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Cumulative effects of laser-generated gravitational shock waves
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The emission of light pulses is expected to generate gravitational waves, opening the possibility of controlling
gravity in an Earthed laboratory. However, measuring the optically driven spacetime deformations is challenging
due to the inherently weak interaction. We explore the possibility to achieve a detectable gravitational effect from
light emission by examining the cumulative effect of a sequence of laser-generated gravitational shock waves
on a test particle. We derive an exact solution to the Einstein equations for cylindrically shaped optical beams
with constant energy density, imposing a continuity condition for the metric and its first-order derivatives. Our
analysis reveals that laser-induced gravitational fields cause a spatial shift in the test particle, which is measurable

within current interferometric technology.
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I. INTRODUCTION

Gravitational Waves (GWs) have been directly detected for
the first time in 2015 [1] by using highly sensitive interfer-
ometers capable of detecting changes in the lengths of their
arms L at a precision of AL/L ~ 10722, Astronomical sources
generate far greater power than anything achievable on Earth,
but their distance and inaccessibility make them impractical
for use. Generating metric perturbations in laboratory settings
offers greater reproducibility and can be more precisely tai-
lored to specific observational goals.

Proposals for generators of GWs in the laboratory include
the use of light beams [2-9], electromagnetic cavities [10—14],
electromagnetic waves passing through a static homogeneous
magnetic field [15-18], and lasers striking a target [19-21].
Despite the enhanced results of laser-generated GWs com-
pared to those from matter acceleration [9,19,21], detecting
these perturbations in laboratory experiments remains chal-
lenging, as they are still 15 orders of magnitude beyond the
sensitivity of the most advanced detectors available today [9].
In this work, we show that by exploiting the repeatability of
laser pulse generation, it is possible to amplify the gravita-
tional effects by several orders of magnitude. We investigate
the perturbed motion of a free-falling particle influenced by a
sequence of pulses, thereby allowing the gravitational effects
of these pulses to accumulate over time and become compat-
ible with the sensitivity of modern detectors. To accomplish
this, we develop a theoretical framework describing the grav-
itational field generated by a sequence of laser pulses.

Historically, the gravitational effects of electromagnetic
fields have been predominantly studied under the assump-
tion of a weak gravitational field and using the retarded
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integral approach [2-18]. In their pioneering work, Tolman
et al. [2] investigated the spacetime deformation induced by
infinitesimally thin steady light beams and by passing light
pulses, where diffraction effects were neglected. This topic
was later revisited and expanded by Hegarty [4], who, follow-
ing Westervelt’s earlier work [3], introduced the emitter and
the absorber of the radiation as point sources. Hegarty further
observed that the gravitational effects of the pulse originate
solely from its emission and absorption, rather than from its
propagation. More recently, Ritzel et al. [6] demonstrated
that these gravitational effects are localized within spherical
shells expanding at the speed of light, representing the space-
time imprints of the pulse emission and absorption events. To
overcome the limitation of assuming zero radial extension,
Lageyre et al. [9] analyzed the spacetime deformation pro-
duced by a cylindrically shaped light pulse.

To go beyond the retarded integral approach, various stud-
ies have addressed the problem of solving the exact Einstein
equations for a light pulse. Exact solutions to the Einstein-
Maxwell equations for plane electromagnetic waves are well
documented in the literature [22] and have been expressed
in both Brinkmann coordinates [23-25] and Rosen coordi-
nates [26-28]. In these cases, the source field generating the
gravitational field is infinitely extended across spacetime and,
therefore, cannot be used to model realistic light pulses. In
contrast, Bonnor [29] presented an exact solution for a null
fluid traveling along an infinite straight path, accompanied by
a GW propagating in the same direction as the pulse. The
pulse is described by a stress-energy tensor of the form 7'
(BfA + afA)av ® 0y, where x and y are the spacelike coordi-
nates orthogonal to the direction of propagation, u and v are
the copropagating and counterpropagating null coordinates,
and A = A(u, v, x,y) is a C', piecewise C3, function. This
approach bypasses the need to model the emission process
of the laser pulse, by assuming that the source is located far
from the observation region, effectively placing the setup in
the far-field regime. This justification is supported by the work
of Ritzel et al. [6], who demonstrated that the details of the
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emission process can be neglected when focusing solely on
the gravitational field near the pulse trajectory and far from
the emitter.

