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Motivated by recent proposals for quantum proof of work protocols, we investigate approaches for simulating
linear optical interferometers using digital quantum circuits. We focus on a second quantization approach,
where the quantum computer’s registers represent optical modes. We can then use standard quantum optical
techniques to decompose the unitary matrix describing an interferometer into an array of 2 x 2 unitaries, which
are subsequently synthesized into quantum circuits and stitched together to complete the circuit. For an m-mode
interferometer with n identical photons, this method requires approximately O(mlog(n)) qubits and a circuit
depth of O(mn*log,(n) polylog(n*/e)). We present a software package aquinas (a quantum interferometer
assembler) that uses this approach to generate such quantum circuits. For reference, an arbitrary five-mode

interferometer with two identical photons is compiled to a ten-qubit quantum circuit with a depth of 1972.
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I. INTRODUCTION

Linear optics has been at the forefront of quantum informa-
tion research for many years. While interferometers natively
execute certain types of high-fidelity quantum operations, they
cannot be practical universal quantum computers unless some
nonlinearity is introduced [1]. Nevertheless, there remains
significant interest in linear quantum photonics, particularly
on account of the seminal work of Aaronson and Arkhipov,
which demonstrated that the interferometry problem of boson
sampling is almost certainly classically intractable [2]. This
stems from the fact that even approximating the output occu-
pation probabilities of a boson sampling experiment requires
one to calculate the permanents of large matrices, which is a
famously #P-complete problem.

One implication of this is that linear optical inter-
ferometers, which are considerably easier to build than
general-purpose quantum computers, could in principle be
used to demonstrate genuine (albeit impractical) quantum
computational supremacy. Significant work has therefore been
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done to engineer interferometers that are both large enough
and reliable enough to demonstrate an incontestable quantum
advantage (see Ref. [3] for a review of progress). Of note is a
recent result from Madsen ef al. claiming supremacy using a
variant of boson sampling that uses Gaussian states [4].

Although linear interferometry lacks the computational
power of a general-purpose quantum computer, the prolif-
eration of these experimental results has motivated research
around finding practical applications for boson sampling.
Some computational examples include locating dense sub-
graphs [5] and the graph isomorphism problem [6], though
whether such algorithms can yield a tangible advantage in
practice remains to be seen. An arguably more promising
application for boson sampling is in distributed consensus
between quantum computers. Recent work has indicated the
suitability of coarse-grained boson sampling as a proof-
of-work algorithm, which may see use in future quantum
infrastructure [7].

Presently, to our knowledge, the best reported algorithm
for simulating linear interferometers is the classical method
from Heurtel et al., which, despite savings over conventional
permanent-based calculations, is still exponential in general
(as expected) [8]. It is worth mentioning that a major practical
issue with developing boson samplers is that of photon loss
and distinguishability. Though the hardness of boson sam-
pling remains unchanged when a constant number of photons
are lost [9], losing a fraction of the total number of pho-
tons can render the sampling problem classically tractable
[10,11].

Published by the American Physical Society
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One may then ask how to go about simulating boson sam-
pling (and linear optics more generally) on a conventional
quantum computer. Of course, any quantum computer that can
emulate boson sampling will generally be more powerful than
an interferometer. Nevertheless, this could conceivably be
useful for a quantum proof-of-work protocol, and simulating
linear interferometers beyond what is experimentally feasible
may be of fundamental interest.

In this paper, we report a software package called aquinas
(a quantum interferometer assembler) [12] that expresses a
given linear interferometer as a quantum circuit that ac-
curately simulates ideal linear interferometry for up to a
prespecified number of photons and modes. Broadly speaking,
the algorithm works by first decomposing the given multi-
mode interferometer into a network of interlaced two-mode
beam splitters and phase shifters. Following this, the Hamil-
tonian of each two-mode piece is expressed in terms of ladder
operators over the respective modes. By truncating the ladder
operators at a fixed photon number (the total number of pho-
tons that enter the interferometer) and using some padding, we
obtain a Hamiltonian that, when exponentiated, gives a unitary
matrix that can be synthesized into a quantum subcircuit.
These subcircuits are then knitted together in the configura-
tion of the original beam splitters to form the interferometer
circuit.

