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Measurement error mitigation (MEM) is essential for realizing reliable quantum computation. Model-free
measurement error mitigation (MF-MEM) is an important class of MEM methods that employs Pauli twirling—
typically with a random twirling set—to convert measurement noise into a state-independent scaling factor,
thereby enabling error mitigation through simple calibration. However, such methods face prohibitive sampling
overhead, limiting their scalability. To address this, we introduce subsystem-balanced Pauli twirling (SB-PT), a
twirling method designed for MF-MEM that enforces Pauli operator balance on measuring subsystems to selec-
tively suppress dominant measurement noise. Theoretically, for a weight-t Pauli observable, SB-PT removes all
independent error components using only O(47) random circuits, substantially reducing the sampling overhead
over conventional Pauli twirling. This efficiency gain is most significant for sparse observables. To extend
such resource-efficient mitigation to arbitrary observables, we generalize and integrate a hardware-efficient
measurement transformation framework that converts high-weight Pauli operators into low-weight effective
ones via linear-depth circuits. The circuit noise introduced during this transformation is jointly mitigated with
native measurement noise using a unified twirling protocol, ensuring robust performance. Extensive numerical
simulations demonstrate a greater than 16-fold improvement in sampling efficiency over conventional random
twirling, with consistent performance gains across varying system sizes and error regimes. This work provides a
resource-frugal and experimentally viable path toward high-fidelity measurement in near-term quantum devices.
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I. INTRODUCTION

Quantum computers hold significant potential for solving
classically intractable problems across a wide range of fields,
including quantum chemistry, optimization, and machine
learning [1-3], yet are fundamentally limited by hardware
imperfections. Among these, measurement errors pose a par-
ticularly critical challenge: They systematically corrupt the
final readout after quantum state collapse, irreversibly de-
stroying computational results. Crucially, the dimensionality
of measurement noise scales exponentially with qubit number,
requiring O(4") parameters for full characterization, rapidly
becoming infeasible for practical devices.

This exponential barrier motivates simplified error models.
The most direct approach leverages measurement’s projective
nature, treating readout errors as classical state transitions
after state collapse [4—8]. We model them through a stochastic
map with transfer matrix A relating ideal (pigea) and noisy
(Pnoisy) distributions via

Pideal = A_lpnoisy- (D

Quantum mechanically, this corresponds to a quantum chan-
nel N =&, oD, where the complete dephasing channel
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D(p) =Y, (klplk)|k)(k| eliminates coherence, followed by
the population noise channel £, (o) = Zi(ZJ[A],«jaj)|i)(i|
for the resulting diagonal state o = ) ;o)1 with o =
(jlo|j), which modifies the diagonal elements according to
the transfer matrix A. However, even this classical reduction
remains exponentially costly as it requires O(2") parameters,
motivating further simplification. The tensor Product Noise
(TPN) model [5,9-11] assumes qubit-independent measure-
ment noise, which implies a transfer matrix that factorizes
as Arpn = @', A;. This reduces the complexity to O(n),
making mitigation tractable for large systems, though at the
cost of neglecting correlated and quantum coherent errors.

An alternative paradigm is model-free measurement error
mitigation (MF-MEM) [12-16], which circumvents model-
dependent limitations. This method employs Pauli twirling
[17-20] to tailor the full measurement noise channel into
a Pauli form, enabling its mitigation via state-independent
rescaling without requiring explicit characterization. While
effective for moderate-scale systems [21], the conventional
approach using undirected random twirling becomes pro-
hibitively resource intensive at scale.

Motivated by tailored twirling techniques that construct
minimal twirling sets for specific error channels [22], we
introduce Subsystem-Balanced Pauli twirling (SB-PT) for
MF-MEM. SB-PT systematically exploits the structure of
measurement noise by designing twirling sets in which each
Pauli operator is balanced on the measured subsystems,
thereby selectively suppressing the dominant independent
error components. We rigorously prove that for any Pauli
observable of weight T < n, SB-PT requires only O(4") ran-
dom circuits to exactly cancel all independent measurement
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errors, while also delivering strictly tighter sampling over-
head bounds than conventional random twirling. To extend
these advantages beyond sparse observables, we integrate a
measurement transformation protocol that generalizes com-
pression readout [23,24]; this protocol converts any m-weight
Pauli observable into k-weight form (kK < m) via O(n)-
depth circuits while maintaining compatibility with twirling.
This framework incorporates both measurement noise and
circuit-induced noise into a unified effective noise model,
enabling unified error mitigation. Numerical simulations con-
firm these advantages across multiple noise regimes and
observable types, demonstrating significantly improved re-
source efficiency over MF-MEM with random twirling while
maintaining comparable fidelity.

The remainder of this paper is organized as follows.
Section II reviews the established theoretical foundation,
introducing the Pauli-transfer-matrix representation, Pauli
twirling, and the MF-MEM framework. This section refor-
mulates these known concepts into a consistent notation that
prepares the essential formalism for our protocols developed
in later sections. In Sec. III, we develop the SB-PT proto-
col: We first characterize the algebraic structure of classical
measurement noise within the Pauli-transfer-matrix repre-
sentation, then construct the SB-PT method by exploiting
the inherent symmetries. Section IV addresses mitigation
scalability through measurement transformation techniques,
enabling efficient SB-PT implementation for high-weight ob-
servables. Comprehensive numerical simulations validating
our protocol under various noise regimes are presented in
Sec. V. Finally, we conclude with discussions on broader
implications and potential extensions.

II. TWIRLING-BASED MEASUREMENT
ERROR MITIGATION

A. The Pauli-transfer-matrix formalism

Measurement noise systematically corrupts the expecta-
tion values of Pauli observables by introducing non-physical
shifts. To establish this formally, we adopt the Pauli-transfer-
matrix (PTM) representation [25,26]. Within this formalism,
the quantum state p is encoded as the column vector |p)),
while the quantum channel £—completely positive trace-
preserving (CPTP) [1] map—corresponds to a real matrix
M acting on the vector. The observable O maps to row
vector ((O| in the same basis. The expectation value (O) of
an observable O, given that the state p has evolved under the
channel &, is given by the Hilbert-Schmidt inner product:

(0) =Tr(0&(p)) = (OIMelp). (@)

We order the n-qubit Pauli group {/,X,Y,Z}®" by as-
signing to each index p € {0, 1, ..., 4" — 1} the unique Pauli
operator P, = @'_, op,, Whereog = 1,01 =X, 00, =Y, 03 =
Z,and p = (p1, P2, - . -, Pu) € Z} is the base-4 representation
of the number p, where each p; is a digit of p. Likewise,
the subgroup {I, Z}®" is ordered by an analogous binary map
that assigns to each index r € {0, 1, ..., 2" — 1} the operator
Z, =@, or, where r € Z4 and oy = I, 01 = Z. To embed
the subgroup {/, Z}®" into the full n-qubit Pauli group, we

introduce the index-preserving maps:
¢:{0,1,...,2" =1} - {0,1,...,4" — 1},

525, )
where we flip every 1 in Z} to 3 in Z}. Formally,
$(r) = (Gry,...,3r,) € Z},
“

$(r)=> 3r; 47
i=1

This construction ensures that Z, = Py, for all r.
The matrix element of Mg is defined for indices p, g €
{0,1,...,4" — 1} as

1
[Mf]pq = ?Tr(Ppg(Pq)) (5)

In particular, any Pauli observable P, can be repre-
sented by the standard-basis row vector ({F] =e:Ir =

©,...,1,..., O)T in the PTM representation, where e, has
a single nonzero entry (1 at index g corresponding to the
position of P, in the Pauli basis).

