o (KF)
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—0.05 A
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-:- -0.101 =
s 0.2 4
—0.151 01 Experimental data for wy,o (KF)
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t (ms) t (ms)
0.20 - 0.5 4
0.15 A 041
= 034
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> 0.2
0.05 A
Experimental data for wg,1 (KF) 014 Experimental data for wy,1 (KF)
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FIG. 13. Regularized mean and variance results of the LLR. Top plots for # = 0 and bottom plots for # = 1. Left and right show,
respectively, the first and second moments. In all the cases, in blue the computation of the experimental LLR through the Kalman filter is
presented and in red the Whittle version. The simulated results are shown in green and the black curves represent the theoretical predictions
for constant parameters.

For more details about its shape, we present some hori-
zontal cuts of the 2D plots in Fig. 15 and observe that near
the Larmor frequency, the correlations show a sinc function

structure.

Experimental data for w;, o

w
-
o

Frequency (kHz)
8
w

Notice that this profile is not predicted by the physical
model in Egs. (23) and (24). At long timescales, it is ex-
pected to follow an exponential distribution and exhibit no
correlations across different frequencies. This theoretical

Experimental data for w1

FIG. 14. PSD covariance matrix at different frequencies near the Larmor frequency where the diagonal elements are removed. Left and

&
o
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right: results for the experimental dataset under 4 = 0 and & = 1, respectively.
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FIG. 15. Horizontal cut of the PSD covariance matrix at different frequencies. Each color represents a fixed frequency. Again, the
correlation at same frequencies is removed. Left and right: results for experimental dataset under # = 0 and & = 1, respectively.

behavior is consistent with the corresponding plots for the
simulated data, as shown in Fig. 16. In these simulations,
only noise near zero is observed, and no well-defined pattern
emerges.

The structure of correlations followed by the experimen-
tal datasets can be explained qualitatively by a stochastic
relaxation time. In Eq. (23), y is assumed to be constant
but it seems to fluctuate run to run, during the experimental
acquisition time. Let us now briefly explain how run-to-run
fluctuations in the relaxation constant can give rise to artificial
correlations between different frequency components of the
measured signal. In essence, when a parameter like y fluctu-
ates slightly from run to run, each realization of the signal is
effectively drawn from a different process, each with a slightly
different frequency response. So even though the frequency
components remain uncorrelated in any single realization,
the relative amplitudes of all spectral components are jointly
influenced by the overall shape of the spectrum, giving rise to
apparent correlations when computing ensemble averages.

Simulated data for w;

50000 (Hz)
61 —— 50100 (Hz)
—— 50600 (Hz)
Ol
N 44 —— 51000 (Hz)
I
S
2z 24
wn
=
8
B O
Q
-
—
S -2;
-4

48 49 50 51 52
Frequency (kHz)

‘We model the fluctuating parameter as y = y + 8y, where
y is a constant central value and §y is a random variable with
E[6y] = 0 and standard deviation o5, . Moreover, we assume
that the total energy of the system is constant, and do not
variate for different values of y. The PSD function used is

14

S =8y
h,y(w) at ]/2 T (w— CUL,h)Z

+ Sph (E2)

where Sy = Suy = g;D—yQ Notice that [;° S, (w)dw = gg)z—?;Q +
O(wLL) and for the total area to be independent of y, the
strength of the Wiener noise has to be proportional to y,
ie., Q:=Q'y. Then, S, is independent of y and expand-
ing around small dw, we obtain S‘h,yﬂ;y(w) =S'h,y(a))+
2(w)sy + O(5y?), with

Suly + o — o)y —o+ o)

8(w) = (E3)
(Y2 4 (0 — wr)?)?
Simulated data for w; o
50000 (Hz)

10.0 - —— 50100 (Hz)
o 751 —— 50600 (Hz)
N —— 51000 (Hz)
T
> 504
S
=
w254
=
kel
= 0.0
i}
g
5 -25
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-7.5

48 49 50 51 52
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FIG. 16. Horizontal cut of the PSD covariance matrix at different frequencies. Each color represents a fixed frequency. Again, the
correlation at same frequencies is removed. Left and right: results for simulated dataset under 7 = 0 and & = 1, respectively.
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FIG. 17. Horizontal cut of the PSD covariance matrix at different frequencies. Each color represents a fixed frequency. Again, the
correlation at same frequencies is removed. Left and right: results for the theoretical predictions under 2 = 0 and & = 1, respectively. The

value for o3, used is 60 Hz.

