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Quantum Monte Carlo (QMC) methods are uniquely capable of providing exact simulations of quantum
many-body systems. Unfortunately, the applications of a QMC simulation are limited because extracting
dynamic properties requires solving the analytic continuation problem. Across the many fields that use QMC
methods, there is no universally accepted analytic continuation algorithm for extracting dynamic properties, but
many publications compare to the maximum entropy method. We investigate when entropy maximization is an
acceptable approach. We show that stochastic sampling algorithms reduce to entropy maximization when the
Bayesian prior is near to the true solution. We investigate when is Bryan’s controversial optimization algorithm
[Bryan, Eur. Biophys. J. 18, 165 (1990)] for entropy maximization (sometimes known as the maximum entropy
method—MEM) appropriate to use. We show that Bryan’s algorithm is appropriate when the noise is near zero
or when the Bayesian prior is near the true solution. We also investigate the mean squared error, finding a better
scaling when the Bayesian prior is near the true solution than when the noise is near zero. Together, these three
results indicate that enhancing the quality of the Bayesian prior enhances the validity of the MEM and has better
return on investment than reducing the noise. We point to examples of improved data-driven Bayesian priors that
have already leveraged this advantage. We support these results by solving the double Gaussian problem using
both Bryan’s algorithm and the newly formulated dual approach to entropy maximization [Chuna et al., J. Phys.

A: Math. Theor. 58, 335203 (2025)].

DOI: 10.1103/yqjh-ycbh

I. INTRODUCTION

Much of contemporary physics as well as quantum chem-
istry and materials science is concerned with describing
dynamic properties of correlated quantum many-body sys-
tems. Quantum Monte Carlo (QMC) methods [1-3] are
uniquely capable of providing approximation-free simulations
of quantum many-body systems that interact via the Coulomb
potential. Unfortunately, the applications of QMC simulations
are limited in practice because extracting dynamic properties
from a simulation is notoriously difficult. Simulations usu-
ally generate estimates of N-body imaginary-time correlation
functions (ITCFs) [4-7], not real-time correlations. Dynamic
properties, denoted by spectral function S(w), are real-time
(or real-frequency) quantities and can only be estimated by
analytically continuing imaginary-time correlation functions
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F (7) back to real time [8]:

F(7) =/ do A(z, ) S(w), 1)
—00

with A(r, w) being a known transformation. Here, we
consider any A(t,w) that, when discretized, yields an
ill-conditioned matrix. As examples, one might consider
A(t, w) = e7™ or A(t, w) = e *®/(1 & e P®) [9-11]. The
present authors typically consider A(z, w) = ¢~ **, which re-
lates the density-density ITCF on the left-hand Side (LHS)
with the dynamic structure factor under the integral. The latter
is the key observable, e.g., in x-ray scattering experiments
with warm dense matter [12—15] and neutron scattering exper-
iments with ultracold atoms [16-19]. Additionally, A(t, w) =
e "0 (w) is typically recovered in the temperature T =
1/B8 = 0 limit of various analytic continuation (AC) problems
[9,10], making it of broader interest.

The task at hand is thus the numerical inversion of Eq. (1).
Across the many fields that use QMC methods, there is no
universally best AC algorithm for extracting dynamic proper-
ties. Many methods have been developed for the AC problem.
Three main camps are fitting parametrized models [20-28]
(this includes neural nets, which are models with an enor-
mous number of parameters), stochastic optimization [29-36],
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and regularized optimization [37-39]. The most ubiquitous
method is regularized optimization, for example, solving the
maximum entropy method (MEM) [8,9,18,40]

S=max —x’[x|b] +aSslx | pl. @
Here, Eq. (1) has been discretized such that A;; = A(t;, w;),
xj = S(wj), and b; = F(7;). The chi-squared goodness-of-fit
metric x2[x | b] = %HAx — b||c-1 weights the residual be-
tween the QMC data for the ITCF and a proposed solution
x by the statistical error of the data C. However, the condition
number of A is large so the goodness-of-fit metric is not suf-
ficiently constraining and the Shannon-Jaynes entropy Sg;[x |
wl =, x — ;i —x; Inx;/; weighted by the regularization
parameter o penalizes solutions that deviate from the prior
. Together, these terms create a well-posed strictly convex
problem where x is constrained to be positive. However, the
default model introduces a bias, which means that though
the QMC data are approximation-free, the final AC estimate
is not.

