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A quantum many-body scar is an eigenstate of a chaotic many-body Hamiltonian that exhibits two seemingly
incongruous properties: Its energy eigenvalue corresponds to a high temperature, yet its entanglement structure
resembles that of low-temperature eigenstates, such as ground states. Traditionally, a temperature is assigned to
an energy eigenvalue through the textbook canonical temperature-energy relationship. However, in this work, we
use the eigenstate subsystem temperature—a recently developed quantity that assigns a temperature to an energy
eigenstate, based on the structure of its reduced density matrix. For a thermal state, the eigenstate subsystem
temperature is approximately equal to its canonical temperature. Given that quantum many-body scars have a
ground-state-like entanglement structure, it is not immediately clear that their eigenstate subsystem temperature
would be close to their canonical temperature. Surprisingly, we find that this is the case: The quantum many-body
scars retain local information about their position in the spectrum encoded within their state structure.

DOI: 10.1103/ytqp-jml7

I. INTRODUCTION

One of the fundamental problems of quantum many-body
physics is understanding how thermalization arises in closed
systems—and when it fails to occur. In general, quantum
chaotic systems tend to thermalize, while integrable systems
can fail to do so due to the presence of an extensive number of
local conserved quantities. However, in recent years, a mech-
anism has been discovered that can prevent thermalization in
chaotic systems: the presence of special Hamiltonian eigen-
states known as quantum many-body scars (QMBSs) [1-10].

QMBSs are typically understood in the context of the
eigenstate thermalization hypothesis (ETH), which posits a
specific structure for the eigenstates H|E) = E|E) of thermal-
izing systems [11-21]. Broadly speaking, the ETH suggests
that for a small (local) subsystem S, the reduced eigenstate
density matrix ps(E) = Trs(|E)(E]) is approximately equal
to the corresponding canonical density matrix restricted to S:

ps(E) ~ 65(Be), ey

where 65(Bc) = Trs[6 (Bc)] and 6 (Bc) = e~Fe /TefePell] is
the canonical (or Gibbs) density matrix. If the relation in
Eq. (1) holds for a given eigenstate |E), then the eigenstate
is considered thermal. However, in certain models, there can
exist a small number of nonthermal eigenstates, which are
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embedded in a background of thermal eigenstates at finite
energy density. These nonthermal eigenstates are referred to
as QMBSs.

For the relationship in Eq. (1) to hold, how does one know
which energy eigenvalue E to choose on the left-hand side,
and which canonical temperature B¢ to choose on the right-
hand side? The answer is that Eq. (1) implicitly assumes a
correspondence between E and S¢ that is provided through
the canonical temperature-energy relationship:

ZE’ e—ﬁCE/E/

An example showing the correspondence between B¢ and E
for a particular Hamiltonian is shown in Fig. 1(a).

However, the ETH, Eq. (1), represents a correspondence
not only between the energy eigenvalue E and the canonical
temperature B¢ but also between the structure of the ther-
mal eigenstate |E) and the canonical density matrix 6 (B¢).
This suggests that the canonical temperature B¢ is also en-
coded in the structure of the thermal eigenstate |E). This
idea was formalized in a recent work [22], which assigned
a temperature to energy eigenstates through the structure of
their reduced density matrices, referred to as the eigenstate
subsystem temperature Bs(|E)). It was demonstrated that the
difference 6 8(E) = Bs(|E)) — Bc(E) for thermal eigenstates
(i.e., those that follow the ETH) fluctuates around zero, with
fluctuations vanishing in the thermodynamic limit for noninte-
grable systems, as one might expect from an ETH perspective.
This showed quantitatively that a thermal eigenstate |E) and
its energy eigenvalue E independently encode the temperature
but in a consistent manner.

So, what is the eigenstate subsystem temperature encoded
in a QMBS? In addition to their violation of the ETH, QMBSs

E = Tr[6(Bc)H] = 2
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are often characterized by their subvolume law entanglement
entropy and are typically well approximated by matrix prod-
uct states (MPSs) with low bond dimension [6,23,24]. This
is in stark contrast with thermal eigenstates, which follow a
volume-law scaling of entanglement entropy and cannot be
described efficiently with MPSs. In this sense, QMBSs have
a state structure that is much more similar to ground states of
gapped local Hamiltonians, which are also well approximated
by low bond dimension MPSs [25], than to high-temperature
thermal eigenstates.