Inspired by the findings by Hegarty [4], Bonnor [30], and
Ritzel et al. [6], we investigate the propagation of a pulse and
an accompanying GW, which locally and at large distances
from the source appears to share the same plane wave front
as the pulse. Following Ref. [9], the pulse is modeled as
a cylindrical beam with constant energy density. We solve
the Einstein equations for this configuration, ensuring conti-
nuity of the metric and its first-order derivatives [31]. This
continuity condition, known as the Lichnerowicz condition
[32], guarantees that the curvature tensor is piecewise C° and
nowhere suffers anything worse than a straight shock discon-
tinuity. Due to discontinuities of the stress-energy tensor with
respect to the u coordinate, Bonnor’s solution [29] cannot be
applied to the entire spacetime. To address this, we partition
the spacetime into separate patches: In the region containing
the pulse and the GW, we employ Bonnor’s solution for a
steady uniform beam with a circular cross section. We then
use the Brinkmann-Rosen coordinate transformation to define
alternative coordinate charts that can be smoothly extended
into the Minkowski exterior region. The resulting nontrivial
description of the spacetime cannot be captured by the sin-
gle coordinate system used in the retarded integral approach.
After deriving the spacetime solution for a single pulse, we
extend our analysis to a sequence of pulses with a constant
repetition rate. The metric solutions for individual pulses are
patched together and the trajectory of a particle under the
influence of this sequence of pulses is then computed.

The paper is organized as follows. In Sec. II, we present
the exact solution to Einstein’s equations corresponding to a
cylindrical pulse of light. Section III focuses on the motion of
test particles in the resulting spacetime geometry. In Sec. IV,
we extend the analysis to a sequence of pulses with con-
stant repetition rate and investigate the resulting cumulative
displacement of the test particles. In Sec. V, we propose an
interferometric setup to detect the predicted displacement and
discuss its feasibility given the current technological capabili-
ties. We also discuss the broader implications for experimental
gravitation and future tests of general relativity. Detailed
derivations of the spacetime solution and particle trajectories
influenced by the gravitational shock waves are provided in
Appendixes A, B, and C.

II. SPACETIME OF A SINGLE PULSE

We start by considering the propagation of a single pulse
whose source lies far outside the region of interest. When
the pulse is emitted, it also generates a nonzero GW, which
undergoes diffraction, while the pulse itself remains confined
to a finite spatial region over the observed time frame. Because
the source is very distant, the local spacetime appears indis-
tinguishable from that of a pulse originating from past null
infinity. Under this approximation, one can neglect specific
details of the source of the laser beam and its initial state. In
what follows, we offer a general description of this spacetime,
with details provided in Appendix A.

We note by R, Re, and Ry the spacetime regions describ-
ing the pulse, the GW, and the exterior, respectively [Fig. 1,
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FIG. 1. We consider an electromagnetic pulse propagating along-
side a gravitational wave (GW), both originating from a distant
source. Locally, the spacetime is divided into four distinct regions:
Ry, Re, Ra, and Ry, [panel (a)]. The regions R, and R, correspond
to the pulse and the GW, respectively, while R, and R, represent
the Minkowski spacetime before and after the passage of the pulse
and the GW. Panel (b) shows the various coordinate systems used to
describe the spacetime, each covering different combinations of re-
gions. The coordinates (i, Vpg, 7pe, ) are used for the interior regions
‘R, and R, while (u, v, r, ¢) are the standard Minkowski coordinates
for R, UR,. Additionally, for each & € {a, b} and 5 € {p, g}, the
coordinate system (u, vg,, Fz,, ¢) spans the region Rz UR,,.

panel (a)]. The region Ry is further divided into R, and Ry,
corresponding to the areas before and after the passage of the
wave. As no gravitational source acts on Ry, the exterior
region can be described by a Minkowski coordinate system
(u, v, r, @), with metric

ds2|RM = —2dudv + dr* + r*dy*. €))]
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Here, u and v are the light-cone coordinates defined via
u=(ct — z)/ﬁ and v = (ct + z)/\/i, with ¢ as the speed
of light, ¢ as the time coordinate, and z as the direction of
the propagation; r and ¢ are the radial coordinates orthogonal
to z.

At a large distance from the source, the pulse and the
GW appear with a plane wave front traveling in the same
direction. This suggests the use of the same null coordinate
u for all regions (R, Ry, and Ryp). Likewise, by assuming
axial symmetry around the central axis of the beam, we con-
sider a global azimuthal coordinate ¢. Since the wave front
is planar, we define two hyperplanes of constant u, labeled i,
and i1, which mark the boundaries of the exterior regions R,
and Ry. Specifically, R, corresponds to u < ii,, whereas Ry
corresponds to u > iiy,.

