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Encoding classical data in a quantum state is a key prerequisite of many quantum algorithms. Recently,
matrix product state (MPS) methods emerged as the most promising approach for constructing shallow quantum
circuits approximating input functions, including probability distributions, with only linear number of gates. We
derive rigorous asymptotic expansions for the decay of entanglement across bonds in the MPS representation
depending on the smoothness of the input function, real or complex. We also consider the dependence of the
entanglement on localization properties and function support. Based on these analytical results, we construct an
improved MPS-based algorithm yielding shallow and accurate encoding quantum circuits. By using tensor cross
interpolation, we are able to construct utility-scale quantum circuits in a compute- and memory-efficient way.
We validate our methods by loading heavy-tailed distributions, including Lévy, important in finance, but they
apply to any smooth function inputs. We test the performance of the resulting quantum circuits by executing and
sampling from them on IBM quantum devices, for up to 156 qubits.

DOI: 10.1103/yyvr-dtsb

I. INTRODUCTION

The first step of many quantum algorithms is state prepara-
tion, encoding the classical input data in, e.g., the amplitudes
of a quantum state. For a general input, the depth of the
quantum circuit preparing a corresponding quantum state may
scale exponentially [1], making this key step intractable on
real quantum devices. To alleviate this problem, different
strategies have been proposed, including general methods
based on quantum generative adversarial networks [2], quan-
tum Fourier transform [3–5], or handcrafted approaches [6],
but all of these have shortcomings in terms of scaling, circuit
complexity, trainability, or generality, limiting their useful-
ness in practice. Fortunately, for important classes of data
accurate approximate and only linearly deep circuits can be
systematically constructed. This is based on two properties:
First, the representability of the input data as a matrix product
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state (MPS) [7,8] (more generally: a tensor network) of small
bond dimension. Second, the ability to convert a small bond
dimension MPS into a quantum circuit with gate count linear
in the number of qubits [9–14].

We focus on the general problem of representing one-
dimensional real or complex input functions with a quantum
circuit. These may represent, e.g., the initial state for a
quantum partial differential equation (PDE) solver [15], or
a probability density function (PDF). The two key questions
we address are how the analytical properties of the input
influence the entanglement structure in the intermediate MPS
representation, and how this structure can be used to yield
even shallower approximating quantum circuits.

For the first question, it is known that while a generic
function may require an MPS approximation of an expo-
nential rank (bond dimension), polynomials are represented
exactly with small bond MPS [16]. Further, results for ranks
and error bounds of low-rank MPS approximations exist for
smooth (infinitely differentiable) functions [3,17–20], some
of which were used in the previous works on distribution
encoding [21–26]. Here, we significantly strengthen these
analyses by deriving results on the precise structure of the
entanglement in the MPS approximation in terms of entan-
glement spectra and purities. In particular, we show universal
scaling relations of these entanglement measures for smooth
functions, and their breakdown in the absence of smoothness.
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FIG. 1. (a) A real or complex function f (x) on [0, 1] is discretized on a binary grid x = ∑
i σi2−i. Successive digits σi of the binary

expansion describe decreasing spatial scales: Parts of the interval [0, 1] sharing the same value of σi are shown in green and blue. (b) Discretized
function can be represented as a rank-N tensor fσ1σ2 ...σN . (c) An MPS can approximate fσ1σ2 ...σN , but the bond dimensions lk , and thus the
entanglement across bond k, may be exponential in general case. We show that for smooth functions, the entanglement decays exponentially
with k, effectively decoupling fine spatial scales. For the very largest scales, the behavior is nonuniversal and depends on the localization
properties of the function. (d) We use these analytical results to construct optimized quantum circuits with O(N ) gates generating the state
encoding the function f . The algorithm minimizes the number of two-qubit gates based on the entanglement present at different scales.

These allow us to derive analytically functionals controlling,
e.g., the fidelity of a single-layer approximate encoding
circuits.

Armed with these results on entanglement generated by
approximate function representations, we tackle the second
question. We introduce an improved algorithm for generating
encoding quantum circuits with reduced depth compared to
previous MPS-based proposals. We also introduce a number
of additional optimizations based on, e.g., the compilation of
isometries, further reducing the gate count. This is summa-
rized in Fig. 1.

Finally, we deploy and test our algorithm in practice on
the example of encoding probability distributions. This im-
portant case is motivated by their role in quantum finance
routines [27,28], particularly of the α-stable ones, i.e., the
Lévy distribution, which are used to effectively model the
fat-tailed or skewed data in risk assessment, portfolio man-
agement, and derivative pricing [29–35]. We test our methods
by executing the circuits on real and simulated IBM quantum
devices on up to 156 qubits. In particular, we execute and
sample from the quantum circuits generated by our method
on the ibm_torino quantum processing unit (QPU) on up
to 25 qubits, with the generated distributions passing stan-
dard statistical tests (e.g., Kolmogorov-Smirnov). We also
execute utility-scale circuits for up to 156 qubits on the
ibm_marrakesh and ibm_kingston QPUs. These we gen-
erate using a scalable compute- and memory-efficient tensor
cross interpolation (TCI) [36] extension of our algorithm,
obtaining qualitative agreement with the exact distributions
even for these large utility-scale problems.

The paper is structured as follows: In Sec. II, we intro-
duce the problem and the necessary background. In Sec. III,
we state our theoretical results, numerical experiments, and
discuss their implications. In Sec. IV, we give an improved

circuit construction algorithm based on them. In Sec. V, we
benchmark the results on real and simulated quantum hard-
ware, and in Sec. VI we discuss future directions. Appendixes
give mathematical details of the proofs and further algorithmic
details.

II. PRELIMINARIES: MPS APPROXIMATION
OF FUNCTIONS

A. The MPS representation

Our goal is to encode a function f (x) → C with x ∈ [0, 1],
normalized in L2 norm:

∫ 1
0 | f (x)|2dx = 1. To this end, f (x) is

discretized on an N bit binary grid [see Fig. 1(a)]:

xσ =
N∑

i=1

σi

2i
≡ 0.σ1σ2 . . . σN , (1)

where σ = (σ1, . . . , σN ) with σi ∈ {0, 1}. Evaluating f (x) on
this grid yields a rank-N tensor fσ1σ2...σN , with an O(1/2N )
discretization error. These 2N values will be (approximately)
encoded, using a quantum circuit, in an N-qubit quantum state
| f 〉 [see Fig. 1(b)]:

| f 〉 =
1∑

σ1, ..., σN =0

fσ1σ2...σN√
2N

|σ1σ2 . . . σN 〉, (2)

where
√

2N ensures the proper normalization. Note that
this encoding is hierarchical: The largest indices (qubits)
. . . , σN−1, σN describe the function on the smallest scales of
order 1/2N , while the smallest indices σ1, σ2, . . . account for
the largest scales.

The exponentially sized tensor f can be rewritten and de-
composed into an MPS [7,8], also known as quantized tensor
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train [37] [see Fig. 1(c)]:

| f 〉 ≈
1∑

σ1, ..., σN =0

cσ1σ2...σN |σ1σ2 . . . σN 〉, (3)

where

cσ1σ2...σN = Aσ1
1,l1

Aσ2
2,l1l2

· · · AσN−1

N−1,lN−2lN−1
AσN

N,lN−1
, (4)

and where Aσk
k,lk−1lk

are rank-3 tensors with a “physical” index
σk and “internal” indices lk−1, lk . The summation range of the
contracted internal indices (we use the Einstein summation
convention), also known as bonds, is called the bond dimen-
sion χk . Equivalently, the above tensor decomposition can be
written in the so-called canonical form as

cσ1σ2...σN

= �
σ1
1,l1

�1,l1�
σ2
2,l1l2

�2,l2 · · ·�σN−1

N−1,lN−2,lN−1
�N−1,lN−1�

σN
N,lN−1

,

(5)

where �k are also rank-3 tensors, while �k are positive diag-
onal matrices, which obey certain isometrical conditions (for
a thorough introduction to MPS, see Refs. [7,38–40]). These
canonical form conditions have the form∑

lk ,σk

�
σk
k,lk−1,lk

�2
k,lk �

†σk

k,l ′k−1,lk
= δlk−1,l ′k−1

, (6)

∑
lk−1,σk

�
σk
k,lk−1,lk

�2
k−1,lk−1

�
†σk

k,lk−1,l ′k
= δlk ,l ′k . (7)

Importantly, the entries of the diagonal matrices � in the
canonical form encode the MPS entanglement spectra. To wit,
the entanglement entropy for the bipartition on the bond k is
given by

Sk = −
χk−1∑
i=0

�2
k,i log �2

k,i, (8)

where the summation range over virtual bond dimension index
i starts from 0. We will also use a different entanglement
measure, the purity, which is easier to compute for an arbitrary
function. The purity on bond k is given by pk = Trρ2

k , where
ρk is the reduced density matrix for the subsystem σ1σ2 . . . σk .
It characterizes how close the state is to the product state. In
particular, if the initial wave function factorizes with respect
to the bond k, then the purity is equal to one. The purities pk

are given by

pk =
χk−1∑
i=0

�4
k,i. (9)

In what follows, the MPS approximation of the function
will be converted to a shallow quantum circuit preparing
the encoded function on a QPU [Fig. 1(d)] using our im-
proved algorithm (see Sec. IV), which extends the methods of
Refs. [21–23,25,26] (see also Ref. [41]).

