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Multiorbital dynamical mean-field theory with a complex-time solver
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We present the combination of a complex-time tensor-network impurity solver with an analytic continuation
scheme based on exponential fitting as an efficient framework for single and multiorbital dynamical mean-field
calculations. By performing time evolution along a complex-time contour, the approach balances computational
cost with the difficulty of spectral recovery, offering greater flexibility than methods confined to the real or
imaginary axis. By complementing the complex-time evolution with an exponential fitting scheme, we faithfully
extract real-time information at negligible cost. The resulting method obtains high-resolution spectra at a
significantly lower computational cost than real-time evolution, offering a promising tool for ab initio studies of
strongly correlated materials.
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I. INTRODUCTION

Dynamical mean-field theory (DMFT) has become a
powerful and widely used framework for studying strongly
correlated electron systems. In its single-orbital formulation,
DMFT captures local electronic correlations and successfully
describes phenomena such as the Mott metal-insulator tran-
sition (MIT) in the infinite coordinate number limit [1,2].
Multiorbital DMFT extends this capability to more realistic
materials by including orbital degrees of freedom, allow-
ing one to address local orbital-dependent physics such as
Hund’s coupling effects [3]. In DMFT, the lattice problem is
mapped onto an effective quantum impurity model, which is
simpler than the original lattice model yet remains a highly
nontrivial quantum many-body problem whose solution in
general requires nonperturbative numerical methods. These
methods are known as the impurity solvers. A variety of
such solvers have been developed, including self-consistent
diagrammatic approaches [3–6], continuous-time quantum
Monte Carlo [7–11], exact diagonalization (ED) [12–14],
and quantum chemistry inspired methods [15–17], numerical
renormalization group (NRG) methods [18–20], and tensor-
network-based methods [21–29].

Within DMFT, the central quantity of interest is the single-
particle spectral function, which can be directly compared to
spectroscopic experiments. Obtaining accurate spectral func-
tions presents a significant computational challenge. Methods
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that operate in imaginary time or imaginary frequency require
analytical continuation [30–37] to real frequencies, which
often introduces large uncertainties, especially in the high-
energy features of the spectrum. Real-frequency or real-time
solvers such as NRG or ED can circumvent this difficulty, but
the exponential scaling of the Hilbert space restricts them to
small or highly symmetric impurity problems. Among emerg-
ing techniques, tensor-network-based methods are promising:
They are essentially noise-free, do not suffer from exponen-
tial scaling in typical applications, and treat both low- and
high-energy scales on an equal footing. Two complementary
directions have been pursued to compute dynamical corre-
lators within matrix product state (MPS)-based approaches.
First, methods formulated directly in the frequency do-
main, including Lanczos/Krylov-type approaches and related
formulations [38–41], circumvent explicit real-time evolu-
tion. Second, time-domain approaches obtain spectra from
real-time correlation functions using accurate time-evolution
algorithms [42–46]. They can resolve fine spectral features
across the metal-insulator transition [47] and provide accu-
rate impurity spectral functions for embedding calculations
of real materials [48,49] within the zero-temperature real-
frequency DMFT framework. However, capturing long-time
correlations to resolve sharp low-energy features remains a
significant challenge. The rapid growth of entanglement with
time demands large bond dimensions, making calculations for
complex multiorbital systems especially demanding.

Complex-time tensor-network impurity solvers have been
proposed to address this problem [50,51]. The idea of using a
complex-time contour was first introduced in Ref. [52] within
the quantum Monte Carlo framework to balance computa-
tional cost and the accuracy of the analytic continuation. In
the context of MPS-based methods, it provides a practical
way to control entanglement growth. By evolving the system
along a properly chosen contour in the complex-time plane,
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these approaches reduce the required bond dimension and
accelerate simulations. Once the complex-time solution has
been obtained, the real-frequency spectral function can be
constructed from the numerical data on the complex-time
contour. Methods such as Taylor expansion [50], parallel-
contour evaluation [51], maximum entropy (MaxEnt) [30,51],
and stochastic analytic continuation [31,53] have been used
to extract spectral information from complex-time correlators.
Moreover, a recently proposed scheme extracts spectral in-
formation from complex-time Krylov states rather than from
correlators, providing a conceptually related route to recon-
struct spectra from complex-time-domain data [54]. Since this
step is required at every iteration of real-frequency DMFT
to solve the Dyson equation and update the impurity model,
it is essential that it be robust, efficient, and accurate. Ex-
isting approaches either require additional evaluations along
complex contours, which increases the computational cost, or
they suffer from limited accuracy [50,51,53,54]. Developing a
robust and efficient method for extracting real-frequency spec-
tra from complex-time data therefore remains an important
research direction for enabling reliable studies of correlated
systems within this framework.

