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Quantum repeaters based on stationary and flying Gottesman-Kitaev-Preskill qudits
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There are various approaches to long-range quantum communication based on conceptually different forms of
quantum repeaters. Here, we explore a quantum repeater scheme that employs quantum error correction (QEC)
both on the flying (light) qubits and on the stationary (matter) qubits. The idea is to combine the benefits of
encoded one-way and two-way schemes where effective channel transmission and loss scaling are enhanced
by means of photon loss codes and encoded quantum memories, respectively, while sacrificing some of their
advantages, such as high clock rates, independent of classical communication times (one-way), and potentially
large segment lengths (two-way). More specifically, we illustrate, propose, and analyze such a quantum repeater
using the bosonic Gottesman-Kitaev-Preskill (GKP) code, which naturally enables encoding and QEC of qudits,
protecting them against transmission and memory loss, the latter, for instance, occurring on collective spin modes
of atomic ensembles. While the encoded one-way and two-way schemes on their own either require very high
repeater link coupling efficiencies and GKP squeezing or allow for experimentally more feasible, small values
of these parameters, respectively, we find that there are intermediate parameter regimes where the combined

repeater protocol is superior.
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I. INTRODUCTION

Quantum repeaters are a promising solution to overcome
the challenge posed to the creation of remote entangle-
ment, constituting a crucial resource for applications such as
quantum key distribution (QKD) [1] or distributed quantum
computing [2], by the exponentially decreasing transmissivity
of long-distance optical fiber channels. Typically, the effect
of transmission of a quantum state through an optical fiber of
length L is modeled as a bosonic loss channel

L,[p] = tre(B(n)p & |0)(0|B* (1)), (1

where B denotes the unitary operator corresponding to a beam
splitter, and the transmissivity is related to the total distance
by the exponential decay n o< e~*/I=t governed by the fiber’s
characteristic attenuation length L, = 22 km (corresponding
to an attenuation of 0.2 dB/km), which also serves as an upper
bound on the transmission rates [3]. As shown by Pirandola
et al. in Ref. [4], the secret-key-distribution capacity of such a
channel reads

C[L] = —logy(1 —n) =~ 1.44n, 2)

wherein the approximation is valid for small 5. This relation,
commonly referred to as the Pirandola-Laurenza-Ottaviani-
Banchi (PLOB) bound, restricts the rate at which distribution
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of entanglement across large distances can be performed by
direct transmission; however, it can be overcome when turning
the transmission line into a so-called quantum repeater chain
by introducing a number of intermediate stations along the
way and thus partitioning the total distance into several shorter
segments (see Fig. 1). Then, the (repeater-assisted) quantum
capacity of the total link is given by the minimum of the
individual segments’ capacities [5]; in the optimal case of
evenly spaced stations separated by a distance Ly, it therefore
reads

C(rep aSS)[ﬁ] = — 10g2(1 - 770)7 (3)

with 1o oc e~Lo/La only scaling with the length of a single
segment. Another thing to note is that the capacity can exceed
one bit per channel use when 1y > 1/2, which corresponds to
an upper bound on the segment length of Ly < 15 km. In such
cases, it may be possible to enhance QKD rates through the
use of higher-dimensional states, referred to as qudits, instead
of the usual two-dimensional qubits, as they can represent
more than one bit of classical information.

Since the first quantum repeater proposal [6] in 1998, a
multitude of other proposals have followed. While they all
share the basic idea of partitioning the total distance into
shorter segments, the way that transmission loss and oper-
ational errors are addressed varies greatly; however, three
main paradigms, commonly referred to as repeater genera-
tions, have been established to categorize quantum repeaters
[7]. The first and second generations both employ quan-
tum memories to store successfully distributed entangled
states created during probabilistic entanglement distribution
attempts in each segment, and connect states of neighboring
segments via entanglement swapping in order to gradually ob-
tain remote entanglement. However, they differ in the way that
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FIG. 1. Schematic illustration of a memory-based quantum re-
peater: The total distance L is partitioned into n segments of length
Ly by inserting intermediate stations. Every station contains two
quantum memories to enable entanglement swapping between neigh-
boring segments. In this paper, we consider quantum repeaters where
these stationary states are logical qudits protected against memory
(storage and gate) errors by a suitable quantum error correction code,
specifically the GKP code. The encoded entanglement distribution is
achieved by locally entangling optical qudits with stationary GKP
qudits, storing the latter, and sending the former toward the middle
of each segment, where a BSM is performed.

errors caused by memory loss or imperfections are addressed,
with the first generation using entanglement distillation and
the second generation using quantum error correction (QEC)
[6,8]. In contrast, the third generation dispenses with quantum
memories in favor of an all-optical setup where encoded logi-
cal qubits (or qudits) are sent through the fiber links instead
of single-photon states to provide some form of protection
from transmission loss [9—15]. The lack of memories makes
it necessary that all distribution attempts succeed simultane-
ously; however, this disadvantage is offset by a significantly
higher repetition rate enabled by the all-optical design as well
as the absence of two-way classical communication. In prin-
ciple, the third generation can achieve the highest rates (per
second) under favorable conditions; however, it also imposes
the highest demands on experimental parameters such as fiber-
coupling efficiency and gate fidelities, and is thus challenging
to implement in practice.

Looking at the QEC-based repeater generations, one no-
tices how QEC is used in two distinct ways to benefit the
communication protocol, either protecting stationary states
on the memories or flying states being transmitted through
the fiber. In this work, we introduce a repeater scheme that
combines both approaches. More precisely, we propose a
memory-based repeater with third-generation-style encoded
entanglement distribution in each segment and teleportation-
based QEC during entanglement swapping on the memories,
in the hope of improving the distribution success probability
compared to the second generation and lessening the hard-
ware demands compared to the third generation. However,
based upon memories and two-way classical communica-
tion, the combined repeater scheme no longer exhibits the
high clock rates of a one-way error-corrected third-generation
scheme. At the same time, relying upon photonic quantum
error correction codes employed in the optical fiber chan-
nel, the combined repeater requires sufficiently frequently
placed repeater stations for transmission loss correction, un-
like the second-generation schemes that potentially allow for
relatively large segment lengths. Nonetheless, to assess the
usefulness of this repeater generation, we will compare its
performance with that of the established QEC-based gener-
ations, i.e., the second and third generations, for both qubits
and higher-dimensional logical states. As the error correction

code, we choose the Gottesman-Kitaev-Preskill (GKP) code
[16], which has formed the basis for several previous repeater
proposals [17-21], and which, despite being designed to coun-
teract small phase-space displacements, can be applied for
loss protection as well, e.g., by converting losses to displace-
ments via an amplification step. In this work, we consider an
optimal amplification scheme based on both preamplification
and the so-called “Classical-Computer (CC) amplification”
[19]. For the latter, where one typically restricts attention to
a scenario with symmetric loss, we also include an analysis of
the asymmetric-loss case.

The paper is structured as follows: In Secs. II A 1-1T A 3,
we review (and generalize beyond the special case of qubits)
the discussion of the building blocks and rate analysis
of a GKP-based second-generation quantum repeater from
Ref. [17]. In Sec. IIB, we give a short review of third-
generation GKP repeaters as previously discussed in more
detail in Refs. [18,19]. In Sec. IIC, we propose a fourth
repeater generation as a synthesis of the second and third
generations, and discuss its implementation based on the GKP
code. Additionally, we explain how to perform rate analysis
for our scheme. Finally, in Sec. III, we compare the secret key
rates (SKRs) that can be achieved in a QKD context by the
established generations with those of our fourth generation,
investigating points such as squeezing demands or the effect
of imperfect fiber-coupling efficiency.

II. GKP QUANTUM REPEATERS

A. Second-generation GKP repeaters

In this section, we will review the functioning principle
and the rate analysis of a second-generation quantum repeater
based on the bosonic GKP encoding. In contrast to Ref. [17],
where a similar situation was discussed specifically for qubits,
the dimension of the logical state space may now exceed
D = 2. Second-generation GKP quantum repeater here means
that the flying qudits are single-photon-based, only allowing
for transmission loss detection, and the stationary qudits are
GKP qudits, enabling memory loss correction.

1. Entanglement distribution

The most basic step in any memory-based repeater protocol
is the distribution of entanglement in the form of one of the D?
maximally entangled Bell states

D—1
1 .
") = 75 > Pk @ k+a mod D), (4)
k=0

with 0 < a,b < D — 1 and kets belonging to the computa-
tional basis of the two qudits, between the memories forming
the ends of each segment. In this paper, we consider memories
that can support a bosonic-mode Hilbert space, allowing
for the use of bosonic QEC codes, in particular, the GKP code,
to protect against memory loss. A promising candidate for
such a memory exists in the form of atomic spin ensembles
[22]. GKP-like states can be defined both in the case of
relatively few atoms [23] and, via the Holstein-Primakoff
approximation, in the case of large ensembles [24]. To
achieve entanglement across the length of each segment,
entangled states between the memory modes and a photonic
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TABLE 1. Overview of linear-optically realizable BSM success
probabilities for the single-photon-based qudits with different qudit
dimensions. Since we later use the probability associated with the
even-dimension scheme from Ref. [34], p&SM = 2/D?, for all di-
mensions, we also indicate the lowest number of ancillary photons
needed to reach this probability with the scheme from Ref. [33] for

odd dimensions.