B. Model-free measurement error mitigation via Pauli twirling

We now formalize the impact of measurement noise on
expectation-value estimation for Pauli observables and intro-
duce the foundational principles of MF-MEM. Without loss
of generality, we describe our protocol using Pauli-Z observ-
ables, as single-qubit Cliffords can map any Pauli observable
to this form. For general measurement noise R within the
PTM representation, the noisy expectation value for Pauli-Z
observable Z, is

4—1
(Z+)o = (ZARIP) =2" D [Rlpmjoi(p).  (6)
j=0
where @;(p) is the jth element of |p)), which equals the
scaled noiseless expectation value (P;|p)) = 217Tr(ij). The
measurement noise R results in additional systematic bias of
the ideal value g4 (p).

MF-MEM methods exploits Pauli twirling to convert the
measurement noise channel R into a stochastic Pauli channel,
enabling bias correction. For a randomly chosen twirling set S
(a subset of the n-qubit Pauli group with |S| < 4"), the twirled
noise channel [17-20] is

- 1
wirled __
R =5 E P,RP,. (7

P,eS

where P, is the PTM of Pauli operator P, a diagonal ma-
trix with element [P, ]; = n(P,, P;) fori € {0,1,...,4" — 1}.
Here, n(P,, P;) = £1 denotes the commutator sign satisfy-
ing PqPiP; = n(P,, P)P,. The latter P, is virtually applied
through postprocessing of the measurement outcomes. Specif-
ically, when the Pauli term on a single qubit is X or Y, this
virtual application is achieved by bit-flipping the measure-
ment outcomes (0 and 1).
The PTM elements of the twirled channel simplify to

. 1
[R‘W“led],-j=|s—| n(P,, Pn(P,, PHIRL;.  (8)
P,eS
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Defining the scaling factor,

1
@ij(S) = — > (P, PiP)), )

11 P,eS

and noting that n(#,, P)n(P,, P;) = n(P,, P;P;) holds under
the standard Pauli multiplication convention, we obtain

[Rtwirled]ij — aij(S)[R]ij- (10)

Crucially, the diagonal elements remain unchanged since

1 1
@i(8) = — > n(Py, PiP) = S D o@D =1,

11 P,eS P,eS

(1)

preserving the intrinsic noise characteristics, while off-
diagonal elements are scaled by «;;(S), with the scaling
magnitude determined by S.

When employing the full twirling set S = {1, X, Y, Z}®",
the off-diagonal elements vanish (¢;;(S) = 0 for i # j), re-
sulting in a diagonal matrix R™"4, Consequently, the twirled
noisy expectation value for Z,,

41

v(p) = 2" ) g (SHRpn 05(p), (12)

=0
then simplifies to
v(p) = 2" [Rlgmewr) - () = [Rlpwrpn Tr(pZ,).  (13)

This shows that the noisy expectation value v(p) is equal to a
scalar multiple of the ideal expectation value (Z,)p = Tr(pZ,)
[15]. The multiplicative factor A = [R]g ¢~ depends solely
on the measurement noise channel R and is independent of
the state p. Since Tr(ppZ,) = 1 with py = |0)(0|®" for any r
(as |0)(0] is a +1 eigenstate of Z), we obtain A = v(pp). The
mitigated expectation value is then given by

_ vlp) _ AZ)p
v(po) A

a(p) =(Z)p, (14)

which exactly recovers the ideal expectation value.

However, when a reduced twirling set S (with |S| < 4")
is employed, the twirling becomes imperfect. This results in
nonvanishing off-diagonal elements, meaning cg;(S) # 0
for some j # ¢(r). Consequently, certain noise terms are not
fully canceled via Eq. (14), introducing error terms of the
form oy (S) Ry, (p) into v(p). These errors cause the
mitigated estimate a(p) to deviate from the ideal expectation
value.

As part of the theoretical foundation, we formalize the
estimation error bound in Theorem 1 (see Appendix A1l
for proof), preparing the necessary tools for our subsequent
analysis.

Theorem 1. For any n-qubit quantum state p and Pauli-Z
observable Z,, with probability at least 1 — § over the choice
of random S, the estimation error €(p) = |a(p) — Tr(pZ,)| is
bounded by

2k (S) Z_j7é¢(r) |[R]¢(r)j|

O S Ry €)Y gy Ryl
where
k(S) =\/%(2n1n2+1n(2/8)), (16)
under the diagonal dominance condition
[RIpwon| > €(S) D 1[RIpwmjl- (17)

J#P(r)

This diagonal dominance condition holds under moderate
noise levels, as demonstrated in our numerical simulations
using real device calibration data. The above theorem provides
a performance guarantee for the MF-MEM methods with a
reduced twirling set.

III. SUBSYSTEM-BALANCED PAULI TWIRLING

A. Structure of classical measurement noise model

The efficacy of any tailored twirling strategy hinges on a
precise understanding of the noise it aims to suppress. Unlike
general quantum processes, classical measurement noise ex-
hibits a highly constrained algebraic structure. This structure
arises because the measurement process projects the quantum
state into a classical outcome, confining noise effects to a
specific subset of elements in the PTM. Furthermore, as evi-
denced by experimental characterizations of superconducting
quantum processors [27-29], this noise is not unstructured,
it predominantly follows a hierarchical model where local
error processes dominate. This characteristic structure moti-
vates the design of twirling sets that target and cancel these
dominant errors efficiently, rather than treating the noise as a
black box.

To set up our framework, we define the Pauli-Z subset: the
set of index pairs where each pair corresponds to an operator
restricted to {I, Z}®". Formally, the Pauli-Z subset of index
pairs is defined as

Iz == {(¢(r), p(s)Ir, s € Z5}. 18)

For the PTM element [R];; with 7, j € {0, 1,...,4" — 1}, it

holds that [R];; = 0 when (i, j) ¢ Iz. Then we can define the

reduced matrix R  as the restriction of the full PTM R to

this Pauli-Z subset [, as illustrated in Fig. 1(a), which forms

a 2" x 2" matrix that completely characterizes the classical

measurement noise. For r,s € Z7, the PTM encodes noise

statistics through
= 2l
[Rlgrrp0 = [Rzls = 20 3 (=DM 3 [AJG(=D™,

j=0 k=0

(19)

where the dot product r - k = @, rk; is computed modulo
2. This expression decomposes physically into measurement-
induced dephasing channel D and classical bit-flip noise
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FIG. 1. Pauli Transfer Matrix structure for classical measure-
ment noise models. To reveal the nonzero patterns more clearly, the
heatmaps display the absolute values of the PTM elements. This
removes visual clutter caused by the signs of the values. Explicit op-
erator annotations on axes show the correspondence between n-qubit
Pauli operators and index positions. (a) The PTM of classical mea-
surement noise for two-qubit system. Nonzero elements are confined
to the Pauli-Z subset I, with axes annotated by their correspond-
ing Pauli-Z operators. (b) The PTM of TPN for two-qubit system.
Nonzero elements satisfy the trigger condition supp(Z,) < supp(Z;),
forming the TPN subset T. Here, we define the support of Z, as
supp(Z,) = {k|r; = 1}. The reduced structure results from spatial
measurement noise independence. Both PTMs rely on calibration
data from Zuchongzhi 2.1 taken directly from two-qubit measure-
ments and assembled from tensor products of single-qubit data,
respectively.

channel &,, as introduced in Eq. (1) and the accompa-
nying text. The term > j(—l)s‘j captures D, representing
wavefunction collapse to computational basis states during
measurement. Meanwhile, Zk[A]k j(—l)r‘k corresponds to
&, computing the expectation value of Z, after classical read-
out errors governed by the transfer matrix A.