In this article, we propose an exponential fitting approach
to reconstruct real-time data from simulated complex-time
results, enabling direct extraction of real-frequency informa-
tion from the fitted coefficients and exponents. The algorithm
incurs negligible computational cost and depends on a single
parameter that controls the fitting error level. The complex-
time simulations are controlled by an angle α in the complex
plane, with α = 0 the real-time simulation and α → π/2
approaching imaginary-time evaluation. We demonstrate that
our method reliably recovers the spectrum at low to interme-
diate angles, and is stable for both single- and multiorbital
DMFT simulations.

The remainder of this paper is organized as follows: In
Sec. II, we outline the real-frequency DMFT framework as
well as the complex-time formalism, and introduce our pro-
posed analytic continuation method based on exponential
fitting. Section III presents benchmark calculations, beginning
with the single-orbital Anderson impurity model and extend-
ing to single- and multiorbital DMFT. Section IV summarizes
our key results and discusses their broader context and poten-
tial applications.

II. METHODS

The primary focus of this article is on zero-temperature
DMFT calculations employing a complex-time tensor net-
work impurity solver [50,51]. In this section, we first
briefly review the DMFT formalism. Next, we define the
complex-time Green’s functions. Finally, we present the main
methodological contribution of this work: using an exponen-
tial fitting method to accurately and efficiently reconstruct the
real-frequency spectral function from complex-time Green’s
functions.

A. DMFT

In this work, we focus for simplicity on computing
the spectral function of models on Bethe lattice in the

infinite-coordination limit within zero-temperature real-
frequency DMFT. The corresponding Hamiltonian of the
impurity problem is Ĥ = Ĥloc + Ĥbath + Ĥhyb, with

Ĥloc =
∑

ν

εν1ν2 d̂†
ν1

d̂ν2 + Ĥint, (1)

Ĥint = U
∑

i

n̂i↑n̂i↓ +
∑

i< j,σσ ′
(U ′ − Jδσσ ′ )n̂iσ n̂ jσ ′

− J
∑
i �= j

d̂†
i↑d̂i↓d̂†

j↓d̂ j↑ + J
∑
i �= j

d̂†
i↑d̂†

i↓d̂ j↓d̂ j↑, (2)

Ĥbath =
Nb∑

b=1

∑
κ

εb
κ ĉ†

bκ ĉbκ , (3)

Ĥhyb =
Nb∑

b=1

∑
κν

V b
νκ d̂†

ν ĉbκ + H.c., (4)

where d̂iσ and d̂†
jσ are the fermion annihilation and creation

operators for impurity orbitals i, j of spin σ ∈ { ↑,↓ }, ν and
κ are the combined spin-orbital indices for impurity and bath,
and b is bath site index. U is the intra-orbital Hubbard in-
teraction, J is the Hund’s coupling, and U ′ = U − 2J for a
rotationally invariant system. The impurity is coupled to the
bath via Ĥhyb, with the parameters V b

νκ and εb
κ determined from

the hybridization function


ν1ν2 (ω) =
Nb∑

b=1

∑
κ

V b
ν1κ

V b∗
ν2κ

ω + i0+ − εb
κ

. (5)

We employ a spin-symmetric bath and restrict to the normal
(paramagnetic) state, and therefore omit spin indices for all
calculated quantities.

At the DMFT self-consistency, the impurity Green’s
function equals the local lattice Green’s function [2]. The self-
consistency is realized by starting from an initial guess (such
as the noninteracting solution) and iterating until convergence
is reached. Within each iteration, the hybridization function is
updated with the impurity spectral function

− 1

π
Im
i j (ω) = D2

4
Ai j (ω), (6)

where D is the half-bandwidth of the initial semielliptic
noninteracting density of states A(0)(ω) = 2

πD [1 − ( ω
D )2]1/2.

