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Quantum state control is a fundamental tool for quantum technologies. In this work, we propose and analyze
the use of quantum optimal control to exploit the dipolar interaction of ultracold atoms on a lattice ring, focusing

on the generation of selected states with entangled circulation. This scheme requires time-dependent control over
the orientation of the magnetic field, a technique that is feasible in ultracold atom laboratories. The system’s
evolution is driven by just two independent control functions. We describe the symmetry constraints of this
approach and numerically test them using the extended Bose-Hubbard model. We find that the proposed control

can engineer entangled current states with perfect fidelity across a wide range of systems, and that in the
remaining cases, the theoretical upper bounds for fidelity are reached.
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I. INTRODUCTION

Efficient control of quantum systems represents one of
the fundamental prerequisites for multiple quantum technolo-
gies, such as quantum computing [1,2], simulation [3,4], and
metrology [5]. However, such control presents a challenge
because of the intrinsic fragility of quantum states. To tackle
this problem, numerous approaches for the engineering of
quantum states have been proposed, spanning from integrable
systems [6] and adiabatic techniques [7-9] to more sophis-
ticated methods based on the principles of quantum optimal
control (QOC) theory [10-14].

QOC provides a general methodology to engineer control
protocols. It typically involves manipulating external fields to
drive a quantum system toward a desired target state or oper-
ation. These protocols are often designed to optimize specific
performance metrics, such as maximizing fidelity while min-
imizing the energy consumption, or maximizing robustness
against noise and system errors. The controlled external fields
have been employed to tune the interparticle interaction [15],
to displace [15,16] or modulate [17,18] the trapping potential.
Several algorithms fall under the QOC framework [14,19],
including gradient-ascent pulse engineering (GRAPE) [20],
chopped random basis optimization [21], Krotov’s method
[22], and machine learning-based techniques [17,23,24].

Among quantum systems, atomtronic circuits based on
ultracold atoms appear as an ideal platform for testing QOC.
They offer a high degree of tunability and control, as well
as potential for developing quantum devices [25,26]. Within
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these, ultracold dipolar atoms [27-31] and molecules [32—34]
are a specially interesting platform in quantum technologies.
They interact through dipole-dipole interactions, which can be
precisely manipulated using external electromagnetic fields.
This makes them excellent candidates for quantum control. In
this direction, it has been demonstrated that dipolar systems
give rise to rich physics in atomtronic circuits [35-37]. In par-
ticular, persistent circulation can be induced by appropriately
tuning the orientation of the dipoles [38]. This phenomenon
relies on the magnetostirring technique, which has been de-
veloped to experimentally generate angular momentum and,
consequently, vortices in dipolar quantum gases [39-42].

In this work, we combine the QOC tools with the dipolar
magnetostirring method to propose and validate a driving
mechanism. We consider a small number of polar bosons
confined in an atomtronic lattice ring [Fig. 1(a)], a natural
architecture for generating persistent currents, and drive the
state into a target entangled current (EC) state using magne-
tostirring. The magnetostirring protocol is updated to perform
state preparation by simply optimizing the orientation of an
external electromagnetic field over time [Fig. 1(b)]. We have
chosen to prepare EC states as they represent a generaliza-
tion of the current states that are relevant for atomtronic
applications as rotation sensors [43,44] and qubit proposals
[45]. Later, we derive the set of reachable EC states under
this driving method, describing the boundaries that prevent
the preparation of some of the EC states in systems with
an even number of sites. Furthermore, we compute optimal
trajectories for the preparation of entangled currents in the
lattice ring, demonstrating that the resulting fidelities are in
agreement with the theoretical predictions.

This work is organized as follows. Section II introduces
the system, the control scheme, and the target states. Sec-
tion III analyzes the capabilities of the proposed protocol from
a controlability point of view and defines symmetry-based
boundaries to its performance. Section IV illustrates the feasi-
bility of the protocol by numerically obtaining optimal stirring
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FIG. 1. (a) Schematic representation of the system with L =7
sites and dipole polarization along the z axis. (b) Example trajectory
during a dipolar QOC protocol. (c) Example of optimal trajectories
for two different numbers of steps M, preparing the Q@ = {—1,0, 1}
EC state for N =2, L = 5.

trajectories for symmetry-constrained and unconstrained sys-
tems. We discuss the applicability in the regime of hard-core
bosons (HCBs) in Sec. V and comment on the experimental
feasibility in Sec. VI. Finally, Sec. VII presents the conclu-
sions.