An interesting question, therefore, is whether the eigenstate
subsystem temperature Bg(|E)) (which is determined by the
eigenstate |E) rather than the eigenvalue E) can differentiate
QMBSs from the neighboring thermal eigenstates in the spec-
trum. At first glance, the two most extreme possibilities are
the following: (1) the QMBSs have an eigenstate subsystem
temperature that is significantly different from their canoni-
cal temperature § B(E) = Bs(|E)) — Bc(E) % 0; this outcome
might be expected considering the ground-state-like entan-
glement structure of the QMBS; or (2) the QMBSs have an
eigenstate subsystem temperature that is close to the canoni-
cal temperature 6 8(E) = Bs(|E)) — Bc(E) = 0, despite their
nonthermal structure.

Surprisingly, for the models considered, we find an answer
that lies somewhere between these two possibilities. On one
hand, a QMBS state in a typical Hamiltonian (within our
setting) has an eigenstate temperature that is close to the
canonical temperature. This is interesting because, despite the
violation of Eq. (1) and the large distance between the QMBS
reduced density matrix and the reduced canonical density
matrix, there appears to be some approximate “encoding” of
the canonical temperature in the local structure of a QMBS.
On the other hand, § 8(E) distinguishes QMBSs from thermal
eigenstates: For thermal eigenstates it rapidly approaches zero
with increasing system size, whereas for QMBSs the available
numerics do not allow us to conclusively determine whether
8 B(E) ultimately vanishes in the thermodynamic limit.

II. SUBSYSTEM EIGENSTATE TEMPERATURE

It was shown recently in Ref. [22] that it is possible to
assign a temperature to the energy eigenstates |E) of a Hamil-
tonian A through the so-called subsystem temperature. This
is the temperature fs that minimizes the distance between
the reduced canonical density matrix 65 = Trs[6(8)] and the
reduced eigenstate density matrix ps = Trg|E)(E|, where S is
a subsystem and § is the complement of the subsystem being
traced over, i.e.,

Bs(IE)) = argming[d,(ps, 65(B))]- 3

Here, d;(X,Y) = |X — Y|, is the trace distance and || X||; =
TrvX'X is the trace norm (Schatten 1-norm). It is impor-
tant to note that the reduced canonical density matrix &y
defined here is, in general, not equal to the canonical density
matrix e#Hs /Tre‘/sﬂs constructed using the Hamiltonian Hg
restricted to the subsystem S [26-29].

In general, the subsystem temperature By for an eigenstate
|E) is not equal to the canonical temperature S¢ for the corre-
sponding eigenvalue E, i.e., §B(E) = Bs(|E)) — Bc(E) # 0.

However, for a thermal eigenstate [i.e., an eigenstate that
obeys the ETH equation (1)], we expect ps(E) = 65(Bc¢)
and Bs &~ Bc. Moreover, for thermal states we expect the
difference 8B(E) = Bs(|E)) — Bc(E) to approach zero in
the thermodynamic limit [22]. For nonthermal states, e.g.,
QMBSs, we have Trs(IE)(E|) 3 65(fc) and so we no longer
necessarily expect Bs ~ fBc.

Model. We construct models with QMBSs through the
projector-embedding approach of Shiraishi and Mori [30].
Specifically, we consider a chain of N spin-1/2 particles with
a local Hamiltonian of the form

N-1
ﬂ - Zﬁn,nﬂfln,nﬂpn,wrl- (4)
n=0

Here, /41 = 1" @ h ® 18V "2, where h is a two-spin
Hermitian matrix acting on the neighboring spins labeled n
and n + 1, and 1 is the spin-1/2 identity operator, which acts
on all other spins. Similarly, B, 11 = 1®" ® P @ 1®¥-"-2),
where P> = P is a two-spin projector acting on spins n and
n + 1. Throughout this work, we choose the two-spin projec-
torP=1® 1 — |0)(0] ® |0)(0|. This ensures that the product
state |Eqmps) = |0)®N is annihilated by the Hamiltonian for
any possible choice of / and is therefore a zero-energy eigen-
state H |Eqgmps) = 0. We note that, although the eigenstate
|Eqmes) = |0)y®N is always fixed at zero energy Eqmes =0,
its relative position in the spectrum varies depending on the
choice of h. However, if Equps = 0 is far from the edges
of the spectrum, and moreover if H is nonintegrable, then
|[Eqmes) = |0)®V is regarded as a QMBS.