Ai j (ω) = − 1
π

ImGR
i j (ω) is the impurity spectral function, with

GR
i j the retarded impurity Green’s function.

B. Complex-time Green’s functions

Within tensor-network methods, a common approach to
obtain the real-frequency retarded impurity Green’s function
is to compute the real-time Green’s function, and then perform
a direct Fourier transform [47]. However, real-time evolu-
tion within tensor network solvers is limited by entanglement
growth: The required bond dimension increases with simula-
tion time, making long time calculations expensive [50,51]. To
overcome this difficulty, Refs. [50,51] developed a complex-
time impurity solver that performs time evolution along a
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FIG. 1. Fixed-angle contours parametrized by t � 0 and α ∈
[0, π/2].

contour z(t ) in the complex-time plane. The fermionic Green’s
functions on this contour are defined as [50,51]

G>
ν1ν2

(z1) := −i 〈g|ĉν1 e−i(Ĥ−EgÎ )z1(t )ĉ†
ν2

|g〉 , (7a)

G<
ν1ν2

(z2) := i 〈g|ĉ†
ν2

ei(Ĥ−EgÎ )z2(t )ĉν1 |g〉 , (7b)

where a unique ground state |g〉 is assumed and the cor-
responding energy Eg is explicitly subtracted from the
Hamiltonian Ĥ . The real-time greater G>

ν1ν2
(t ) and lesser

G<
ν1ν2

(t ) Green’s functions can be treated as a special case
of the complex-time Green’s functions with z1(t ) = z2(t ) = t .
We focus on the complex-time Green’s functions G≷

ν1ν2 (t ; α)
defined on a specific contour z1(t ) = e−iαt , z2(t ) = eiαt as
shown in Fig. 1. To ensure their well-behaved long tails,
we restrict the parameters to t � 0 and α ∈ [0, π/2]. These
complex-time Green’s functions are related to their real-time
counterparts through

G>
ν1ν2

(t ; α) = G>
ν1ν2

(t → e−iαt ), (8a)

G<
ν1ν2

(t ; α) = G<
ν1ν2

(t → eiαt ). (8b)

C. Spectrum reconstruction via exponential fitting

The DMFT self-consistency loop requires reconstructing
the retarded impurity Green’s function GR

i j (ω) on the real-
frequency axis [cf. Eq. (6)] from the complex-time greater
and lesser Green’s functions G≷

i j (t ; α). This procedure is anal-
ogous to the conventional analytical continuation problem
from the imaginary-time domain (α = π/2 in Fig. 1) to the
real-frequency domain, which is notoriously ill-conditioned.
Several ways have been proposed for this purpose in previous
works [50,51,53]. However, these approaches either rely on
extra computationally expensive evaluations or lack sufficient
accuracy, particularly for large values of the complex angle α

(see Appendix B for a MaxEnt example).
Here, we show that these limitations can be overcome us-

ing an exponential fitting method [55,56] that extends the data
in time [57] . The basic assumption is that each matrix element
of the complex-time Green’s functions is well approximated
by a sum of complex exponentials

G>
i j (t ; α) ≈

M>∑
l=1

R>
l es>

l t , G<
i j (t ; α) ≈

M<∑
l=1

R<
l es<

l t . (9)

The real-time Green’s functions are then given by [cf. Eq. (8)]

G>
i j (t ) ≈

M>∑
l=1

R>
l es>

l eiαt , G<
i j (t ) ≈

M<∑
l=1

R<
l es<

l e−iαt , (10)

which can be used to compute the retarded Green’s function

GR
i j (t ) = θ (t )[G>

i j (t ) − G<
i j (t )], (11)

GR
i j (ω) =

∫ ∞

−∞
dt eiωt GR

i j (t ). (12)

Determining the parameters {M≷, R≷
l , s≷l } in Eq. (9) is a

standard signal processing problem. A variety of numeri-
cal methods exist for this purpose [58–64]. We employ the
Estimation of Signal Parameters via Rotational Invariance
Techniques (ESPRIT) [59,64] due to its superior performance
in approximating the real-time Green’s function [55]. A com-
prehensive analysis of the method is presented in Ref. [56].
We briefly summarize the algorithm below, with details avail-
able in the original literature [59,65].