It can easily be seen that the correlations under §y between
two independent PSDs at different frequencies is

Cov((S(@), S(&))s, = g(@)g(w)Var(dy).

In Fig. 17, we show the predictions of this stochastic spin
relaxation model, and see that they qualitatively reproduce the
structures observed in Figs. 14 and 15.

Observe that it is crucial that the total energy of the PSD is
independent of the fluctuations. If we do not take into account
this fact and use

(E4)

2

14
S =Sy——— + Sih, E5
(@) = S s+ S (ES)

where S, = f‘%}? and Q is independent of y, the results af-

ter expanding around small dw are S, 45, (@) = Spp (@) +
g(@)3y + O(8y?), with

) = Bay@=ou?
= O (0 — )P

and the negative valleys in Cov((S(w), S(«'))s, cannot be
theoretically explained.

With all this information, we are in a position to study
the effect on the log-likelihood ratio L, under the proposed
model for stochastic fluctuations. Combining Eqgs. (46) and
(E4), the statistic asymptotically presents these first two

>0, Vo, (E6)
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0.254 —— Simulated data for wy,1

0.20

0.15

0.10

0.05 A

0.00 A

Sum of weighted correlations

—0.05 A

—0.10

—— Experimental data for w0

—— Experimental data for wy,1
—— Curve fit

L
w
o

H

N

wu
L

1.00 A

o
~
v

0.50

Sum of weighted correlations

o
N
wn

10 15 20 25 30 35 40
Time (ms)

10 15 20 25 30 35 40
Time (ms)

FIG. 18. Sum of correlations at different frequencies weighed with the LLR functional in dotted curves. In stripped curves, the fitting
outcomes are represented. Red and blue show the results for 7 = 0, 1 datasets, respectively. In the plots and fits, the correlations at same

frequencies are excluded.
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FIG. 19. LLR results as a function of time for the simulated data with fluctuating spin relaxation (red). The experimental results are shown

in blue.

moments:

[E[it]h,Sy 1

. _ o0 So(w) _ 1 _
’lggo 2 ) tn (51(0))) * <S’0(w) Sl(w))Sh(w)dw’

Var(i, sy 1
m S ——

o0 o0 1
- Hfo /0 (So(w) 3,

t—00 12

1 1 / /
)(S‘o(a)’) - Sl(w/)>Cov(S(a)), S(w"))sydwdw

Lopxcs 1 L YR
- Var(‘sy)m/o /0 <50<w> B Smw)) (So(m B Sl(w/))g(”)g(“’ dede:

Notice that the leading term of Var(L;);, s, scales quadratically
with time ¢, unlike Var(L,);, which corresponds to the case
with constant parameters and grows linearly with time. This
linear behavior can be derived using the same reasoning as in
Sec. IV B. Finally, we can use the expression of Var(L;)y s,
in Eq. (E7) to estimate Var(éy ) and automatically obtain the
standard deviation oy,,. In Fig. 18, we show the contribution
of the correlations between different frequencies in the LLR,
for both experimental and simulated datasets, computed via
the Whittle log-likelihood ratio for the range 40-60 kHz. The
left plot shows the results for the simulated traces, where,
as expected, the contribution remains constant over time. In
contrast, the right plot displays the experimental data, where
artificial fluctuations increase with time. The fitted curves are
shown in black, from which we extract standard deviations of

Suy Aw? (Sa(=3/Spn + /St + 5oy + Spn(—/Spi + /Sa + Sn) (47> + Aw?)) — SEy*Aw?