We will also find it useful in Sec. IV, the center canonical
form (also known as mixed canonical form; see Ref. [7]). In
this form, some bond (and the corresponding � matrix) is
chosen as central. Then, all the � matrices on the other bonds
are absorbed into their neighboring � tensors, so that resulting

combined tensors become isometries. The MPS thus obtained
(here with the kth bond being central) has the form

Aσ1
L,1,l1

· · · Aσk
L,k,lk−1lk

�k,lk Aσk+1

R,k+1,lk lk+1
· · · AσN

R,N,lN−1
, (10)

where the tensors AL and AR obey the left isometrical and right
isometrical conditions, respectively:∑

lk ,σk

Aσk
R,k,lk−1,lk

A†σk

R,k,l ′k−1,lk
= δlk−1,l ′k−1

, (11)

∑
lk−1,σk

Aσk
L,k,lk−1,lk

A†σk

L,k,lk−1,l ′k
= δlk ,l ′k . (12)

The position of the center in the center canonical form can
be shifted by absorbing the central bond � matrix into the
neighboring AL or AR tensors and proceeding with singular
value decomposition (SVD) of the resulting tensor. To wit, to
shift the center position from bond k to bond k − 1, we first
define a new tensor Aσk

C,k,lk−1lk
= Aσk

L,k,lk−1lk
�k,lk , which we then

decompose with SVD: Aσk
C,k,lk−1lk

= Ulk−1l ′k−1
�k−1,l ′k−1

Aσk

R,k,l ′k−1lk
,

where � is the new central bond � matrix, AR,k is the new
right-isometric tensor on the kth qubit, and l ′

k−1 is the new
index on (k − 1)th bond. Finally, the matrix Ulk−1l ′k−1

is ab-
sorbed into the tensor AL,k−1: Aσk−1

L,k−1,lk−2lk−1
→ Aσk−1

L,k−1,lk−2l ′k−1
=

Aσk−1

L,k−1,lk−2lk−1
Ulk−1l ′k−1

.

B. Constructing the MPS

While the MPS decomposition can be exact, for arbitrary
tensors the MPS ranks (bond dimensions) may be exponential
in the number of qubits. Fortunately, in many important cases
this is not the case, as, e.g., when representing the ground
states of quantum Hamiltonians [7]. Thus, if the entanglement
in | f 〉 in Eq. (2) is not large, the state can be effectively
MPS approximated with polynomial resources by truncating
to small bond dimensions in Eqs. (3)–(5). Later, we show that
this holds for smooth functions.

The MPS decomposition itself is carried out either with
SVD or approximate methods [20,42–45]. The SVD-based
method works as follows: The tensor cσ1,σ2...σN is interpreted
as a matrix cσ1ρ whose first index is σ1, and the second one
comprises all of the remaining ones: ρ = (σ2 . . . σn). SVD
decomposes this matrix into the form

cσ1ρ = Aσ1
1,l1

sl1V
ρ

l1
= Aσ1

1,l1
�1,l1V

σ2σ3...σN
l1

.

The tensor �1,l1V
σ2σ3...σN

l1
can again be interpreted as a ma-

trix with indices σ2 and (σ3 . . . σN ) and be decomposed with
SVD once more: �1,l1V

σ2σ3...σN
l1

= Aσ2
2,l1l2

�2,l2Ṽ
σ3...σN

l2
. This is

iterated until the original tensor c is fully factorized into the
product of tensors Aσk

k,lk−1lk
and a residual tensor AσN

N,lN−1
=

�N−1,lN−1V
σN

lN−1
. This factorized form can be exact, but in an

MPS approximation SVD spectra �l are truncated below a
small threshold, which we set to 10−12. This is how Eq. (4) is
obtained.

The MPS in a canonical form [Eq. (5)] is obtained by
inserting 1 = �α · �−1

α on the bonds, and contracting the
inverse �−1

α with the following A tensor, obtaining the
� tensors. Due to the SVD spectra truncation, the canonical
conditions [Eqs. (6) and (7)] may not be satisfied exactly. To
correct this, one more MPS sweep is performed.
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The main limitation of the SVD method is that the original
tensor cσ1σ2...σN has to be stored explicitly, implying an O(2N )
memory scaling. This can only be done for moderate numbers
of qubits (∼30). For larger problems, the MPS has to be
constructed differently. We use (TCI) [36,45], which allows
an MPS approximation to be found provided only access to
a callable function (i.e., the ability to evaluate the function at
different points) without requiring to store the complete set
of function values. TCI constructs the MPS representation of
the function by sampling of the function’s values, which it
uses for interpolation. As these are the only values stored,
it drastically reduces the memory requirements, allowing to
construct MPS representation for large qubit numbers. The
number of function evaluations in TCI scales with the number
of qubits as O(Nχ2), where χ is the maximal MPS bond
dimension. This is in contrast to the standard SVD approach,
which involves the calculation of a whole state vector with
2N function evaluations. As its name implies, TCI is a gener-
alization of matrix cross interpolation [46], which constructs
a low-rank approximation of a general matrix from a sparse
set of its rows and columns. In TCI, this is applied iteratively
bond by bond, as in the SVD case.

In what follows, we will see that smooth functions do not
require large MPS bonds to be represented accurately. One
further advantage of the TCI method is that it does not require
explicit representation of the function being sampled; it can be
provided as a black box. For a pedagogical introduction and
technical details of the TCI algorithm, we refer the reader to
Refs. [36,45].

III. ENTANGLEMENT IN TENSORIAL APPROXIMANTS
OF SMOOTH FUNCTIONS

A. General results

Here, we summarize our theoretical results on the be-
havior of entanglement in tensor approximations of smooth
functions. Particularly, we derive universal scaling relations
for purities and entanglement spectra for the qubits describ-
ing the smallest scales. For the qubits describing the largest
scales, outside the universal regime, we note the dependence
of the entanglement spectra on function concentration. Taken
together, these results enable valuable insights into the con-
struction and precision of the quantum circuit encoding of the
function. Proofs of the theorems and corollaries are provided
in Appendix A.

Theorem 1. For a smooth (having infinitely many continu-
ous derivatives) and normalized function f (x) on the interval
[0, 1], the purities pk of the tensorial representation fσ1σ2...σN

decay exponentially with the bond number k [i.e., with de-
creasing spatial scale of function variations, via Eq. (1)]. More
precisely, as k → ∞ we have

pk = 1 − g1( f )/(6 × 4k ) + O(1/8k ), (13)

where

g1( f ) =
∫ 1

0
f ′(u)( f ∗)′(u)du −

∫ 1

0
f ′(u) f ∗(u)du

×
∫ 1

0
f (u)( f ∗)′(u)du, (14)

and where f ′ and f ∗ denote the derivative and complex con-
jugate of f , respectively.

In Appendix A, we show that g1( f ) vanishes precisely for
functions that are expressible as trivially factorizable MPS of
bond dimension one. A key consequence of Theorem 1 is that
a state encoding a smooth function approaches a factorized
state with increasing k.

We further study the reduced density matrices obtained
from a bipartition of the qubit system. Let us thus consider
the reduced density matrix of the first k qubits ρk . We have
the following.

Theorem 2. Under the same assumptions as in
Theorem 1, to leading order in 1/2k , the eigenvalues of
the reduced density matrix of the function encoding on
the first k qubits scale as ρk,n = O(1/4kn), where n ∈ N0

corresponds to nth eigenvalue and k → ∞.
Further, from the above results on the scaling of purities

and eigenvalues, we immediately obtain corollaries about the
behavior of entanglement spectra and entanglement entropy.
To wit, the relation between purities and entanglement spec-
tra is given by Eq. (9). As the purity approaches unity, the
leading coefficient �k,0 dominates, and others vanish. More
specifically as follows.

Corollary 1. For a smooth and normalized on [0, 1] func-
tion f (x), the subleading coefficient �k,1 scales as

�k,1 ∼ 1

2k

√
g1( f )

12
(15)

as k → ∞, where g1 is defined in Theorem 1. The lead-
ing entanglement spectrum coefficient scales as �k,0 ∼ 1 −
g1( f )/(24 × 4k ).

Corollary 2. The entanglement entropy Sk decays expo-
nentially with the bond index k:

Sk = O

(
k

4k

)
as k → ∞. (16)

In particular, from Theorem 2 for the eigenvalue ρk,1 we
obtain the asymptotic ρk,1 ∼ g1( f )/(12 × 4k ), which agrees
with Corollary 1. The next eigenvalue ρk,2 can also be rel-
atively simply computed, which we do in Appendix B. We
will also use this value in further numerical analysis. In
Appendix B, we also provide several analytical examples to
illustrate this scaling. Additionally, in Appendix A 4 we ob-
serve that if the function is not smooth, but has absolutely
continuous derivatives up to rth order, then our previous re-
sults hold for entanglement spectra up to order r + 1, while
the r + 2 and higher orders are nonuniversal.

The above results are based on function smoothness and
characterize the asymptotic behavior for qubits describing
the smallest spatial scales of function’s variations [as per
Eq. (1)]. The entanglement spectra for the leading qubits,
corresponding to the large scales, are nonuniversal, but we
observe a strong dependence on the localization properties of
the function. For example, a maximally localized delta-peaked
distribution is described by an entirely unentangled product
state. Similarly, as described in detail below, exponentially de-
caying functions are less entangled than the power-law-tailed
ones.
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Let us compare our results with those previously obtained
in the literature. In Ref. [3], a bound for the purity was ob-
tained in the following form: pk � 1 − 4 max | f (x) f ′(x)|/2k

for a positive f . In contrast, our analytic expansions for pu-
rities show that the first nonvanishing term scales 1/4k for
a general f , i.e., an exponential improvement in the bound.
In Ref. [17], an Ansatz for entanglement spectra of the form√

ρkn = �k,n = αk exp (−βkn) is used, and is fit to empirical
data. While this captures the exponential dependence on n,
and is thus consistent with our results, we emphasize that in
our case, this scaling dependence is analytically derived, and
not empirically postulated. Finally, Ref. [20] studied approx-
imability of functions with matrix product states. Assuming
extendibility to the complex plane, they bounded the maximal
deviation between the function and its approximation with
MPS with kth bond dimension truncated to χ by O(2−kχ ).
While Ref. [20] does not study the entanglement properties
of the encoding, this result agrees with our predictions, as the
maximal deviation should be of the same order as the maximal
truncated entanglement spectra, which in this case is precisely
of the order O(2−kχ ). Moreover, our results allow to compute
the exact coefficients in the obtained expansions and bounds,
which we demonstrate for probability distributions.