To approximate a function f (t ) ≈ ∑M
l=1 Rlesl t sampled on

an equidistant time grid {ti = i
t |i = 0, 1, . . . , N − 1} within
a tolerance ε using the ESPRIT algorithm, we first form the
Hankel matrix H from the given data and compute its singular
value decomposition

H =

⎛
⎜⎜⎝

f (t0) f (t1) · · · f (tL )
f (t1) f (t2) · · · f (tL+1)

...
...

. . .
...

f (tN−L−1) f (tN−L ) · · · f (tN−1)

⎞
⎟⎟⎠ = U
W,

(13)

in which N is the number of data points and L is chosen as
2N/5 [61]. The number of exponents M is determined as the
smallest index that satisfies σM < ε, where {σi} are the singu-
lar values of H . The exponents {sl} are then extracted from
the eigenvalues {xl = esl 
t } of the matrix F = (W T

0 )+W T
1 ,

with Ws = W (0 : M − 1, s : L + s − 1), s = 0, 1. Finally, the
corresponding weights {Rl} are obtained by solving an overde-
termined Vandermonde system via least-squares fitting

⎛
⎜⎜⎝

f (t0)
f (t1)

...

f (tN−1)

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎝

1 1 · · · 1
x1 x2 · · · xM
...

...
. . .

...

xN−1
1 xN−1

2 · · · xN−1
M

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎝

R1

R2
...

RM

⎞
⎟⎟⎠. (14)

This procedure yields an approximation of the form of Eq. (9).
Directly performing the numerical Fourier transform in

Eq. (12) requires long simulation times, small time discretiza-
tion, and artificial broadening to suppress spurious features,
particularly when the Green’s function decays slowly. We
therefore employ a complex pole representation of the re-
tarded Green’s function as described in Refs. [37,65],

GR
i j (ω) ≈

M∑
l=1

Al

ω + i0+ − ξl
, (15)

where {ξl} are M complex poles in the lower half of the com-
plex frequency plane with corresponding complex weights
{Al}. As shown in Ref. [55], the residue theorem ensures
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these poles and weights can be determined from the real-time
Green’s functions

GR
i j (t ) ≈ −iθ (t )

M∑
l=1

Ale
−iξl t . (16)

The parameters {Al , ξl} in this expression are again extracted
using the ESPRIT algorithm after GR

i j (t ) is constructed fol-
lowing Eqs. (10) and (11). Therefore, ESPRIT is used twice
during the spectrum reconstruction procedure: first to recon-
struct the real-time G>(t ) and G<(t ) from the complex-time
simulation results, and then to perform an accurate Fourier
transform from the real-time retarded Green’s function to
the spectral function. See Refs. [37,55] for more discussions
regarding ESPRIT and the complex pole representation of the
Green’s function.

In practice, to ensure a decaying time series, when using
ESPRIT to fit G≷

i j (t ; α), we discard unphysical exponents that
would cause divergence after rotating back to the real-time
axis, i.e., modes with |es>

l eiα
t | > 1 or |es<
l e−iα
t | > 1 before

performing the least-squares fit to find the weights R≷
l . To

ensure a smooth spectral function and eliminate unphysical
features, an additional filtering step can be applied during the
final ESPRIT fit in Eq. (16), retaining only poles with real
part smaller than a chosen bound before performing the least-
squares fit for the amplitudes Al . As shown in Refs. [56,65],
these types of filtering are useful to remove unphysical over-
fitting of the data and work well in practice.