II. DIPOLAR QUANTUM OPTIMAL CONTROL

Given a quantum system under control, the Hamiltonian
takes the form

H(t) = Ao + H.0(1)), (1

where Hj is the drift part and H,(6(r)) represents the control
Hamiltonian, which depends on a set of time-dependent pa-
rameters 0(¢). QOC aims to modulate these parameters over a
time ¢, to drive the system toward a desired target operation.

Our model system is a lattice ring circuit composed of L
sites and loaded with N dipolar bosonic atoms. Within the
tight-binding approximation, the system is described by the
extended dipolar Bose-Hubbard Hamiltonian ({BHH). There-
fore, the drift Hamiltonian includes the kinetic and on-site
interaction terms:

- U
Hy = Z [—J(a}+laj +alaj) + S0 = 1)], )

j=1

where a j(&;) are the bosonic annihilation (creation) operators

for the jth site, 71; = a;&j is the particle number operator of
site j, J is the nearest-neighbor tunneling strength, and U is

the on-site interaction strength. As depicted in Fig. 1(a), we
consider that the ring circuit lies on the plane z = 0, with
equally spaced wells by a lattice spacing d and at the same
distance from the origin. In turn, our work takes as control
parameter the orientation of the global dipole moment, tak-
ing advantage of the anisotropic nature of the dipole-dipole
interaction to drive the system. Thus, the control part of the
Hamiltonian is given by the long-range, anisotropic dipolar
interaction. It reads

L
. 1
He(p,t) =Uy E [ -3
j=1

CIORI05 A
TR
7<>j

where Uy is the dipolar interaction strength, u(¢) is the atomic
magnetic dipole moment, and rj; = r; — ry is the vector that
points from the kth to the jth site. The total number of degrees
of freedom of the control is two, as the orientation of u(t)
is completely determined by the two spherical angles [see
Fig. 1(b)]. Then, for the rest of this work, the set of time-
dependent parameters is 0(t) = {6(¢), ¢(¢)}. These controls
are discretized in steps as illustrated in Fig. 1(c). Thus, using a
high number of steps M results in a continuous control (green
lines), while using a small number of steps results in a discrete
one (blue lines).

In this work, we aim to drive a quantum system from
an initial state |Wy) to a target state |\Wr) by dynamically
changing the orientation of the magnetic dipole moment. This
is typically achieved by maximizing the state fidelity

F10@)] = [{Wr|U(8(1); )| Wo) I, “

where |W(z.)) = U(0(t);t.)| W) is the state of the system at
final time 7, and U(0(¢);1.) is the unitary evolution operator
generated by the time-dependent Hamiltonian H(0(t)). The
state preparation problem can thus be formulated as the max-
imization of the fidelity functional F[6(z)] over the set of
time-dependent trajectories 0(t ).

For all the state preparation protocols considered in this
work, we choose the initial state |¥y) to be the ground state of
the system when the dipole moment is aligned along the 7 axis,
= e, In a coherent atomtronic ring, current states are
quantized by a winding number k associated with the quasi-
momentum. Therefore, a single-particle current state reads

L
A 1 g
) = Bilvac) = == ) Ml vac), (9)
=1

where l;]t is the creation operator for the quasimomentum k.
Thus, following Ref. [17], we choose EC states as the target
states of the QOC protocol. The target EC states correspond
to superpositions of winding modes of the form

1 s
Wee) = —— > (BN | vac), 6)

T ke

where Q = {ki, k», ..., kx}is aset of K winding numbers that
appear in the entangled state. In the following, we focus on
two representative cases: the NOON state (K = 2) and the W
state (K = 3). We include the preparation of a different family
of entangled states in Appendix A.
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III. CONTROLABILITY OF THE SYSTEM

A fundamental question in QOC is whether, or to what
extent, it is possible to control a quantum system to achieve
any physically permitted evolution. This is called complete
controllability [46,47] and refers to systems with control
Hamiltonians such that any unitary operator U can be
achieved through time evolution under a Hamiltonian of the
form (1). This question about controllability has been inves-
tigated by previous works [46,48-50] on linearly controlled
systems of the form H.(00)) = > o Ot H,,,, where 6,,(¢) are
independent control functions. Such works have found that
finite-dimensional systems are completely controlable if and
only if the Lie subalgebra generated by the set {Hy, ..., H,)}
coincides with the one associated with the unitary group
U (Ny), where Nyy = dim H is the dimension of the Hilbert
space [13,46,47,51,52]. Thus, computing the dimension of the
Lie subalgebra is sufficient to determine whether the system is
completely controllable. Such computations can be performed
numerically [47,52].