The Hamiltonian in Eq. (4) has periodic boundary condi-
tions and is translation invariant, i.e., [T, H] = 0, where T is
the one-site translation operator [31]. The Hamiltonian eigen-
states H |E,) = E,|E,) are therefore simultaneous eigenstates
of the translation operator T'|E,) = ¢>"*/N|E,) and can be
labeled according to their quasimomentum k € Z. Our QMBS
|[Eqmes) = |0)® is itself translation invariant, and so falls in
the k = 0 symmetry sector of the Hamiltonian. In Ref. [22],
it was shown that the qualitative behavior of fs is largely
insensitive to the precise choice of subsystem size S, provided
S contains fewer than half of the total spins—in line with
general restrictions on the locality of observables for the ETH
to be valid [32]. Thus, throughout this work, we choose the
subsystem S (e.g., for computing the reduced density matrix
ps(E) = Trg|E)(E]) to be two neighboring spins in the chain.

To explore a variety of generic models with the QMBS
|EqmBs) = |0Y®N, we generate the two-spin Hamiltonian term
h at random from the Gaussian unitary ensemble (GUE) of
two-spin Hermitian matrices. This will typically result in a
nonintegrable Hamiltonian H. An example for a particular
randomly generated instance of /1 is shown in Fig. 2(a), where
we plot the entanglement entropy S, for every eigenstate
|E,) of the corresponding Hamiltonian H. The entanglement
entropy is defined as S, = —Tr[p® In p@], where p@ =
Try/2|Ey)(Eq| is the reduced density matrix of the eigenstate
on one contiguous half of the spin chain. The QMBS is clearly
visible as an outlier with S, = 0 (blue marker), while all other
eigenstates away from the edges of the spectrum are thermal
and have a high entanglement entropy.
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FIG. 1. (a) An example of a canonical temperature (S¢) vs en-
ergy (E) curve [Eq. (2)] for the “projected” uniform-field XXZ
spin-1/2 chain with N = 18, within the K = 0 momentum sector.
(b) Nlustration of a (periodic) spin chain, divided into the subsystem
S and its complement S.

In certain cases, it will also be useful to fix a particular h.
We choose the spin-1/2 XXZ interaction with an additional
(uniform) transverse magnetic field:

h=bEF @1+1Q8)+J/E Q5 +¥ @)+ AF Q§,
()

where §$#, u € {x,y,z} are the standard spin-1/2 Pauli
operators.

Our goal is to explore the deviation between the subsys-
tem temperature and the canonical temperature 8 8(Eqmps) =
,BS(|EQMBS>) _ﬂC(EQMBS) for the QMBS. However, as a
reference, we also compute the deviation §B(Eermal) for
a representative thermal state |Eierma), Which we always
choose to be the eigenstate of A with the smallest positive
energy; i.e., | Emnermal) 18 the neighboring thermal eigenstate to
|Eqmgs) in terms of energy [see Fig. 2(a)].

III. RESULTS

For each randomly generated instance of the Hamilto-
nian H, we numerically compute its energy eigenvalues and
eigenstates H |E,) = E,|E,) by exact diagonalization. If the
distribution of the ratio of consecutive energy level spac-
ings aligns with the expected Wigner-Dyson distribution for
a system with translational invariance (GUE) [33], and if
the QMBS energy Eqgmps = 0 is in the central half of the
spectrum, we proceed to compute the QMBS subsystem tem-
perature SBs(|Eqmas)), its canonical temperature Sc(Eqmgs),
and the difference § 8(Eqmss) = Bs(IEquss)) — Bc(Eqmss)-