We note that the computational cost of the ESPRIT fit is
negligible in our applications, and the ESPRIT-based analytic
continuation procedure requires no additional evaluations on
the complex-time contour. This efficiency makes it particu-
larly useful for simulation frameworks that require repeated
calculations such as DMFT. For all calculations in this ar-
ticle, we consider systems with a diagonal hybridization
function and half-bandwidth D = 2 unless otherwise stated.
Consequently, the fitting and Fourier transform are performed
separately for each diagonal component of the matrix-valued
Green’s function. For the more general case of multiorbital
systems with off-diagonal hybridization, a more physically
insightful approach is to use a set of shared complex poles
with matrix-valued weights, which can be implemented via
the matrix-valued ESPRIT fitting and complex-pole represen-
tation formalism developed in Ref. [65].

III. RESULTS

For all results presented in this section, the real- and
complex-time impurity Green’s functions are computed using
a tree tensor network impurity solver [49,66,67]. The time
evolution in Eq. (7) is performed using a hybrid scheme:
physical tensors are updated with two-site time-dependent
variational principle (TDVP) [43–46], while auxiliary tensors
are updated primarily with single-site TDVP, supplemented
by a two-site TDVP update every ten time steps (see Ref. [49]
for details). The time interval is chosen to be D
t = 0.1,
which proves sufficient for the simulations in this work. All
calculations are performed in the “natural orbital” basis to
reduce computational costs [68,69]. The error level ε is set
to 10−6 when we use ESPRIT to fit the complex-time series,

FIG. 2. Complex and real-time evolution results at U = 2D and
Nb = 199. (a), (b) Real and imaginary parts of the ESPRIT fitted
complex-time Green’s function with α = 0.2. (c), (d) Comparison
of the real and imaginary parts of the real-time Green’s function
obtained by direct real-time evolution and by analytic continuation
from complex-time data. The reference curve is computed by real-
time evolution with χ = 1500; all other results use χ = 80.

which enables us to obtain accurate spectral functions without
overfitting the input data.

A. Single-orbital Anderson impurity model

We first benchmark the analytic continuation of complex-
time Green’s function using the single-orbital Anderson
impurity model at half-filling, following the examples in
Refs. [50,51]. Figure 2 shows the real-time series and the
α = 0.2 complex-time series computed at U = 2D and Nb =
199 bath sites. The results in panels (a) and (b) show that
ESPRIT accurately reproduces the computed complex-time
series. Panels (c) and (d) then compare the real-time Green’s
function obtained by direct real-time evolution and analyti-
cal continuation of complex-time data, both computed with
bond dimension χ = 80, against a high-accuracy real-time
reference computed with χ = 1500. While both approaches
agree well with the reference at early times, the complex-time
results exhibit substantially smaller deviations at longer times
(see inset), demonstrating that complex-time simulations can
capture accurate long-time dynamics with a smaller bond
dimension.

Figure 3 provides a further benchmark of the complex-
time method by presenting the spectral function at U = 2D
obtained with different complex angles α = 0, 0.2, 0.4 and
final time Dtmax = 80. By comparing to the reference results
computed via real-time evolution with bond dimension χ =
1500, it is clear that the low-energy part of the spectral func-
tion, which should fulfill πDA(ω = 0) = D according to the
Friedel sum rule [70,71], is well recovered by complex-time
simulations at both α = 0.2 and 0.4 using relatively low bond
dimension, whereas real-time evolution requires a much larger
bond dimension to converge (see insets centered at ω/D = 0).
For the high-energy Hubbard band structures, the recovered
spectrum shows increasing deviations as the angle α grows
(see insets centered at ω/D = −1.55). This trend is due to
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FIG. 3. Comparison of spectral functions obtained from different
complex angles at U = 2D, Nb = 199, and Dtmax = 80. (a) α = 0.0,
(b) α = 0.2, and (c) α = 0.4. The α = 0.0 results are computed by
direct Fourier transform, while the others are obtained by ESPRIT
fitting. The reference curve is the direct Fourier transform results of
α = 0.0, Nb = 199, Dtmax = 100, and χ = 1500.

the progressive damping of high-frequency information as the
contour deviates from the real axis, as analyzed in detail in
Appendix A.