B. Encoding probability distributions

While our results hold for a more general class of functions
(e.g., complex valued), we now focus on the important prob-
lem of encoding probability distributions p(x). This is special
case of function encoding with f (x) = √

p(x), where the
normalization of the probability corresponds to L2 normaliza-
tion of f . These functions, particularly modeling heavy-tailed
distributions, have practical applications in areas such as
portfolio optimization and derivative pricing [30,47] and risk
management [29,30].

We consider the following examples of smooth distribu-
tions on the interval [0, 1]: the (truncated) normal, log-normal,
and Lévy distributions:

p(x)normal = 1√
2πσ 2

exp

[
− (x − μ)2

2σ 2

]
, (17)

p(x)log-normal = 1

x
√

2πσ 2
exp

[
− (log x − μ)2

2σ 2

]
, (18)

p(x)Levy =
√

c

2π

exp
[− c

2x

]
x3/2

. (19)

We generally set location parameters μ to 1/2 so that the
distributions are mostly located in [0, 1] interval, and vary
the scale parameters σ or c. We note that an additional (of-
ten negligible) normalization is required due to truncation of
the support to a finite interval. The functionals g1( f ) from
Eq. (14), as well as quantities related to the third eigenvalue
�k,2, used below, are computed explicitly in Appendix B.

In Fig. 2(a), we compare the subleading entanglement
eigenvalue, which, via Eq. (15), is given by �k,1 ∼ √

g1( f ),
for the Lévy distribution truncated to the interval [0, 1], to
the values obtained from performing SVD on the input tensor
fσ1σ2...σN of the discretized function values. For large k, we find
the precise agreement between the analytical and numerical
results, as expected from Theorem 1 and Corollary 1, while

for the leading bonds, i.e., large scales, the behavior of entan-
glement is nonuniversal, as discussed before.

In Fig. 2(b), we compare the same property for the normal
distribution (with σ = 1/2 and σ = 1/8). We obtain a nearly
perfect match between the analytical prediction and numerics.
The small discrepancy on the last bond is due to the truncation
of the function’s discretization to the finite scale 1/2N , while
the discrepancy on the first bonds is caused by the subleading
corrections in 1/2k .

Finally, in Figs. 2(c) and 2(d) we compute and compare
the third entanglement eigenvalue �k,2 for Lévy and nor-
mal distributions, respectively. As expected, our analytical
result matches the numerical data, which indeed behaves as
O(1/4k ). As in the previous cases, a discrepancy with analytic
results appears only on the first bonds corresponding to the
large scales.

C. Encoding dependence on the localization
and support of the function

Previously, we studied the entanglement on the smallest
scales and showed it exhibits a universal exponential decay.
While no such universality holds true for the largest scales
(see Appendix C for details), we can nevertheless understand
the entanglement at large scales better for a specific class
of functions, namely, ones exhibiting localization. This class
contains, in particular, the probability distributions we were
concerned with in the preceding section.

For this discussion, it will be useful to bring back the
explicit dependence on the support size. Consider a function
f (x) defined on [0,∞). Numerically, to represent the function
its support will be truncated to a chosen finite interval [0, L],
the function then normalized in L2 norm, and discretized at
a fixed resolution L/2N (using N qubits). This is of course
equivalent to encoding

√
L f (Lx), with x ∈ [0, 1]. To iter-

atively increase the support size at a fixed resolution, we
may simply double the interval to [0, 2L], while simultane-
ously adding another qubit (adjusting the normalization, as
required).

We now assume that f (x) is localized, exponentially or
polynomially, without loss of generality on the subinterval
[0, L] of [0,∞). By this, we mean that the mass is con-
centrated on a finite interval [0, L] and is vanishing in the
distribution tail. More formally, for all n the integral of | f |2
on the subinterval [0, 2n−1L] is close to 1, while it is expo-
nentially (resp. polynomially) small in the subinterval size on
[2n−1L, 2nL] as we increase n.

We can now examine the entanglement in the highest scale
qubits, as we successively increase the support size at fixed
resolution, using the doubling procedure described above. As
discussed in more detail in Appendix C, the | f |2 integrals
over [0, 2n−1L] are in fact equal to the matrix elements of
the reduced density matrix obtained by tracing out all but
the highest scale qubit. The off-diagonal elements, and thus
also the entanglement, can easily be estimated to be of order
exp(−λ2n−1L) for some λ > 0 in the exponential localization
case, and of order (2n−1L)−α+1 in the polynomial case, where
λ and α characterize the exponential/polynomial tail. Thus,
as we add qubits to represent the increasing spatial scales
(and increase the size of the support to which the function is
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(a) (b)

(c) (d)

FIG. 2. Comparison of the analytical (see Theorem 1 and Corollary 1) and numerical SVD results on the dependence of the entanglement
spectra �k,1 and �k,2 on bond position k. (a) �k,1 for the Lévy distribution with c = 0.15 and c = 4. (b) �k,1 for the normal distribution with
μ = 0.5 for σ = 0.125 and σ = 0.5. (c) �k,2 for the Lévy distribution with c = 0.15 and c = 4. (d) �k,2 for the normal distribution with
μ = 0.5 for σ = 0.125 and σ = 0.5. Note the excellent agreement and universal behavior for large k, and nonuniversal features for small k, as
discussed in the text.

truncated), the entanglement of the leading qubits with those
qubits representing lower scales decreases superexponentially
in n for an exponentially localized function, and at least ex-
ponentially in n for a polynomially localized function. For
large enough n, the qubits representing the large scales of the
localized function will be almost fully disentangled from the
qubits representing the lowest scales. This argument allows
us to understand how large an interval is needed to faithfully
represent a function.

The above argument is borne out by numerical experi-
ments. In Figs. 3(a) and 3(b), we plot the logarithm of the
second entanglement eigenvalue �k,1 on bond k between

qubits k and k + 1, for the normal and Lévy distributions,
respectively. The large-k tails are universal and exponen-
tially decaying, as derived in Sec. III A. The low-k behavior,
however, demonstrates a nonuniversal decay of entanglement
toward large scales. Moreover, there is a clear distinction be-
tween the exponential localization of the normal distribution
and the weaker polynomial one of the Lévy distribution. For
the former, in Fig. 3(a), the large-scale (small k) drop of
entanglement is almost instantaneous (superexponential), and
also the universal asymptotic regime of exponential decay
for lower scales (large k) is visible already for a support
truncated to a small interval [0, 24]. Note that the maximum is

023062-6



ENTANGLEMENT SCALING IN MATRIX PRODUCT STATE … PHYSICAL REVIEW RESEARCH 8, 023062 (2026)

(a) (b)

FIG. 3. Entanglement decay for exponential and polynomial localization: (a) The entanglement spectra �k,1 as a function of the bond
position k (lines are for guidance only) for the exponentially localized one-sided normal (μ = 0, σ = 1) distribution truncated to the interval
[0, 32], for N = 19 qubits. Note the superexponential decay of entanglement for small k, and the universal, exponential, smoothness-controlled
regime at large k. (b) The entanglement spectra �k,1 as a function of the bond position k for the Lévy distribution (with c = 1 and interval
[0, 219]), on N = 27 qubits. For small k, the entanglement decays superexponentially, but, due to only polynomial localization, slower than for
normal distribution, delaying the onset of the universal regime at large k.

achieved between k = 3, 4, consistent with the condition k ≈
log2 (L/2σ ) derived in Sec. III A. For the Lévy case the small-
k decay of entanglement is much slower (nearly exponential,
as expected for polynomial localization), and correspondingly
the onset of the universal regime of entanglement decay at
small scales is pushed to much larger values of k: We required
a support truncated to a very large interval [0, 219] in Fig. 3(b)
to clearly demonstrate both the low- and high-k regimes.

Both Figs. 3(a) and 3(b) demonstrate the characteris-
tic triangular shape, which is also seen for other localized
distributions (e.g., log-normal, Gamma, Cauchy). We em-
phasize that while the large-k behavior is universal, the
small-k is not, and depends, among others, on the detailed
localization properties of the function. The slow decay of
entanglement for heavy-tailed distributions (e.g., all α-stable
distributions except normal) has practical implications for the
design of encoding circuits, as it indicates more qubits with
significant entanglement will be needed, before the onset of
the universal exponential decay regime controlled by smooth-
ness.

IV. CONSTRUCTING THE ENCODING CIRCUIT
USING THE MPS REPRESENTATION

We now assume that an MPS encoding of a smooth func-
tion is provided, and describe how to construct a shallow
[using O(N ) gates] encoding quantum circuit taking advan-
tage of the above results. For small qubit numbers (less than
30), a vector of discretized function values can be converted
to MPS using the standard SVD method. For large scales,
we employ the TCI algorithm [45], which is sampling based
and does not require explicit storage of the full inputs in
the classical memory. This TCI version is compute- and

memory-efficient, allowing us to generate utility-scale encod-
ing circuits, which we executed on QPU for up to 156 qubits
(see Figs. 10 and 11).