The results for ~7000 randomly generated h are plotted
in Fig. 2(b), with the upper-left inset showing the histogram
of generated 6 8(Eqmps) values. Immediately, we can see that
the QMBS canonical temperature Sc(Eqgmes) and its subsys-
tem temperature Bs(|Eqmps)) are correlated. In other words,
despite the QMBS having a similar entanglement structure to
ground states [blue marker in panel (a)] and, on average, a
large distance to 65 (see Appendix B), if the QMBS canonical
temperature is high, then its subsystem temperature is also
high. The histogram in the inset of Fig. 2(b) shows that, if
we take the average over randomly generated models, we
have (68) = O (the dashed vertical black line). The inset also
shows that, near §8 ~ 0, the differences §8 are normally
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FIG. 2. We generate the Hamiltonian A [Eq. (4)] of a chain
of N =16 spin-1/2 particles, choosing the local two-spin Her-
mitian matrix A at random from the Gaussian unitary ensemble.
(a) For a typical instance of the Hamiltonian H, the entanglement
entropy of each eigenstate is plotted against its corresponding eigen-
value. (b) Each data point (Bs(|Eqmss)), Bc(Eqmss)) is calculated
for the QMBS |Egugs) of a randomly generated Hamiltonian H.
(c) Each data point (Bs(|Ewermal)), Bc(Enermar)) 15 calculated for the
representative thermal eigenstate |Eyema) Of @ randomly generated
Hamiltonian A. The upper insets show the histograms of §8 =
Bs — Bc. The dashed vertical lines show that the average (68) ~ 0
is close to zero in both cases. For thermal states, the distribution of
8B decays exponentially around § 8 = 0, while for QMBSs it decays
as a Gaussian (solid black lines). The lower-right insets show the
statistical variance {(88)%) vs system size N.

distributed P(68) ~ exp[—%((S B)?/{(8B)%)] (the solid black),
where ((88)?) is the statistical variance of the distribution of
8 8. The lower-right inset of Fig. 2(b) shows the dependence of
the statistical variance ((§8)?) on the system size N. There is a
clear oscillation in ((8 8)?), although, focusing on either odd N
or even N, the statistical variance appears to decrease slowly
with system size, indicating that the correlation between By
and B¢ becomes tighter as system size increases. However,
this evidence is not conclusive, and further numerical simula-
tions for larger system sizes would be needed to verify this.
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FIG. 3. (a) §8 vs N and (b) min(d,) vs N—Gray lines indicate
individual random instances of the random local model, and the
solid black line denotes the average over the ~300 realizations. The
dashed blue and dotted red lines correspond to a QMBS state and an
average over highly excited thermal states of the uniform field XXZ
chain, respectively.

(In Appendix A, we also show the scaling with N of several
dimensionless correlation measures, including the Pearson
correlation coefficient.) On this point, we note that a previous
work on conformal field theories was able to show analyti-
cally that deviations between the subsystem temperature and
canonical temperature vanish in the thermodynamic limit, for
certain eigenstates with an anomalously low entanglement
entropy [34], consistent with the claim that § 8 decreases with
N for QMBSs.

We compute the same quantities for the representative
thermal state |Egpermar) Of each random Hamiltonian, with the
results shown in Fig. 2(c). Consistent with the findings of
Ref. [22], these thermal states also have a subsystem temper-
ature that is close to the canonical temperature Sc. However,
compared to the corresponding data for QMBSs, we observe
a stronger correlation between By and S¢ for thermal states.

The upper-left inset of Fig. 2(c) shows the distribution
of §8 as a histogram. Notably, the distribution exhibits
an exponential decay near §8 =0 (following P(§8) ~
exp[—A88/+/{(88)?)] with a fitting parameter 1), in contrast
to the normal distribution for the QMBS in Fig. 2(b). The
statistical variance for the thermal state shows a clear decrease
as the system size increases, as shown in the lower-right inset
of Fig. 2(c).