We show the low-energy part of the impurity self-
energy 
R(ω) = ω + μ − 
R(ω) − [GR(ω)]−1 for various
U in Fig. 4 to demonstrate the accuracy of our method,
since recovering the self-energy accurately is computation-
ally more challenging. Convergence tests in panels (a) and
(b) indicate that using ESPRIT to extract modes from
complex-time data and perform Fourier transform using the
complex pole representation at U = 2D and 3D yields es-
sentially converged results with Dtmax = T = 40 for α = 0.4.
As shown in panel (c), we are able to recover the low-
energy Fermi-liquid behavior −Im
(ω) ∝ ω2 with precision
comparable to Refs. [50,51]. Crucially, we achieve this by
simulating at a relatively large complex angle α = 0.4, a
regime challenging for previous methods [50,51,53] (also
see Appendix B), while avoiding the extra computational
cost associated with Taylor expansions [50] or evaluations
along multiple complex contours [51]. Since simulations at
larger complex angle α are faster and require smaller bond
dimensions than those at smaller α [50,51], this method
provides a more efficient route for using the complex-time
solver.

FIG. 4. Self-energies computed with Nb = 399 and χ = 80. (a),
(b) Comparison of results extracted from complex-time evolution
with α = 0.4 and different end times at U = 2D and 3D. (c) Compar-
ison of results obtained from real (dashed lines) and complex (solid
lines) time evolutions with α = 0.4.

B. Single-orbital dynamical mean-field theory

We now proceed to single-orbital DMFT to evaluate the
stability of our method within the self-consistent loop. For all
calculations, the DMFT loop was initialized from the nonin-
teracting semicircular density of states at weak interactions
(U � 2D). In this regime, self-consistency converges rapidly,
typically within fewer than ∼10 iterations. As the interaction
strength increases, more iterations are required. For larger U ,
we therefore initialize the DMFT loop using the converged
solution obtained at a smaller interaction strength (U = 2D),
which significantly accelerates convergence. Regarding the
dependence on the rotation angle α, while different values
of α can influence high-energy features of the reconstructed
spectra and thereby the hybridization function in subsequent
iterations, we did not observe differing convergence speeds
within the range of angles used in this work (α � 0.4).

Figure 5 shows the converged spectral functions (top pan-
els) and self-energies (bottom panels) at U = 2D for the
half-filled (blue lines) and hole-doped (orange lines) sys-
tems. To ensure accuracy across both low- and high-energy
regimes, we employ complex-time simulations with α = 0.2.
For comparison, the real-time results (α = 0, dashed lines)
are obtained in the final DMFT iteration using the same input
hybridization function. The DMFT loops show stable conver-
gence with the complex-time impurity solver combined with
ESPRIT-based analytic continuation. Moreover, as shown in
the figure, the results obtained from complex-time simula-
tions are consistently more accurate than those from real-time
simulations at fixed bond dimension. This is particularly ev-
ident in the hole-doped case, where the real-time simulation
fails to produce reasonable spectral functions or self-energies
at the given bond dimension, instead generating unphysical
structures.

We present converged DMFT results for various interaction
strengths U in Fig. 6 to further demonstrate the capability of
our method across the metal-to-insulator transition. In single-
orbital DMFT, the MIT is a first-order transition featuring a
coexistence regime Uc1/D � U/D � Uc2/D, with Uc1 ≈ 2.38
and Uc2 ≈ 3.0 [47,72]. Starting from a semielliptic noninter-
acting density of states, we obtain the metallic solution within
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FIG. 5. Comparison of real-time (dashed lines) and complex-
time (solid lines) single-orbital DMFT simulation results at U = 2D,
Nb = 179, and Dtmax = 60. Results are shown for μ/D = −1.00
(n = 1, blue lines) with χ = 30 and μ/D = −0.25 (n ≈ 0.72, or-
ange lines) with χ = 40. Complex-time simulations are performed
with α = 0.2. (a) Spectral functions. (b), (c) Imaginary part of the
self-energy.

this coexistence regime. As shown in Fig. 6, increasing the
interaction strength gradually drives the system toward an
insulating solution. Throughout this transition, our method is
able to resolve the sharp features at the inner edges of the
Hubbard bands [47,73]. The outer edge of the Hubbard bands
in the insulating regime is nearly a step function, which is dif-
ficult for the complex pole representation to describe [37]. We
therefore apply a broadening of η = 0.05D in this frequency
region at U/D = 3.3 to suppress unphysical artifacts.