Especially, under the TPN model, spatial independence
simplifies the noise structure significantly. The overall PTM
factorizes into single-qubit components:

Rz = ®R(k), where RY) = <Cik 2) (20)
k=1

with local parameters w; = ay + by — 1 and & = ar — by,
where a; = P(noisy Olideal 0) is the probability of obtain-
ing the noisy outcome O given the ideal state |0) and by =
P(noisy 1]ideal 1) is the probability of obtaining 1 given
the ideal |1). The constraint |w;| < 1 — || ensures physical
realizability.

This tensor decomposition imposes a strict trigger condi-
tion that determines which matrix elements can be nonzero.
To characterize this condition, we define the support of a Pauli
operator Z, as

supp(Z,) = {k|ry = 1}. 2y

Then, an element [Rz],; of Rz is nonzero if and only if the
support of Z; is contained within that of Z,

[Rzlrs #0 <= supp(Zy) < supp(Z,). (22)

Physically, this condition implies that the measurement out-
come of Z can be affected by Z, only if Z, is measured on all
qubits included in the measurement of Z;.

The collection of all operator pairs satisfying this support
condition defines the TPN subset:

T = {(r, s)Isupp(Z;) < supp(Z,)}, (23)

as illustrated in Fig. 1(b).
For any (r, s) € T and r # 0, the matrix elements decom-
pose into physically interpretable factors:

[Talx| J] o] @

k:sp=1 korp=1,8,=0

[RZ]rs =

Here, the first product quantifies bit-flip suppression on qubits
measured by both operators, while the second captures the
noise contribution from qubits measured by Z, but not by Z
(see Appendix B for a detailed derivation).

B. Subsystem-balanced Pauli twirling tailored
for TPN subspace

Building upon the TPN subset T defined above, we now
present a decomposition of the noise PTM R that separates
its elements based on membership in T':

Rz =R} +RY, (25)

where the two components are defined as follows:

)] R}r consists of all elements whose indices (r, s) belong
toT,ie., [qur],s = [Rz],sif (r, 5) € T, and 0 otherwise.

2 qur contains all elements whose indices are in the
complement set T, i.e., [’R}T]rs =[Rzlsif (r,s) ¢ T, and O
otherwise.

This decomposition isolates R}, which captures all local
independent errors conforming to the TPN model, as well as
a subset of correlated errors consistent with the TPN support

structure. The remaining term, RYT, contains only correlated
errors not captured by the TPN model and is typically weak in
magnitude.

To specifically target and eliminate the dominant TPN-
related errors captured in RFZE, we propose SB-PT. This
method constructs tailored twirling sets that are balanced
across measured subsystems, enabling efficient mitigation of
TPN-structured errors without requiring prior noise character-
ization. By exploiting the spatial locality of target observables,
SB-PT significantly reduces the resource overhead compared
to conventional random twirling. The overall structure of MF-
MEM combined with SB-PT is illustrated in Fig. 2(a).

To realize this tailored twirling strategy, we first character-
ize the spatial extent of the target observable. We define the
weight of a Pauli-Z operator Z, as the number of qubits on
which it acts nontrivially

©(r) = |Z,| = |supp(Z,)| = Hamm(r, 0), (26)

where Hamm(r, 0) = )7, r; denotes the Hamming weight
of the binary vector r. This weight 7(r) corresponds to the
number of qubits measured.
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FIG. 2. The framework for MF-MEM with SB-PT. (a) For sparse Pauli observables, we directly apply SB-PT by uniformly sampling Pauli
operators within the observable’s support and random Pauli gates on remaining qubits. The first sequence of twirling gates is physically applied;
the second is virtually implemented via post process (measurement bit-flips). (b) For high-weight observables, we employ measurement
transformation to transform the observable into a sparse Pauli form. Then, we apply SB-PT to simultaneously twirl the composite noise
originating from both the measurement circuit and the native measurement process. The measurement transformation technology comprises
two modalities: weight reduction (converting contiguous Pauli-Z operators to sparse ones) and location shift (relocating Pauli-Z operators

within the observable).

The SB-PT set S**° is constructed via a concrete procedure
that guarantees uniformly random Pauli gates on the measured
qubits. Given the set size |S™®| = ¢4 with ¢ > 1, the con-
struction proceeds as follows. For the measured subsystem of
7(r) qubits, we generate the Pauli operators by replicating the
full Pauli group c times and applying a random permutation
to the resulting sequence of Pauli operators. This ensures both
complete coverage and genuine randomness across the mea-
sured qubits. We then assign Pauli operators to the remaining
n — t(r) qubits by independently sampling uniformly from
{1,X,Y,Z} for each qubit, thereby forming the complete n-
qubit twirling operators.

Based on this construction, each resulting twirling operator
P, € 8% naturally exhibits the structure:

P=| @ a]®| Q ol

i€supp(Z,) i’ ¢supp(Z,)

@n

where the first tensor factor acts on the t(r)-qubit measured
subsystem, and the second on the remaining qubits. Moreover,
our specific construction method ensures perfect balance:
Since we include each possible Pauli string on the mea-
sured subsystem exactly ¢ times, for any individual qubit i €
supp(Z,) and any Pauli operator I" € {/, X, Y, Z}, the marginal
distribution is uniform. Specifically, among the c47") opera-
tors, the count where o, = I is precisely ¢4")~!, as the other
7(r) — 1 qubits can form 47"~ independent combinations.

This directly yields the marginal uniformity condition:

fa:oq =T}| _eamt 1
|quub| = =1 (28)

4T T4
For qubits outside supp(Z,), the independent random assign-
ment ensures their individual marginal distributions are also
uniform.

This full-system twirling design serves two key purposes.
First, by ensuring balanced twirling on the measured sub-
system, it enables the exact cancellation of dominant local
noise components. Second, and crucially, by applying twirling
to the complement of the observable’s support, it actively
suppresses correlated errors that span across the measured
and unmeasured subsystems. These cross-system correlations
are transformed by the random Pauli operators into locally
correctable noise on the measured qubits. Specifically, the
protocol ensures that all error components in Rjzr acting on
supp(Z,) are exactly canceled, as formalized in Theorem 2
(see Appendix A 2 for proof).

Theorem 2. For any Pauli-Z observable Z,, we define the
trigger set 7, as a subset of {0, ..., 2" — 1} \ {r}, where

seJ. & (rs)eT.

(29)

Then for any s € 7,, the scaling factor of SB-PT twirling set
S satisfies

A (S™M) =0 (30)
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This induces complete cancellation of all noise components in
R}T acting on supp(Z,).

This targeted annihilation within the TPN subset concen-
trates resources on suppressing the dominant noise component
qur, substantially improving the sampling efficiency for
finite-sized twirling sets. As a necessary consequence, noise
components outside this subspace—specifically, elements in
R}T and quantum coherent errors—experience weaker sup-
pression compared to random twirling. Nevertheless, by
increasing the integer scaling factor ¢, our method progres-
sively suppresses these residual components, driving all error
terms toward zero while maintaining balanced Pauli sampling
over the subsystem.

When integrated into the MF-MEM framework, the SB-PT
set S*'® yields a tighter bound on the estimation error than the
general result in Theorem 1, as we establish in Theorem 3 (see
Appendix A 3 for the full proof).