Thus far, we have computed statistical quantities from data
generated across many realizations of randomly generated
models. This allowed us to infer the typical behavior of § 8 for
a typical chaotic Hamiltonian at a given system size. It is also
worthwhile to investigate how |6 | changes as the system size
N increases for a fixed h. The blue line in Fig. 3(a) shows this
for the QMBS in a model with & chosen to be the transverse
field XXZ interaction [Eq. (5)], while each gray line shows
it for i chosen at random (the black line shows the average

of all the gray lines). In each case, for the QMBS we do not
observe decay in |§8]| as N increases, up to the largest system
size accessible to us numerically. For comparison, we show
|6 8] averaged over highly excited thermal (non-QMBS) states
in the same system. In this case, |§8| decays with increasing
system size, consistent with expectations from the ETH.

In Fig. 3(b), we also plot min(d;) corresponding to fs,
providing a measure of the state’s degree of thermality. As
expected, a clear distinction emerges between QMBS states
(both in the random model and in the projected XXZ chain)
and the highly excited thermal states of the projected XXZ
chain. Although the thermal states become increasingly ther-
mal with growing N, the QMBSs remain significantly distant
from any thermal state. In particular, the distance measure for
the QMBS remains approximately constant as N increases,
suggesting their robustness in the thermodynamic limit.

IV. SUMMARY AND OUTLOOK

In this work, we have demonstrated that—despite the non-
thermal entanglement structure of QMBSs embedded in the
high-energy spectrum of a chaotic system—these eigenstates
retain local information about their position in the spectrum
in the structure of their reduced density matrices. Specif-
ically, we have shown that the subsystem temperature B,
which characterizes the closest (local) thermal states to the
QMBS, remains correlated with the corresponding canonical
temperature B¢. This occurs despite QMBSs exhibiting a large
distance from any (local) thermal state, quantified by the dis-
tance measure d;.

We employ the trace distance in this work, as Ref. [22]
demonstrated that the behavior of g remains qualitatively
unchanged when defined using various distance measures, in-
cluding the Schatten p = 2 (Hilbert-Schmidt) distance and the
Bures distance. Therefore, we do not expect our conclusions
regarding the subsystem temperature to depend on the specific
choice of measure. That said, the behavior of the distance
itself could vary across different metrics.

Although we consider a large variety of models with
QMBSs, we only consider a single QMBS of the form
|[Eqmes) = |0)®N. Future research could extend our results
to QMBSs with different entanglement structures, such as
those described by MPSs [6], QMBSs in the PXP model
[1], or examine cases where multiple QMBS states coexist
within the spectrum. Additionally, investigating whether sim-
ilar eigenstate subsystem temperature properties emerge in
other nonthermal states or regimes, e.g., many-body localized
[35,36] or integrable systems [18,37,38], could provide fur-
ther insight into the breakdown of thermalization.

Finally, we note that in addition to the canonical temper-
ature definition in Eq. (2), the standard relationship between
temperature and thermodynamic entropy from statistical me-
chanics has also been used to define temperature in finite
systems. The precise definition of entropy in this context re-
mains an active area of interest [39—46]. For such a definition
of temperature based on thermodynamic entropy, the pres-
ence of QMBSs will not significantly alter the temperature.
However, if one instead considers entropy measures such as
entanglement entropy, the nonthermal structure of QMBSs
will have a profound effect on the temperature.
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APPENDIXES

(1) In Appendix A, we present two alternative ways of
studying the correlation between By and Bc¢.

(i) In Appendix B, we show the distance measure values
corresponding to the B data in the main text.

APPENDIX A: CORRELATION BETWEEN CANONICAL
TEMPERATURE AND SUBSYSTEM TEMPERATURE

In Fig. 2(b), we see a clear correlation between the canon-
ical temperature B¢ and the subsystem temperature Bs for
the QMBS states. Similarly, in Fig. 2(c) we see a correla-
tion between the canonical temperature and the subsystem
temperature for a thermal state. In the insets of both fig-
ures, the tightness of the correlation is quantified by ((§8)?),
the statistical variance of the distribution of §8 = s — Bc¢.
However, the spread ((§8)%) of the points may be difficult
to interpret without some temperature scale for comparison
(e.g., does 88 = 0.2 correspond to a large spread or a small
spread?). In this Appendix, we provide two alternative ways
of representing the correlation, which are normalized to avoid
this difficulty: the “fraction of the-spectrum” and the Pearson
correlation coefficient.