C. Multiorbital dynamical mean-field theory

A reliable real-frequency impurity solver is particularly
useful for multiorbital systems, as it is a key component of
real material embedding methods [3,74]. However, obtaining

FIG. 6. Single-orbital DMFT spectral functions at various U
computed from complex-time simulations with α = 0.2, χ =
60. U/D = 2.4, 2.6: Nb = 179, Dtmax = 60; U/D = 3.3: Nb = 59,
Dtmax = 30. Dashed green line shows the spectral function at U/D =
3.3 without broadening.

FIG. 7. DMFT spectral functions of the two-orbital Hubbard
model at U = 1.6D, J = 0.25U , and various doping levels. μ/D =
−1.40 (n = 2): Nb = 99, Dtmax = 50; μ/D = −0.90 (n ≈ 1.7): Nb =
149, Dtmax = 40; μ/D = −0.65 (n ≈ 1.5): Nb = 279, Dtmax = 40.
Solid lines correspond to complex-time simulations with α = 0.3,
while dashed line shows the real-time result (α = 0) obtained in
the final DMFT iteration by applying the same input hybridization
function used in the complex-time simulation. The bond dimension
is χ = 40 in all cases.

these results via direct real-time evolution is computationally
expensive, and complex-time simulations offer a promising
way to improve efficiency in this regime. To demonstrate
the applicability of our approach in this context, we present
results for two- and three-orbital DMFT calculations in this
section.

We first benchmark our method using a two-orbital model
with degenerate orbitals. Figure 7 shows the spectral function
at interaction strength U = 1.6D, J = U/4 for both half-
filling and hole-doped cases (n ≈ 1.5, 1.7). At half-filling,
our results reproduce the spectral shape reported in Ref. [47]
while providing a more accurate description of the low-energy
features around ω/D = 0 compared to real-time simulation
with the same bond dimension (see inset). Furthermore, as the
system is doped away from half-filling, we observe a smooth
evolution of the spectral function, demonstrating that our
method is stable across a range of doping levels in multiorbital
simulations. Note that no broadening is required for the results
presented in Fig. 7, as the spectral functions do not exhibit
step-function-like features.

Figure 8 presents the spectral function for a three-orbital
model with parameters inspired by those of vanadate and
ruthenate transition metal compounds [48,75,76]. We set the
half-bandwidth to D = 1, the interaction strengths to U/D =
4, J = 0.15U , and the filling to roughly one electron per site,
while employing a simplified different hybridization function
[cf. Eq. (6)]. As is evident from the figure, our complex-time
plus ESPRIT-based analytic continuation approach clearly re-
solves the characteristic multiplets structure—hole excitation,
high-spin state, low-spin state, and Hubbard band—associated
with the Kanamori interaction, which is difficult to capture in
imaginary-time simulations [48]. The resulting peak positions
and heights are comparable to those reported for SrVO3 in
Ref. [48], while we do not introduce the additional broad-
ening procedure to obtain smooth spectral functions near the
Fermi level.
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FIG. 8. DMFT spectral function of the three-orbital Hubbard
model with D = 1, U/D = 4, J = 0.15U , and μ/D = −1.0 (n ≈
1.0). The complex-time simulation was performed with α = 0.2,
Nb = 239, Dtmax = 60, and χ = 90.

IV. CONCLUSIONS AND DISCUSSIONS

In this article, we integrate a complex-time tensor-network
impurity solver with an ESPRIT-based analytic continuation
scheme for real-frequency DMFT calculations. Using single-
orbital impurity benchmarks, we demonstrate that this method
reliably reconstructs real-time results from complex-time sim-
ulations, yielding accurate spectral functions and self-energies
even for data obtained at relatively large complex angles.
The choice of complex angle α involves a balance between
accuracy and efficiency. Larger α requires a smaller bond
dimension to converge by suppressing entanglement growth,
and the simulation time decreases with increasing α even
at a fixed bond dimension [50]. At the same time, increas-
ing α will also make recovering spectral information more
difficult. We then show that the resulting method is both
stable and computationally practical within zero-temperature
real-frequency DMFT for both single- and multiorbital
systems.