Number of Success

Dimension Scheme ancillary photons probability
2 Standard 0 0.5

linear optics
3 Reference [33] 2 0.016
3 Reference [35] 2 0.019
3 Reference [33] 8 0.262 > 2/3?
4 Reference [34] 2 0.125 = 2/4?
5 Reference [33] 10 0.003
5 Reference [33] 26 0.093 > 2/5°
6 Reference [34] 4 0.056 = 2/6°

system must first be created locally at the repeater stations.
These states have the general form of Eq. (4); however, one
of the qudits is encoded in a GKP mode, with the logical
computational basis states given by Eq. (6). We assume
the preparation of these hybrid entangled states, as well as
the creation of GKP states in general, to be a deterministic
process. The photonic components, typically taking the form
of multirail encoded single-photon states, are then sent toward
the segment’s midpoint, where a Bell-state measurement
(BSM) is performed in order to obtain entanglement between
the states in the memories. In the qubit case, the BSM
can be performed by means of linear optics with a success
probability of 1/2 without additional resources [25], which
can be increased arbitrarily close to 1 when supplemented
with auxiliary photons [26—30]. Contrarily, auxiliary photons
are a necessary resource for the BSM of qudits with dimension
greater than 2, as it has been shown that without them, no
measurement scheme restricted to linear optics can implement
a positive operator-valued measure element with a Schmidt
number exceeding 2 [31]. This also implies that a perfect
discrimination of qudit Bell states is impossible even with
auxiliary photons [32]; however, there are proposals for
measurement schemes operating at a nonunit success
probability similar to the case of qubits. In particular,
the success probability of the scheme introduced in Ref. [33]
can theoretically be brought arbitrarily close to 1, albeit at the
cost of requiring an increasing number of auxiliary photons in
complex entangled states. Recently, another proposal has been
put forward that is applicable to qudits of even dimensions
[34], and can achieve a success probability of pBM = 2/D?
using only D — 2 auxiliary photons in an entangled state
of Schmidt number D/2. We summarize the linear-optical
entanglement-swapping schemes up to dimension 6 in Table 1.

Besides failure being caused by the possibly limited ef-
ficiency of the BSM at the midpoint, the entanglement
distribution process in one segment can fail if photons sent
from the end points are lost before reaching the middle.
Two main effects can be distinguished that contribute to this:
first, absorption and scattering in the fiber, and second, losses

occurring when coupling light into and out of the fiber. The
former is quantified in the form of a factor decreasing expo-
nentially with segment length L, while the latter is taken into
account by a constant pyix. Note that, in this paper, we define
Piink to represent the efficiency of one photon coupling into
and later out of the fiber once, such that the success probability
in one segment scales with plzink due to the segment being
composed of two separate fibers, one from the right and left
end points to the midpoint, respectively.

Thus, entanglement distribution in one segment is success-
ful with probability

Ly
P =D Diini €XP (— . ) (5)

att

where L,y denotes the attenuation length of the fiber, typically
around 22 km at telecom wavelengths, and the number of
attempts until success is distributed geometrically with param-
eter p.

2. GKP QEC and entanglement swapping

Since entanglement distribution is probabilistic, it may
occur that a given segment achieves successful distribution
before any of its neighbors. In this case, states are stored in
this segment’s memories until a neighboring segment heralds
distribution success and entanglement swapping can be per-
formed by means of a logical BSM at the repeater station
connecting the “old” and the “new” segment. A big advantage
of the GKP code consists in the possibility of performing de-
terministic logical BSMs via homodyne detection even in the
qudit case. Instead of reducing the success probability, noise
accumulating during the waiting period due to the limited
memory coherence time #.,, manifests as logical Pauli errors
after the entanglement swapping.

The D-dimensional GKP code [16] is the subspace of the
bosonic mode Hilbert space spanned by the idealized basis

states
2
kD + j),| —
( +J),/D>

where 0 < j <D —1 and kets with index ¢ denote g¢-
quadrature eigenstates. Being composed of displaced in-
finitely squeezed states, these states cannot be realized exactly
in practice, but only be approximated by replacing delta peaks
in phase space with narrow Gaussians and truncating the
infinite sum on both sides. In theoretical descriptions, it is
common to omit the truncation and instead modulate the sum
by a wide Gaussian envelope; however, here we will make
use of the simpler Gaussian noise approximation to account
for finite squeezing effects: We define realistic GKP states as
resulting from the action of a Gaussian displacement channel
on the idealized states:

U7 G Drear = E[U7) G Dideal]s (7

with the Gaussian displacement channel with variance 5% de-
fined as

=" (6)

keZ

)
q

1
Enlpl = —

lerf? i
5 /. d*a exp (—8—2>D(a)pD‘(a). (8)
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Instead of referring directly to the variance, it is more common
to use a squeezing parameter s expressed in units of dB and
defined as

s = —101og,,(28?). 9)

The GKP code is specifically designed to protect against
random Gaussian displacements in phase space; however,
since the dominant noise channel in our repeater, both in
the memories and later for the fourth generation during the
transmission through the fiber, is bosonic loss, an additional
step is required to convert the bosonic loss into random
Gaussian shifts (see Appendix C). Such a conversion can
be achieved using amplification [36], either in the form of
physical preamplification or via a technique referred to as “CC
amplification” [19], which involves rescaling of measurement
results on a classical computer. Important for the rate analy-
sis of GKP-based quantum repeaters is the average variance
resulting from the combination of loss and amplification, as
this determines the probability of logical Pauli errors resulting
from entanglement swapping. In Appendix C 1, we discuss the
amplification strategies in more detail and derive

2 —a 20
. p l—e 2e%q 2q
E(Oziztid)zm]nl:l_ 2( —a +1_ oz_l_ )’
q e qe q

(T +2)1 - e“):| (10)

as the expression for the average variance added by memory
loss and amplification. We additionally explore in Appendix D
how CC amplification, which can convert a loss channel
to a Gaussian displacement channel only in the idealized
case of perfectly equal losses on both modes, performs in a
more realistic setting with asymmetric loss due to fluctuating
channel transmissivity. In Eq. (10), ¢ = 1 — p is a shorthand
for the failure probability of entanglement distribution, 7' =
2g/(1 — ¢?) is the average number of time steps of duration
79 that a memory spends waiting for the adjoining segment
to finish distribution, and o = ty/f.on denotes the effective
inverse coherence time. The necessity for heralding distribu-
tion success via classical communication imposes the lower
bound 1y > Ly/c on the length of time steps. This will be
discussed in more detail in Sec. III. The total average variance
influencing the BSM including the finite squeezing variance
82 of both modes involved in the swapping process is thus
given by

0% =28 + E(0})- (11)

In our scheme, teleportation-based QEC [37] and entan-
glement swapping are performed simultaneously in one step
using the newly formed Bell state in the “new” segment as
the resource to teleport the adjoining component of the “old”
segment into the remote component of the “new” segment. To
this end, the linear combinations g4 — gp and ps + pp of the
two adjacent modes’ quadratures need to be measured, which
can be physically realized for atomic ensemble memories by
repeated interaction with suitably polarized electromagnetic
fields and subsequent homodyne detection applied to these
fields [17]. The measurement results are interpreted by choos-
ing the closest element of the set {k/27 /D|k € Z}, dividing
by /27 /D, and taking the result modulo D. The numbers

e
o0
1

o©
(o))
1

©
N
1
=
N

=
N

prob. density (arb. units)
o
o

o
o
1

-2 -1 0 1 2
quadrature (v 2mr/3)

FIG. 2. Pauli errors from GKP QEC for D = 3. The Gaussian
curve represents the probability distribution of the “true” shift; the
numbers 0-2 label the Pauli operator power acting on the resulting
state if the shift lies within the corresponding colored error region.

obtained in this fashion from the position and momentum
linear combination correspond to the parameters a and b char-
acterizing the qudit Bell states |¢“?) and thus reveal exactly
the information required in a BSM.