When new methods are developed, the publications typi-
cally contain comparisons with solving Eq. (2); we emphasize
parts of this extensive literature. First, solving Eq. (2) is often
a limiting case of a more general method. Specifically, Shi
et al. [27] show that Eq. (2) is the limit of a single-layer
neural network, Benedix Robles et al. [39] show that Eq. (2)
is the Dirac delta limit of kernel methods, and Beach [41]
shows that Eq. (2) follows from a “mean-field” expansion of
stochastic methods. Second, the use of Eq. (2) is often debated
because practitioners traditionally rely on Bryan’s modified
Levenberg-Marquardt optimization algorithm [42,43], which
is controversial because it neglects singular value decompo-
sition (SVD) basis vectors corresponding to small singular
values [10,27,44,45]. Rothkopf [46,47] has explored ways to
improve the basis and recently Chuna et al. [48] have provided
an algorithm that can keep all the basis vectors at a reduced
computational cost by solving the dual optimization problem.
Third, and likely related to the basis issues, Bryan’s algo-
rithm typically produces smoother solutions when compared
to stochastic algorithms [41,46,49,50]. Such comparisons give
an intuition of the approach’s mean squared error (MSE), but
there is no clear methodological victor [35,51,52] and very
few MSE formulas are developed in the literature [53]. Fourth,
publications are considering the noiseless limit as the best
approach to analytic continuation [9,22,34,37,40,51,54,55].
Generally, these publications find that as noise decreases
Bryan’s algorithm performs equally well as other numerical
methods [e.g., neural nets [20-22], stochastic sampling and
averaging (Figs. 6, 7, and 46 of Ref. [34]), and dual Newton
MEM [48]].

In this work, we investigate when solving Eq. (2) consti-
tutes an acceptable alternative to using stochastic methods. We
find that when the Bayesian prior is near the true solution, then
Beach’s mean-field approximation [41] is fulfilled and Eq. (2)
is valid; this demonstrates that Beach’s approximation is sat-
isfied by a “real-world” scenario. Additionally, we investigate
when solving Eq. (2) via Bryan’s algorithm is acceptable. We
find that when the noise is near zero or the Bayesian prior
is near the true solution, then Bryan’s algorithm constitutes
an appropriate choice. This is because the estimator of Eq.

(2) is linear in those limits and, per Rothkopf [44], Bryan’s
controversial algorithm relies on the assumption that the esti-
mator is linear. We also investigate whether practitioners get
a better return on investment from improving the Bayesian
prior or reducing the noise. We develop MSE formulas of
Eq. (2) in these limits and find that the MSE in the noiseless
limit scales with a numerically infinite coefficient, while the
MSE for the improved-prior limit does not. We take this to
imply that practitioners get a better return on investment from
improving the Bayesian prior. The major results of the paper
are the analytic arguments listed above, and we support these
arguments with a numerical investigation of the double Gaus-
sian problem suggested by Goulko et al. [51], applying the
dual Newton algorithm and Bryan’s algorithm to the problem.

This paper is organized as follows. Section II formu-
lates the mean squared error of Eq. (2) in the noiseless and
improved-prior limits and numerically investigates synthetic
data generated from the double-peak Gaussian problem [51].
Section III shows that the improved-prior limit implies the
mean-field assumption that Beach used to reduce stochastic
methods to entropy maximization. Section IV presents the
conclusions.

II. THE MEAN SQUARED ERROR OF THE MAXIMUM
ENTROPY ESTIMATE

A. Definition of the mean squared error in terms
of the bias and variance

The MSE expresses, on average, the 2-norm distance
of your estimator from the true solution. The MSE can
be expressed as a bias-variance decomposition, and for a
one-dimensional estimator, derivations are commonplace in
introductory textbooks [56]. A multivariate estimator X has
a bias-variance decomposition given by summing over its
dimensions. This is expressed as

MSE = E[|lxp — £113] = IIBias(®) /1 + Tr{Cov()}. (3a)

The first term is essentially sum of squares over the compo-
nentwise bias,

Bias(x;) = E[(x0); — &, (3b)

where xg is the true solution. The second term is the variance,
given by the trace of the covariance matrix,

Cov(2);; = E[(&; — E[&D(&; — E[X;]]. (o)

The bias-variance decomposition breaks down the MSE
into two components: the systematic error and the statisti-
cal error. Some additional commentary may be found online
[57,58].