There is no simple algebraic condition to verify controlla-
bility for the nonlinear control Hamiltonian considered in this
work. Nevertheless, we can assess the system’s controllability
in two stages. First, we use the results developed for systems
with independent linear controls to set an upper bound on
the controllability. Second, we employ numerical simulations
to demonstrate that our dipolar control scheme saturates this
bound, and therefore conclude that the controllability aligns
with the linear control predictions. This second step presents
limitations due to the intractable size of possible target states,
and therefore we will restrict the specific validation to the EC
states presented before.

For the first stage, we have computed the dimension of the
Lie algebra generated by the drift Hamiltonian and a set of
control operators {¢;} that can be identified from the control
Hamiltonian (3) to define an upper bound to the controllability
of our model. To construct this set, we have considered all
pairs of number operators (71;71;) and examined whether there
exists any other pair that has the same weight for all values
of the control w. For a ring with an odd number of sites, each
pair is independent, resulting in a set {¢;} with L(L — 1)/2
operators of the form 77, with j # k. For an even number of
sites, the system exhibits a symmetry under spatial inversion,
r — —r, which reduces the number of independent operator
pairs. Specifically, the pairs 7;7; and 71 2f;41/2 have the
same weight for all values of p and cannot be considered
independent control operators. In this case, the set of control
operators {¢;} have terms of the form 7;7; + 741 2fk41/2-

Table I presents the results obtained for the dimension
of the Lie algebra for different system sizes. It shows that
systems with an even number of sites cannot be completely
controllable under our dipolar control, as the dimension of
the generated Lie algebra is significantly smaller than the full
unitary group U (N ) dimension. In contrast, systems with an
odd number of sites generate all the elements of the unitary
group and do not present any controllability limitations in
the linear independent case. This discards fundamental con-
trolability limits coming from control operator limitations.
The limitation in the even case arises because the evolu-
tion preserves the system’s inversion symmetry; thus, not all

TABLE I. Numerically obtained Lie algebra dimension out of
the full U (Ny,) algebra dimension for a system with L sites and N
bosons, assuming independent controls. As the algorithm’s compu-
tational cost scales with (dim ), only the smallest systems can be
analyzed.

N/L 3 4 5 6
2 36/36 33/100 225/225 208/441
3 100/100 199/400 1225/1225 X
4 225/225 617/1225 X X
5 441/441 X X X
6 784/784 X X X
7 1296/1296 X X X

unitary transformations can be applied with dipolar QOC in
such systems.

Moreover, in systems invariant under inversion symmetry
(L even), the Lie algebra of the system is reduced to a subalge-
bra of the unitary group, preventing full unitary controllability
[52]. In the context of state transfer, this symmetry divides the
Hilbert space into two disjoint subspaces, corresponding to
even (eigenvalue +1) and odd (eigenvalue —1) parity states
under the inversion transformation. When applying the in-
version symmetry to the labeling of the sites (j — j + L/2),
the single-particle winding number states [Eq. (5)] transform
under the inversion operator [ as f|k) = e~""*|k). The trans-
formation of the target EC states is given by

i — 1 —inNk (5 T\N
[ Wgc) = TR k%e (b)Y vac). (7)

From this expression, we observe that any EC state built with
an even number of particles exhibits even parity under the
inversion transformation. Even-parity states can also exist for
odd particle numbers, provided that the set €2 contains only
even values of the winding number k. Conversely, states with
odd parity under I correspond to configurations with an odd
number of particles and a set 2 containing only odd winding
numbers. Moreover, if the system contains an odd number of
particles and €2 includes a mixture of even and odd winding
numbers, the resulting EC state does not have a definite parity
under inversion. In such cases, the states have components
in both parity subspaces. Consequently, the maximum fidelity
achievable in a QOC protocol is limited by the overlap of the
initial state with the two parity subspaces.