In a D-dimensional space, the Pauli operators can be gen-
eralized by defining

X|jy=1j+1 mod D),
Z|j) = P j)

(12a)
(12b)

as their action on qudit basis states. The reinterpretation of
measurement results as the closest multiple of /27 /D will
introduce the rth power of a logical Pauli error whenever
the sum of the “true” shifts affecting the memory modes
lies within any of the intervals from the set {[(kD + r —
1/2)/2x /D, (kD +r + 1/2)s/27 /D]|k € Z)}. This situation
is illustrated for D = 3 in Fig. 2. In particular, the position
quadrature measurement will give rise to powers of X and the
momentum quadrature measurement to powers of Z; however,
since we assume the Gaussian displacement to be symmetric
in phase space, the error probabilities will be identical for
both quadratures and thus no distinction needs to be made
in the following. The probabilities for the postswapping state
carrying the rth power of a Pauli operator can be collected
into a zero-indexed list of length D whose components may
be calculated by integrating a Gaussian with variance o> over
the appropriate intervals:

(kD+r+1/2)y/27]D 1 2
/ dx exp < ) .
(

Pwail — -
( )r kD+r—1/2)/27/D V2mo? 20?2

Pauli
keZ

13)

3. OKD secret key rates

To quantify the performance of our repeater schemes, we
use the SKR S, defined as a product of the raw rate R and the
secret key fraction (SKF) r, as the figure of merit. It describes
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how many bits of a secret key can be generated per time step
by the repeater in a QKD application like BB84 [1]. The raw
rate for a memory-based repeater scheme can be calculated as
the inverse of the average number of time steps K,, required
for the total process in an n-segment repeater if deterministic
entanglement swapping is performed as soon as possible, i.e.,
R = 1/E(K,). The explicit expression

1

_ - i
E(K,a—;( ) (l.)l_q,., (14)

where ¢ = 1 — p once again represents the entanglement dis-
tribution failure probability in each segment, is derived and
employed in Refs. [38—40].

Somewhat more interesting than the raw rate is the SKR’s
second component, the secret key fraction, as it often proves
the factor limiting a repeater scheme’s tolerance against
imperfect values of parameters like pji,k, and hinders the ex-
tension toward more favorable operating characteristics such
as greater total distance. The central quantity for the definition
of the SKF is the so-called quantum bit error rate (QBER),
which we denote by e. Similarly to P}‘)”;&}i it is a zero-indexed
list of length D whose rth entry represents the probability of
the finally distributed state between the remote parties Alice
and Bob differing from the expected state by the rth power
of a Pauli operator. The QBER is obtained from P}‘;“:&}i by
(n — 1)-fold circular convolution [18,41]:

wait \ ®0—1)
e=(Pru) (15)
an operation defined on finite lists as
D-1
@®b), =Y aiby i moan- (16)

i=0

This can be seen by the following consideration: Assume
there are only two Pauli error sources with associated prob-
ability vectors a and b. The final state will contain an
rth power Pauli error whenever the powers of the indi-
vidual errors add up (modulo D) to r, which happens
with probability >, ; 4 p=, @:b;. Rewriting slightly gives
P 4y mod p» Which coincides with the definition of the
circular convolution’s rth component. Adding a third Pauli
error source, we can redefine a to be the combined probability
vector of the first two sources and b to be the one of the
new third source, and proceed as above to find the new final
state probabilities. Repeating this n — 1 times with identical
individual probability vectors P};’;&}i, we arrive at Eq. (15).

Important for the SKF is the QBER’s Shannon entropy.
A large Shannon entropy corresponds to a low SKF, as high
uncertainty about the occurrence of errors limits the useful-
ness of the final state for QKD applications. The SKF is
accordingly defined as

r = log,(D) — 2H (e), (17)

whenever this expression is positive, and zero otherwise.
Therein, H denotes the Shannon entropy

D—1
H(x)= =) xilog,(x;) (18)
i=0

of a probability vector and the factor of 2 accounts for the fact
that Pauli-X and Z errors occur with equal probability. Note
that in the case of D > 2, the SKF may take values greater
than 1, reflecting the fact that a qudit can carry more than a
single classical bit of information.

B. Third-generation GKP repeaters

In this section, we discuss elements of third-generation
quantum repeaters based on GKP qudits. This means there
are no stationary qudits at all and the flying optical qudits
are GKP qudits that can be protected to some extent against
photon transmission loss in the fiber channel.

1. GKP QEC of transmission loss

Repeaters of the third generation follow a very different ap-
proach, dispensing with memories entirely and applying QEC
to counteract transmission loss during the entanglement dis-
tribution process [18,19]. Consequently, the entangled states
initially created are GKP-encoded logical Bell states between
two optical modes traveling in opposite directions from the
repeater stations. During transmission, the optical GKP states
are subject to a bosonic loss channel with transmissivity

”dlsl 1: nk p 2[ ’ ( )
ex — | 9
att

which, combined with the appropriate amplification detailed
in Appendix C 2, results in an added variance of

2(1 — Ndi ), n < Ndist < 1/2,
2 — dist thresh ~xx

n n 20
Had {(1 dist)/ dist s else, ( )

affecting the BSM. Here, nuresn 1S @ parameter related to the
limit of practically achievable preamplification strength.
Upon arrival at a segment’s midpoint, a logical BSM is
performed on the modes arriving from both ends by interfer-
ing them at a balanced beam splitter followed by homodyne
detection on the outputs. Contrary to the second generation,
the distribution process can in principle be made deterministic
due to the removal of the limited efficiency linear-optics Bell
measurement and the conversion of losses to logical Pauli
errors by the GKP QEC. However, as proposed in Ref. [19],
it may prove advantageous to forgo deterministic entangle-
ment distribution in favor of reduced Pauli error probabilities.
The idea behind the so-called “highly reliable measurement”
(HRM) [19] is to reject homodyne results that lie too close to
the boundaries between different error regions based on the
observation that the probability of causing a Pauli error under
the condition of measuring any particular value is greatest
near these interval boundaries. More formally, we define a
parameter & € (0, 1] and declare acceptance regions of width
h/27 /D centered around integer multiples of /27 /D, as
illustrated in Fig. 3. Whenever the homodyne results from
both quadratures fall within any of the acceptance regions, the
entanglement distribution is considered successful, whereas
otherwise it is considered failed and a new attempt will be
made in the following time step. Consequently, the probability
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b\/2m/D

| B
(kD +1)\/27/D

FIG. 3. Principle of HRM [19]: Measurement outcomes are only
accepted if they fall within the acceptance regions (shaded green)
parametrized by A. The solid blue vertical lines mark the boundaries
between different error regions.

L
P

of entanglement distribution success reads

(k++hy2)/27]D 1 2\
p= / dx————=-exp (——) , (2D
,;Z w-h2WBTD /27 ) 25
with x2 = 28% + ded.

2. Third-generation secret key rates

The lack of memories changes the raw rate of a third-
generation repeater from the complicated relation in Eq. (14)
to the simple exponential

R=p" (22)

reflecting the fact that entanglement spanning the distance
between Alice and Bob is achieved only if distribution suc-
ceeds in all segments simultaneously. In general, memoryless
schemes also differ from memory-based ones in their maxi-
mum repetition rate; this becomes relevant when considering
key rates per unit of time instead of per channel use and will
be discussed in more detail in Sec. I11.

Calculating the SKF proceeds along similar lines as before,
with the vector of Pauli error probabilities, now arising from
the entanglement distribution and carrying dependence on the
HRM acceptance parameter # within the integral boundaries,
given by

(kD+r+h/2)v/27 /D 1 x?
D kez f(kDJrrfh/Z)m/D d 2742 exp (_2)(_2)

VP

(P%iaslili)r =
(23)

The factor of 1/./p in the definition of Pjey. accounts for
the fact that purely integrating over all the rth power error
regions yields the joint probability of accepting the homodyne
result and obtaining an rth power Pauli error, instead of the
conditional probability of a Pauli error occurring under the
condition of HRM acceptance, which is the quantity of inter-
est for our rate analysis. Similarly to the second generation,
the QBER can be obtained by repeated circular convolution
of the Pauli probability vector with itself:

e= (PEL) ™" 4

Note that since Pauli errors in a third-generation repeater
arise from the entanglement distribution within each segment
instead of entanglement swapping between segments, the

exponent now reads n rather than n — 1 as in Eq. (15). Finally,
the SKF is found by inserting Eq. (24) into Eq. (17).

C. The fourth repeater generation

In this section, we propose a fourth repeater generation as
a synthesis of the second and third generations, combining the
memory-based architecture of the former with the application
of QEC as protection from transmission loss employed in the
latter. Even though in this paper we focus on the special case
of GKP-based QEC, where both the stationary and the flying
qudits are GKP qudits, the concept of the fourth generation
is more general and not restricted to GKP or even bosonic
codes. For a more general discussion on this concept, we refer
to Appendix E.

The basic working principle of the fourth generation is
very similar to that of the second generation; the total dis-
tance is partitioned into segments of length L, that attempt
probabilistic entanglement distribution and store successfully
distributed Bell states in quantum memories at the repeater
stations. As soon as two neighboring segments both con-
tain entangled states, deterministic entanglement swapping is
performed to connect their remote components. The feature
setting the fourth generation apart from the second generation
is the use of GKP encoded states in the entanglement dis-
tribution process similar to the third generation. Specifically,
the optical component of the entangled states created locally
at the stations will be a GKP-encoded mode instead of mul-
tirail photons. After coupling into the fiber and propagating
toward the segment’s midpoint, the GKP modes arriving from
both directions will be interfered at a balanced beam splitter,
and the outputs’ quadratures will be measured by homodyne
detection. As discussed in Sec. Il A 2, this implements a Bell-
state measurement and establishes entanglement between the
segment’s memory modes. Losses incurred during transmis-
sion are transformed into random displacements just like for
the third generation, resulting in the added variance described
in Eq. (20), the impact of which can be somewhat mitigated
via the HRM. Consequently, the probability for an entangle-
ment distribution attempt to succeed is given by Eq. (21). In
fact, the trade-off between nonunit success probability and
reduced Pauli error probability is a necessity for the concept
of the fourth generation to become meaningful, as a repeater
with deterministic entanglement distribution would have no
need for memories at all, and the scheme would reduce to a
third-generation repeater. Note that we apply the HRM only
to entanglement distribution within the segments, but not to
entanglement swapping between different segments, which
should remain deterministic.