To use expressions (3b) and (3c), we must have a closed
form of the estimator X. However, the optimum of the entropic
regularized cost function (2) is given by [41,53]

ATCT'AR—ATC b+ alnk/u=0 4)

and, as pointed out by Rothkopf [44], the term In X/ prevents
us from isolating X and linearly parametrizing the solution;
expansions are needed. Previous investigations of the MSE
expanded the solution X = xy 4+ AX about the true solution
xo [53]; we do not take that approach here. Instead, we con-
sider, for fixed regularization weight «, the noiseless limit

033009-2



NOISELESS LIMIT AND IMPROVED-PRIOR LIMIT OF ...

PHYSICAL REVIEW RESEARCH 8, 033009 (2026)

of uncorrelated data with equal variance, i.e., C ~o2g,
where

o2« 1 5)

and the limit that the Bayesian prior is near the true solution,
which we refer to as the “improved-prior” limit

1% — il
Mi

< 1. 6)

B. MSE in the noiseless limit
To compute the MSE, we insert Eq. (5) into Eq. (4) yielding

1 T4 A T ~
—2A AX—A b)+alnx/u=0. @)
o

In the noiseless limit, the first term dominates. We drop the
logarithmic term to recover the ordinary least squares (OLS)
estimate. By the Gauss-Markov theorem, this is the best linear
unbiased estimator (BLUE), with variance

Cov(®) = o(ATA) . (8)

We use the singular value decomposition A =UXV " and
cyclicity of the trace to arrive at

TrCov(®) = o> Tr{Z 2}, 9)

which exposes how the singular values affect the MSE.

C. MSE in the improved-prior limit

Evaluating Eq. (3) for an improved prior (6) requires a
more detailed treatment. To start, we must compute X and
E[X]. Beginning from Eq. (4), we rewrite X/pu =14 (X —
@)/ and linearize the logarithm by Taylor expanding

ATC A —ATC b+ E ~0. (10)
m

This estimator resembles the estimator arising from the com-
mon L,-distance regularization, but with x — p weighted by
1/u. Next, we substitute b = by + ¢ = Axg + ¢ and insert
0=ATC'A(u — p). After simplification, this produces

X=u+MA(Xxy—pn)+ Me, (11a)

where
M= (ATCIA + o diag(%))lATCI. (11b)
Assuming E[¢] = 0 and taking the expectation value yields
E[R] = u+MA(x) — p). (12)

We may now compute the bias (3b) by substituting
Egs. (11) and (12). We arrive at the expression

Bias[£] = |(I — M A)(xo — w)II3. (13)
Grouping H = M A and distributing terms yields
Bias[] = Ilxo — ull3 — 2llx0 — sl + llxo — sl ey (14)

To expose how the singular values affect the bias, we assume
C = oI and simplify viathe SVDA =U XV ':

1 -1
H=a—zv(a—222+adeiag<—>v> v, (15)
"

1 -2
H'H =c7_4V22<a_222 + aVTdiag(—>V> =T
"
(16)

Notice that for 0 < 1, we can drop the « terms, yielding H =
HTH = I and Bias[%] = 0 as is expected.

Next, we compute the trace of the covariance. First, we
substitute Eq. (11) into Eq. (3c) and cancel terms, which
leaves behind only the noise term:

Tr Cov(x) = Tr{Cov[Me]}. (17

It is interesting to assume C = oI and simplify via the SVD
to expose how the singular values affect the statistical error.
We pass M through the covariant operator and use cyclicity of
the trace to produce

1 -2
TrCov(}) = azTr{ 22(22 +o’a VTdiag<—>V> }
"
(18)

Notice in the limit that o0 < 1 we recover Eq. (9), which is a
nice sanity check.

D. Numeric investigation of MSE

In this section, we support our analytic arguments with
numeric results demonstrating that improving the prior has a
better return on investment than reducing the noise and that in
the noiseless limit and improved-prior limit Bryan’s algorithm
becomes valid. The associated codes are freely available on
GitHub [59,60].