The main advantage of this “divide-and-conquer” approach
is that, by bringing compilation down to the level of individual
beam splitters, the problem of synthesizing an interferometer
circuit becomes computationally tractable with respect to both
n, the number of photons, and m, the number of modes. As
we will show, a clear drawback is that our circuits have an
asymptotic depth that scales poorly with n. Our technique
is therefore best suited for sparse interferometers with many
modes and a limited number of photons. As a rule of thumb,
a classically hard instance of boson sampling requires upward
of n > 30 photons over O(n?) modes [2]. Our circuit depths
become prohibitively large even for relatively easy experi-
ments (as we will see in Fig. 6). Nevertheless, we hope this
work is a helpful first step toward simulating quantum optics
with digital quantum computers.

In the following section, we describe how a linear inter-
ferometer evolves the creation operators of a photon number
state and explain how these states can be described in either
first or second quantization. In Sec. III, we limit our attention
to the second quantization and detail our algorithm. Finally, in
Sec. IV, we present numerical analysis that indicates our soft-
ware is working correctly while allowing us to approximate
circuit depths for moderate instances of boson sampling.

II. LINEAR OPTICS AND QUANTUM
COMPUTATION BACKGROUND

Suppose we have a linear interferometer with m input and
m output modes. Such a device is usually characterized in
second quantzsation by an m x m unitary U that describes
how creation operators are transformed for each mode. Specif-
ically, if &}L is the creation operator for the ith mode, we have
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FIG. 1. A generic quantum circuit for simulating a linear interfer-
ometer in first quantization. The n registers are m-dimensional qudits
that represent indistinguishable photons. Measurement in the com-
putational basis indicates which of the m possible modes that photon
is found in. By the symmetrization postulate for bosons, reordering
the n registers cannot change the input state; this is implemented
by the highly entangling Sym operation. Following this, the defining
interferometer operation U is applied to each photon locally.

where U;; are the matrix elements of U. For n photons, the
output state is described by a degree-n polynomial in the
creation operators. The coefficients turn out to be permanents
of n x n matrices W, whose matrix elements are taken from U
according to the input state and measurement outcome [13]:
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Quantum computation lends itself naturally to a first quan-
tization picture, where a simulation circuit for such a linear
interferometer consists of n quantum registers of dimension
m. Thus, each register represents a photon, and measuring a
register is analogous to learning the mode of that particular
photon (see Fig. 1) [14]. Because these particles are indis-
tinguishable, we require by the symmetrization postulate that
our input state is invariant under photon permutation. There-
fore, the input state of our circuit must be invariant under
permutation of the registers. This means that the initial state
must first be symmetrized, which is in general a nontrivial
subroutine. One could implement this symmetrization on a
quantum computer with, for example, the Schur transform,
which is known to be efficiently implementable [15].

After symmetrization, however, simulating the interfer-
ometer is straightforward because photon interactions are
extremely weak and can be safely ignored. Consequently, we
can treat each photon of our symmetric state as if it were the
only one passing through the interferometer. Since U can be
interpreted as the transformation of a single photon, the final
step for simulating in first quantization is to implement U on
each of the n registers. A basic schematic of this protocol is
presented in Fig. 1.

In second quantization, the roles of particles and modes are
reversed (see Fig. 2). Now, we have m registers of dimension
n + 1 that represent each of the possible modes. Each mode
can be measured to detect up to n photons with an additional

013190-2



QUANTUM CIRCUITS FOR SIMULATING LINEAR ...

PHYSICAL REVIEW RESEARCH 8, 013190 (2026)

(ot

U(n)

\_—

FIG. 2. A generic quantum circuit for simulating a linear inter-
ferometer in the second quantization picture. The m registers of the
circuit are (n + 1)-dimensional qudits that represent the m modes of
an interferometer. Measuring in the computational basis reveals how
many photons are present in that mode. The complexity of the second
quantization approach is in constructing a circuit to implement U™,
which is the unitary matrix corresponding to the interferometer U
acting in Fock space.

promise that there are n photons in total. Unlike the first
quantization, there is no symmetrization step required in this
picture since the modes only need to encode the number of
particles present (the occupation). The difficulty of simulating
in second quantization is constructing a circuit to implement
U™, which is the unitary describing how photon number
states with up to n photons are transformed by the interfer-
ometer. This is the problem we consider in this paper.