As our fourth-generation repeater is based on the same
principle of deterministic entanglement swapping as soon as
possible as the second generation, its raw rate can also be
calculated in the same manner by inserting the distribution
success probability from Eq. (21) into Eq. (14) and taking
the inverse. Determining the QBER, however, is slightly more
complex for the fourth generation, due to the presence of
an additional source of possible Pauli errors arising from
the distribution Bell measurement, necessitating a distinction

between two Pauli probability vectors Pgif&li and ng&}i with
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components given by

(kD+r+h/2)27 /D
D kez /(kD+r 1/2)/2Z7 /D dx

e (£)

di
(PP:lih) = ﬁ
(25)
and
(kD+r+1/2)/27]D . ,
(Pwait ) ZkeZ f(kDJrrfl/Z)W dx\/2717 exp <_#)
Pauli/, —

7 ;
(26)

respectively. Note the integral boundaries’ /# dependence for
nglfh, as well as the different variances x> = 282 + x2,, and
=282+ E(o dd) arising from transmission loss and mem-
ory loss, where Xadd is defined as before according to Eq. (20),
and E(oazdd) is defined by Eq. (10), but with p of course now
given by Eq. (21). Further note that we assume identical GKP
squeezing as expressed by 82 for the transmitted flying and the
stored stationary GKP qudits. The QBER can now be found
by combining the Pauli probability vectors through circular

convolution with appropriate powers
= (Pl) ™" @ (P ™" @7)

Pauli

and the SKF by inserting this into Eq. (17).

It is fairly apparent that the fourth generation can surpass
the second only if its distribution success probability p is im-
proved over that of the second; however, this is not a sufficient
condition, as even with a better p, the decreased SKF due
to additional Pauli error sources might negate the raw rate
benefits. We expect the fourth generation to be most effective
for relatively low coherence times, where shortening average
memory wait times has the largest positive effect.

III. COMPARISON OF REPEATER GENERATIONS

The goal of this section will be to assess each of the re-
peater generation’s performance in terms of SKR; however,
for reasons of practical relevance we focus mainly on key
rate per unit time instead of per channel use. To account
for this, the SKR as calculated following the rate analysis
presented in the previous sections must be divided by the
duration of an elementary time step, to. For memory-based
repeaters, Ty is governed by the time Ly/c taken up by classi-
cal communication across the length of one segment, where
¢ =2 x 10° km/s denotes the speed of light in an optical
fiber, as well as the state-generation time ..., typically

state gen’
being of the order 107° s due to the necessity of light-matter
interaction. To simplify matters, we will make the assumption
that 7y is just given by the maximum of these two timescales,
i.e., 7o = max(Lo/c, Tyye gen)- In the case of the memoryless
third generation, no classical communication is required, and
thus the repetition rate is limited only by state generation
and processing. As the generation and entangling of optical
GKP states can be achieved without light-matter interactions,
e.g., provided that optical cubic phase states are available on

demand (see Appendix A), we take a value of Ty = Tgh, gen =

107 s as a basis for our rate analysis. Equipped with an
understanding of how to perform rate analyses for our repeater

TABLE II. Values of fixed constants underlying the rate
calculations.

Fiber attenuation length Loy 22 km

Speed of light in fiber c 2 x 10° km/s
Minimal time step second and T e 107°

fourth generations

Minimal time step third generation Tainte gen 10~°

BSM success probability pESM 2/D?

Lower preamplification threshold Tthresh 0.1

schemes, we now turn toward comparing their performance
under various parameter regimes. A particular point of in-
terest is how the fourth generation fits into the picture; i.e.,
under which conditions it can offer improved key rates over
the established repeater generations. Unless specifically stated
otherwise, we will set pESM — 1/2 for qubits and pESM =
2/D? in general for the second generation and Mypresh = 0.1
for the third and fourth generations. Additionally, the third-
and fourth-generation SKR will be optimized over the HRM
acceptance parameter 4. The values of the fixed constants are
summarized in Table II.

We have not explicitly included a probabilistic local GKP
state generation in our rate analysis, but this could easily
be done by incorporating an additional nonunit factor into
our entanglement distribution success probability [Eq. (21)]
for the third and fourth repeater generations, and into pjik
[Eq. (5)] for the second generation. However, as the single-
photon qudits used in the second generation are also not easy
to obtain on demand, we decided, for a fair comparison, to
consider deterministic sources throughout when comparing
the sole impact of the different repeater generations on the
final rates. In principle, the additional assumption of determin-
istic logical BSMs on the memories could also be dropped;
however, this assumption is not even so unrealistic from
an experimental point of view, because the required optical
Gaussian ancilla-state sources and the light-matter interac-
tions needed are typically deterministic, and it would render
the rate analysis, with probabilistic entanglement swapping,
more complicated. Other effects such as dark counts and
imperfect photon indistinguishabilities, common and most
relevant in “standard” single-photon-based quantum commu-
nication, would have a significant impact in our comparisons
only for the second-generation scheme. They would therefore
make the performance of the second generation worse, espe-
cially when compared with the fourth generation, and even
strengthen our observation that there are regimes where the
fourth generation performs best.

Figure 4 shows which repeater generation performs best
for each point in a plane spanned by GKP squeezing and link
efficiency, with the external parameters set at L = 1000 km
and n = 10 000. The second and fourth generations stay below
a threshold of 10~ Hz regardless of the value of pjix as long
as the GKP squeezing does not exceed 14 dB. Another note-
worthy point is the hierarchy of pjinx tolerance, with the third
generation exhibiting the lowest, and the second generation
the highest tolerance to imperfect couplings, and the fourth
generation occupying an intermediate position. As squeezing
is improved, the borders between regions shift toward lower
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FIG. 4. Optimal repeater generation depending on GKP squeez-
ing and link efficiency (parameters: D =2, n=10000, L =
1000 km, and 7., = 1 s). Gray indicates that rates of all generations
lie below a threshold of 10~> Hz, which is the case for squeezing
values lower than 14 dB. The point-to-point link (PPL) falls short of
the threshold for all configurations shown.

PDiink» albeit at a decelerating rate, such that even in the infinite
squeezing limit, a given value of pji,x may not be attainable
for the third generation.

Aside from which generation is optimal for a given config-
uration, it is of course also of interest what rate the optimal
generation can achieve, and how big the advantage is over
the others. Figure 5 shows a cross section of Fig. 4 at a
fixed squeezing of 17 dB. As noted previously, the second
generation is affected the least by decreasing pjink, remaining
almost constant over the plotted range. For sufficiently high
Piink, the third generation dominates the others by several

(a)

9.—2nd
1079 39

108 _ 4th

1010 5

107 4

10°

SKR (Hz)

10°

10% 4
103 -

102 : T T T T T
0.900 0.925 0.950 0.975 1.000
Plink

Raw rate (Hz)

orders of magnitude due to its higher repetition rate, initially
keeping the HRM parameter 4 close to 1 (at about 0.95) even
at the cost of harming the SKF. However, as pjinx decreases
further to about 0.98, and it becomes necessary to lower h
in order to retain a nonzero SKF, the decreasing distribution
success probability leads to a rapidly decaying raw rate. This
effect does not occur to the fourth generation, since its raw rate
follows the memory-based form of Eq. (14) that can tolerate
lower distribution success probabilities. Instead, both the SKF
and the raw rate reduce more gradually, with & following an
almost linear course after some initial irregularities.