1. Description of problem
We consider synthetic data produced from the double
Gaussian problem presented in Ref. [51]:

_ o=z )2

2
=Yy e M (19)

where the moments are defined as ¢c; = 0.62, 01 =0.12, 71 =
0.74 and ¢, = 0.41, 0, = 0.064, z, = 2.93, the transforma-
tion kernel is defined as

Ay =emo, (20)

and the grid sizeis N,, = 150, w € [4.0/N,, 4.0] and N; = 30,
T € [0, 5]. A plot of x is given in Fig. 1. This problem has
been of particular interest in the analytic continuation com-
munity [23,34]. We generate Ny = 100 samples of b by adding
Gaussian noise with standard deviation oy that is scaled to
element 5°. This is expressed as

b~ N (B (Boo)’), @1

where by = Axp. From these samples, we estimate b; =
Avg (b}) and C;; = Var,(b})/N, §;;. So, on average, the data
error is 0g/+/N;. We select the regularization weight via the
x2-kink algorithm [61].

To investigate the impact of the Bayesian prior, we make
the prior a convex combination of the true solution xy and the
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Solutions across noise level at c=1.00

04 06 08 10 12 26 28 30 32 34
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Solutions across noise level at c=0.50
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—*— prior
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—=—err. 1x107°
| ——err. 1x 107
| —o—err.1x103
| —F—em 1x 1072

04 06 08 1.0
w (GeV)

FIG. 1. Plot of the double Gaussian test problem from Goulko
et al. [51], where the left plot is the first peak and the right plot is
the second peak. For visualization, we neglect the large, flat middle
region. From top to bottom, we improve the quality of the Bayesian
prior, defined in Eq. (22), with ¢ = 1.0, 0.7, 0.5. Within each plot,
we present different noise levels.

uniform prior (equivalently flat) xq, via

p(e) =1 —cxo + cxpa, ¢ €0, 1]. (22)

Essentially, ¢ parametrizes the line through solution space
from the flat model (¢ = 1) to the true solution (¢ = 0). Note
that the randomly sampled data have no guarantee that its min-
imum is located at the true solution. In theory, for very small
¢, the ITCF data may actually make the result worse. As such,
we consider ¢ € [0.05, 1.0]; plots of u(c) atc = 1.0,0.7,0.5
are given in Fig. 1.

To investigate the noiseless limit & = o“a — 0, we loga-
rithmically vary 5_1%7 € [10~°, 10~]. For context, in the litera-

2

ture the noiseless limit is typically considered to begin around
107>, while realistic data are considered 10~3. Additionally, o
is not a fixed value, but selected by the x2-kink algorithm [61].
Therefore, it may be the case that as 6> — 0 x 2 kink selects
o — 00, violating the approximations made when comput-

IV1ISE of Max Ent. via dual Newton optimizer
10~
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Data error go/N? (varies noise)
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0.2 0.4 0.6 0.8 1.0
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FIG. 2. Heatmap of the mean squared error for the solution
produced by the x2-kink algorithm with a Newton optimizer on
the dual problem varied over noise [noise defined in Eq. (21)] and
prior quality [c¢ defined in Eq. (22)]. Contour levels are marked as
a black horizontal line in the MSE colorbar. The grid of red x’s
indicates the ¢ and oy values that were used; Python’s matplotlib
smoothly interpolates between these values. Notice that the y axis
is logarithmic, while the x axis is linear.

ing the noiseless limit in Sec. II. However, in practice, this
does not happen. For example, for ¢ = 0.5 and oy/+/Ns =
107°,107%, 1074, 1073, 1072, 10~!, the corresponding values
of o2a are 1072, 1078, 107°, 103, 1072, 10°, which mono-
tonically also increase with oy.

2. Numeric results

We investigate the double Gaussian problem using the dual
formulation of the entropic regularization [48]. Each plot in
Fig. 1 shows the estimate obtained for different quality priors
¢ =1.0,0.7,0.5. For each prior, we show the estimate con-
verging toward the true solution in the noiseless limit in Fig. 1.
We see that a flat prior ¢ = 1.0 produces low-quality results
across all noise levels, but with a small improvement in the
prior ¢ = 0.7, the estimate remains stable at large noise and
yields quality results as the noise is reduced; this improvement
continues as the prior improves.