III. SIMULATING IN THE SECOND QUANTIZATION

We recall from Fig. 2 that an optical simulation in the sec-
ond quantization picture is realized with a quantum circuit that
implements U™; this unitary describes how photon number
states containing up to n photons evolve through the interfer-
ometer. The primary difficulty of working in this quantization
is finding a suitable way to construct this circuit. To make
headway into this problem, let us first consider how U™ is
related to U. We begin by finding the Hamiltonian operator
that generates U under exponentiation:

H=—ilogU. @)

Here, the above expression refers to the matrix logarithm. It
is well known that such a Hamiltonian is a linear combination
of number preserving terms quadratic in the ladder operators
(i.e., these terms generate the Lie algebra for the group of
interferometer unitaries).

For a fixed photon number n, each mode needs to only
support the n+ 1 occupations 0, 1,2, ...,n. We therefore
truncate the ladder operators, taking them from infinite-
dimensional to (n 4+ 1)-dimensional matrices:

a— a™

— H™. ®)
Finally, we exponentiate to obtain the truncated unitary
U(n) — eiH("). (6)

There are at least two approaches for efficiently construct-
ing a circuit for U™, The first is Hamiltonian simulation,
where the truncated Hamiltonian H™ is decomposed into a

— U° =
| .

FIG. 3. Given a linear interferometer U, it is not computationally
tractable to generate a circuit for the truncated operator U™. In the
“divide-and-conquer” approach, we use the decomposition of Ref.
[17] to break U into a grid of 2 x 2 unitaries that are significantly
smaller than the original interferometer matrix. As such, this method

is best suited for simulating sparse linear interferometry where n <
m, as in boson sampling.

polynomial-length sum of Pauli strings that are each “cir-
cuitized” and repeated to approximate the target unitary U ™.
Sawaya et al. detail this approach in the context of quan-
tum optics [16]. An alternative method, which is the one
we present in this paper, is a “divide-and-conquer” approach
wherein a standard decomposition of the interferometer [17]
is used to break U into a grid of 2 x 2 unitaries (i.e., beam
splitters, or two-mode interferometers) that have the form

e?cos —sinb
Uss = (ei‘?’ sinf  cos@ ) 0

Here, 6 € [0, r /2] is a parameter related to the reflectivity
of the beam splitter. The device is transparent when 6 =0
and is perfectly reflective when 6 = m /2. The ¢ € [0, 27]
parameter is the relative phase shift introduced between the
output modes.

To calculate the truncated counterparts of these unitaries,
we follow the steps laid out in Egs. (4)—(6). After synthesizing
circuits for each of these simpler unitaries, we can take matrix
products according to their original configuration to obtain a
circuit for U™ (see Fig. 3 for a schematic of the decomposi-
tion and Fig. 4 for an illustrative example of the basic circuit
structure).

A. Two-mode interferometer

Before we analyze this approach numerically, let us il-
lustrate with an example of how a truncated beam splitter
unitary is calculated. Although AQUINAS uses the Clements
decomposition to obtain a grid of 2 x 2 unitaries in the form
of Eq. (7), we simplify our example by considering a different
(but physically equivalent) beam splitter unitary [18]:

ih o
€' sin 9>. @®)

cos 6
Uss = (—ei"’ sin 6

The corresponding Hamiltonian is then

cos 6

. 0 —ie'?0
Hps = —ilogUgs = (ie—i¢9 lg ), )

which, written in terms of two-mode ladder operators, has the
form

Hgs = —ie0 &la, + ie™ 0 &la,. (10)

013190-3



LEONE, TURNER, AND DEVITT

PHYSICAL REVIEW RESEARCH 8, 013190 (2026)

m q
B, B, " . o
ml .................................... q3 1 | /ﬁ— 3
my .| N\Jo <)o T my
qq — _—
m3 ......................................................... q5 Cz
B s {QS \ J

FIG. 4. An illustration of how the “divide-and-conquer” method translates a three-mode interferometer into a quantum circuit. Left:
According to the Clements decomposition, an arbitrary linear interferometer with three spatial modes (m;, m,, m3) contains three beam
splitter elements (By, B, B3). Right: Assuming a photon number n < 4, two qubits can be used to encode the photon number at each of the
three modes. Qubits (g1, ¢»), for example, encode the photon number at mode m;, . Individual beam splitters are translated into quantum circuits
(Cy, C,, G5) that act between the respective modes. Here, the B; beam splitter corresponds to the C; circuit. The average circuit depth and cnot
count for each C; in this example are around 189 and 97, respectively (these values were calculated by first sampling 100 random beam splitters

and building the corresponding circuits given n = 3).