In Figs. 4 and 5, the length of the repeater segments was
chosen relatively short at 0.1 km; however, for practical appli-
cations, it is more desirable to have few intermediate stations
and longer segments. To assess how the repeater generations
cope with increasingly longer segments, we plot secret key
rates over segment length Ly for a fixed total distance of
1000 km in Fig. 6, additionally distinguishing between a low-
coherence and a high-coherence case for the memory-based
generations. For the second generation, Ly directly affects the
distribution success probability, and thus the average memory
waiting time, through the exponential relation from Eq. (5).
Given a high memory coherence time, longer waiting will
result only in a moderately increased state variance, whereas
it will quickly surpass the threshold required for a nonzero
SKF when the coherence time is low. Therefore, the sec-
ond generation’s behavior at high Ly strongly depends on
the coherence time, as witnessed by the fact that the fourth
generation achieves higher rates than the second for all L at
t.oh = 1 ms, and, in particular, can yield a nonzero rate even
with segment lengths between 2 and 3 km, where the second
generation already vanishes, while at 7., = 1 s, the latter can
go far beyond 10-km-long segments. The third generation’s
rate decreases the fastest as segment length is increased. This
comes down to the same reason as its low pjx tolerance: To

1010 5
109 ] —— 3rd raw 1.0
i ——- 3rd SKF
108 _ 4th raw - 0.8
} 4th SKF
10‘;——3rdh - 0.6 <
106_§ —-= 4th h , §
105 e r 0.4
3 7
10ty 7 - 0.2
103] /
102 .J__.___.__. 100
0.900 0.925 0.950 0.975 1.000
Plink

FIG. 5. Cross section of Fig. 4 at a squeezing of s = 17 dB (other parameters: D = 2, n = 10000, L = 1000 km, and #,,;, = 1 s). (a) Secret
key rates of all repeater generations. (b) Rates split into raw rate and SKF, as well as corresponding optimal HRM parameters, for third and

fourth generations.
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FIG. 6. Rate plotted over segment length for all repeater generations [parameters: D = 2, L = 1000 km, s = 17 dB, and pj,x = 0.99, (a)
teon = 1 ms, (b) teon = 1 s]. For third and fourth generations, the optimal HRM parameters are shown as well. With low memory coherence,

the fourth generation performs better than the second for all L.

counteract the larger variances affecting the Bell-state mea-
surements, & must be lowered, leading to a raw rate collapse
due to the power-n scaling.

Similar reasoning can also be applied to the third genera-
tion’s squeezing dependence, which is depicted, together with
the other generations’, in Fig. 7. For the chosen parameters, a
squeezing of at least 15 dB is required for the third generation,
whereas 12.8 dB is sufficient for both the second and fourth
generations in the high-coherence case. The thresholds coin-
cide for second and fourth, since oazdd, the contribution to the
total variance caused by waiting that differs between genera-
tions, is negligible compared to the finite-squeezing variance

(a)

109 -
] — 2nd
10® { — 3rd
. 4th
1073 —- 3rdh
~ § - — — c
o ] A
% 105_§ ./ | 0.7
104 1 /’/ —
] / - 0.6
10° 4 i
102 1, 1 : 0.5

12 13 14 15 16 17
s (dB)

when the coherence time is high. Contrarily, in the low-
coherence case, where the average waiting time significantly
impacts the rate, the fourth generation’s squeezing demand
is actually slightly lower than that of the second generation,
since the former can select a distribution probability via the
HRM that is better than the second generation’s, while not be-
ing forced to chose a value so high that it would be damaging
to the SKF as the third generation. To obtain nonzero rates
with even lower squeezing, the total distance must be reduced
(e.g., for L = 200 km and 50 segments, 11 dB is sufficient for
a nonzero rate); however, it is not clear whether the schemes
under consideration in this paper are still relevant at such short

10° 5
] — 2nd
10°4 — 3rd
] 4th
1073 — - 3
N jgs] —- 4thh
= R -
o ) 7 -
10° 4 .
5 3 / 0.7
101 =
] / - 0.6
10 _§ J./
w02l 1 g5
12 13 14 15 16 17
s (dB)

FIG. 7. Rates as a function of GKP squeezing parameter s [other parameters: D = 2, L = 1000 km, n = 1000, and py,c = 0.99, (@) tcon =
1 ms, (b) t.on = 1 s]. With low memory coherence, the fourth generation requires slightly less squeezing than the second.
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FIG. 8. Rates plotted over the distributed states’ logical dimension D for various squeezing levels [parameters: L = 1000 km, n = 1000,
and piink = 1, (a) teon = 1 ms, (b) #.on = 1 s]. Only for the second generation does a higher dimension lead to a significantly increased rate.

distances, since simpler methods of quantum communication
may be available (e.g., twin-field QKD).

So far, we have only considered repeaters using states with
logical dimension D = 2; however, we are also interested
in the effect of higher dimensions on the different repeater
generations. In Fig. 8, we plot rates over D for various levels
of squeezing, again distinguishing between coherence times
of 1 ms and 1 s. We observe that only the second generation
shows significantly increasing rates for higher D, and only at
squeezing levels upward of 20 dB, whereas third and fourth
generations either decrease from the beginning or reach a
maximum at D = 3, depending on the squeezing level. At low
memory coherence, the second generation reaches its max-
imum at D =4 for s =20 dB and at D = 6 for s = 27 dB,
with the rate increased by about a factor of 2 compared to the
qubit case. Assuming a longer coherence time, the maximum
for s = 20 dB lies at D = 8 and roughly a factor of 3 above
the qubit result, while for s = 27 dB, the rate keeps grow-
ing over the entire plotted range, achieving an improvement
by a factor of 4 at D = 13. However, even with such high-
dimensional states, the second generation does not surpass the
fourth generation’s qubit performance, meaning that the latter
is preferable if circumstances allow for it.

IV. CONCLUSIONS

We have introduced a quantum repeater scheme that uti-
lizes QEC to protect both flying states in the entanglement
distribution step and stationary states stored in memories at
the repeater stations from loss-induced decoherence. We have
found that, implemented with the GKP encoding, practically
relevant parameter regimes exist where the fourth generation
offers an advantage over the established second and third
generations, in particular, the case of short memory coherence

times combined with intermediate coupling efficiencies and
segment lengths on the order of 1 km. If very high coupling
efficiency and GKP squeezing are available, and the number
of intermediate stations is not too critical, third generation
should always be chosen, because it enables SKRs in the range
of 107—10° Hz that are unattainable for the memory-based
generations. If, however, the necessary high py,x values can-
not be reached, but memories with relatively long coherence
times are available, one is presented with the choice be-
tween operating at lower rates but with fewer repeater stations
as enabled by the second generation, or maintaining higher
rates with more stations using the fourth generation, depend-
ing on whether cost or performance is the critical factor.
The modification of the repeater protocols to use higher-
dimensional quantum states appears to be of rather limited
usefulness, however. While possible for all generations if the
GKP squeezing is sufficient, significant gains are found only
for the second generation. Thus, we conclude that the use of
qudits instead of qubits is only beneficial when the parameters
in a given application context do not allow for third- or fourth-
generation repeaters. Studying QKD-specific aspects such as
finite-size effects could be possible future steps to consolidate
the first results obtained in the present work.
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APPENDIX A: INITIAL STATE GENERATION

A GKEP state generation method based on controlled phase
rotation between the target mode initialized in a momentum-
squeezed state and a coherent-state ancilla was already
proposed in the original GKP paper [16]. The idea is to rotate
the ancilla’s coherent state in phase space by an angle corre-
lated to the target mode’s position quadrature. A subsequent
measurement of the rotation angle, e.g., by means of hetero-
dyne detection, implements a modular position measurement
on the target mode, collapsing the superposition to retain
only such contributions where the target’s position quadrature
is consistent with the measured angle. The resulting state’s
position wavefunction is a sum of evenly spaced peaks whose
width is related to the amplitude of the coherent state used
as the ancilla, modulated by a wide Gaussian arising from
the original momentum-squeezed state’s wavefunction. The
controlled phase rotation can be decomposed into a series of
simpler gates, as detailed in Ref. [42]. First, a so-called two-
mode cubic qnd gate €M% can be realized exactly as a series
of single-mode cubic phase gates on the target (mode 1) al-
ternating with beam-splitter-type interactions between ancilla
(mode 2) and target [see Eq. (14) in Ref. [42]]. Assuming the
existence of an on-demand source of optical cubic phase states
[dx i’ |x),, the required single-mode cubic phase gates can
be implemented by connecting the target mode with another
ancilla prepared in such a cubic phase state via a sum gate,
followed by homodyne detection of this ancilla. Second, the
desired controlled phase rotation is obtained approximately,
up to a correctable displacement, by iterating several two-
mode cubic qnd gates, interposed with Fourier gates F (i.e.,
phase-space rotations by 7 /2) on the ancilla mode. This is
due to the Lie-Trotter product formula

€A+B — kli)ngo(eA/keB/k)ky (Al)

for operators A and B, which allows to write

lim (ei%x‘X%FzTei%x‘X%Fz)k = lim (e"%k"‘x%e’%x‘p%)k
k—00 k—o00

iox (x§+p% )/2 ioxyny ei(xx. /2

=e =e

(A2)

The procedure above works not only for the generation of
GKP states in optical modes, but also for atomic ensemble
modes, as Faraday and beam-splitter-type interactions be-
tween a target ensemble and optical ancillae are possible using
suitably polarized light [17,22]. The controlled phase rotation
also enables the creation of the hybrid entangled states of
an ensemble and an optical multirail qubit forming the basis
of a second-generation repeater, as well as between an en-
semble and an optical GKP qubit, as required for the fourth
generation.