Next, we investigate the mean squared error E[|lxg — fc||§].
To estimate this quantity, we conduct N, = 100 runs of the
problem described above for given ¢ and oy, and then average
over N,. The MSE estimates are presented in Fig. 2. Since
the y axis is logarithmic and the x axis is linear, improving the
default model clearly has a greater impact on the error. This
matches the intuition created by the analytic formulas.

Finally, in Fig. 3, we plot a heatmap of the deviation
between the solution obtained using Bryan’s algorithm and
the solution obtained using the dual Newton optimizer. To
estimate this deviation, we run both approaches on a given
run and compute the 2-norm distance. Then, we average over
the N, = 100 differences to estimate the average deviation.
We see that, as expected, in both the noiseless limit and the
improved-prior limit there is diminishing deviation between
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Avq. relative difference between estimates
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FIG. 3. Heatmap of the average relative distance between Xgy N.
and Xpyan, which are the solutions produced by x2-kink algo-
rithm with a Newton optimizer on the dual problem and the
solution produced by the y2-kink algorithm with Bryan’s modi-
fied Levenberg-Marquardt optimizer on the primal problem. In the
improved-prior limit (i.e., ¢ — 0) and the noiseless limit, the devia-
tions between the estimates go to zero.

the solution produced using Bryan’s algorithm and the solu-
tion produced using the dual Newton algorithm.

III. IDENTIFYING MEM AS A SPECIAL CASE
OF STOCHASTIC METHODS
IN THE IMPROVED-PRIOR LIMIT

Finally, we revisit Beach’s seminal work [41] to show that
the improved-prior limit satisfies Beach’s mean-field approxi-
mation. Beach shows that the MEM cost function is recovered
from the mean-field (i.e., saddle point) approximation. In the
language of this paper, this amounts to assuming that the
covariance (3c) scaled by the default model is negligible:

E{(]E[xi] B ﬁ)(E[Xﬂ _ x_,ﬂ ~0. (23
Wi Mi Hj M

Equation (23) is essentially the Ginzburg criterion (Sec. 2
in Ref. [62]) and the LHS can be rewritten in the typical
representation of the covariance as

E[(E[xi] B ﬁ)(E[xj] B x_1>i| _ Cov(x;, x;) e
wi wiJ\ g oug Wilkj

Following Asakawa, Hatsuda, and Nakahara’s monkey argu-
ment (Appendix A in Ref. [9]), we assume the covariance
between x; and x; is described by a multinomial distribution.
Essentially, in fixed-grid stochastic sampling, there are M
blocks to be distributed into N bins. For a particular arrange-
ment of blocks x, where x; is the number of blocks in bin 7, the
probability of a block being in bin i is p; = X;/M (E[x] = %)
and the probability that the ith bin receives x; blocks is given
by the multinomial distribution. Thus, the covariance between
bins is Cov(x;, x;) = —Mp;p;; inserting this into Eq. (24)

yields

EKE[_’Q] _ ﬁ) (% _ x_]>:| - L uss. )
i i Hj Hj Hilkj

Notice now that Beach’s mean-field approximation (23) is
satisfied by assuming M — oo. However, we do not need this
assumption in the improved-prior limit, where X/u =~ 1 and
Eq. (25) is reduced to M ~1. So, even small M values (O[10%])
satisfy the Ginzburg criterion (23).

Intuitively, we may have expected that the improved-prior
limit reduces stochastic sampling to the MEM. In statistical
mechanics textbooks, the mean-field approximation is the
assumption that the variable of interest has only small per-
turbations about the mean (e.g., see Sec. 16 in Ref. [63]). We
express this as

-2 + S_x (26)
wooom
This would precisely be the case if you initialize your stochas-
tic sampling algorithm to a prior u near the true solution.
Essentially, the samples of x will only be small perturbations
about yu because the sampler will reject large jumps away from
this already small x2 location.

Finally, we suggest that the noiseless limit does not satisfy
Beach’s mean-field approximation. Notice in the noiseless
limit that, because the least squares estimate is the BLUE,
then X = xo, which does not immediately reduce Eq. (25) to
M~!. To add strength to the suggestion, the free term and the
interaction term in Beach’s seminal paper [Eqs. (23)—(25) of
Ref. [41]] are both scaled by 1 /o%. Thus, the noiseless limit
would not uniquely affect the interaction term and thus would
not facilitate the expansion.