These successful benchmarks, together with the improved
computational efficiency, show that our method addresses
a need for reliable and fast multiorbital quantum impurity
solvers that can access spectral information. Such solvers are
particularly important in the study of multiorbital phenomena
driven by Hund’s coupling [75,77], such as the “Janus-faced”
behavior [75,76] and the orbital-selective Mott transition
[78–81]. Overall, by enabling high-fidelity spectral resolu-
tion across a wide parameter regime, our method offers a
promising pathway for ab initio studies of strongly correlated
materials.
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FIG. 9. Error in the reconstructed greater Green’s function as a
function of the complex angle α.
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APPENDIX A: NONINTERACTING BENCHMARK

To analyze the performance of the ESPRIT-based analytic
continuation, we use a single-orbital noninteracting impu-
rity problem as benchmark, where a semielliptic density of
states with half-bandwidth D = 2 defined on [−2.5, 2.5] is
discretized into 1001 bath sites. The real- and complex-
time series are computed by diagonalizing the Hamiltonian
and propagating with a time interval of D
t = 0.2 up
to Dtmax = 60. The error level is set to 10−15 in all
ESPRIT fitting.

FIG. 10. (a) Greater Green’s function computed along complex-
time contours with different angles α. (b) Error in the corresponding
reconstructed real-time Green’s functions. (c), (d) Singular value
spectra of the Hankel matrices derived from the complex-time and
the real-time Green’s function in panels (a) and (b), respectively.
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FIG. 11. Comparison of spectral functions obtained from Max-
Ent (colored lines) and ESPRIT (black line) with different complex
angles at U = 2D, Nb = 199, Dtmax = 80, and χ = 80. The reference
result is computed with α = 0, Dtmax = 100, and χ = 1500.

Figure 9 shows the error in the greater Green’s function
G>

α (t ) reconstructed from simulated data at different complex
angles α. As is evident from the figure, the error increases
with α. This increase in error originates from the loss of
information at larger angles, as analyzed in Fig. 10. While
the ESPRIT algorithm accurately fits the data for all angles
[Fig. 10(a)], the singular value spectrum of the corresponding
Hankel matrix reveals an important distinction [Fig. 10(c)]:
The singular values decay faster at larger angles and fewer sin-
gular values are above the noise floor (i.e., machine precision
in this example). In singular spectrum analysis, such behav-
ior indicates that the signal is governed by fewer dominant
physical modes. Consequently, the signal subspace obtained at
large angles may not contain sufficient information to resolve
fine details in the real-time domain. This limitation is directly

visible in the reconstructed real-time data [Fig. 10(b)], where
the long-time behavior at larger angles shows significantly
reduced accuracy. Correspondingly, fewer singular values of
the recovered real-time signal match with the ground truth
[Fig. 10(d)].

APPENDIX B: MAXENT ANALYTIC CONTINUATION

For comparison, we analytically continue the complex-
time results at various angles using the MaxEnt method as
detailed in Ref. [52]. The relation between the complex-time
Green’s function and the spectral function is given by

G>(z1) = −i
∫ ∞

−∞
dωe−iωz1(t )θ (ω)A(ω), (B1)

G<(z2) = i
∫ ∞

−∞
dωe−iωz2 (t )θ (−ω)A(ω). (B2)

This approach modifies the standard MaxEnt procedure by
treating the greater and lesser components separately and
generalizing the kernel K (t, ω) = exp(−iωt ) to K[z(t ), ω] =
exp[−iωz(t )], where z(t ) = z1(t ) for ω � 0 and z(t ) = z2(t )
for ω < 0. We employ a flat default model and determine the
scaling hyperparameter for the entropy term using Bryan’s
method [82]. While MaxEnt more or less resolves the main
features of the spectral function, it requires additional smooth-
ing near ω = 0 as detailed in Ref. [51] and also suffers from
systematic amplitude decay at high frequencies as α increases
(colored lines in Fig. 11). In contrast, the proposed ESPRIT
method addresses this problem in a different way. It is able
to accurately captures low-frequency behavior at various α

(cf. Fig. 3) and preserves high-frequency spectral weight to
a relatively good extent even at a relatively large α, as shown
by the black line in Fig. 11.
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