Our initial state |\Wy) has even parity under inversion sym-
metry (see Appendix B for a detailed proof). Therefore, for
those systems in which the restrictions due to the symmetry
apply, only the symmetric (even parity) subspace is reach-
able via dipolar QOC. In this case, the upper bound for the
fidelity is

> ®
z
keQ

kN even

An additional symmetry applies to systems with both
even and odd numbers of sites: reflection across the xy
plane, corresponding to the transformation z — —z. In con-
trast to inversion symmetry, this reflection does not affect the
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FIG. 2. Final fidelity obtained via the dipolar QOC protocol as a function of the control time #.J /7 for the preparation of different entangled
current states |Wgc). Each target state is represented with a different marker shape following the legend above the plots. Panel (a) shows systems
with N = 2 particles and a varying number of sites, while panel (b) presents systems with N = 2, 3 particles for only L = 4, 5 sites. These
two panels consider U/J = 1 and U, /(d>J) = 1.25 interaction strengths. Results shown in panel (c) are for L = 7 sites, with experimental
U/J =74 and U;/(d*J) = 1.11 interaction strengths. The horizontal lines represent the maximum possible fidelity given by Eqgs. (8) and (10)
in panel (b), and by Eq. (11) in panel (c). Each point shows the best fidelity achieved over ten optimization runs (to reduce the dependence on

the initial trajectory proposed), with M = 30 control pulses.

controllability of the system, as all states have even parity
under this transformation.

In systems with an even number of sites and only two
bosons, there exists a dipolar immune (DI) eigenstate of the
dBHH, |Vpy), for any value of the orientation of w. This
specific state is of the form

L
1 .
o) = Y (=1 &jaf|vac), ©)
j=1

and its eigenvalue coincides with the on-site interaction
strength Apy = U. As an eigenstate of the Hamiltonian at
any time, it constitutes a protected state whose projection
onto the system’s state will remain constant throughout the
evolution. As a result, it is not possible to reach or mod-
ify this component via dipolar QOC, and the system’s state
will remain orthogonal to |Wpy) during the entire protocol.
This reduces the controllability of certain systems. Notably,
for L =4,8,12, ..., the state |Wp;) is even under inversion
symmetry, which implies that it lies within the symmetric
subspace. Consequently, it prevents achieving a state inside
the even subspace. Then, the maximum fidelity that can be
obtained when preparing an EC state in systems with L =

4,8,12,... and N = 2 bosons is
1 2
Frax = 1 — T k%;(aw + 80| - (10)

IV. NUMERICAL IMPLEMENTATION

Having examined the limitations and the different upper
bounds of the controllability, we have employed GRAPE
algorithm implemented inside the JuliaQuantumControl
[53] framework to numerically find the optimal trajectories
of the orientation of the dipole moment p(¢). We extended the
framework to allow us to use the dipolar control Hamiltonian
[Eqg. (3)]. This framework is based on pulsed controls, where
the control function 0(¢) is modeled as a piecewise-constant

function defined on a discretized time grid of M control steps
of equal duration. We have chosen this numerical implemen-
tation as it is a highly efficient framework to simulate and
optimize the evolution of controlled quantum systems, as
demonstrated in related works [18,53]. In the computations,
we have optimized the dipolar trajectory using M = 30 with
an objective for a fidelity F' > 0.999. We limited the number
of time steps to suppress high-frequency GRAPE oscillations
while ensuring experimentally accessible times (see Sec. VI
for more details).

Figure 2 displays the best fidelity F achieved over ten op-
timization runs (see Appendix C for convergence discussion)
as a function of ¢, for various lattice sizes and boson numbers
N =2, 3. Panel (a) shows that all N =2 systems reach the
threshold fidelity, demonstrating GRAPE’s ability to locate
optimal solutions where no state-preparation constraints exist.
In contrast, panel (b) shows that while the system with L = 5
sites still achieves maximal fidelity, the L = 4 system always
saturates before reaching an accurate preparation of the state.
The saturation values for N =2 and N = 3 particles match
those in Egs. (10) and (8), respectively, due to dipolar-immune
state blocking preparation in the former and inversion sym-
metry limiting evolution to even parity states in the latter.
The saturation of all previously established upper bounds con-
firms that our analysis, based on linearly independent controls,
accurately predicts the performance limits of dipolar QOC
for the preparation of EC states. The absence of additional
sources of controllability limitations in the numerical imple-
mentation reinforces the conclusion that symmetry constraints
fully determine the controllability bounds in the preparation
of EC states. As shown in Appendix A, the preparation of dif-
ferent entangled states is also possible without controllability
limitations.