Our base algorithm extends the approach of Refs.
[21–23,25,26], which we now briefly review. Recall first that
an MPS of bond dimension χ = 2 can be converted exactly,
in a purely analytic procedure, into a quantum circuit utilizing
only two-qubit gates [9,10]. Though for larger bond dimen-
sions an exact procedure requires arbitrarily large multiqubit
gates and is thus infeasible, an approximate procedure is con-
structed as follows. (1) The input MPS state is truncated to
bond dimension χ = 2. The truncation can be done by, e.g.,
setting to zero all but the two largest elements of the diagonal
� matrices in the canonical form representation of MPS [see
Eq. (5)]. (2) The MPS with bond dimension χ = 2 can be con-
verted exactly into a quantum circuit. (3) The Hermitian con-
jugate of this quantum circuit is contracted with the original
MPS input state (at full bond dimension) on an MPS quantum
circuit simulator (we used the Qiskit MPS simulator [48]) dis-
tentangling it. (4) The procedure is iterated with the updated
MPS state. Note that this approach is approximate and greedy.
As MPS of bond dimension 2 is represented exactly by a quan-
tum circuit, contracting it with its Hermitian conjugate yields
a product state, removing all entanglement. For MPS of higher
bond dimension, contracting Hermitian conjugate of the cir-
cuit obtained from a truncated representation removes the
leading part of the state, and yields a state of lower entangle-
ment, requiring a lower bond dimension for the next iteration.
In practice, this method generally converges to the exact cir-
cuit for state preparation for a large number of iterations.

We improve upon the above procedure in two dis-
tinct ways. First, motivated by our theoretical results, we
modify it to take advantage of the structure of the entan-
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Step 0: change of the canonical form

Step 1: truncate bonds
Step 2: generate circuit

Step 3: Apply the inverse circuit

Step 4: Return to Step 1 with new MPS

FIG. 4. An overview of our MPS-based-circuit construction algorithm. First, the standard canonical form MPS is transformed into the
central canonical form (Step 0). All of the bonds are then truncated to bond dimension χ = 2, shown in red (Step 1). The truncated MPS
is decomposed exactly into a unitary circuit using V layers (see the main text), which may also be incomplete. The central gate may be
variationally optimized (Step 2). On an MPS simulator, the inverse of the circuit is appended to the original nontruncated MPS to serve as a
disentangler (Step 3). A new MPS is obtained by contracting the tensor network, which is now less entangled. The procedure is repeated for
the new state.

glement in the input MPS. Second, to further improve the
practical performance we note that specific operators in the
procedure admit more efficient gate decompositions than
those used in Refs. [21–23,25,26], resulting in overall shal-
lower circuits.

For the former, note that the exact procedure of Refs.
[9,10], used also in all subsequent works, exclusively pro-
duces complete linear staircase layers as disentangling
circuits. Each layer, multiple of which are generated in dis-
entangling iterations, uses N − 1 gates on N qubits, and has a
depth also of N − 1. While this already produces a circuit with
O(N ) gates, we show that an improved “double-staircase” or
“V”-layer can also be generated (see Fig. 4), which has two
advantages: First, the layer depth can be as low as N/2 − 1
for a centrally placed origin, which is practically a very sig-
nificant advantage on real noisy QPUs. Second, since, as we
demonstrated, the entanglement is not spatially uniform across
the bonds, the greedy iterative disentangling procedure may
in practice produce a better approximation when equipped
with a freedom to move the origin of disentangling layers,
even in the absence of noise. This is indeed the case, as we
demonstrate numerically in Fig. 5, where up to three layers
are used to approximate the Lévy distribution, and the error

of approximation is plotted as a function of the layer origin.
Note that the gain due to shifting the origin can be as large
as adding another disentangling layer in the standard staircase
scheme, thus drastically reducing the number of gates and the
circuit depth.

V layers are generated as follows: First, a central bond is
chosen and the MPS is converted to the central canonical form
with respect to this bond, so that the tensors to the left and to
the right of the central bond are isometries [see Eq. (10) and
Step 0 in Fig. 4]. The central bond can be chosen either to
minimize the depth of the resulting V layer, or it can be placed
in the region with largest bond entanglement. The MPS is then
truncated to bond dimension 2. For this truncation, we can
either briefly restore the full canonical form and set all but
the two largest diagonal elements in all � matrices to zero,
or we can truncate directly in the center canonical form by
moving the position of central bond and sequentially truncat-
ing the � matrix of the bond (the latter method is described
in detail in Ref. [7]). In either case, the resulting left and
right tensors AL and AR are isometries, as defined in Eqs. (11)
and (12), of dimension 2 × χ = 4 by χ = 2. The isometries
can be completed into unitary matrices of dimension 4 × 4,
and interpreted as explicit matrix representations of two-qubit
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FIG. 5. The dependence of the infidelity on the number and posi-
tion of the origin of the V layers in the encoding quantum circuits on
an ideal simulator (lines between points for guidance only). Here, we
show data for the Lévy distribution with c = 1 on support truncated
to L = 210 using N = 18 qubits. The accuracy increases with addi-
tional disentangling layers (but see Fig. 12 for the effects of noise),
and significantly depends on the origin of the V layers. The effect
of the latter, which also reduces to overall circuit depth, has effect
comparable to adding a new disentangling layer.

gates (as in Ref. [9]). Completion here means that the resulting
two-qubit gates reduce to the original isometries if one of the
qubits on which gate acts is in the |0〉 state. This is shown in
Step 2 in Fig. 4, where the unitary matrix uL,1 is obtained from
the completion of the contraction of tensors AL,1 and AL,2, uL,2

is found as a completion of AL,3, uR,4 is the completion of AR,4,
and uR,5 is the completion of contraction of AR,5 and AR,6.

It is also necessary to prepare the initial state
∑

i �i|ii〉 on
the central bond (the gate u� in Fig. 4). This requires a distinct
approach. In the first layer, u� acts on the |00〉 state and can be
constructed using a single cnot [49]. In subsequent layers, we
make this (and only this) gate variational. As for general two-
qubit isometries, only up to two cnot gates are needed [49],
we take such an ansatz with one-qubit parametrized rotations.
Their parameters are fixed by minimizing the second Renyi
entropy on the central bond of the contracted disentangled
MPS [50].

The above procedure generates “full” disentangling V lay-
ers with N − 1 gates each. This is, however, not necessary as
we have shown that the entanglement decays exponentially
fast with bond numbers. To take advantage of this fact, we
introduce a hyperparameter εtrunc > 0, on whose value we
condition the addition of gates on individual bonds in the
V layer. Namely, for each bond k we compute

∑
i�1 �2

k,i in
the contracted MPS. If this is smaller than the chosen small
εtrunc, then the state is essentially already disentangled, and the
bond can be truncated to χ = 1, i.e., no new gate is needed. In
this way, in subsequent iterations we generate “incomplete”
and diminishing V layers, as depicted in Fig. 1(d), resulting in
overall fewer gates.

We have also modified the gate synthesis procedure for
the isometric tensors. In the standard procedure, the two-qubit
isometry is extended into a full two-qubit unitary matrix, from

which the gate representation is synthesized. Such a general
unitary synthesis requires, however, three cnot gates and is
not optimal. In fact, to synthesize a general isometry only two
cnots are needed and one-qubit ry and rz gates [49], which
we use, further reducing the overall and two-qubit gate count.
For real-valued functions, one may even further simplify the
circuits by only using the ry rotations [51].

V. NUMERICAL TESTS OF THE ENCODING CIRCUITS
ON SIMULATORS AND QPUs

Here, we numerically study the quantum circuits con-
structed with our MPS-based procedure both on ideal and
noisy simulators and on real IBM QPUs.

To measure the accuracy of the prepared quantum circuit,
we use the fidelity defined as F = |〈ψ | f 〉|2, where | f 〉 is the
exact state and |ψ〉 is the state prepared by the circuit. For a
single-layer disentangling circuit, we can analytically predict
the fidelity of the approximation using the truncated singular
values. Truncating a single MPS bond k to χ = 2 results
in fidelity 1 − ∑

i�2 �2
k,i, where �k,i are the entanglement

spectra/singular values on the kth bond. With multiple bonds
truncated, to lowest order the fidelity is

F ≈ 1 −
∑

k>0,i�2

�2
k,i, (20)

which can be effectively computed up to an exact leading term
via Theorem 2 (see Appendix B for details). The multilayer
decomposition does not easily admit such analysis, and we
only show numerical results.

In Fig. 6(a), we show the infidelity of a one-layer ap-
proximating quantum circuit as a function of the truncated
support size L, assuming a fixed discretization size (thus the
qubit number is N = 10 + 
log2 L�). Here, we consider the
example of a normal distribution with σ = 2. The infidelity
is computed on an MPS simulator with a very large bond
dimension (i.e., essentially exact simulation). Overall, the in-
fidelity is excellent already for this extremely shallow circuit,
no higher than 10−3. Note also that for smaller L it perfectly
follows the analytical estimate from Eq. (20). For larger sup-
ports, this simple approximation is not accurate: As discussed
in Sec. III A, the smoothness-controlled regime is valid from
bond k = log2(L/2σ ) upward, and below the entanglement is
localization controlled [and, for this exponentially localized
function, much smaller; see Fig. 3(a)]. For large L, thus,
Eq. (20) overestimates the infidelity, which can be corrected
by only summing contributions from bonds k � log2(L/2σ ),
i.e., the ones for which the asymptotic scaling is valid. This
corrected estimate agrees perfectly with the numerical results
for all L.

In Fig. 6(b), we show the numerical infidelity of the one-
layer quantum circuit for the Lévy distribution as a function
of the truncated support L. We used a fixed discretization
step (N = 10 + 
log2 L� qubits). Note again the very low
infidelity achieved already with a single layer of gates, satu-
rating at 4 × 10−3. While for this case the analytical estimates
based on Eq. (20) are less reliable, Lévy distribution being
only weakly localized, the qualitative behavior of infidelity
saturation at large L is expected: The nonuniversal contri-
butions from a (finite) set of larger scales giving place to
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(a) (b)

FIG. 6. (a) The log-log plot of infidelity of a one-layer quantum circuit as a function of the size of the truncated support interval L. We
fix the discretization step size, with the qubit number given by N = 10 + 
log2 L�. Here, we consider the truncated normal distribution with
σ = 2, show the numerically computed infidelity, and compare it to the analytical estimates. The label “Analytical” refers to Eq. (20) and
“Analytical with correction” to prediction taking into account localization properties (see the main text). Note the very low infidelity obtained
already for this shallow circuit. (b) The numerical infidelity of the one-layer quantum circuit for the truncated Lévy distribution with parameter
c = 25 as a function of the support interval L. The discretization step size is fixed, with the qubit number given by N = 10 + 
log2 L�.

smoothness-controlled regime at larger scales where the en-
tanglement systematically vanishes.