Theorem 3. We define the extension set as O(J,) =
{p(s)ls € T} €1{0,...,4" — 1}. For any n-qubit quantum
state p and Pauli-Z observable Z,, with probability > 1 — §
over SB-PT set S™°, the estimation error €(p) = |a(p) —
Tr(pZ,)| is bounded by

26sB(S™) Y w7 [R1g(r;
[IR1pron] — ksB(S™) Y a7y IRl
(31

€sp-pT(0) <

where

suby __ 2
ksg(S™™) = \/lSsub| (2mIn2+1n(2/6)), (32)

m=n—t(r) =n— |supp(Z,)],

under the diagonal dominance condition:

[Rlpwon| > ksp(S™) D ([Rlpmil-  (33)
JEP(T))

This establishes an error bound that is strictly less than the one
presented in Eq. (15).

The scaling of our bound with 7(r) complicates direct
comparison across observables of different weights, since the
size of the twirling set |S*"®| = ¢47(") itself grows with the
observable support. Nevertheless, for any fixed 7(r) and fixed
twirling set size, our bound is strictly tighter than that of
random twirling (given in Theorem 1), demonstrating the
practical benefit of SB-PT under finite sampling.

For high-weight observables, however, the performance
gap between SB-PT and random twirling narrows, particularly
when the size of the twirling set is smaller than the full
Pauli group on the measured subsystem, i.e., when |S**?| <
47" To mitigate this limitation, we next introduce mea-
surement transformation techniques that reduce the effective
weight of such observables. Although these techniques intro-
duce additional circuit noise, they offer a favorable trade-off
that preserves overall error mitigation performance, thereby
extending the scope of our method to broader classes of
observables.

IV. MEASUREMENT TRANSFORMATION

To extend the advantages of SB-PT from sparse ob-
servables to global ones, we employ a hardware-efficient
measurement transformation (MT) framework. This frame-
work converts arbitrary high-weight Pauli-Z observables into
measurement-equivalent low-weight counterparts, enabling
the subsequent application of our efficient SB-PT protocol.
The integrated MT protocol leverages two complementary
techniques:

(1) Weight reduction (WR), as proposed in prior work
[23,24], compresses contiguous Pauli-Z operators into single
ones.

(2) Location shift (LS), which we introduce here, spatially
redistributes the support of Pauli-Z operators to facilitate WR.

As illustrated in Fig. 2(b), the resulting measurement
circuit consists entirely of nearest-neighbor CX gates. The
following sections formalize this framework and analyze its
critical synergy with SB-PT, demonstrating how we miti-
gate the resulting composite noise and preserve low sampling
complexity.

A. Weight reduction

We begin by structurally decomposing the Pauli-Z ob-
servable Z, into its fundamental components. This involves
grouping consecutive nonidentity (Z) and identity (/) opera-
tors into contiguous segments.

Formally, we define the following two sets of segments:

(1) M =20 @...®2@" s the set of nonidentity
segments, where each I'; is a tensor product of 7;(r) Pauli-Z
terms. o

Q) Y[ =19 ®- --®IU" ), is the set of identity seg-
ments, where each Y is a tensor product of B (r) identity
terms.

The entire observable is then given by the tensor product
of all these segments:

z, - (@ r,;) ® (@ T,:>, (34)
k=1 k=1

The total weight t(r) is the sum of the lengths of all noniden-
tity segments: 7(r) = Y 2, w(r).

To reduce the measured qubits for the observable Z,, we
construct a Clifford circuit Ug that maps Z, to an effective ob-
servable fof = URZ,UI; with lower weight. This is achieved
by compressing each high-weight segment I'y (7x(r) > 1)
onto a single qubit 7 chosen from its support {if, ..., i*"’}.

The core component of this compression is a chain of CX
gates [24], denoted as Uc(i, j), which is defined as follows:

CXiit1CXig1,i42...CXj_1 ifi < j,
Uc(i, j)=1CX(,i-1yCX(i-1,i=2)--.CX(j41,jy, 1T > j,
en, ifi= .

(35)

For each segment I', we define the Clifford transformation as
Ur(T}, 1) = Uc ", 1)Uc (i}, 1), which ensures

T

Ur(Ty, ) TiUR (T ) = 2%, (36)
as proven in Appendix C 1.
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The full circuit Uy is then formed by concatenating the seg-
mentwise transformations, yielding the effective observable:

7" = UpZ, U},

- ® z0 |

7 (r)=1

ny
® ) e (&)
T (r)>1
(37)
which has a reduced effective weight " = n,. Measuring Z,
on state p is equivalent to measuring Z¢ on the state Uy ,oU,g .

B. Location shift

However, when the Pauli-Z terms in Z, are noncontigu-
ously distributed, the direct application of WR is hindered;
we therefore introduce LS to address this limitation. It reor-
ganizes the support of Z, into contiguous segments without
altering its total weight, thereby enabling subsequent WR.

The fundamental operation of LS is to shift a Z operator to
an adjacent qubit. Consider a pair of adjacent qubits (i, i + 1).
If the original observable contains Z®) on qubit i and 71! on
qubit i 4+ 1, we can define the shift operation

Us(i,i+ 1) = CX; i11CXip 1, (38)

The transformation of Z® ® I*D under the action of
Us(i, i+ 1) yields

US(Z(I') ® I(i+1))US'}' .y (O] ® Z(H_l), (39)

effectively shifting the Z support from qubit i to qubit i 4 1
(see Appendix C 2 for proof). The reverse shift, from 1D ®
ZD to 20D @ IV, is achieved by the conjugation operation
Us(i,i—1).

By sequentially applying these nearest-neighbor shift
operations, spatially separated Pauli-Z operators can be
consolidated into contiguous blocks. Once contiguity is es-
tablished, the WR protocol can compress each block for full
measurement compression.

C. Measurement circuit construction for arbitrary
effective Pauli-Z observable

By integrating the two techniques above, we can construct
a Clifford circuit Uyt for any Pauli-Z observable Z,, trans-
forming it into an effective low-weight observable:

7" = UnrZ,Uyip- (40)

This allows strategic control over the number and locations
of Pauli-Z operators in the measurement basis. Moreover,
by redistributing the observable’s support, the circuit reduces
spatial proximity among measured qubits, thereby inherently
suppressing correlated measurement errors that depend on
physical layout.

The measurement circuit Uyt can be constructed to map Z,
to a single-qubit observable on a target qubit j € {1, ..., n}:

UMTZrUI\T/[T — I®(.i—l) ® Z(j) ® I®(n—j)' 41)

This construction is not unique; various sequences of LS and
WR operations can achieve the same goal. A typical approach
is to first apply LS to group all Pauli-Z terms into one contigu-

ous segment, and then apply WR to compress this segment
into a single qubit.

More generally, the framework extends naturally to arbi-
trary effective weight 77 > 1 by partitioning the qubits into
k disjoint subsets {H,, H,, . .., H;}, each containing one qubit
designated as the measurement site. A similar measurement
circuit construction can be applied independently to each sub-
set to achieve the desired low-weight effective observable.