APPENDIX B: STATISTICS OF MEMORY WAITING TIME

Since the entanglement distribution process in each seg-
ment of the repeater follows a geometric distribution, the
number of time steps W that modes of neighboring segments
have to wait for each other corresponds to the absolute value
of the difference of two geometric random variables. Let N
and NV, be two geometrically distributed random variables
with success probability p. In this Appendix, we will derive
the probability distribution as well as the expectation value of
NI — M.

The difference N; — N, takes the value k € Z whenever
N1 =n and N, = n — k for any n compatible with the con-
dition NV}, > 1, which must be fulfilled for N} and N to
be valid geometric random variables. This condition is ful-
filled whenever n > max(1, k + 1), and thus the probability is
given by

PN =N =k)= )

n=max(1,k+1)

PN =nPWN; =n—k)

oo

- >

n=max(1,k+1)

pqn—lpqn—k—l

2 o0

n=max(l,k+1)

@), (B1)

where ¢ = 1 — p. The sum in Eq. (B1) is reminiscent of a
geometric series; however, the lower bound is not 0 and the
sum needs to be rewritten as Y o0 = 320 — """ ! before
the well-known results about the limit and the finite partial
sums of the geometric series can be applied. At this stage, it
makes sense to introduce a case distinction between positive
and strictly negative k:

2 oo 2\n
p Zn:k+l(q ), k=0,
PNy =N, =k)= —— (B2)
q2+k Zzil(qZ)n’ k < 0’
and then perform the rewrite on both cases:
) 1 1—g2+?
)4 [1_2_ 1_2]s k>0,
IP(Nl—/\/zzk)Zz—k{ 7 K
g+t [l_qz—l], k <O.
(B3)
Simplifying, one arrives at
lpzqz I > 05
PN —MNo=k)=1 9, (B4)
kp—_Z’ k < Oa
q*(1—¢*)

from which the distribution of the difference’s absolute value
can be read off immediately:

L k=0,
PN —No| =k) =

) (B5)
LI )
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The expectation value IE(JA; — Nj|) is also easy to calculate:

00 2 X
BN = M) = Y RPN = No| =) = 175 3 ket
k=1

k=0
2p° 2
_ 4P . q __“4 ’ (B6)
l—q*(@—17 1-¢
where use was made of the identity Y ;- kq* = (qjl)z. For

the random variable W, distributed according to Eq. (BS), the
expectation value will be denoted by T = E(W).

APPENDIX C: AMPLIFICATION STRATEGIES

Amplification is required in order to convert bosonic losses
naturally occurring in a quantum repeater into Gaussian shifts
that can be corrected using the GKP code. A phase-insensitive
amplification channel acting on a state p is defined as a two-
mode squeezing interaction with an ancillary vacuum mode:

Ailp] = tre(S2(M)p ® 10) £ (015 (1)) (C1)

Here, Sy (1) = eosh(vA)(@5a;—asar) ig the unitary operator cor-
responding to a two-mode squeezing interaction between the
system S and the environment £ with squeezing strength X.
Composition of such a channel with a bosonic loss channel
with matching transmissivity n = 1/A results in a Gaussian
displacement channel. If the amplification occurs before the
loss, it is referred to as preamplification, otherwise as postam-
plification.

Another interesting amplification method applicable in
conjunction with a BSM was proposed in Ref. [19]. It does
not require a physical interaction of the form of Eq. (C1) with
the data mode but only a rescaling of measurement results
on a classical computer; however, its use is restricted to the
case of equally strong losses on both modes involved in the
Bell measurement. In this Appendixa, we will discuss how to
incorporate amplification into our repeater schemes and derive
the variances resulting from the different strategies.

1. Amplifying memory loss

Since entanglement distribution in each segment is a
stochastic process, it may occur that a mode of a successfully
distributed Bell pair needs to wait in memory for the neighbor-
ing segment to also successfully complete distribution. During
this waiting time, the “old” mode undergoes a loss channel
with transmissivity

Nwait = eXp(—aW), (C2)

with the dimensionless decay constant « related to the mem-
ory coherence time f.p via o = T /ton and W representing
how many time steps of length tj the “old” mode has to wait.

It is a well-known fact that when converting a loss channel
of transmissivity 7 to a Gaussian shift channel, preamplifica-
tion leads to a lower variance of 1 — 5 than postamplification
with (1 — 5)/n, and therefore should be preferred. However,
preamplification is not straightforward in the case of a repeater
based on entanglement swapping as soon as possible, due
to the waiting time being a random variable and thus the
amplitude of the loss channel not being known a priori. A
possible solution to this problem consists in preamplifying at

the beginning of each time step with the amplification strength
matching the loss during one time step, and depending on
whether the neighboring segment heralds success or not, per-
forming either entanglement swapping or preamplification for
the next time step. The sum of the variances incurred by
both the “old” and the “new” modes in this process, in addition
to the finite squeezing of 282, is given by

02y =W +2)(1 —e™), (C3)

as both modes are kept in memory for at least one time step
while the multirail photons propagate to the midpoint of their
respective segment and the information about the success
of the Bell measurement is sent back to the stations, and
the “old” mode further receives a variance of 1 —e™* from
preamplification for each time step it spends waiting. The
expectation value of Eq. (C3) is obviously

E(omq) = (T +2)(1 —e™®), (C4)

with T = 2¢/(1 — ¢?) as derived in Appendix B.

The issue of missing information about the loss channel
transmissivity could be avoided using postamplification. A
better solution, however, consists in the method of “CC am-
plification” [19], for which it is a necessary condition that the
two modes on which the Bell measurement is to be performed
later be subject to losses of equal strength. In our case, this
means that an artificial loss channel whose amplitude corre-
sponds to the loss experienced by the “old” mode must be
applied to the “new” mode before the swapping can take place.
On atomic ensemble memories, such an artificial loss channel
can be simulated by a beam-splitter-type interaction [22] with
an ancillary optical mode. The additional variance in this case
is given by
1— e*(W“rl)Ot

2 _
Oadd =

— (©3)

Now, we will derive the expectation value of Eq. (C5)
based on the distribution of the waiting time for a single
segment as presented in Appendix B. We have

2 1—e@ S 2p2 —a(N+1)

+Zl

N=1

yl—e
_ qzq o—a(N+1)

P
Bod) = T2

p 11— > 2p?
q

_ N a(N+1)
LS B e
N=1

p2 1—e¢ > >
— 2¢% o N_Z N .

(Co)

Under the assumption g < e™*

metric series limit and write

2 —a 2o
)% 1—e 2qe 2q
E(og) = - — .7
() 1—612[ e 1 —ge* 1—q} 7

One observes that CC amplification performs best as long
as the entanglement distribution failure probability is not too
high; i.e., the segment length Ly is not too long and/or pjink
is sufficiently good. Another scheme based on preamplifying
with a strength adapted to the average waiting time 7 was

, we can make use of the geo-
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investigated in Ref. [17] but found never to perform better
than CC amplification or single-time-step preamplification.
When performing the rate analysis, we always assume the
amplification strategy that yields the smallest variance, thus
setting the expected variance to the minimum of Egs. (C3)
and (C5), which corresponds exactly to Eq. (10).

2. Amplifying transmission loss

The amplification to compensate for transmission loss is
more straightforward than that for memory loss, since no
random variables are involved. For a loss channel with trans-
missivity ngis, CC amplification leads to

1 — nai
Ko = ——, (C8)
Ndist
while preamplification leads to
Xaaa = 2(1 = Nai)- (C9)

It follows immediately that CC amplification should be
preferred whenever 154 > 1/2. For all stronger losses,
preamplification would result in a smaller variance; however,
there is a limit to the practically achievable strength of pream-
plification, since it requires a physical two-mode squeezing
interaction. We introduce the parameter npresn as the low-
est loss channel transmissivity allowing for compensation by
preamplification to account for this fact. Note that in contrast
to memory loss amplification, no artificial loss channel and
hence no physical interaction whatsoever is necessary to make
CC amplification work, as due to the segment’s symmet-
ric setup, the states arriving from opposite directions at the
midpoint are automatically subjected to equally strong loss.
Therefore, even for transmissivities below 9gesh, CC ampli-
fication is a valid option. Consequently, the best strategy is
preamplification if Npresh < Naist < 1/2 and CC amplification
in all other cases.

APPENDIX D: ASYMMETRIC CC AMPLIFICATION

In this Appendix, we explore how asymmetric losses affect
the performance of CC amplification. As mentioned before,
the composition of parallel loss channels and CC amplifi-
cation results in a Gaussian displacement channel only if
the losses are of equal strength; in practice, however, small
fluctuations of channel transmissivities cannot be excluded,
and it becomes a relevant question how the probability of
Pauli errors changes in this case. To study this, we employ the
phase-space methods presented in Ref. [43], which allow to
describe the evolution of non-Gaussian states whose Wigner
function consists of a sum of Gaussians by keeping track of
all the weights, means, and covariance matrices.