In Fig. 5, we examine the influence of using multiple disen-
tangling V layers in the quantum circuit construction, and the
sensitivity to the V layer origin position, on the example of the
Lévy distribution. We observe that the fidelity can be system-
atically improved by adding additional disentangling layers
(note, though, that in the presence of noise this is not true,
as the increased circuit depth may result in a lower fidelity

in practice). Furthermore, for more than a single layer we
also see a strong dependence on the layer origin, as expected
from the entanglement analysis in Sec. III A: The effect is
comparable in size to adding another disentangling layer, and
hence the freedom to choose it is very important in practice.
Note also that the minimal circuit depth is achieved with the
origin on the middle qubits, further emphasizing the useful-
ness of this strategy.

(a) (b)

FIG. 7. The encoded Lévy distribution (c = 1) for different truncated support and discretization (number of qubits) sizes on an ideal
noiseless simulator. Amplitudes of the quantum state created using a two-layer encoding circuit are compared to the exact distribution. In
panel (a), for N = 6 qubits and L = 1; in panel (b), for N = 10 qubits and L = 5.
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TABLE I. Statistical tests of the encoded distribution on an ideal simulator and the encoding circuit’s (two-layer) properties with a εtrunc =
10−3 cutoff.

Qubits KL divergence (mean ± std) KS test p value (mean ± std) Depth (mean) CNOTS (mean)

6 0.000 31 ± 0.000 48 0.238 39 ± 0.234 89 17.2 9.8
Normal 10 0.000 45 ± 0.000 69 0.492 84 ± 0.289 43 26.2 17.8

15 0.000 46 ± 0.000 73 0.504 86 ± 0.282 03 41.2 28.0
6 0.000 97 ± 0.000 75 0.089 86 ± 0.169 66 15.6 9.0

Log-normal 10 0.001 48 ± 0.001 35 0.319 05 ± 0.323 49 28.4 18.2
15 0.001 15 ± 0.001 12 0.473 37 ± 0.285 52 40.2 27.0
6 0.001 75 ± 0.000 86 0.266 24 ± 0.223 99 15.6 9.0

Lévy 10 0.001 72 ± 0.000 53 0.500 47 ± 0.279 75 25.9 17.0
15 0.001 49 ± 0.000 48 0.503 45 ± 0.284 11 41.0 27.0

We show the encoded distributions themselves in Fig. 7,
where the amplitudes of the state created with a two-layer
disentangling circuit on an ideal simulator are compared to
the exact distributions for different support intervals L and dis-
cretizations (specified by the number of qubits N). We observe

a very good agreement, and emphasize that this is achieved
using only linearly deep circuits, which is crucial when
considering execution on realistic noisy devices. A more rig-
orous test of performance is obtained by computing statistical
metrics for the samples drawn from the encoded distributions.

FIG. 8. Encoding circuits execution on the ibm_torino QPU. (a) Lévy distribution with c = 50 truncated to L = 29 with N = 20 qubits.
(b) Lévy distribution with c = 1310 on L = 214 with N = 25 qubits. (c) Log-normal distribution with N = 25 qubits. (d) Gamma distribution
with shape parameter k = 1 on N = 25 qubits. In each case, 5000 shots were used. All executions pass the KS test with 200 samples. The
better of the one- and two-layer circuits used is shown.
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TABLE II. Statistical tests of the encoded distribution on an ideal simulator and the encoding circuit’s (two-layer) properties with a
εtrunc = 10−4 cutoff.

Qubits KL divergence (mean ± std) KS test p value (mean ± std) Depth (mean) CNOTS (mean)

6 0.000 23 ± 0.000 39 0.244 17 ± 0.243 45 18.2 10.4
Normal 10 0.000 38 ± 0.000 63 0.490 01 ± 0.285 71 27.5 18.7

15 0.000 37 ± 0.000 61 0.505 92 ± 0.282 07 41.6 29.2
6 0.000 76 ± 0.000 64 0.096 07 ± 0.177 82 19.5 12.1

Log-normal 10 0.001 27 ± 0.001 20 0.326 50 ± 0.327 61 31.1 21.8
15 0.001 06 ± 0.001 08 0.476 56 ± 0.290 33 43.8 32.7
6 0.001 01 ± 0.000 97 0.263 29 ± 0.223 42 20.6 11.8

Lévy 10 0.001 12 ± 0.000 73 0.496 81 ± 0.278 33 30.5 20.8
15 0.000 99 ± 0.000 64 0.492 13 ± 0.287 45 42.8 31.8

We use the Kullback-Leibler (KL) divergence between the
encoded and ideal distributions and the Kolmogorov-Smirnov
(KS) test. The results are reported in Tables I and II. For
these tests, we use a two-layer encoding circuit constructed
by our complete algorithm as described in Sec. IV, including
truncation of gates in V layers set by the parameter εtrunc.
We report the depth and amount of cnot gates of the circuit,
which are computed in the RX, RY, RZ, and CNOT basis (the
depth includes all one-qubit gates). To collect the data, we
varied the interval L and scale factors of the distributions,
and we report the mean value and the standard deviation. The
constructed distributions mostly pass the statistical tests with a
wide margin, but we note that for very small amount of qubits
KS test may occasionally fail (p value< 0.05) due to extreme
discretization of the distribution, as the test is performed
against the ideal truncated cumulative density function, which
is continuous. In Table I, we set the hyperparameter εtrunc

to 10−3, while in Table II to εtrunc to 10−4. Changing this
value represents an accuracy-depth trade-off, which will be
important on noisy QPUs.

To emphasize the above mentioned depth-accuracy trade-
off induced by realistic noise, we perform noisy simulations
on the IBM FakeToronto backend. We compare the results
of the execution of a one-layer and five-layer encoding circuits

in Fig. 12. While in the absence of noise the latter is more
accurate, in this more realistic setting the distribution features
are largely destroyed by the noise, while the nominally less
accurate one-layer encoding performs much better. We leave
detailed examination of this trade-off to future work.

Finally, we put our encoding circuits to test on real QPUs.
Motivated by the observed theoretical accuracy-depth trade-
off, we executed shallow one- and two-layer circuits generated
by our procedure (εtrunc = 10−4) on the ibm_torino su-
perconducting device. In Fig. 8, we show the distributions
sampled from the better of the two encoding circuits for the
Lévy, log-normal, and Gamma distributions for up to N = 25
qubits. For each plot, we used 5000 shots. All these experi-
ments pass the KS test at the standard significance level 0.05
(with 200 samples).

Furthermore, using the TCI approach, we also generate
large-scale circuits, for up to 156 qubits, which we execute
on IBM devices. First, we validate the TCI function loading
itself. Toward this goal, we generated a 40-qubit encoding
circuit for the Lévy distribution and interval size L = 109,
using the TCI algorithm of Ref. [45] and torchTT package
[52] to generate the MPS representation directly from the
PDF. Specifically, we build a map [0, 1] �→ √

L · pLevy(xL)/R,
where

√
L accounts for the renormalization after changing the

FIG. 9. (Left) The amplitudes of the quantum state encoding the Lévy distribution on 40 qubits obtained using TCI, compared to the exact
MPS amplitudes (right). The results of sampling from the 40-qubit quantum circuit constructed using TCI approach on an ideal simulator.
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FIG. 10. TCI constructed two-layer encoding circuits for the (a) Gamma and (b) Lévy distributions on 50 qubits, executed on the
ibm_marrakesh QPU. We used in both cases, L = 1011, the scale factor c = 5 × 109, and 5000 shots on the QPU. While these very large
circuits no longer pass the quantitative statistical tests, the qualitative features of the distributions are still reproduced. Compare, however, the
results on higher-quality QPU in Fig. 11.

variables, and a constant factor R accounts for a truncation
of the distribution to a finite interval and can be factored out
of the cumulative distribution function (CDF). In Fig. 9, we
show the encoded state and sampling results from a 40-qubit
encoding quantum circuit executed on an ideal simulator. The
large scaling factor c is chosen so that the distribution tail does
not vanish in the truncated range. Numerically, we confirm
that the relative error between the true PDF and the TCI up-
loaded value in the MPS is 6 × 10−8 on average and 4 × 10−7

at most. We note that 8 × 104 calls to the PDF map sufficed to
build the state to this accuracy.

Next, in Fig. 10 we show the results of executing the
TCI-generated two-layer quantum circuits for the Gamma
and Lévy distributions at 50 qubits, executed on the
ibm_marrakesh QPU with 5000 shots. While these large-
scale distributions no longer pass the statistical tests due

to device noise, the qualitative features of the distributions
are reproduced. To showcase how the improvement in de-
vice quality directly impacts the sampling results, in Fig. 11
we show the results on the ibm_kingston QPU. While
this is also a Heron r2-type device, its two-qubit gate fi-
delities were substantially better (1.88e−3 vs 2.67e−3 for
ibm_marrakesh). This allowed to sample from Gamma and
Lévy distributions on up to 156 qubits, which we performed
using 2000 measurement shots.

VI. CONCLUSIONS

We studied entanglement properties of MPS representa-
tions of smooth functions, and their applications to con-
structing shallow encoding quantum circuits. In particular, we
derived the universal properties of their entanglement spectra.