To estimate the expectation value (Z,),, we prepare the
state Umr ,oU;,[T, measure in the computational basis, and post-
process the outcomes to compute

(Z,), = Tr(pZ,) = Tr((UnrpUyyr)ZET). (42)

D. Noise-resilient measurement transformation with
subsystem-balanced Pauli twirling

Although MT provides inherent resilience to measurement
noise when ¢ < 7, the physical implementation of the mea-
surement circuit inevitably introduces additional gate errors.
To characterize the effect of noise, we model the measurement
circuit under the standard assumption of gate-independent,
CPTP noise. Each ideal gate U; is accompanied by a noise
channel &;, yielding the noisy implementation:

U =EU)o---oEUy) o (EU). (43)

To analyze the cumulative effect of these errors, we propa-
gate each noise channel to the end of the measurement circuit
through conjugation by the subsequent ideal gates. This trans-
formation is achieved as follows: for any noise channel &;
occurring at the ith step, we conjugate it by all subsequent
gates U;y1y = Ujo---0 Uy, effectively shifting it to the
end of the circuit:

U= (50U 1U)o- 0 (Ua&iUL ) o U, (44)
This expression defines the effective noise channel:
EM =& o (Uig1U)) o0 (Un&iUS),  (45)

which captures the combined effect of all gate errors during
the measurement circuit.

In the PTM representation, the noisy measurement circuit
is modeled as I = Cl, where C is the PTM of the effective
error channel £, The resulting noisy expectation value is
given by

(Zo = ([Z;"[RCUIp). (46)

with R denoting the measurement noise channel. This ex-
pression captures the full effect of noise throughout the
measurement process and leads to a systematic deviation from
the ideal expectation value (Z,),. The diagonal elements of C,
notably [Clg¢(r), multiply the ideal expectation value by a
constant factor. This factor can be readily mitigated through
calibration, as shown in Eq. (14). However, the off-diagonal
terms—including coherent errors—introduce a nontrivial bias
that cannot be corrected by simple scaling.

To address both measurement noise and the gate errors
introduced by the measurement circuit, we combine them into
a single effective noise channel R = RC. We then apply SB-
PT tailored to the effective observable Z°™. For each selected
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Pauli operator P, € S, we first apply the physically trans-
formed operator P, = U(P,) = UyrP,Uyy; prior to the noisy
measurement circuit U, and then virtually apply the original
P, during classical postprocessing as described in Sec. 1IB.
This unified mitigation framework suppresses errors in R,
enabling accurate estimation of (Z,), even in the presence of
coherent errors in both measurement and circuit operations.

V. NUMERICAL SIMULATIONS

To assess the performance of our method, we perform
extensive numerical simulations using two classes of noise-
free quantum states: (1) random computational-basis product
states, and (2) Haar-random pure states.

A. Noise settings

Measurement noise is systematically incorporated via
two distinct types of measurement transfer matrices (see
detailed illustration in Appendix D 1). The first type is
reconstructed from empirical calibration data of qubits
{002, 005, 006, 009, 010, Q11} on the Zuchongzhi 2.1 su-
perconducting quantum processor [28,30], which exhibits a
measurement error rate (MER) of 0.0452 £ 0.0143.

However, since this experimental characterization is lim-
ited to six qubits, we introduce a second, programmable
synthetic noise model to investigate larger systems. This
synthetic noise model incorporates two tunable components,
independent and correlated measurement errors, both de-
signed to capture the nonuniform noise profiles observed in
real devices. The independent part is constructed as a tensor
product of single-qubit transfer matrices, where each error
strength is independently sampled from a normal distribution
with mean 0.015 and standard deviation 0.01. Similarly, the
correlated component is applied to each of the n — 1 adja-
cent qubit pairs via a two-qubit noise operator based on the
continuous-time Markov process model [5]:

4(n—1)
A =exp Z 1iG;i |, (C9))]
i=1

where each A; is also drawn independently from a normal
distribution with mean 0.008 and standard deviation 0.005.
These {A;}; correspond to the strengths of the generators {G;};,
which belong to four fundamental types of two-qubit readout
eITOr processes:

(1) |10)(01] — |01){01] refers to readout error 01 — 10,

(2) 101)(10] — |10){10] refers to readout error 10 — 01,

(3) |11)(00] — |00){00]| refers to readout error 00 — 11,

(4) 100)(11] — |11){11] refers to readout error 11 — 00.

The overall synthetic transfer matrix is constructed as a
combination of these two noise components. By sampling
both independent and correlated error strengths probabilis-
tically, the model introduces qubit-dependent variations that
closely emulate the behavior of real superconducting quantum
processors.

To model gate noise in the measurement circuit, we employ
a hybrid approach combining both incoherent and coherent
errors. Incoherent noise is introduced via a global depolarizing
channel, with error rates set to 5 x 107 per single-qubit gate

and 5 x 1073 per two-qubit gate. Coherent errors are incorpo-
rated using a unitary perturbation of the form exp(—i ";X X),
where the noise strength is set to § = 0.01.

Unless otherwise stated, the first type of transfer matrix is
used by default.

B. Results

We begin by numerically validating the performance of
SB-PT with MF-MEM mentioned in Sec. II B, using six-qubit
Haar-random pure states. We evaluate three Pauli-Z observ-
ables with increasing weights t: ZIIIIl (v =1), ZZIIII
(t =2), and ZZZIII (r = 3), comparing the absolute error
between ideal expectation values and estimates from four
methods: direct noisy measurement (Noisy), MEM with TPN
model (TPN), MF-MEM with random twirling (MF), and
SB-PT [MF(sub)]. Notably, when the size of the twirling
set is less than 4%, SB-PT strategically constructs the set to
ensure that Pauli terms acting on the measured subsystem are
nonrepeating.

As shown in Fig. 3, SB-PT significantly outperforms ran-
dom twirling, achieving superior sampling efficiency and
estimation accuracy. A key observation is the pronounced
performance leap when the number of random circuits ex-
ceeds 4°. This threshold behavior aligns with the theoretical
expectation that SB-PT requires significantly fewer samples
than random twirling once the subsystem symmetry is ad-
equately exploited. These results conclusively demonstrate
the enhanced efficiency of SB-PT, particularly for low-weight
Pauli-Z observables, establishing its advantage over conven-
tional mitigation techniques.

We next extend our analysis to global Pauli-Z observ-
ables, where the observable’s weight equals the system size
n. In this regime, SB-PT alone fails to provide advantages
due to the high weight of the observable. To address this
challenge, we incorporate MT to reduce the global ob-
servable to weight-1 using a circuit of depth n — 1 (see
Appendix D2 for detailed circuit implementation). This ap-
proach leads to two hybrid protocols: MF-MEM with MT
and random twirling [MT(rnd)], and MF-MEM with MT and
SB-PT [MT(sub)]. The results presented in Fig. 4(c) are ob-
tained using the second type of synthetic measurement noise
model.

As presented in Figs. 4(a) and 4(b), MT(sub) demonstrates
a substantial performance advantage, achieving near-optimal
error mitigation with very few random circuit instances. No-
tably, MT(sub) using only ri = 4 attains accuracy comparable
to that of the second-best method—MT(rnd) in (a) and MF
in (b)—evaluated at ri = 64, corresponding to a 16-fold im-
provement in sampling efficiency.