Say, for example, we want to find the corresponding uni-
tary with with photon number n = 2. In this case, we would
perform the following substitutions in Eq. (10):

01 0 0 0 0
alay—> 10 0o V2]l 0 0 (12)
0 0 0 0

0 0 0 01 0 0 V2
ala,—~ (1 0 oflelo o V2 1)
0 V2 0 00 0 and then take the matrix exponential to obtain Ué?:
|
1 0 0 0 0 0 0 0 0
0 cos[8] 0 —e ™ sin[6] 0 0 0 0 0
0 0 cos[6]? 0 —/2¢7® cos[0]sin[6] 0 e~ %% gin[6]? 0 0
0 ¢ sin[6] 0 cos[6] 0 0 0 0 0
0 0  /2¢cos[A]sin[A] 0 cos[26] 0  —+/2ecos[A]sin[] 0 0].
0 0 0 0 0 cos[26] 0 —2¢7 cos[0]sin[6] O
0 0 €% sin[0]? 0 V2 cos[#]sin[6] 0 cos[0]? 0 0
0 O 0 0 0 €' sin[26] 0 cos[26] 0
0 0 0 0 0 0 0 0 1
(13)

Notice, however, that the size of this matrix is not equal to a
power of 2 since the creation and annihilation operators we
substituted in Eqgs. (11) and (12) were not themselves powers
of 2. We have two options for expanding into a qubit-friendly
Hilbert space. The first and most obvious choice is to pick the
next highest truncation that has a power-2 dimension. In this
example, that would be n = 3:

0 0 0 0
1 0 0 0

a3 —
0 V2 0 0 14)
0 0 /3 0

Alternatively, if one favors a slightly more sparse matrix,
one can simply pad the creation, annihilation, and identity
operators with zeros until the next power of 2 is reached. For
example,

0 0 0 O

. 1 0O 0 O

~1(2)

padded = 0 V2 0 0 (15)
0 0 0 0

To see the effect of this padding, consider a padded oper-
ator of the form &j&_,-. When exponentiated, the action of the
resulting unitary is seen with some effort to be idempotent on

states with a photon number greater than the truncation depth.

1. Analysis of “divide and conquer”

At the start of Sec. III, we illustrated how the Clements
decomposition can be used to decompose any interferometer
into a grid of two-mode interferometers. Synthesizing circuits
for each of these elements is significantly easier than finding
a circuit for U™ since fewer “active” qubits are required. To
see how many exactly, first note that the minimum number
of qubits needed to encode up to n photons in a single mode
is [log,(n+ 1)]. A two-mode unitary truncated at a photon
number of n therefore acts on 2[log,(n + 1)] qubits. Recall
that by the Solovay-Kitaev theorem, the number of gates re-
quired for a generic k qubit operator scales as (see Chap. 4,
Sec. 5.4 of Ref. [19])

OA* K 10gc (44k? J€)), (16)

where € is the desired accuracy and c is a constant.
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To find the asymptotic depth of a beam splitter circuit with
respect to the photon number n, we make the approxima-
tion k ~ 2log,(n) and assume that the gates are uniformly
distributed across the wires. The asymptotic circuit depth is
therefore equal to the number of gates divided by the number
of qubits:

O(n*log,(n) log* (2n*logs (n)/€)). (17)
which, to be succinct, we write as
O(n*log,(n) polylog(n*/e)). (18)

Although the depth of a beam splitter circuit is evidently
polynomial with respect to n, it remains to be seen whether
the compilation complexity is polynomial (in other words, can
these circuits be efficiently constructed with respect to n?). To
answer this question, it is sufficient to consider how the size
of the Hilbert space grows with n. Because 2[log,(n + 1)]
qubits are required to encode up to n photons per mode over
two modes, the dimension of the “active” beam splitter Hilbert
space is

dim(H) = 22ﬂogz(n+l)1’ (19)

which is asymptotically equivalent to O(n?). Since the size
of the Hilbert space grows quadratically with respect to n,
we conclude that circuit synthesis is tractable for each beam
splitter element.