Additionally, in all panels of Fig. 2, each system ex-
hibits a minimum control time where the maximum fidelity
is reached, which increases with both the number of sites and
the number of bosons. From Fig. 2(a), we observe that the
scaling of the minimum control time is almost linear with L,
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making the system controllable in reasonable time frames as
the system grows. This timescale arises due to the bounded
nature of the control and also depends on the target state;
greater initial overlap with the target reduces the required
control time. In Appendix D, we analyze this feature and show
that the protocol does not achieve the minimum control time
predicted by the quantum speed limit.

V. HARD-CORE BOSONS

To give an example using realistic interaction parameters,
we have used the dBHH parameters from Ref. [54]: U/J = 74
and Uy /(d®J) = 1.11. These values correspond to a regime of
strong on-site interaction, which effectively sets the system
in the dipolar HCB regime, also observed in other studies
[55]. In this regime, states with an expected occupation greater
than one per site are excluded, effectively reducing the Hilbert
space to fermioniclike Fock states. This means that the family
of EC states previously considered is no longer physically
viable, as they include components outside the HCB subspace.
In Fig. 2(c), we have compared the preparation of the orig-
inal |Wgc) states with the preparation of Pycp|Wgc) states,
which are their projections onto the HCB subspace. From
the figure, we can observe that the projected states can be
reached with high fidelity even when the original states can-
not be reached. Therefore, the performance of dipolar QOC
with experimental-like parameters remains consistent with the
results discussed above: Every target state that is physically
feasible and is not forbidden due to symmetry constraints
can be prepared with high fidelity. In fact, the bound of the
maximum achievable fidelity in the HCB limit for any EC
current is given by

Finax = (Wgc|Pucp|Wec) = L7 (11

(L—N)!"
This limit does not precisely match our computations, as we
have used a finite value for the on-site interaction U/J. Nev-
ertheless, it provides a very close estimation of the behavior
of the system.

VI. EXPERIMENTAL FEASIBILITY

The value of the hopping parameter in realizations of a
dipolar Bose Hubbard system [54] is on the order of J/h ~
30 Hz, which, for the convergence times observed in numer-
ical simulations, leads to control times of ¢, ~ 50 ms. In this
case, each one of the M = 30 time steps used for the dipolar
QOC protocol has a duration of 1)y ~ 1.5ms. The rotation
frequencies of the magnetic field achieved using coils are
Q ~ 2w x 1kHz [56], leading to a maximum time needed to
update the magnetic field orientation of 7 ~ 0.25 ms (where
only 90° rotation is needed if it takes into account the in-
version symmetry of the interaction). From the parameters
chosen, the reorientation time is smaller than the duration of
each of the steps, which means that the polarization schedule
can be followed. This result leads to a maximum oscillation
frequency wy = 7 /(2ty) ~ 2w x 167 Hz. As this is smaller
than the maximum available frequency, it effectively sup-
presses the high-frequency oscillations common in GRAPE
optimizations.

From the previous estimations, we conclude that the spe-
cific step profile used as an example in the work [see Fig. 1(c)]
can be approximated, although finite coil rise times prevent
reproducing it exactly. For each specific experimental im-
plementation, the polarization trajectory optimization can be
modified to take into account the impedancy of the coils,
geometry restrictions, and the eddy currents induced in the
metallic surroundings.

VII. CONCLUSION

In this work, we have proposed the control on the ori-
entation of the dipoles as a powerful tool to drive systems’
evolution and perform high-fidelity state preparation for ultra-
cold dipolar gases. We have identified the fundamental limits
to fidelity imposed by symmetries, invariant states, and the
hard-core boson regime, and verified numerically that these
limits are attainable in ring lattices for the preparation of EC
states. The absence of additional sources of controllability
limitations beyond the symmetry constraints reinforces the
conclusion that symmetry fully determines the controllability
bounds, providing a practical blueprint. Beyond the specific
preparation of EC states, our results position dipolar optimal
control as a plausible strategy for steering dipolar systems,
further cementing their role in the development of quantum
technologies.