The scaling properties of the methods are further investi-
gated using Haar-random states, as shown in Figs. 4(c)—4(e).
Figure 4(c) reveals a critical divergence in scaling behavior
with increasing qubit number 7, using the relative error (de-
fined as the logarithm of the ratio between mitigated and
unmitigated absolute errors). The relative error for MT(sub)
rises gradually, confirming its favorable scaling for larger
systems. In contrast, the relative error for the MF method
increases abruptly for n > 10, indicating limited scalability.
The shot-number dependence in Fig. 4(d) demonstrates that
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FIG. 3. The performance comparison between random Pauli twirling and SB-PT with increasing random twirling circuit number. Absolute
error between ideal expectation values and estimated results for three six-qubit Pauli observables: (a) ZI1111, (b) ZZI1111, and (c) ZZZI11, using
Haar-random pure states. Four methods are compared: direct noisy measurement (Noisy), measurement error mitigation with tensor product
noise model (TPN), model-free mitigation with random Pauli twirling (MF), and model-free mitigation with subsystem-balanced Pauli twirling
[MF(sub)]. Error bars represent the SEM computed from 100 independent replicates.
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FIG. 4. Comprehensive performance evaluation of measurement error mitigation methods for global Pauli-Z observables. Absolute error
between ideal expectation values and mitigated estimates is compared across five methods: direct noisy measurement (Noisy), measurement
error mitigation with tensor product noise model (TPN), model-free mitigation (MF), and model-free mitigation with measurement transfor-
mation (MT) using either random Pauli twirling [MT(rnd)] or subsystem-balanced Pauli twirling [MT(sub)]. (a) Results for six-qubit random
computational-basis states with different random circuit numbers (ri = 4 and 64). (b) Results for a six-qubit Haar-random pure states with
different random circuit numbers (ri = 4 and 64). (c) Relative error (logarithm of the ratio between mitigated and unmitigated absolute errors)
for random states with increasing qubit number (Qn). (d) Performance with increasing measurement shot number for three model-free methods.
(e) Performance with increasing random twirling circuit number for three twirling-based model-free mitigation methods: MF, MT(rnd), and
MT(sub). For all panels except (d), the measurement shot number is infinite. The measurement noise model is constructed as a tensor product
of independent and two-local matrices. Results presented in panel (c) are obtained using a synthetic measurement noise model; others are
obtained using reconstructed noise from calibrated data on the Zuchongzhi 2.1 superconducting quantum processor. And in simulations

for panels (c)—(e), we use Haar-random pure states. Error bars represent the standard error of the mean computed from 100 independent
replicates.
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the absolute error of MT(sub) continues to improve up to
10° shots, at which point it exceeds the precision of MT(rnd)
by an order of magnitude. This confirms its enhanced capa-
bility to utilize increased sampling for uncertainty reduction.
As shown in Fig. 4(e), MT(sub) exhibits significantly higher
sampling efficiency than all other methods: it achieves at
ri = 4 an accuracy comparable to that of MF at ri = 100.
Collectively, these results affirm that the MT(sub) protocol—
enabled by SB-PT—offers superior scaling in both system size
and sampling efficiency, advancing scalable MEM. Further
exploration of the relation between MT(sub) performance and
noise parameters is provided in Appendix D 3.

To examine its flexibility under realistic hardware con-
straints, where two-qubit gate performance degrades rapidly
with circuit depth, we evaluate the trade-off between miti-
gation accuracy and the depth of measurement circuit using
Haar-random states.

We consider two structured Pauli-Z observables: o; =
ZZIZZI and 0, = ZIZIZI. For each observable, we compare
mitigation using MT with the effective weight reduced to
o = 1 [MT(z* = )] and to v = 2 [MT(¢*" = 2)], both
implemented via tailored sequences of WR and LS opera-
tions and both employing SB-PT (see Appendix D 2 for more
details). For observable o;, the support of the effective ob-
servable is reduced to qubit {1} under 7°T = 1, and to qubits
{1, 2} under " = 2. Similarly, for o,, the support is restricted
to qubit {1} at T° = 1, and to qubits {1, 3} at t°7 = 2.

As shown in Fig. 5, MT(z¢f = 2) nearly matches the error
rates of MT(z = 1), while reducing circuit depth by over
50%: from 5 to 1 for o, and from 6 to 3 for o0,. Notably,
despite this slight compromise in precision, MT(z° = 2) still
significantly outperforms conventional methods such as TPN
and MF methods. These results establish the efficacy of our
method in mitigating errors under stringent depth constraints
while largely preserving accuracy.

VI. CONCLUSION

This work establishes an efficient and scalable framework
for MEM on near-term quantum devices through the intro-
duction of SB-PT. SB-PT embodies a resource-aware design
that strategically concentrates twirling on the measured sub-
system, leveraging the empirical prior of hierarchical noise
structure to maximize mitigation efficacy under finite sam-
pling constraints, while remaining effective in the general
model-free MEM context. Its conceptual advance is supported
by a rigorously derived sampling bound that is strictly tighter
than that of random Pauli twirling under finite sampling.

We further integrate MT to extend these advantages to
global observables, resulting in a unified architecture that
maintains both scalability and hardware efficiency. The result-
ing framework preserves linear circuit depth in the number
of qubits and relies on hardware-friendly nearest-neighbor
CX gates, making it especially suitable for supercon-
ducting quantum platforms. Crucially, our model offers a
unified treatment of native measurement noise and MT-
induced gate noise through noise propagation equivalence,

271771

6 I TPN
54 — MF
3 B MF(sub)
X 4
(7]
3. o8
0

Z1Z1ZI

61  mmMT(Te =1) MT(Teff=2)

Err-abs(x1073)

0 3 6
Measurement Circuit Depth

FIG. 5. Performance comparison of error mitigation methods
for structured Pauli-Z observables. Numerical simulations use ideal
six-qubit Haar-random pure states measured under a noise model
characterized by calibration data from Zuchongzhi 2.1. Two observ-
ables are evaluated: ZZIZZI and ZIZIZI. MT(z*f = 1) denotes the
protocol converting the observable to effective weight 1 via measure-
ment transformation, while MT(z* = 2) converts to weight 2. Both
employ SB-PT. Error bars indicate the SEM over 100 independent
replicates.

enabling holistic error mitigation within a coherent MF-MEM
pipeline.

Comprehensive numerical simulations confirm these ad-
vances: SB-PT demonstrates a clear performance separation
beyond the theoretical threshold of 4° random circuits for
weight-t observables, underscoring its superior sampling ef-
ficiency. When integrated with MT, the framework achieves
up to a 16-fold reduction in required random circuit instances
while preserving accuracy across increasing system sizes. Fur-
thermore, reducing the effective observable weight from 1 to 2
yields over 50% savings in circuit depth with marginal preci-
sion loss, providing practical flexibility for depth-constrained
hardware.

Looking forward, this work opens multiple paths for
extension—including adaptive MT compilation tuned to
specific states and devices, experimental validation on
superconducting quantum processors, and generalization to
tasks such as one-shot verification. By unifying theoretical
soundness with hardware-aware design, SB-PT provides a
viable pathway toward scalable quantum advantage in the
noisy intermediate-scale quantum era.
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APPENDIX A: THE PROOFS OF THEOREMS

1. The proof of Theorem 1

For any quantum state p and Pauli-Z observable Z,, the
estimation error is

€(p) = la(p) — Tr(pZ,)| =

_ v(p) - Tr(er)v(po)l
lv(po)l
By expanding the numerator of the given formula, we derive

(p)

(AD)

41

v(p) — Tr(pZ)v(po) = 2" [ @) (S RIger Qs (P) + Z g (SRl jei(p) — 0 (P) Z g (SIRIgr);)

J#P(r) j=0
Z Ay (SIRprjj(P) — 04y (P) Z gy (SIRIpm; |- (A2)
J#P(r) J#P(r)
Here, we use the fact that oy = 1 and @;(pp) = 2/1 for pp = |0)(0|®" and all j € {0, 1,...,4" — 1}. As |o;(p)| < 2", we

obtain

[v(p) — Tr(pZ )v(po)| < 2
J#6(r)

<2 Z () j (SN Rpry;|

JF#(r)