Having established the width and depth of a single beam
splitter circuit, we now consider the number of beam splitters
that are required to decompose the interferometer. Well-
established results in mathematics [20] and more recently in

the context of quantum optics [17,21] show that m(m — 1)/2
two-mode interferometers are required to reconstruct an ar-
bitrary m-mode interferometer, which immediately implies a
depth of O(m) beam splitter elements and therefore a total
circuit depth of O(mn*log,(n) polylog(n*/¢)). In summary,
the required number of qubits and the circuit depth of this
second quantization approach are

Size O(mlog(n))

Depth O(mn*log,(n) polylog(n*/e))

Moreover, since the number of beam splitters in a given
interferometer decomposition is O(m?), it follows that our
divide-and-conquer approach also has a polynomial compi-
lation complexity with respect to m.

IV. RESULTS

The AQUINAS software package [12] takes an m x m uni-
tary matrix representing an m-mode linear interferometer and
uses the method described in Sec. III A1 to synthesize a
quantum circuit that simulates the interferometer for any input
state of up to n photons. To compensate for the fact that the
dimensions of creation and annihilation operators truncated at
photon number n generally are not a power of 2, we use the
operator padding technique described in the worked example
of Sec. III to ensure that U™ can be implemented as a quan-
tum circuit. (See Algorithm 1 for pseudocode.)

ALGORITHM 1. Pseudocode for the algorithm used by the aquinas software.

Inputs :
e n (The maximum photon number)

e U (An m x m unitary matrix describing how creation operators are transformed by an m mode interferometer)

e sparsity_optimization == True (If true, we perform an additional ‘padding’ step that slightly improves the
sparsity of the circuit unitary when n is not a power of two.)

Output: A quantum circuit that simulates the interferometer for any photon number state containing up to (and

including) n photons.

begin

Decompose U to obtain m(m — 1)/2 many 2 x 2 unitary matrices. Remember their positions.

foreach 2 x 2 unitary B; do

Calculate the corresponding Hamiltonian H; (See section III 1 for an example)

# Calculate Hi(n):
if sparsity_optimization == False then
n := next_highest_power_of_two(n)

Replace unbounded creation and annihilation operators (af, @) with truncated counterparts (af™, a(™)

else
Replace (af, a) with (a'™, a(™)

Pad ™" and a™ with zeros until the shapes of each are a power of two. (See eq. 15)

Take the exponential of Hi(") to obtain Ui(n)

Convert Ui(") into a quantum circuit (We use the Qiskit.transpile() method [22] at optimization_level = 2

to synthesise circuits from the gateset {CNOT, Us})
Assemble the circuits as per the original decomposition
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FIG. 5. Two numerical experiments in which the output statistics
of interferometer circuits are compared with genuine expectation
values (calculated via the matrix permanent method). The circuit
statistics in blue were compiled by running each circuit 10 000 times.
(a) A randomly selected 3 x 3 interferometer with up to three
photons is simulated as a 6 qubit, depth 567 circuit. The initial photon
configuration (2,1,0) is scrambled into one of 10 possible output
distributions. (b) A randomly selected 5 x 5 interferometer with up
to two photons is simulated as a 10 qubit, depth 1972 circuit. The
initial photon configuration (2,0,0,0,0) is scrambled into 15 possible
output distributions.

Our method is perhaps best described by way of
examples—We present two numerically simulated interfer-
ometer experiments. In the first of these, we randomly selected
a three-mode interferometer U,ng € SU(3) and began with
three indistinguishable photons in the arbitrarily chosen con-
figuration (2, 1, 0) (which is to say there are two photons in
the first mode and one in the second mode). Using aquinas,
we then constructed a quantum circuit that implements the
transformation Ur(;)d using six qubits with a depth of 567. We
simulated this circuit noiselessly using the qiskit [22] software
package to obtain 10 000 measurement samples, which were
then converted into estimates for the probabilities of observing
each of the 10 possible output configurations. In order to
validate these probabilities, we used the permanent method to
calculate the expectation values for each outcome analytically.