Further work will examine the generalization of the dipolar
QOC to other discrete systems, such as two-dimensional lat-
tice arrays and continuous rings. In those systems, the analysis
of the symmetries will also play a key role in identifying the
set of accessible states through this method.

ACKNOWLEDGMENTS
This  project was funded by Grant No.
PID2023-147475NB-100 funded by MI-

CIU/AEI/10.13039/501100011033 and FEDER, UE,
by Grant No. 2021SGRO1095 from Generalitat de
Catalunya, and by Grant No. CEX2024-001451-M funded
by MICIU/AEI/10.13039/501100011033. H.B.-M. was
supported by FPI Grant No. PRE2022-104397 funded by
MICIU/AEI/10.13039/501100011033 and by ESF+. EIL
acknowledges funding from ANID through FONDECYT
Postdoctorado No. 3230023.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [57].

APPENDIX A: PRODUCTION OF SPATIALLY
ENTANGLED STATES

Besides the EC states, we have also performed calculations
for other entangled targets. We report here the numerical
production of spatially entangled states as complementary
evidence of the possibilities of the protocol. Examples of
spatially entangled states for a system with L sites and N
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FIG. 3. Final fidelity obtained with the dipolar QOC protocol as a function of the control time #.J// for the target states indicated in each
panel. Each color corresponds to distinct combinations of N and L. Each point shows the best fidelity achieved over ten optimization runs
using M = 30 control steps. The results shown in both panels correspond to interaction strengths of U/J = 1 and U, /(d>J) = 1.25.

bosons are
L N-1
1
|wk) = 7 Z at,, Ivac) (A1)
j=1 1=0
and
N
1
2
}w5)=ﬁ ]‘[ ]‘[ s | Ivac), (A2)

j=1
which are superpositions of Fock states where the bosons
are placed in N consecutive sites. Both states are even under
inversion symmetry whenever it is present in the system;
therefore, both of them should be reachable with the proposed
driving. Moreover, because no site hosts more than a single
particle, the overlap with the DI [Eq. (9)] state vanishes, and
both are achievable in the HCB regime. Figure 3 shows the
fidelity achieved using the dipolar QOC protocol to prepare
the spatially entangled states (A1) and (A2). Similar to the
preparation of the EC states, the protocol requires a minimum
control time to achieve maximum fidelity.

APPENDIX B: GROUND-STATE PARITY

To prove that the ground state of the dBHH in a ring
lattice with an even number of sites is even under inversion
symmetry, we start by using the Perron-Frobenius theorem
for positive symmetric matrices [58]. This theorem states
that if A = (g; j) is an n x n real symmetric matrix with all
elements a;; > 0, then its largest eigenvalue A is positive and
nondegenerate and has an associated eigenvector with positive
components. For a given dipolar Bose-Hubbard Hamiltonian
ﬁdBH(;L), we construct such a matrix by defining A=CI-
Hgygu(p) written in the Fock basis {|n;, na, ..., n)}, with C a
positive constant larger than any diagonal element of Hugn( n)
for any u.

As all diagonal elements are positive by construction and
all off-diagonal elements associated with nearest-neighbor
tunneling are also positive due to the minus sign in the
construction of A (which effectively inverts the sign of the
hopping terms), this operator in matrix representation is real,
positive, and symmetric. Then, the theorem implies that the
largest eigenvalue A of A is positive and nondegenerate. More-
over, the eigenvector corresponding to the largest eigenvalue

of A is precisely the eigenvector corresponding to the smallest
(ground-state) eigenvalue of Hysu(p), and this eigenvector
has all positive entries.