We begin with a GKP qunaught state, described in the
phase-space formalism as

7k? T
ax = Ngsg exp <—m) Mk =, Ek’ T = 81,

(D)

for k € Z?. Therein, ay, pg, and Xy refer to the weight,
mean, and covariance matrix, respectively, of the Gaussian

amplitude parametrized by k, and s, = (—1)"1** is the sign as-
sociated with that peak. Additionally, A% denotes the variance
of the Gaussian envelope and Ny is a normalization factor. A
GKP Bell pair can be obtained by passing two qunaught states
through a beam splitter and is correspondingly represented by

2
g JT
ag = N}sgexp <_W>’ e =%

T, = 81y, Sg = (_1)(g1gz+g3g4)/2’ (D2)

where we applied the substitution

ki + k3
| ket ks
&= —ki + k3 (D3)

—ky + k4

on the parameters describing two qunaught states. Note that,
as a consequence of this substitution, the parameter g does
not take all values in Z*, but only those where g, ~ g3 and
&> ~ g, with the equivalence relation being equality modulo
2. To study CC amplification, we need two initially indepen-
dent Bell pairs, which read

2
g JT
ag = Ngsg exp (—W>, /,Lg = Tg,

IMES 52]18, Sg = (_1)(g1g2+8384+8586+g788)/2 (D4)

for g € Z® restricted by g ~ g3, g ~ g4, &5 ~ g7, and
86 ™~ 88-

Next, loss channels with different transmissivities 1, and
n— act on the second and third modes, respectively, changing
the means to

Mg = (]1269@]1269\/77__]12@]12)?8 (D5)
and the covariance matrices to
Te = 6%, @ (52n+ ;! _2'”)12
@(52,7 - ;”)nz ®8,. (D6

To perform CC amplification, the lossy modes are first inter-
fered at a beam splitter, resulting in

ne=psduleoul, T,=xjexfexl, (O

with

4 2) 4-2()

2 \& 2 \8s
N+83 + /N-85
M+84 + /1-86

—Jni& +n-gs |

—/N+84 + /N-86

8 VT
& 22
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and
Th =81, Tf =81,
cr+c_ 0 —cy +c_ 0
Zle 0 et +c- 0 —Cy + o
& 2| —cy+c 0 cy +c_ 0 ’
0 —ct +c_ 0 c++co
using the shorthand c. = 81+ + 1_2"*. Following the beam

splitter, squeezers are applied to modes 2 and 3, squeez-
ing mode 2 in momentum and mode 3 in position. Since
the modes are immediately measured afterward, the squeez-
ing can be simulated by simply rescaling the measurement
outcomes, such that in practice it is not necessary to phys-
ically implement the squeezing operations. Mathematically,
the squeezing multiplies the first and fourth components of
ug by a factor 1/7, and the second and third components by a
factor n, where n does not necessarily match either n. or n_,
and changes % into

di/n 0 d_ 0
1l o dn o0 d_
B _ + D
e 2| d 0 don 0 | (D8)
0 d 0 d./n

with dyx = £cy + c_. After the measurement of modes 2 and
3, the mean and covariance matrix of modes 1 and 4 are simply
given by

n = Oy, TC=% 0%, (DY)

but the weights ag need to be updated [43] using the measure-
ment outcomes § and p as

N g’
AC o L
ag = msg exXp <_W)Gu(gt.[bp)’Eg]g.qp.pq.pp) (q, p),
(D10)
where P(g, p) is the probability (density) of measur-
ing the values ¢ and p, G, x(x) = /m exp(—%(x—

Ty—1 . : (g.p)
m)' X7 (x — p)) denotes a normalized Gaussian, and K 5

and 2;7;””’ P4:PP) are the subvector and submatrix obtained
from ,ug and Eg , respectively, by considering only compo-
nents corresponding to the g quadrature of mode 2 and the p
quadrature of mode 3; i.e., they are given as

wn T ( JT583 + /-8 )

l/L _ —
&8 22\ /i ga + =86
and
d
Eét,zg,qp»pq,pp) — _+]12.
2n

The vector of means 14" describes points in a four-
dimensional space, as it corresponds to two quadratures for
two modes; however, it is parametrized by eight variables.
This means that some combinations of g; to gg refer to the
same point in phase space, and we can switch to a perspective
where we have only four independent variables describing
the mean’s position, with its new weight being the sum of

the weights in the redundant description. Defining the new
variables as

hh =g, hh=g, h =g, hi=gs, (D11)
we obtain the new vector of means pj¢ = h‘/T; with weights

4 2
aﬁC — 'A~[13~ (_1)(hlhz+h3h4)/2 exp (_ 7h )

P(q, p) SA2
x Z (—1)(€s81-+8580)/2

83.84:85,86™~h1,h2h3, ha

Xexp<_n(g% +8+8 +g%)>

8A?

(D12)

X G, @p s@aapaon (G, D).
Mgr{gp’zg%lgqpﬂqpn (CL P)

Note that the summation over the g components is restricted
to include only such terms where the parities match those of
the given h components.

Since the combination of a beam splitter and homodyne
measurements implements a logical entanglement swapping
operation, we would expect the final state of modes 1 and 4 to
be a mixture of GKP Bell states of the form

AP%0) (D] + p|p10) (10| + o |¢0T) (¢OT] + 7| T) (1]
(D13)

A state as in Eq. (D13) can be expressed in the phase-space
formalism as

b
al' = NZexp <__8A2 h2>H ,

m = hg7 et = 871, (D14)
with

Hy =50+ 5,0+ 5,0 + 5.7, (D15)
and the signs

55, = (—1)uhathsha)/2

Sy = (_1)(h1h2+h3h4—2h2)/27

Sy = (_1)(h1hz+h3h472h1)/2’

Sp = (_1)(/11h2+h3h4—2h]—2h2+4)/2’ (D16)

which can be seen by applying the symplectic transforma-
tions corresponding to the logical GKP Pauli operators on
the vector of means and performing an appropriate variable
substitution.

To find the probability of Pauli errors, we need to think
about when the application of corrective Pauli operations
based on the interpretation of the measurement results leads
to a logical error. As described in the main text, the §—p plane
containing the measurement result is partitioned into square
regions and Pauli operations are applied to the final state, de-
pending on which region the measurement result (multiplied
with +/2) occupies, in order to obtain a |¢%) state. By way of
example, let us focus on X errors and consider first the case
that neither an X nor a Z correction is applied; i.e., the final

state is believed to already be |¢W). The probability of an X
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error conditioned on the measurement result is then given by
p + 7, since these are the mixture coefficients corresponding
to states differing from |¢%) by the application of X. The
same is true for regions where a Z but no X correction is
applied. Contrarily, if the measurement results lie in regions
where either only X or X and Z are applied, the X error prob-
ability is given by A + o. We thus need to find expressions for
p + 7 and A + o as a function of the measurement outcomes
g and p. To this end, first note that

p+1=30=Ho1) (DI7)

and

A+o=231(+Hoi0.1), (D18)

where use was made of the factthat A + p+ 0 + 7 = 1.

Since the means and covariance matrices of the state in
Eq. (D13) are the same as for the final state of modes 1 and
4, Hy 10,1 can be found by setting 7y =0, h, =1, h3 =0,
hy4 = 1, and comparing the weights:

2
Nfa Z (_1)(g3g4+g5g6)/2

PG
(6], P) 83.84.85,86~0,1,0,1

s exn (_n(g§+gi+g§ +g§))

8A?

Hy 1,01 =

X Gll‘lnggi)’zéz.[g.qp.pqw[l) (qN, i]) (D19)

Multiplying the conditional error probability that is given,
depending on the region in phase space in which the mea-
surement outcome lies, by either p + t or A + o with P(g, p)
results in the joint probability IP(X error and measure g, p),
and integrating this over ¢ and p results in the desired X error
probability, such that we arrive at the result

A+ o, X correction,

P(X error)= [dqdpP(q. p) X{ p + 7, no X correction,

1 N2 , /ﬁ/zml /2)

=375 LV

= VE/2(j-1/2)

<)

83,84,85,86~0,1,0,1

s oxp (_n(g% +gi+g§+g%)>

dq

(_1)(g3g4+gsg6)/2

8A2

x G (D20)

(et (D
The Z error probability could be found by very similar con-
siderations; however, due to symmetry reasons, it equals the
X error probability.

In Fig. 9, we show how the error probability behaves in
the scenario of loss channels with different transmissivities
n+ =n(l 4+ ¢€) and n_ = n(1 — €). It can be seen that the er-
ror probability increases with growing € and that this effect is
stronger for higher . Additionally, one observes an influence
of the envelope’s variance: States with a broader envelope
are more sensitive to fluctuating transmissivities. The reason
for this is that the losses are no longer perfectly converted
to Gaussian shifts, but instead cause a mismatch between the

1891 — A2=20,n=08 e
—_ 7’
e —— A?=20,n=07 L7
3
©
Q.

Q
~
w
<
Q.
a

000 002 004 006 008  0.10
£

FIG. 9. Ratio of Pauli error probability in asymmetric CC ampli-
fication to that of the symmetric case for 2 = 0.02.

lattices of the two modes, which is more pronounced further
away from the origin, such that states extending further out
into phase space are more strongly affected.