FIG. 11. Sampling from two-layer encoding circuits on the ibm_kingston QPU. We used TCI in circuit generation, and measured 2000
shots on the QPU; we also used dynamical decoupling. In all plots, we used L = 1011 and the scale factor c = 5 × 109. (Left) Gamma
distribution with shape parameter a = 1 sampled on 100 qubits. (Middle) Gamma distribution with shape parameter a = 0.5 sampled on
100 qubits. (Right) Lévy distribution sampled on 156 qubits. Note that while both ibm_marrakesh and ibm_kingston are QPUs of type
Heron r2, the latter has a significantly lower two-qubit gate error (2.67e−3 vs 1.88e−3 median error), which is reflected in the much higher
quality of results compared to Fig. 10.
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We used these to estimate the errors of the quantum circuit
representations of these functions, and to build an improved
MPS-based algorithm generating shallow quantum circuits
[O(N ) gates] encoding them. The resulting circuits were
benchmarked on real and simulated IBM QPUs. The practical
performance of our algorithm was validated experimentally
on the important example of preparing states encoding PDF,
in particular, heavy-tailed ones. Both the analytical and algo-
rithmic results apply, however, to general smooth functions.
One further domain where this may be of importance is the
preparation of initial states for quantum simulation of PDE,
used, e.g., in quantum computational fluid dynamics [15].

For the important case of Lévy distributions, the quantum
circuits we constructed reproduced well their qualitative be-
havior for up to 156 qubits. Moreover, for up to 25 qubits
the accuracy was sufficient to pass quantitative statistical tests
even on the current noisy devices. The results on distribution
loading may have importance to various domains of finan-
cial risk analysis, risk management, and decision-making that
include series of financial data. By developing methods to
efficiently work with Lévy distributions on a quantum com-
puter, we pave the way for more precise modeling of market
behaviors, particularly in capturing heavy tails, skewness, and
volatility clustering.

It is of key importance that our procedure does not require
the explicit storage of the input, i.e., the potentially exponen-
tially many discretized function values, in memory. Instead,
it is able to construct the circuit directly, by locally sampling
from the PDF through the use of TCI [36]. Thus, our method
is both classical compute- and memory-efficient, and scalable
to utility sizes.

Several open research directions remain. First, the density
matrix-based analysis can be extended to multivariate func-
tions. It is particularly interesting to derive the optimal tensor
network representation of such functions based on their entan-
glement (for multivariate functions, there are many possible
tensor network geometries, which may represent the func-
tion; from the point of quantum computing, these geometries
correspond to different qubit orderings, or qubits arranged in
topologies more complicated than linear). Analytic results on
entanglement of multivariate functions may lead both to better
quantum circuit encodings of such functions and also may
improve existing tensor network algorithms. Finally, from a
practical standpoint it would also be very important to carry
out a more detailed analysis of the influence of hardware noise
on the function preparation.
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APPENDIX A: PROOFS OF THEOREMS

1. Proof of Theorem 1

To obtain the purities, we first construct the reduced density
matrix ρk in terms of the tensor representation:

ρk = 1

2N

∑
vk

fuk,vk f ∗
u′

k,vk
, (A1)

where we introduced collective indices uk = σ1σ2 . . . σk and
vk = σk+1σk+2 . . . σN for the bipartition of the system (across
spatial scales). Here, f ∗ denotes a complex conjugate of f .
Then, the purity is given by

pk = 1

4N

∑
uk,u′

k,vk,v′
k

fuk,vk f ∗
uk,v′

k
f ∗
u′

k,vk
fu′

k,v′
k
. (A2)

We further write the value fuk,vk as f (uk + vk/2k ), where
by a slight abuse of the notation, in the argument of the
function f, we have identified the index uk with the real
number 0.uk ≡ 0.σ1 . . . σk and vk with 0.vk ≡ 0.σk+1 . . . σN .
In the limit N → ∞, the sums over vk, v′

k may be rewritten as
integrals over continuous v, v′:

pk = 1

4k

∑
uk,u′

k

∫ 1

0

∫ 1

0
[ f (uk + v/2k ) f ∗(uk + v′/2k )

× f (u′
k + v′/2k ) f ∗(u′

k + v/2k )]dvdv′. (A3)

The sums over uk, u′
k cannot be equally converted to in-

tegrals by taking the limit k → ∞, as we want the purities at
finite k. To this end, we use the Euler-MacLaurin resummation
formulas, which approximate the finite 1/2k resolution sum
with continuous integrals augmented with additional bound-
ary terms. In our specific case, we use

∑
un

f (un)

2k
=

∫ 1

0
f (u)du + f (0) − f (1)

2k+1

+ B2
f ′(1) − f ′(0)

22k+1
+ O(1/23k ), (A4)

where B2 is the second Bernoulli number. Then, the purity is
given by

pk =
∫ 1

0

∫ 1

0

(∫ 1

0
f

(
u + v

2k

)
f ∗

(
u + v′

2k

)
du + b1(v, v′)

)

×
(∫ 1

0
f ∗

(
u′ + v

2k

)
f

(
u′+ v′

2k

)
du′+b2(v, v′)

)
dvdv′,

(A5)

where b1, b2 are the boundary terms. There is a small sub-
tlety here, as the function here is effectively extended beyond
[0, 1] to the interval [0, 1 + 1/2k]. We assume that such an
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extension exists and is smooth. Indeed, any smooth function
on [0, 1] can be easily extended. Moreover, on practice it is
likely that the function is already defined beyond this interval,
which is used for encoding.

To evaluate the v, v′ integrals, for large k we can expand in
the small parameter v/2k:

f (u + v/2k ) = f (u) + f ′(u)
v

2k
+ f ′′(u)

v2

22k+1
+ O(1/23k ).

(A6)

This effectively leads to an expansion in 1/2k for the purities
pk , which we will now show. First, the leading term in pk is
equal to one, where we use the fact that boundary terms come
at order at least 1/2k and the function is normalized:(∫ 1

0
f (u) f ∗(u) du

) (∫ 1

0
f ∗(u′) f (u′) du′

)
= 1. (A7)

The contributions to the pk expansion at order 1/2k come
from the corresponding terms in the expansion [Eq. (A6)] and
the boundary terms. Introducing the notation

hn,m =
∫ 1

0
f (n)(u) f ∗(m)(u)du. (A8)

We now can see that the 1/2k terms in the pk expansion
vanish:

h0,1 + h1,0 + | f (0)|2 − | f (1)|2 = 0, (A9)

since h0,1 + h1,0 is the integral of a total derivative from the in-
tegration by parts formula, which cancels the boundary terms.

Finally, we evaluate the contributions to pk at 1/4k , which
come from gathering the terms in the expansion of the du and
du′ integrals in Eq. (A5) to second order. From a product of
the zeroth-order term in u and second-order terms in u′, we
obtain

(h2,0 + h0,2)/6 + h1,1/4 − (| f (1)2|′ − | f 2(0)|′)/6

= (h2,0 + 2h1,1 + h0,2)/6 − h1,1/12 − (| f (1)2|′

− | f 2(0)|′)/6

= −h1,1/12. (A10)

Above, in the second line, we used the fact that h2,0 + 2h1,1 +
h0,2 is a total derivative, which cancels the boundary terms.
We obtain an exactly equal contribution from the term with
the roles of u and u′ exchanged. Finally, the contribution of a
product of first-order terms in both u and u′ gives

2h1,0 × h0,1/3 + h2
1,0/4 + h2

0,1/4 − (| f (0)|2 − | f (1)|2)2/4

= (h1,0 + h0,1)2/4 + h1,0 × h0,1/6

− (| f (0)|2 − | f (1)|2)2/4

= h1,0h0,1/6, (A11)

where in the second line we collected a square of the total
derivative, which cancels the boundary terms.

Gathering all of the contributions, we obtain the final result
for the purity pk:

pk = 1 − g1( f )

6 × 4k
+ O(1/8k ), (A12)

with

g1( f ) ≡ h1,1 − h1,0h0,1 = 〈 f (1)|P̂0| f (1)〉, (A13)

where P̂0 is the operator, which projects out the function
f (u), and scalar product 〈 f (1)| f (1)〉 should be considered to
be defined consistently with the L2 norm on the interval of
function definition. �

Note that the functional g1( f ) obeys several properties,
which serve as a consistency check for the pk computation.
First, it is positive definite for all functions f (x), which cor-
responds to the purities pk being smaller or equal to unity,
as required. Second, the value is real. Finally, we may ask
when it vanishes, i.e., when g1( f ) = 0. For this to hold, the
derivative of f (x) should be in the kernel of P̂0, which implies
that the derivative is proportional to the function itself.

The only solution of such differential equation is the ex-
ponential function: f (x) = c exp(bx). This is consistent with
the fact that exponential functions can be exactly expressed as
MPS with bond dimension equal to one [37], and hence their
purities must vanish because of trivial factorizability on every
bond.

Note also that reduced density matrices may be used
to construct other entanglement measures. Some of them,
like higher-order generalizations of purity Trρ4, Trρ6 are
amenable to the calculations along the lines developed above.

2. Proof of Theorem 2

Let us consider the reduced density matrix of the first k
qubits ρk and compute its particular element:

ρk (uk, u′
k ) = 1

2k

∫ 1

0
f (uk + v/2k ) f ∗(u′

k + v/2k ) dv,

(A14)

where uk, u′
k are the combined indices of the reduced density

matrix. Expanding the functions f , f ∗ in v/2k , we can write
the reduced density matrix as

ρk = 1

2k

∑
m,n�0

| f (m)(u)〉〈 f (n)(u′)|
(1 + m + n)n!m!2k(m+n)

, (A15)

here f (n)(u) are derivatives of order n, and we used the bracket
notation. This is a derivative expansion, but it is crucial that
this is also an expansion in 1/2k , which implies that only
derivatives of small order will contribute. Note that, as in
the previous theorem, to obtain asymptotic expansions we
consider a situation where N → ∞.