(E7)

(

00,6y = 57.3 Hz and 015, = 50.7 Hz for the datasets of wy o
and oy, |, respectively.

Finally, we take the largest value for o3, i.e., 09 s,, and
generate time traces under the conditions that this model
predicts. In Fig. 19, we present the results of the LLR for sim-
ulated data with fluctuating spin relaxation (red) and compare
them with the experimental results (blue).

APPENDIX F: ULTIMATE ERROR RATES

In this Appendix, we provide analytical asymptotic expres-
sions for the sequential and Chernoff rates. Recall that we are
in a scenario where the choice of hypothesis 2 = 0, 1 only
affects the sign of the LLR and the sequential rate can be

Pseq =

2/Sut 4 Spn (S57* + 28uSpny 2 Aw? + 3 Aw?(4y? + Aw?))

obtained from Eq. (68). For high w,,
1
+0 (J) . (F1)

5
57 Sphe?

On the other hand, for the Chernoff rate computation we rely on Eq. (65). To obtain the value of s that provides the tightest
bound in our experimental scenario, i.e., C(s*) := max; C(s), assuming one can compute the following quantity,

S1o0(@)' =581 1(w;)°

(1= 25)S2y* Aw?

a . C(s) /"O dw 0
— lim [ — ) = ——1In
s 1—oo \  t o 2w ds

(1 —9)S10(w)) +5S11(w)) 585,03
N (=1 +29)S3y* A0® 2(Sut + 25p)y* — SjnAw?)) (1 +6(—1 + 5)5)S3y° A’ Lo(LY), @
77753th IZJTSShw§ @)’
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FIG. 20. Heatmap of r(c,, c;) for different values of ¢, := Aw/y and ¢, := Sy /Sph that range up to 10.

and set it equal to zero to find the relative extreme. Observe that for large w,, the first two terms of the expansion are zero at
s* = 1/2. Then, evaluating Eq. (65) at s* = 1/2, we obtain the following closed form at large w,:

o CGY  SZytAe? Sat + Sph
=1 = 1 ==
Pe tlglo t ZOJTSSha)g + + Sph Y

1

2./Son

(\/ 25,72+ 45y = S At — 2\ [Sy2 = 285,(Su + 25 A0?)

1
25w

The leading terms of the sequential and Chernoff rates
in Egs. (F1) and (F3) are four-parameter dependent, i.e.,
Aw,y,Sy and Spp (0. no longer plays a role). There-
fore, one can express these two rates in terms of the
following two ratios that provide an idea of the shape
and relative distance between the two hypotheses under
testing:

ca:=%>0, cb:=§>0. (F4)
Y Sph
In the first case, ¢, is an indicator of the overlap between
the two Lorentzians since it takes into account their width
and distance in between. In the second case, ¢, stands for
the ratio between the Lorentzian peak, and the background
noise. With this change of variable, it turns out that both slopes
become a two-parameter function. Then, with the aim to
compare both the sequential and Chernoff rates we define the

1
(\/ 25uy? + 45y — SpnAw? + 27 /S22 — 285 (Su + 2Sm)Aw?) + 0(5)

(F3)

c

\

quantity

Pseq
Pe

and study its behavior at different parameter regimes, i.e.,
Yc,, cp > 0. It can be symbolically checked with computa-
tional software, like, for instance, Wolfram Mathematica, that
r(cq, cp) = 4, Veg, cp > 0. Therefore, for processes where the
Chernoff bound is asymptotically attainable, the sequential
strategy outperforms the deterministic one by at least a factor
of 4 in terms of less observation time to achieve the same error
performance.

In Fig. 20, we show a heatmap of r(c,, c¢;) for different
values of c,, ¢, that range up to 10. Notice that for small
Cas Cp, 1.€., in the regimes where the two hypothesis are more
difficult to distinguish, r(c,, cp) saturates the minimum value
of 4. Moreover, in scenarios where the two Lorentzians are
widely separated or the shot noise is very small compared to
the spin signal, r(c,, cp) increases up to values bigger than 5.5.

r(Cas cp) i= (F5)
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