APPENDIX E: THE FOURTH GENERATION
FROM A MORE GENERAL PERSPECTIVE

In this Appendix, we discuss how the fourth generation as
a general concept fits into the framework of the established
repeater generations. To answer this question, we require a
figure of merit that captures the unique characteristics of each
generation while retaining generality and not specifying a
certain QEC code. These “fundamental rates” are expressed as
a function of the single-segment transmissivity ny and defined
for the various generations as follows: For the point-to-point
link (PPL), we choose, up to a constant factor, the two-way
capacity of the bosonic loss channel [4] with transmissivity
n = 1, spanning the entire communication distance from Al-
ice to Bob:

FppL = —1000 10g2 (1 — T)S) (El)

The factor of 1000 that will also appear for the third gen-
eration takes into account the different repetition rates of
memory-based and memoryless schemes, with the former be-
ing restricted by two-way classical communication and the
latter only by local state processing. While the impact of the
two-way classical communication for the memory-based case
is in general stronger than a decrease by one thousandth, in
the regime of short segment lengths approaching Ly = 100 m,
the elementary time units for communicating between neigh-
boring stations match the typical local processing times of
the light-matter interfaces, MHz~!. In contrast, a memory-
less, all-optical scheme is primarily limited by the elementary
source and detector times, which are of the order GHz™!.
For the second generation, we simply use the loss channel’s
repeater-assisted capacity [5]

Fiecond = — 10g2 (1 —mno). (E2)

The situation is somewhat more complex for the third and
fourth generations, since we need to incorporate the effect
of error correction in the channel. To this end, we make use
of a “logical” transmissivity 7, as an attempt to quantify
how well a given QEC code protects the transmitted states
from loss errors. As a reference, we set 1 = 1o for dual-rail
single-photon transmission, and further require #; to equal
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the probability of successfully mapping the corrupted states
back into the code space for loss codes, such that, e.g., for the
two-mode four-photon code [44]

— 1

0) = —(4)|0 0)14)),

0) ﬁ(|)|)+|>|>)

) = 12)12), (E3)

where the kets on the right-hand side denote Fock states of the
respective modes and where two physical amplitude damping
channels with equal transmissivities 7o act independently and
individually on the two modes, we get

My = g -+ 4ng (1 — no). (E4)

For the GKP code, where unheralded Pauli errors come into
play, we propose to define the “logical” transmissivity as

o = p(1 = 2H (Pry)). (ES)

with p and Pgifl;h given by Eqgs. (21) and (23), respectively.
This is motivated by the following consideration: We are
interested in finding such a transmissivity 7 that the code
in question performs equally well under the physical ny as
a dual-rail photon under a fictitious loss channel with 7
(in the two-mode case again corresponding to two indepen-
dent and individual amplitude damping channels with equal
transmissivities, now replacing 7o by (), where the logi-
cal information in a dual-rail qubit experiences an erasure
channel with erasure probability p, = 1 — 7;. The (two-way)
capacity of such a channel is known [45] to be 1 — p, = 1y,
while the capacity of a Pauli channel is lower bounded [4]
by 1 — 2H (Pp,,;;)- Setting these expressions equal, and addi-
tionally accounting for a possibly nonunit HRM acceptance
probability, results in Eq. (ES).

Given the “logical” transmissivity, we can formulate the
third generation’s “fundamental rate” by pretending we were
sending dual-rail qubits along segments characterized by
1y The individual transmissivities behave multiplicatively to
form the total transmssivity (17,)", such that we obtain

Finira = —100010g, (1 — (n¢)"), (E6)

again including a factor of 1000, as for the PPL. Note, that
in general, (n;)" might not equal 7’; i.e., multiplication of
transmissivities does not necessarily commute with the “prim-
ing” operation. Further note that while Eq. (E6) does not
explicitly account for the one-way nature of classical com-
munication between any two neighboring repeater stations in
a third-generation protocol, we still believe it to be a more
meaningful expression for capturing the unique characteristics
of the third generation than, e.g., the one-way capacity of a
single segment, since the latter does not exhibit the typical
unfavorable n scaling. For a fixed total distance, one could
thus shorten the individual segments at will without punish-
ment, eventually approaching the two-way capacity in each
segment and effacing any distinction with a memory-based
scheme. While our expression is ostensibly plagued by the
shortcoming of not explicitly enforcing that a single-segment
transmissivity lower than 1/2 result in a vanishing rate, this
will not impact the discussion in the following, because in
such a case the “logical” transmissivity cannot surpass the

physical transmissivity, and as we will see shortly, this ensures
that the third generation will not be the optimal one.

The fourth generation can be approached in a similar
way: When abstracting from the physical reality of the state
transmission and pretending we were working with dual-rail
photons in an n; channel, the second and fourth generations
become the same protocol, and therefore we simply set

Ffourth = - 10g2(1 - 776) (E7)

in analogy to Eq. (E2). Of course, in reality, all schemes are
still bounded by the repeater-assisted bound [5] of —log, (1 —
no) with the physical transmissivity no; however, the “funda-
mental rates” are a helpful tool for comparing schemes. For
example, since second and fourth generations are essentially
the same protocol up to the details of entanglement distribu-
tion, we might assume that for a given QEC code, the rate of
the fourth generation saturates the “false” bound Fioyh to a
similar degree as that of the second generation saturates the
“real” bound Fiecong, and thus investigating when Fyoun can
surpass Fyeconda May serve as an estimation of when a given
instance of the fourth generation can beat that of the second.

While for any specific code 7 can be expressed as a func-
tion of 19, we will keep the former as a free parameter and
study how the generations’ performances relate to each other
for any point in an 19— plane. It is immediately apparent that
we have Finirg > Fppr and Fiourth > Fiecond Whenever 1y > 1.
For PPL versus fourth generation, we find

my>1—(1— ng)moo’ fourth better,

my < 1—(1—n2)"™,  PPL better, (E8)
and similarly, we obtain
np > [1— (1 — no)/100011/n = third better,

77(') < [1 = (1 = no)/100071/n  second better, (E9)

for second generation versus third generation. To find the in-
tersections of Fppr, with Fyecong and Fiping With Froun, We make
use of the approximation (1 — x)'%% ~ 1 — 1000x, valid for
small x, and reduce the problem to solving 1 —ny=1—
10007 (and similarly with 7;) to obtain

o > (1/1000)/=D_  PPL better,

no < (1/1000)/=D " second better, (E10)
as well as

np > (1/1000)/®=D " third better,

ny < (1/1000)/"=D " fourth better. (E11)

The areas in the 19—, plane corresponding to these conditions
are plotted in Fig. 10 for the case of 100 segments, together
with the “logical” transmissivities as a function of the phys-
ical transmissivity for dual-rail and two-mode four-photon
encoding, as well as for the GKP code with deterministic
and nondeterministic distribution. The majority of the plane
is covered by the second and fourth generations, with third
and PPL occupying a stripe at the edge corresponding to
very high n; and 7o, respectively. With a growing number of
segments, the intersection point where all areas meet shifts
toward the upper-right corner, further reducing the areas of the
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FIG. 10. (a) The no—n; plane is divided into areas where a given repeater generation is expected to have an advantage over the others
according to Egs. (E8)—(E11) for n = 100. With more segments, the intersection point at which all areas meet shifts along the diagonal toward
the upper right. (b) “Logical” transmissivity 7, as a function of the physical transmissivity 7, for various codes. The curve for the dual-rail
photon corresponds to the diagonal 1, = 1. The GKP curves are for qubits in the infinite-squeezing limit s — oo.

memoryless schemes, i.e., PPL and third generation. While
the fourth generation seems to occupy quite a large area, it
must be kept in mind that error correction codes typically are
only useful if loss does not exceed a certain threshold and thus
the 7 curve only crosses above the diagonal to the right of a
certain value of 7, rendering most of the area inaccessible in
practice. As an example, follow the GKP curves in Fig. 10(b)
from low to high ny: Initially, they lie below the diagonal
and thus fall into the second-generation area. Only at about
no = 0.88, error correction in the channel becomes viable and
the curves cross the diagonal into the fourth-generation area.
After shortly passing through its upper-right corner, they reach
the third-generation area when 7, becomes so good that the

advantage due to the factor 1000 is no longer counteracted by
the detrimental n scaling. This is in good agreement with our
findings, concerning, e.g., the pj. dependence, in the main
text. Finally, especially in the context of our discussion above
concerning the missing one-way nature of nearest-neighbor
communication in a third-generation protocol when repre-
sented by Eq. (E6), we note that Fig. 10(a) looks entirely
unchanged if we replace the current two-way capacities for the
third-generation repeater and the PPL by the corresponding
(unassisted) one-way bosonic loss channel quantum capacities
[4,46,47] for the total distance, i.e., with transmissivities ()"
and 7y, respectively, albeit for a smaller number of segments,
replacing the current n = 100 by n = 10.
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