Note that the states | f (n)(u)〉 are not normalized and not
orthogonal, but can be made so using the Gram-Schmidt
method. To this end, we define projectors Pm, projecting
out all derivatives up to order m at consecutive steps of the
Gram-Schmidt procedure. Particularly, P0 projects out the
function itself. The new orthogonal basis is now given by
{| f (u)〉, P0| f (1)(u)〉, P1| f (2)(u)〉, . . . }. The basis change in the
reduced density matrix can now be performed by iteratively
replacing

| f (1)(u)〉 → P0| f (1)(u)〉 + (1 − P0)| f (1)(u)〉 (A16)

in Eq. (A15), collecting the terms, and repeating recursively
for higher derivatives. Note that this transformation is tri-
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angular in a sense that after applying it, only the density
matrix coefficients with lower indices are affected [e.g.,
(1 − P0)| f (1)(u)〉 ∝ | f (u)〉 will generate correction to the
| f (0)(u)〉]. Since the initial coefficients of | f (m)(u)〉〈 f (n)(u′)|
are of order 1/2k(m+n), the orthogonalization only changes
them at subleading orders in 1/2k , and can be ignored.

The new basis vectors must be normalized, which gives
additional

√〈 f n(u)|Pn−1| f n(u)〉 factors in the density matrix
coefficients. After a simple but tedious calculation, we obtain
the following expression for ρk,m,n in the orthonormal basis,
to leading order in 1/2k :

ρk,m,n =
√

〈 f (n)(u)|Pn−1| f (n)(u)〉〈 f (m)(u)|Pm−1| f (m)(u)〉
(m + n + 1)m!n!2k(m+n)

,

(A17)

where m, n ∈ N0 and ρk,m,n is a recomputed term under the
sum in Eq. (A15). The scalar products 〈 f (m)(u)|Pm−1| f (m)(u)〉
appearing in the density matrix are defined for the function
discretized at a finite resolution 1/2k . However, as before, via
the Euler-MacLaurin formula they can be approximated by
continuous integrals with boundary terms (which, as we work
to leading order in 1/2k throughout, we ignore). In particular,
we have 〈 f (1)(u)|P0| f (1)(u)〉 = g1( f ).

We will now perturbatively diagonalize the density ma-
trix terms ρk,m,n. As a warm-up, consider the restriction of
the problem to the index range m, n = 0, 1, where we can
diagonalize the matrices. To leading order in 1/2k , we ob-
tain the eigenvalues ρk,0 ≈ 1, ρk,1 ≈ g1( f )/(12 × 4k ), which
precisely agree with the predictions obtained from the expan-
sions of purities (the density matrix eigenvalues are given by
ρk,n = �2

k,n).
Based on this example, we conjecture that eigenvec-

tors are such that restrictions of the matrix to its lower
indices preserve the eigenvalues to leading order. Conse-
quently, for the first eigenvector we make the ansatz e1 =
(1, c1/2k, c2/4k, c3/8k, . . . ), where cs are of order 1, and
do not depend on k to leading order in 1/2k . Substituting
this into the eigenvector equation, we indeed find that all
coefficients cs can be determined perturbatively in terms of
〈 f n(u)|Pn−1| f n(u)〉, while the first eigenvalue is 1, to leading
order. Similarly, for the second eigenvector we take e2 =
(d0/2k, 1, d2/2k, d3/4k, . . . ), where ds are again order one
coefficients. Substituting into the eigenvector equation allows
to find the coefficients ds, and the corresponding eigenvalue,
which, to leading order, is indeed g1( f )/(12 × 4k ). The gen-
eralization to the mth eigenvector is as follows:

em = (q0/2mk, q1/2(m−1)k, . . . , qm−1/2k, 1, qm+1/2k, . . . )

= ( �̃q, 1, �̃Q), (A18)

where we have introduced vectors �̃q, �̃Q with elements q̃n =
qn/2(m−n)k, Q̃n = qm+1+n/2k(n+1). We now need to solve the
eigenvalue equation

ρ̂kem = ρk,mem, (A19)

where ρk,m is the mth eigenvalue of the kth qubit reduced
density matrix. To this end, one can write the matrix ρ̂k in

the block form

ρ̂k =
⎛
⎝M l D

l† p w†

D† w G

⎞
⎠, (A20)

where M is m × m size matrix, l is a column vector of size m,
p is a number, w is a column vector, and D and G are matrices.
In this notation, the eigenvalue equation may be written in the
following form:

Mq̃ + l + DQ̃ = ρk,mq̃, (A21)

l† · q̃ + p + w† · Q̃ = ρk,m, (A22)

D†q̃ + w + GQ̃ = ρk,mQ̃. (A23)

We begin solving the system from the second equation.
Both l · q̃ and p are of the leading order 1/22mk , while w† ·
Q̃ = O(1/2(2m+2)k ). Hence, to the leading order, we can safely
neglect the term w† · Q̃. Note also that for consistency ρk,m =
O(1/22km). Consider now the nth equation (with indexation
starting from zero) from the matrix equation Mq̃ + l + DQ̃ =
ρk,mq̃. To the leading order, we have ln = O(1/2k(m+n) ),
Mnq̃ = O(1/2k(m+n) ), DnQ̃ = O(1/2k(m+n+2)), and ρk,mq̃n =
O(1/23km−nk ) (note that n < m). Only first two terms remain,
and to the leading order we obtain

Mq̃ = −l, (A24)

which allows to find the vector q̃. Note that all the factors
1/2k cancel out in these equations, and we obtain a simple
linear system on coefficients qn with n < m. The eigenvalue
ρk,m can be found by substituting this solution for q̃ into
ρk,m = l† · q̃ + p. Finally, we should find the vector Q̃. Let
us estimate the orders of elements of the nth equation from
D†q̃ + w + GQ̃ = ρk,mQ̃. We have D†

nq̃ = O(1/2k(2m+1+n),
wn = O(1/2k(2m+1+n), and ρk,mQ̃n = O(1/2k(2m+1+n) ), while
GnQ̃ = O(1/2k(2m+n+3)). Hence, we can neglect the term GQ̃
and just obtain ρk,mQ̃ = D†q + w, where all 1/2k factors also
cancel out to the leading order.

We can now return to the equation for eigenvalues ρk,m and
further simplify them:

ρk,m = p − l†M−1l = det N

det M
, (A25)

where the (m + 1) × (m + 1) matrix N is defined as follows:

N =
(

M l
l† p

)
. (A26)

The matrix N is the analog of the matrix M for the
eigenvalue ρk,m+1. To simplify the determinants, we notice
that the matrices N, M can be factorized as follows: N =
Fm+1Hm+1Fm+1, M = FmHmFm, where Fm is a m × m diagonal
matrix with diagonal elements given by

Fm,nn =
√

〈 f (n)(u)|Pn−1| f (n)(u)〉
n!2kn

(A27)

for n = 0, 1, . . . , m − 1, while Hm is an m × m matrix with
matrix elements Hm,nl = 1

n+l+1 . With these factorizations, we
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obtain the following formula for ρk,m:

ρk,m =
(

det Fm+1

det Fm

)2

× det Hm+1

det Hm

= 〈 f (m)(u)|Pm−1| f (m)(u)〉
m!24km

× det Hm+1

det Hm
. (A28)

Here, the first factor contains information on the function and
the 1/4km scaling, while the factor det Hm+1

det Hm
is just a positive

numerical coefficient, independent of k and of the details of
the function. �

3. Proof of Corollaries 1 and 2

We prove both results simultaneously.
Let the subleading part of the entanglement spectrum be

of order s. Hereafter, we can make additional assumption that
the third in size entanglement coefficient is at least of order
O(s2). This assumption follows from Theorem 2. Then, from
the state normalization

∑
i �

2
k,i = 1, it follows that �k,0 =

1 − s2/2 + O(s4). Using Eq. (9), the purity has now the form

pk = (1 − s2/2 + O(s4))4 + O(s4) = 1 − 2s2 + O(s4).

(A29)

Comparing with the expansion of purity in 1/2k in Eqs. (A12)
and (A13), we obtain the result of the first corollary.

To prove the result for the entanglement entropy, it is
enough to compute

Sk = −(1 − s2) log (1 − s2) − s2 log s2

≈ s2(1 − log s2) ∼ Ck/4k (A30)

for some constant C, which one can compute explicitly from
other terms.

Note that in both results we used an assumption that s is
small enough and asymptotic expansions can be applied. The
latter is supported by Theorem 1 for large enough k. �

4. Breaking the smoothness assumption

Here, we briefly comment on how our results change
when the smoothness assumption is not satisfied. Con-
sider the case where the function f has only l absolutely
continuous derivatives. Then, by Taylor’s theorem it can
be expanded in series f (u + v/2k ) = f (u) + f ′(u)v/2k +
· · · + f (l )(u)vl/l!2kl + Rl (u, v), where Rl is the remainder
term in the integral representation Rl (u, v) = ∫ v

0 f (l+1)(u +
z/2k )(v − z)l dz/l!2k(l+1). This remainder term is on the order
of O(1/2k(l+1)), and hence it cannot spoil the hierarchy of
matrix elements in the density matrix. As a result, all the
results that depended only on hierarchy of magnitudes of the
matrix elements, like the formula for the leading entanglement
spectra, will not change. In particular, the first (l + 1) density
matrix eigenvalues will follow Eq. (A28). In numerical exper-
iments, we observed an even stronger result, where the first
l + 2 eigenvalues behaved followed the scaling derived for
the smooth functions. This may be connected to the fact that
piecewise polynomials do have exact MPS representations of
low rank. We leave a more detailed study of entanglement of
nonsmooth functions to future research.