The ground state is written in the Fock basis as
[Wes) = D Cnymo.omy 1M1, 12, - .., 1), Where all coefficients
Cny.my...n, are real and positive. The inversion symmetry
changes the labeling of the sites as j — j+ L/2 (mod
L), and therefore the eigenstate transforms as I [Wgs) =
ZCn,‘,(]),n,,(z),...,nn(,‘)|n1,'l2, ...,ng), where  is the permuta-
tion that maps site j to j+ L/2 (mod L). This state is an
eigenvector of the symmetry because (7, ﬁdBH(;L)] = 0. Since
|Wgs) is the unique ground state and all its coefficients are
positive, and knowing that / is a unitary operator such that
IT =1, its eigenvalue A; must be £1. To satisfy the eigen-
value equation /|Wgs) = A;|Wgs), implies that Coinityomentiny =
Ap Cny,...n, - Since all coefficients are positive, A; cannot be —1
and thus A; = 1. Therefore, the ground state of the dBHH
is even under inversion symmetry in any ring system that
presents spatial inversion invariance.

APPENDIX C: OPTIMIZATION TRIALS
AND CONVERGENCE

The GRAPE algorithm is a highly effective tool for
quantum optimal control [18,53]. As it relies on local,
gradient-based updates, it is exposed to convergence issues,
most notably the risk of becoming trapped in suboptimal
local maxima within complex, many-body control landscapes.
This characteristic trapping is evident in the optimization data
presented in Fig. 4, where a subset of individual optimization
runs prematurely converges to lower fidelity values, resulting
in elongated lower tails in the violin plots.

However, as illustrated by the dense clustering of the
individual realizations immediately beneath the maximum-
fidelity envelope, the optimization landscape is dominated by
favorable regions that converge to the global optimum. As
the probability density distributions show, the parameter space
basin leading to the maximum fidelity is large. Consequently,
this strong clustering demonstrates that executing only a small
ensemble of optimizations with random initial seeds is suffi-
cient to find an optimal trajectory that reaches the maximum
available fidelity.
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FIG. 4. Final fidelity as a function of the control time #.J/h for
preparing the EC state with 2 = {—1, 1}. The violin plots represent
the dispersion of the optimization results over ten optimization runs
using M = 30 control steps. The results shown correspond to opti-
mizations from Fig. 2(a).

APPENDIX D: QUANTUM SPEED LIMIT

The quantum speed limit bounds for time-dependent
Hamiltonians [59,60], as it is in the case of our dipolar control
protocol, read

RL(Wy, Wr) 4RL% (W, W) } O1)

AH, n2E,
where L(Wy, Wr) = arccos(|(Wo|Wr)|) is the Fubini-Study
distance between initial and target states, AH; =
N VH2 (1)) — (F(1))? is the time-averaged variance
of the Hamiltonian, and E. =1 [ dt |(Wo|H (1)|W())|
is the time average of the transition matrix elements of
the regularized Hamiltonian. The two terms are known
as Mandelstam-Tamm (MT) and Margolus-Levitin (ML)
bounds, respectively. The regularized Hamiltonian H (1) is
the time-dependent Hamiltonian with a zero-energy ground
state at each time.

To complement the previous bounds, one can compute
the residual distance difference R(#.) and compare it with
the distance to target L7 (t) = L(W(¢), Vr). In the cases
where the evolution follows a quantum brachistochrone (the
time-optimal geodesic path) [61,62], both quantities match.
Otherwise, they fulfill the following triangle inequality:

R(te) = L(Wo, V1) — L(Vo, W(10)) < Lr(te).

TosL = Mmax {

(D2)

As a representative example, Fig. 5 shows the value of the
quantum speed limits [Eq. (D1))] and the triangle inequality
[Eq. (D2)] for the optimal trajectories that achieve the fidelity
shown in Fig. 2 (a) for the system with L =9, N = 2 in the
preparation of the EC state with Q = {—1, 1}. In panel (a),
it is shown that the MT and ML bounds give tgs1, a value
no higher than 6 J/A. In fact, they cross the line tgsp = 7.
at a value of approximately 2 J/h. The latter implies that,
for the amount of energy pumped into the system, the state
preparation task could ideally be completed for all ¢z, > 2 J/h.
Nevertheless, from Fig. 2 (a), one can observe that the control
time needed with the dipolar QOC is on the order of 10 J/#,
indicating that the protocol does not achieve the task in the