> et (S)IIRI

srjllej (P + legw) (Pl Z g () (SR ]pr)]

J#9(r)
(A3)

<2 max |t () (S Z IRIprjl-

J#P(r)

According to Hoeffding’s inequality, for a fixed j # ¢(r)
and twirling set S chosen randomly from {I, X, Y, Z}®", it

gives
|S|€?
P (lotg () (S =€) < 2exp | — > ) (A4)
Taking a union bound over 4" — 1 off-diagonal indices j #
¢(r)

|3|62>
P ( max i Q)] =€) <2 x4"exp| — . (A5
(j#(r) letg () (S)I ) p( 2 (A5)

Setting § =2 - 4" exp(—&) and solving for €
€= \/E(2n1n2+ln(2/8)) (A6)
Thus, with probability > 1 — §,

max |O[¢(r)J(S)| <k(8) =

2
max \/E(annZ—Hn(Z/S))- (AT)

Then, we can bound the numerator as
[v(p) — Tr[pZJv(po)| < 2k(S) Z [[Rlgwyjl-  (A8)
JF#$(r)

Assuming that [R]g () is the dominant term (i.e., the
diagonal elements of the noise matrix are significantly larger),

(

and the cross terms are relatively small, we derive bounds
that are independent of p. To this end, we assume that the
measurement noise R satisfies |[R ]y (r)| being substantially
larger than the other terms:

[Rlpron| > k(S) D 1[Rlpwmjl- (A9)
JFP(r)
Then, for the denominator of Eq. (A1), we can directly obtain

(o)l = [[Rlsremr| — Z lotg ) (SR g
J#H(r)
Z [[Rlprgr) — € (S) Z [([R1gr)jl- (A10)
JF#S(r)

Combining the results from Eqgs. (A3) and (A10), we can
derive the upper bound as given in Theorem 1.

2. The proof of Theorem 2

For Pauli-Z observable Z,, the scaling factor for any
s e J 18

> e,

Pesw

Wp(rypie) (SM°) = , Z,Zy). (A11)

1
|Ssub|

We denote the restriction of P, to the subset supp(Z,) as P |, =

& icsupp(z,) Oa;- Similarly, the restriction to the complement
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of Z, is denoted as Pyl = @) gsupp(z,) Fa,- This restriction
notation naturally extends to any Pauli operator, including
Z,Zs. As for any s € J, supp(Z;) C supp(Z,) which indicates
(Z,Z)|; = 1,and (Z,Z;)|, # I (Z, # Z;), then we can arrive at

L (rp)(S™) = > 0@yl (22N,

P eS8

X n(Pq|f’ (ZrZs)|7)

|Ssub|

1
= |Ssub| Z n(Pfilr’(ZYZS)|r)n(Pq|fvl)

P eS8
1
= G > n@l ZZ)1))
Pqessub
=0. (A12)

In the derivation above, the third equality follows from the
identity n(P,,I) =1 for all g € {0, ..., 4" — 1}. The fourth
equality is obtained by noting that the restricted opera-
tor Pylr = @csupp(z,) Oa; is uniformly distributed over the

twirling set S**° of size ¢ - 47", thereby forming a complete
and balanced sampling of the Pauli subgroup on the support
of Z,.

3. The proof of Theorem 3

The proof of Eq. (31) is similar to that in Theorem 1,
and we only detail the derivation of ksg(S**?). As given in
Theorem 2, for any s € J,, a¢(,)¢(s)(SS“b) can be regarded as
a random variable with

(1) Elag(rge)] = 0 (for j # ¢(r)),

2) lagrpe| < 1.

We can expand the indices in 7, which satisfies Eq. (A12)
beyond the Pauli-Z subset, since (Z.F,)|; =1 holds for
any supp(P,) € supp(Z,). We define the extension set as
D(T) ={os)ls e T} €{0,...,4" — 1}. Applying Hoeffd-

ing inequality combined with the union bound over |®(J,)| =
4;17r(r)’

|Ssub|62
P( max |age;l =€) <2x4" " Pexp <— ),

JEL(Tr) 2

(A13)

and we can solve for € via setting

Ssub 2
5 =2 x 4T exp (-' . € ) (A14)
we have
suby A 2

ksg(S*™) =€ = S 2mIn2 +1In(2/6)), (A15)

where m = n — t(r) = n — [supp(Z,)|.

We next demonstrate that the error bound in Theorem 3 is
tighter than that in Theorem 1. Defining the function f(x) =
aszx for some constant a, it is straightforward to verify that f is

monotonically increasing for x < a. Since «(S) > ksp (S50
and Y iy [TR1pjl 2 2 00, [TR1g0);] with twirling set
of the same size |S| = |S**®|, we arrive at the conclusion that
Theorem 3 provide a tighter error bound.

APPENDIX B: THE PAULI TRANSFER MATRIX
OF THE TENSOR PRODUCT NOISE MODEL

In this Appendix, we will provide the detailed derivation
of the PTM structure for the TPN model of classical measure-
ment noise.

1. General form of the measurement noise
in the PTM representation

We begin by deriving the general expression for a classical
measurement noise R in the PTM representation. A classical
noise model implies that the noisy measurement process can
be described by a conditional probability distribution [A]z; =
P(noisy jlideal k), for k, j € {0, ...,2" — 1}. The action of
‘R on an ideal computational basis state |k) (k| is

2"—1

RIK) = Agjli). (B1)
j=0

where |k)) (|j)) is the PTM representation of state |k)(k|
(1jY{jl). For p, g € {0, ..., 4" — 1}, the element [R],,, which
describes how the noise channel maps the Pauli operator P, to
the component of P, in the output, is defined as

Ripg = 5 (PpIRIP,). (B2)

Since the output of R is always a diagonal matrix in the
computational basis (3 i+ 1) (j), the inner product (P,|-))
will be nonzero only if P, itself is diagonal in the compu-
tational basis. This restricts P, to the Pauli-Z operators, i.e.,
P, € {1, Z}®". This justifies the definition of the Pauli-Z sub-
set I, and the reduced matrix Rz. For the matrix elements
[Rlg(r),0¢s) Where Pyy = Z, and Py(;) = Z, are both Pauli-Z
operators (r, s € {0, ...,2" — 1}), we derive

[Rlpr,ec) = [Rzlrs

1
= 5 (ZIRIZ.)
1 2"—1
s-k
= 5<<;3,|72|<Z(—1) |k>>)
k=0
1 21
= 5. 42| (Z(—l)S'kRm»)
k=0
1 2n—1 2"—1
= 542 DY ALY
k=0 j=0

1
= 50 DA (=D (217
k.j

1 . |
= Z[A]kj(—l)s-k(_l)m (since (Z,]) = (=D
k,j

2"—1 2"—1

1 .
= 20 2 (=D Y ALy (-,
Jj=0 k=0

where Z, denotes the PTM representation of Pauli-Z operator
Z,.

(B3)

013173-12



EFFICIENT MEASUREMENT ERROR MITIGATION WITH ...

PHYSICAL REVIEW RESEARCH 8, 013173 (2026)

2. Factorization under the TPN model

The TPN model assumes that the noise is local and un-
correlated across qubits. The conditional probability matrix
factorizes as A = @', A", where the single-qubit response
matrix for the ith qubit is

AD — a; 1—b; _ P(0]0)
“\l—aq b; —\P@1)0)

We introduce the parameters w; and ¢; as defined in the
main text:

P(0[1)
P(1(1))

wi=a;+b;—1,
§i =a; —b;.