IV. CONCLUSIONS

This paper helps practitioners select the best method to
tackle the analytic continuation problem based on the quality
of their Bayesian prior and emphasizes to practitioners that
improving the prior will yield better results than improving
data. Our three major results are as follows: (1) If the Bayesian
prior is near the true solution, then stochastic sampling meth-
ods reduce to solving the entropy regularized least squares
problem (2); (2) if the Bayesian prior is near the true solu-
tion, then the estimator reduces to a linear estimate and thus
Bryan’s algorithm becomes valid; and (3) the best way to
reduce the mean squared error of the estimate is to improve
the Bayesian prior.

(1) In Sec. III, we demonstrated that the assumption of an
improved prior (6) is sufficient to reduce stochastic methods
to the MEM. Essentially, the improved-prior limit implies
Beach’s mean-field approximation. This result provides an
intuitive situation in which the Beach’s assumption is valid.
Additionally, we suggest that the noiseless limit does not
imply Beach’s mean-field approximation.

(2) In Sec. II, we demonstrated that the noiseless and
improved-prior limits reduced the MEM estimator X to a linear
estimator. As per Rothkopf [44], this implies that Bryan’s
null-space trick is valid in these limits. We also observed
this to be the case in our numeric investigation (see Fig. 3).
This result explains a host of results in the literature where
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MEM performs equally well as other methods in the noiseless
limit [20-24]. The key takeaway is that other algorithms are
expected to outperform the MEM when the signal-to-noise
ratio is large because Bryan’s algorithm is not valid in that
limit.

(3) In Sec. II, we have shown that in the noiseless limit,
the MSE is o> Tr £ 2. Thus, quadratic improvements may be
found with vanishing noise, but for the Laplace transforma-
tion Tr ¥ =2 is numerically infinite. Given the extreme cost of
quantum Monte Carlo simulations, this is not an appealing
approach. By comparison, in the improved-prior limit the bias
(13) and the variance (18) contain quadratically vanishing
terms that are scaled by matrix M, which is windowed by
o diag(1l/w) (i.e., small singular values do not lead to nu-
merical infinity). As a result, you can reap the benefits of
the quadratically diminishing terms. The MSE was estimated
numerically for the double Gaussian problem to verify these
claims (see Fig. 2). This adds nuance to the conventional
wisdom that the prior should be uninformative.

Future work from the stochastic community may wish to
investigate the intuition discussed in Sec. III near Eq. (26).
Future applications of the MEM ought to avoid using the
flat Bayesian prior because an extreme distance between the
solution and prior violates the assumptions underlying the
MEM algorithm. If detailed information about the structure of
the solution is not known, then stochastic methods are the best
option. The present authors encourage using models (which
are exact in some limit) as Bayesian priors [8,64,65] or using
approximate, sometimes classical, real-time estimates as a
Bayesian prior. This has already been done in ring polymer
molecular dynamics [66] and is possible for high-energy-
density systems where the results of time-dependent density
functional theory molecular dynamics are often Laplace trans-
formed in order to be compared to QMC ITCF data [67,68].

Furthermore, future applications of the MEM ought to
consider data-driven Bayesian priors, e.g., preprocess the data
to create a prior. Within Ref. [69], it is argued that using a
data-driven prior Bayesian is similar in spirit to detrending
approaches in data science [56,70-72]. Early examples of
intentionally uninformative data-driven priors were based on
moment matching [8,52,53,73], i.e., using a Gaussian whose
moments were computed from the ITCF data. Here, we are
encouraging the use of informative data-driven priors, which
tend to be exact in some limit and are informed/fit to the

QMC data. For example, chemical models of the hydrogen
dynamic structure factor have been fit to ITCF data [74], as
have conductivity models been used for semiconductors [75]
and conformal field theories [76]. Alternatively, the static ap-
proximation does not require fitting and has recently yielded
promising results as a Bayesian prior; it has been developed
independently in both lattice gauge theories [77] and the elec-
tron liquid [69,78]. In the electron liquid literature, the static
approximation [79,80] derived from density response theory
[13,81] is relatively common, but this is not the case in gauge
theories.
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