APPENDIX B: EXAMPLES, EXPANSION CONSTANTS,
AND PROBABILITY DISTRIBUTIONS

1. Analytical examples for the theoretical smoothness results

The expansions in 1/2k from Theorem 1 are valid when
g1( f )/(6 × 4k ) < 1 [i.e., when the second expansion term
in Eq. (13) is smaller than 1]. To shed light on the intu-
itive understanding of this condition, consider the example
of a Gaussian f (x) = exp [−(x − 0.5)2/4σ 2]. Then, g1( f ) =
〈(x − 0.5)2/4σ 4〉 = 1/4σ 2 (we ignored the interval finiteness,
which is valid for low enough σ ) and the validity condition
reduces to k > log2 1/2σ − log2 6. As 2σ is the characteris-
tic length scale of the Gaussian, the condition implies that
the asymptotic results are valid for qubits k responsible for
scales 1/2k smaller than the characteristic length scale of the
distribution. Thus, while for small k, corresponding to large-
scale function variations, entanglement entropies and other
measures can be large, for large k (small-scale variations) they
decay exponentially in k.

Next, consider the function f (x) = sin(πx), for which the
integrals in the density matrix definition can be computed
exactly in full [16]. The density matrix is given by

ρk = | sin πx〉
(

1

2
+ 2k

4π
sin(2π/2k )

)
〈sin πx|

+ | cos πx〉
(

1

2
− 2k

4π
sin

(
2π/2k

))〈cos πx|

+ 2k

2π
sin2 (π/2k )(| cos πx〉〈sin πx|

+ | sin πx〉〈cos πx|). (B1)

Then,

ρk = | sin πx〉(1 + 2k sin(2π/2k )/(2π ))/2〈sin πx|
+ | cos πx〉(1 − 2k sin(2π/2k )/(2π ))/2〈cos πx|
+ 2k sin2 (π/2k )/(2π )(| cos πx〉〈sin πx|
+ | sin πx〉〈cos πx|). (B2)

Since | sin πx〉 and | cos πx〉 are orthogonal for all k and have
the same norm, we do not need the Gram-Schmidt procedure.
Diagonalizing the density matrix, we obtain the following
eigenvalues:

ρk,± = 1

2
± 2k

2π
sin (π/2k ). (B3)

Expanding the smaller one we obtain to leading order
π2/(12 × 4k ), which precisely agrees with Theorem 2, with
g1( f ) = π2. Note that entanglement spectra decrease with k,
so for large enough k, we can truncate the bond dimensions
to 1.

2. The third eigenvalue and its sum

For the error analysis, we compute the expression for the
third entanglement coefficient �k,2. To the leading order for
large enough k, we have

�k,2 ≈
√

〈 f (2)(u)|P1| f (2)(u)〉
720 × 16k

=
√

g2( f )

720 × 16k
, (B4)

where we defined g2( f ) = 〈 f (2)(u)|P1| f (2)(u)〉.
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The sum of the remaining eigenvalues appears in com-
puting fidelities between an ideal state and a circuit’s state
after a single layer of the analytical decomposition. For the
entanglement spectra, from Theorem 2 we know that �k,i =
O(1/2ki ). Using these scaling relations, we can derive the
leading estimate of the fidelity after one layer of a generalized
analytic decomposition:∑

k�m
i�2

�2
k,i ≈ g2( f )/720 × 15 × 16m−1 + · · · , (B5)

where m is the first bond with truncation. It can be the sec-
ond bond (the first bond always has the bond dimension 2
and is not truncated) or some larger bond if we use analytic
decomposition with three-site gates for the first qubits. Note
also that for one-layer analytic decomposition, the resulting
fidelity does not depend on the position of the canonical form
center, as it does not change the error of truncation.

3. Exact functional coefficients for probability distributions

Here, we give explicit expressions for the g1( f ) func-
tions for the symmetrical normal (μ = L/2), log-normal, and
Lévy distributions, obtained by performing the integrals in
Eq. (A13) for these examples:

g1(
√

p(x)normal)

= L2

4σ 2

[
1 −

√
L2

2σ 2

exp
(− L2

8σ 2

)
(�(1/2) − �(1/2, L2/8σ 2))

]
,

(B6)

g1(
√

p(x)log-normal)

= L2 exp (−2μ + 2σ 2)

4σ 2
[√

2π − 1√
2
�

(
1
2 ,

((log L−μ)/σ )2

2

)]
×

[
1 + σ 2

√
2

(
2
√

π − �

(
1

2
,

((log L − μ)/σ + 2σ )2

2

))

+
(

(2 −
√

2)σ − log L − μ√
2σ

)
exp

[( log L−μ

σ
+ 2σ

)2

−2

]]

− L2 exp {−2μ + σ 2 − ((log L − μ))/σ + σ )2}
2
√

2σ 2
[
2
√

π − �
(

1
2 ,

((log L−μ)/σ )2

2

)]2 ,

(B7)

g1(
√

p(x)Levy)

= 21L2

8c2
+ 4L2 exp [−c/2L]

c2�(1/2, c/2L)

[
21

16

( c

2L

)1/2
+ 7

8

( c

2L

)3/2

+ 1

8

( c

2L

)5/2
+ 1

4

( c

2L

)7/2
]

− L2

c2�(1/2, c/2L)2

( c

2L

)3
exp [−c/L]. (B8)

For the Lévy distribution, we computed g1( f ) for the dis-
cretization on the finite interval L. The leading term 21L2/8c2

defines the characteristic scale k = log L/c, where the en-
tanglement spectra become small. Other terms define the

subleading corrections due to the finiteness of the interval.
Here, �(s, x) is the incomplete � function, which comes
from the normalization of the Lévy distribution on the finite
interval.

Analogous explicit formulas can also be derived for the
g2( f ) coefficient. Here, we give the one for the same normal
distribution (the others result in impractically large expres-
sions):

g2(
√

p(x)normal)

= L4

8σ 4
− L4

4σ 4

⎛
⎝√

L2

32σ 2
+

√
L2

8σ 2

3
⎞
⎠ exp

[− L2

8σ 2

]
�

(
1
2

) − �
(

1
2 , L2

8σ 2

)

− L6

32σ 6

exp
[− L2

4σ 2

]
[
�

(
1
2

) − �
(

1
2 , L2

8σ 2

)]2 . (B9)

If we drop the finiteness of the interval, that is, consider the
large L limit, the expression simplifies to

g2(
√

p(x)normal) = 1

8σ 4
. (B10)

APPENDIX C: ENTANGLEMENT AND FUNCTION
LOCALIZATION

In Sec. III A, we showed that the entanglement on the
smallest scales exhibits universal exponential decay. We can
similarly ask how the entanglement behaves on the qubits
corresponding to the largest scales.

It is easy to see that this behavior cannot be universal,
by the following construction: For any given quantum state
on n < N qubits, one can convert its amplitudes into the
corresponding tensor of 2n discrete “function values,” which
can further be polynomially interpolated to yield a smooth
function. This function can have an arbitrarily complicated
behavior down to the scale L/2n. On the other hand, a function
can equally well be arbitrarily simple on large scales, such as
for instance in the case of a periodic function with a period T .
It is easy to see that the qubits responsible for the larger scales
L′, i.e., T < L′ < L, will be in an equal weight superposition
(a product of |+〉 states), and completely disentangled from
the qubits corresponding to the smaller scales. These two
opposite extremes show that there is no universality for large
scales.

While we do not provide here rigorous results, it is possible
to characterize the large-scale entanglement slightly better
for specific classes of functions. An important case is the
localized functions. Informally, a function is localized ex-
ponentially or polynomially if the integral of the function
over increasing subsets containing the domain of localization
approaches unity (we assumed normalized function) with the
remainder decaying polynomially or exponentially in the size
of the subsets.

We can follow an analogous path to talk about localization
on a finite domain, but the presence of a binary grid, which we
work with, introduces additional subtleties. For the purpose
of clarity, and at the expense of full generality, we restrict the
discussion to a localization on a subinterval Im of size L/2m

(and scale m), which is “compatible” with the binary grid.
We define a compatible interval Iσ1...σm ≡ Im to be the set of
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all points sharing a fixed first m bits σ1 . . . σm of the binary
expansion. A sequence of increasing intervals Im ⊂ Im−1 ⊂
· · · ⊂ I1 exists, defined by freeing the successive digits in
the binary expansion. For the function localized exponentially
(resp. polynomially) to Im, we now have

∫
Il

| f (u)|2du ≈ 1 − C(|Il |), (C1)

for l = m, . . . , 1, where the correction C(|Il |) decreases ex-
ponentially (polynomially) in the size of Il .

Note now that
∫

Il
| f (u)|2du is in fact [see Eq. (A14)] the

diagonal element of the reduced density matrix ρl,ul ul , with
ul ≡ σ1 . . . σl . Thus, ρl,ul ul is exponentially or polynomially
close to one, for localized functions. Conversely, the off-
diagonal elements of the reduced density matrix by Eq. (A14)
will be exponentially/polynomially suppressed, which imme-
diately implies that the entanglement across bonds m, . . . , 1
is also similarly suppressed (see Fig. 3). A delta distribution
is an extreme example of this: All but on elements of the
density matrix vanish, and the distribution can be represented
as a product state. Thus, localization properties influence the
behavior of the entanglement on the bonds representing the
largest spatial scales.

APPENDIX D: ACCURACY-DEPTH TRADE-OFF
IN THE PRESENCE OF NOISE

As discussed in the main text, noise induces a practical
trade-off, where theoretically better but deeper circuits result

FIG. 12. The Lévy distribution encoded with one- and five-layer
circuits on a noisy simulated quantum device (IBM FakeToronto).
The output of the theoretically more accurate but deeper circuit is
much more strongly affected by the noise. Such trade-off effects are
very important in practice.

in worse approximation of the distribution. To probe this,
we performed noisy simulations on the IBM FakeToronto
backend. We compare the results of the execution of a one-
layer and five-layer encoding circuits in Fig. 12. While in
the absence of noise the latter is more accurate, with noise
the distribution features are largely destroyed, while the
nominally less accurate one-layer encoding performs much
better.
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