These parameters define the single-qubit PTM R(Zi) for the
Pauli-Z operators {I, Z} on the ith qubit:

RY = (1 0). (B4)

w; &

Due to the tensor product structure of the noise, the overall
reduced PTM TR; is the tensor product of the single-qubit
PTMs:

Ro= QR = ® (0 o) @
i=1 j

i=1

For the Pauli-Z operators Z, = @);_, Z" and Z, =
R, Z% (r,s € Z%), where we denote Z' =1 and Z' = Z,
the matrix element [R ], is a product over the qubits i = 1-n:

n

[Rzlrs = [ [ [RY Jrs:- (B6)
i=1

For the overall product to be nonzero, we must avoid any
factor where r; =0 and s; = 1, as this gives [Rg)]m =0.
This is precisely the condition supp(Z;) < supp(Z,), defining
the TPN subset T. For (r, s) € T, the product simplifies. We
separate the qubits into three groups:

(1) Qubits i, where s; = 1. Since (r, s) € T, we must have
r; = 1 for these qubits. Their contribution to the product is
]_[i:s,:l G-

(2) Qubits i, where r; = 1 buts; = 0. Their contribution is
l_[i:r,zl,s,:() ;.

(3) Qubits i, where r; =0 (and consequently s; = 0).
Their contribution is [ ], o1 = 1.

Thus, the final expression for the matrix element is

[Rz]s = HCi X 1_[ w; |, for(r,s)eT.

iis;i=1 iri=1,s5,=0

(B7)

This completes the derivation. The first product quantifies the
faithful transmission of a Z error on the qubits in the support
of Z;, while the second product captures the noise introduced
on qubits that are measured but did not have an underlying
error.

APPENDIX C: THE MEASUREMENT CIRCUIT
USED FOR MEASUREMENT TRANSFORMATION

1. The circuit for weight reduction

Letl[=ZW ®.. @ 76" be a Pauli-Z operator acting
on 7 (r) contiguous qubits. The WR circuit is defined as

Ur(Ty. 1) = Uc (i, 1) Uc (ig 1) te € {if ... i},

(ChH
where Uc (i, j) is a chain of CX gates:
CXi,it1CXi1,i2.-CXj1 s ifi<j,
Uc(i, j) =1 CXi,i-nCX(i=1,i=2)--CX(jg1,jy, ifi> J,
e, ifi=j.
(623

We now show that under this transformation, the effective
Pauli observable becomes Z*), The conjugate action of a CX
gate CX; ;, with qubit i as control and qubit j as target, on
Pauli operators is

CX;,;(20 @ ZV)CX], =17 @ 2V (C3)
Then, for the WR circuit, we have
Un(T% 1) TiU (T )
= Ue(i7", 1) (Ue (it 0 TLUL (it 1)UL (7 1)
= Ue(i, 1) (2% ® ... 20 YU (i, 1)
=Z"W, (C4)

2. The circuit for location shift
The LS circuit is defined as
Us(Q,i+ 1) = CX; i11CXig1,i- (CS5)

We now demonstrate that this unitary transformation effects

the desired Pauli observable shift:
Us(i,i+ DEZP @ 1)U, i+ 1) 6
=10 g z0+h, (Co)

The transformation proceeds in two stages. First, conjugation
by CX,’JFLI' ylelds
CXi14(Z9 @ 1CX], |, =29 @ 20D, (C7)

Subsequent conjugation by CX; 1, then produces the final
result:

CX;i1 (20 @ 27X =10 @z, (C8)
The complementary case follows analogously:

Us(i,i — DA @ zZNU{G,i— 1) =2 @1V, (C9)

APPENDIX D: SUPPLEMENTARY SIMULATION DETAILS

1. The measurement noise model employed
in numerical simulations

In our numerical simulations, we employ two distinct
classical measurement noise models, both characterized by
transfer matrices as illustrated in Fig. 6.
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Qn=2 Qn=4 Qn=6

(@)

Qn=2

(b)

0.0 0.2

Value Scale

FIG. 6. The demonstration of measurement noise transfer matrices for varying qubit number. (a) The transfer matrix reconstructed from
empirical calibration data of qubits 002, Q05, Q06, 009, 010, Q11 on the Zuchongzhi 2.1 superconducting processor [28,30], which exhibits
an MER of 0.0452 £ 0.0143. (b) The programmable synthetic transfer matrix which incorporates dual noise components—independent and
correlated measurement errors.

(a) ’ First- qublt WR i (b) Mid-qubit WR ‘ (©) Weight-1 MT for zz|zz|
(z) (Z) (z)
Z z z
Z z |
z T z T z _‘?“L T
Z |— Z Z
2 Z |
(d) Welght 1 MT for ZIZIZI (e) Welght -2 MT for ZZIZZI ) Welght 2 MT for ZIZIZI
(z)

a ? = a (=)
7 ? I 24?—

o
B

Z z

FIG. 7. The measurement circuits used for measurement transformation. Direct measurements of the targeted Pauli-Z observables (yellow)
are equivalent to measuring the effective observables (red) via the circuits shown in panels (a)—(f). (a) The circuit for WR to the first qubit,
which transfers global Pauli-Z to weight-1 effective Pauli-Z observable. (b) The circuit for WR to the third qubit. (c) The circuit for weight-1
MT for ZZIZZI, which transfers to the effective Pauli-Z with support {1}. (d) The circuit for weight-1 MT for ZIZIZI, which transfers to the
effective Pauli-Z with support {1}. (c) The circuit for weight-2 MT for ZZIZZI, which transfers to the effective Pauli-Z with support {1, 4}.
(d) The circuit for weight-2 MT for ZIZIZ1, which transfers to the effective Pauli-Z with support {1, 3}.
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2. Circuit implementation for simulations

The circuit implementation used in our simulations is illus-
trated in Fig. 7. It shows how direct measurements of targeted
Pauli-Z observables can be equivalently performed using mea-
surement circuits tailored to their effective observables.

3. Extended simulation results

In this Appendix, we investigate the robustness of the
MT(sub) method against key noise parameters using a
synthetic measurement noise model that incorporates both
independent and correlated measurement errors, as well as
coherent gate errors in the measurement circuit. We focus
specifically on the correlated MER and the coherent gate error
rate (GER), noting that independent measurement noise and
incoherent gate noise are not considered here since they can
be effectively suppressed by model-free error mitigation, as
discussed in Sec. II B.

As shown in Fig. 8, MT(sub) exhibits strong resilience to
both correlated measurement errors and coherent gate errors
at moderate noise levels. Notably, when the correlated MER
and GER remain below 1072, the performance degradation
of MT(sub) is minimal, demonstrating its stability under re-
alistic noise conditions. This robust behavior highlights the

(a) (b)
24 24
45\5__9;_6—@3——%» ® e—Se—o—9—p
] o®
] o—eoo° e ¢
TPN —o—MF MT(rnd) —0—MT(sub)
¥ ; ;5 ;

Corr MER(log1p) Coherent GER(log10)

FIG. 8. Performance of mitigation methods under varying noise
parameters for global Pauli-Z observable. Absolute error is com-
pared across four methods: direct noisy measurement (Noisy), MF,
and twirling with MT(rnd) or MT(sub). Simulations use six-qubit
noiseless Haar-random states under the synthetic measurement noise
model. (a) The absolute error with increasing corr MER. (b) The
absolute error with increasing coherent GER. We set the standard
ind MER as 0.015, the corr MER as 0.008, and the coherent GER
as 0.01.

practicality of MT(sub) for near-term quantum devices where
correlated and coherent errors are non-negligible.
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