< 61 () o Mr
~ 1 7 poeEeg oA T =t
~ 43 QsL — te
=
8 2 3 I;o.o.oooo!" e
o ...O.........................................
0 R I" T T T
4 =
o I @ L1t — R(1)
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K? / ; R 00.0.. 0000000 .
0 —E P 900000 Q."..".’
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FIG. 5. Evaluation of (a) the quantum speed limit and (b) the
triangle inequality for the optimal trajectories obtained for the sys-
tem with L =9, N =2 for the preparation of the EC state with
Q={-1,1}.

minimum possible time. Moreover, panel (b) shows that the
triangular inequality is only nearly saturated for control times
larger than 7, = 10J/A. These correspond to control protocols
long enough to drive the system to the target state, which
by construction lies along the geodesic path. Therefore, the
dipolar QOC protocol does not drive the system across the
optimal path in the Hilbert space and requires more control
time than the value predicted by Eq. (D1) to complete the state
preparation task.

APPENDIX E: FIDELITY BOUNDS

We include here the explicit derivation of the fidelity
bounds presented in the main text. To obtain the bounds, we
mainly use the relation between the site (a, a") and momentum
(5, I;T) operators, and the action of the inversion operator I
over the EC states.

To compute the symmetry bound, we create the projector
into the symmetric subspace Ps = % via the inversion oper-
ator. Then, the maximum achievable fidelity is computed as
the expected value of the projector with the given target state:

Fonax = (Wrc|Ps|Wrc)

1 i . A
= sni 2+ e vac (b)Y (B | vac)
vea
= 1 Z(l +€7inNk)8k k’N! — Z l
2KN! keQ , ke K
Keq kN even

The state of the system will never have overlap with |Wpy)
when starting the QOC protocol from the ground state of the
system. Then, to compute the bound due to the DI eigenstate,
it is enough to subtract the overlap of the DI eigenstate with
the target EC state, as there is no symmetry limitation to
the production of EC states in systems with two particles.
Writting the DI eigenstate in terms of momentum operators
the overlap reads
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L-1L-1
(Wpi||Wie) = vac|Z( 1y — ZZe’”W itbyby Y (B1) | vac)
4K p =0 p'=0 ke
L-1L-1
— Z( DI e eI N Y vac b, by (b])?| vac) =
4KL p=0 p'=0 keQ keQ j=1

/_KL3 Z Z 2GR — Wi Z(5k L4+ 8k 3L/4)-

ke j=1 keQ
Thus, the maximum attainable fidelity with the dipolar control is

Fax = 1 — [(Wpg|Wec) |
2

‘ LS Guga + 80
= k,L/4 k,3L/4
KL ke

To compute the bound due to the HCB regime, we first write the EC states in terms of the & and &' operators:

N
[Wec Z(b Y| vac) = Z Zezznk,/L 2t | |vac)
keQ ‘KN ke \ j=I
L N/2 N L o
Y X ()T
keQ IR Tertt —1
L+b+-+I=N

L-N/2 L

Pucs|Vec) = VRN > > T] (a’%aj‘)l" | vac),

T ke | I, h,.. 1 ={0,1} r=1
h+b++lL=N

where the last line is the projection into HCB regime, which only has Fock states with one boson maximum per well. Therefore,
only allowed values for the /, indices are 0 and 1. Finally, the maximum reachable fidelity will be the norm of the projected state:

Fnax = (WEc |P]T[CBPHCB |Wec)

_ L L

L NN! erkr A 77rkr T 1,
= (vac | E E l_[ E l_[ r | vac)

K. keQ | 1,1,....1[;={0,1} r b, lL={0,1}r=1
l+12+ A+ =N h+b+-+l=

LVN! L L 2wl —krlr) v

==z E E E (vac | l_[ ne” AT "| vac)
K keQ UL, [;={0,1} I b,....I[.={0,1} r=1r=1

l’+lz+ +l’—N11+12+ +lL=N

L=NN! L 27(L’r’/’ —krly)
S > [T
KkeQ ULl ={0.1} Iy, 1, ={0,1) r'=1 r=1
/'+[2+ +[’—Nl]+l2+ +ZL N

L™VN! L e _ LN S v L
=% X X H e K ZN!(IIik—N)!:LN

L—N)’
k' ke ly,b,....I.={0, 1 r=1 k' ke ( )
Li+bL++l,=N

where we have used that

L
2, 1= NWL—N)!'

hb,.. 1 ={0,1}
hi+h++lL=N
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