1. Fraction of the spectrum

As an alternative, and possibly more intuitive represen-
tation of the data in Figs. 2(b) and 2(c), we introduce the
dimensionless “fraction-of-the-spectrum” quantities. First, we
define the canonical energy fraction of the spectrum as

ec(E) = ﬂ’

Emax - Emin
where E.x and Ey,;, are the maximum and minimum energy
eigenvalues of the Hamiltonian H, respectively. It gives the
fraction of the spectrum at which the energy E appears and
can take values between ec(Epnin) = 0 and ec(Enax) = 1. The
canonical energy fraction of the spectrum eg(E) transforms
the canonical temperature S¢(E) to a dimensionless quantity.

Similarly, we define the subsystem energy fraction of the
spectrum as

(AD)

g(|E)) - Emin

Emax - Emin .
The quantity £(|E)) is an energy associated with the subsys-
tem temperature Bg(|E)) of the eigenstate |E). It is defined

es(|E)) = (A2)

00 (a) QMBS
0.75
$0.50
0.25
0.00
0.3 0.4 0.5 0.6 0.7
ec
0 (b) Thermal eigenstate
0.75
$0.50
0.25
0.00
0.3 0.4 0.5 0.6 0.7
ec

FIG. 4. The same data as in Figs. 2(b) and 2(c), translated into
the “fraction of the spectrum”: eg replacing Bs and ec replacing Bc.
The marker color indicates the density of surrounding data points:
yellow for higher density of data points and blue for lower density.

as & = Tr[6(Bs)H]. Finally, the subsystem energy & is trans-
lated into a fraction of the spectrum via Eq. (A2).

The quantities eg and ec are plotted in Fig. 4. We again
see the correlation between the canonical energy and the
subsystem energy, for both QMBS and thermal eigenstates,
with a tighter correlation for thermal states. However, in
this fraction-of-the-spectrum representation, we can also see
clearly that mid-spectrum values of ec generally correspond
to mid-spectrum values of es.

2. Pearson correlation coefficient

An alternative measure of the correlation between the
canonical temperature 8¢ and the subsystem temperature Sy
is the Pearson correlation coefficient:

cov(Bc, Bs)

COoIT =

std(Be)std(By)

where cov(Bc, Bs) = ((Bc — (Bc))(Bs — (Bs))) is the covari-
ance between B¢ and Bs, while std(Bs) and std(B;) are the
standard deviations of B¢ and Bg, respectively. The normal-
ization by the standard deviations in the denominator results
in a dimensionless quantity. It takes values in the range —1 <
corr < 1, with corr = 1 corresponding to perfect correlation,
corr = —1 to perfect anticorrelation, and corr = 0 to no cor-
relation.

In Fig. 5, we plot the correlation coefficient corr as a func-
tion of the system size N, for both the QMBS and the thermal
state. We see a very strong correlation between B¢ and Ss for
the thermal state, which is expected considering that this is
clearly visible in the data for N = 16 presented in Fig. 4(b).
For the QMBS, there is an apparent oscillation in corr, al-
though, focusing on either odd or even N, the correlation

(A3)
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FIG. 5. The Pearson correlation coefficient for the canonical
temperature B¢ and the subsystem temperature S, as a function of
system size N. The N = 16 points here correspond to the data in
Figs. 2(b) and 2(c).

appears to increase slowly with system size (above N = 10).
This complements the results obtained in the lower-right inset
of Fig. 2(b). However, the evidence is not conclusive, and
further numerical simulations for larger system sizes would
be needed to verify that the correlation continues to increase
with system size.

[ Thermal
103 I QMBS
+
= 107
o
5]
10!
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FIG. 6. Histograms of the minimum distance measures corre-
sponding to the subsystem temperature data in Fig. 2.

APPENDIX B: CORRESPONDING DISTANCE MEASURE
TO SUBSYSTEM TEMPERATURE

In this Appendix, we presented subsystem temperature
data for many random realizations of our projected QMBS
model. Here, we present the corresponding minimum distance
value in Fig. 6. We see that the histogram of the distances for
thermal states is in stark contrast to that of the QMBSs. For the
thermal states, the mean value is close to zero with a skewed
tail decaying toward positive values, while for QMBSs, the
mean is close to ~1.5 with a tail decaying toward zero.
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