We compare the estimated probabilities with the exact ex-
pectation values for this experiment using the histogram in

10° 4 n*logs (n) log® (2x* log3 (x)/€) .

10° 3

»

10% §

107 4

102 A

10! §

Beamsplitter circuit depth
L ]

10°

10-1 4

T T
2 4 6 8 10 12 14 16
Number of photons (n)

FIG. 6. Circuit depths for a randomly selected two-mode inter-
ferometer for various numbers of photons. The orange curve is placed
as a visual aid to show the approximate trend of the data points. Its

vertical coordinates are equal to O(n*log,(n) log‘(2n* logg(n) /€)),
where n is the photon number, € is an error term (assumed to be
1 x 10715 since the numerical errors reported in Sec. IV have the
same order of magnitude), and ¢ ~ 0.377 (which was selected using
nonlinear least squares regression).

the upper part of Fig. 5. From inspection, it appears that our
estimates converge on the genuine expectation values with
minor variations that may possibly be attributed to sampling
uncertainty. To verify that this convergence was genuine, we
began by using qiskit’s built-in Operator class to transform
the circuit into a 2° x 2° matrix. After this, we calculated the
expectation values of a random assortment of output probabil-
ities by “looking up” the appropriate matrix element:

Pou = | Vol US4 Vou) | (20)
With this, we were able to quickly verify that the expectation
values of the circuit were accurate to an error of around € ~
3x 1071,

The second experiment was virtually identical to the first,
with the only difference being that we instead simulated a
five-mode interferometer with two photons in the starting
configuration (2, 0, 0, 0, 0). In this case, the resulting ten-
qubit circuit has a depth of 1972. The estimated probabilities
of the 15 possible output distributions from 10000 circuit
samples are plotted in the bottom part of Fig. 5 together
with the analytical expectation values. As before, we see con-
vincing evidence of genuine convergence that we confirmed
by manually checking the expectation values of the operator
corresponding to the circuit. As before, we compared the
expectation values of this circuit to the analytical values and
found a somewhat higher error of around € ~ 6 x 1071,

In order to calculate the depth of aquinas’s circuits with
respect to m and n, it is sufficient to calculate the depths of
the beam splitter circuits with respect to n. This is because
every circuit with m > 2 modes is composed of multiple beam
splitter circuits arranged in a predictable pattern (recall Fig. 3).
A scatterplot of these depths is presented in Fig. 6.
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V. CONCLUSION AND OUTLOOK

In this work, we looked at approaches for simulating
linear optics in first and second quantization pictures. We
presented a divide-and-conquer strategy in the second quan-
tization picture based on decomposing the interferometer into
beam splitters and phase shifters, which are more easily
synthesized into circuits. We wrote software to construct in-
terferometer circuits according to this method and found that
the asymptotic circuit size and depth were O(mlog(n)) and

O(n*log,(n) polylog(n*/e)), respectively. Finally, we vali-
dated our efforts by presenting two numerical experiments in
Fig. 5.

Although we initially hoped that this divide-and-conquer
method might be able to generate feasible circuits for nontriv-
ial instances of boson sampling (upward of n = 30 and m =
O(n?) [2]), it is clear from our numerical data (Fig. 6) that the
circuit depths for individual beam splitters are prohibitively
large. A 16-photon beam splitter, for example, requires a
depth of around 10° (see Fig. 6). Consequently, it is unlikely
that divide and conquer will see any practical use, even with
further optimizations.

One promising direction for further research is to simu-
late in the first quantization picture instead. As mentioned in
Sec. II, the main difficulty with this approach is the prepa-
ration of symmetric states. Recently, Berry et al. proposed
various methods for efficiently preparing antisymmetric states

[23]. Using a sorting network called an odd-even mergesort,
they indicate that it is possible to prepare an m-mode, n-
particle antisymmetric state using O(mlog® mlogn) ancilla
qubits and a circuit depth of O(log® mloglogn). With further
work, it is possible their techniques could be used to generate
symmetric states.

In this work, we have limited out discussion to the circuit
model of quantum computation. Whether or not there is an
advantage in considering a measurement-based framework is
an open question. Our work can be used as a first step in this
direction by noting that aquinas circuits can be translated into
equivalent graphs using the jabilizer package by Vijayan et al.
[24].
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