We model the pulse as a cylinder of light with constant
energy density, traveling in the z direction with velocity c.
This setup can approximate a laser beam with circular polar-
ization and a flat profile (e.g., flattened Gaussian pulsed beam
[33]). As a consequence of this approximation, the space-
time within the pulse exhibits cylindrical symmetry. Such a
symmetry suggests a preferred choice of coordinate system
(U, Vpg, Tpg, @) for R, UR,, in which 8ng = (E)vpg — 3,,)/\/5
and 9, are Killing vector fields.

The metric associated to (i, vpg, 7pg, @) 1S

2 2 2 2 452
ds |RPURg = —D(rpp)du’ — 2dudvy, + driy + ry,dg’,
@)
with
€(rpe/7p)* if rpy < F
cD(rpg) — pg/'p ~ ] pg = _P (3)
€[l +2In(ryg/7p)]  if rpg > 7.

Here, 7, represents the radius of the pulse and € = «/ ?3 /c
is the coupling between the pulse and the gravitational
field, with « as the Einstein gravitational constant and [/
as the intensity of the electromagnetic field. Equation (2)
provides the solution to the Einstein equation with T =
0(7p — 1pg)(21 /€)0y,, ® By, as the stress-energy tensor and

with 8, = (9y,, — 0,)/ /2 and d, as the Killing fields associ-
ated with the cylindrical symmetry. This solution is equivalent
to the one presented by Bonnor [29] for the case of a steady
uniform beam of circular cross section. Equations (2) and (3)
describe a genuine GW, meaning a vacuum perturbation of
flat spacetime, only in the region outside the cylinder, i.e.,
Fpg > Tp.

To connect the coordinate systems (u,v,r, ¢) and
(u, Vpg, Tpg, @) across the hypersurfaces u = i, and u = i,
we introduce additional charts that cover distinct subregions
of the full spacetime, thereby creating a complete atlas [Fig. 1,
panel (b)]. By imposing the continuity of the metric compo-
nents g, (up to their first-order derivatives) across u = i, and
u = i, we obtain four distinct coordinate systems, denoted as
(U, vey, Fen, ), with & € {a, b} and n € {p, g}, each covering
the region R¢ U R,;. In R, the coordinates (u, ve,, rey, @) are
defined by the transformation

Upg = Vgy + Vy(u —lig, rey),  rpg = Ry(u — itg, rey),  (4)

with
Volu, r) = M, Ry(u, r) = cos (x/?_l>r
2 p
. € r
Ve(u, r) = Rg(u, )R (u, 1) + = |:1 —2In (_—>i|u,
2 7
3 2
Ry(u,r) =expy — |:e1rf_l (,/ iz)] 7,
Tr
Ry (u, 1) = 0,Ry (u, r), (5)

and erf~!(-) as the inverse error function [34]. The resulting
metric is

ds2|Rn = — 2dudvg, + R, (u — i, rsy))’drs,

+ R (u — g, rey)d g’ (6)

with R;(u, r) = 0,R,(u, r). In this coordinate system, the
metric explicitly exhibits asymptotic flatness within R, as
Rgy(u, r) ~ r for r — o0. In the exterior region R, the coor-
dinates (u, vgy, ey, @) are equivalent to the Minkowski ones:
VU = Vg, and r = rg,,.

III. PARTICLE TRAJECTORIES

In the exterior region Ry, particles travel with constant
velocity due to the flatness of the metric. However, their
trajectories are perturbed upon interacting with the GW. To
analyze this effect, we solve the geodesic equation within
the region R, by using Eq. (2) and match these solutions
with the straight-line geodesics in Ry at the boundaries u =
ity through the coordinate transformations (u, veg, 7cg, @) H>
(1, Upg, Tpg, ).

We consider a particle that traverses R, Rq, and Ry, while
remaining confined to the semiplane defined by ¢ = 0. Under
these assumptions, the general solution to the geodesic equa-
tion is

(U, Vpg, I'pg, ©) = [Cg,15, Cg28 + Cg 3 + Vo(Cg 15 + Cg 4, Co 5),
X Rg(Cg 1S + Cg 4, Cg5), 0] @)

as detailed in Appendix B. The parameters cg 1, ..., Cg5 are
determined by the boundary conditions. In addition to Eq. (7),
we also consider the geodesics in the exterior regions R, and
Ry, which take the form

(u, Vgg, Tegs Q)= (c;ls, Ce 28+ Ce 3, Ce 48 + Ct 5, 0). (@

The matching conditions across the boundary between R and
R, are

Ce1 =Cgl,
Col g - 2
Cep =Cg2+ T[Rg(ué + g4, Cg5)]°,
Ce3 =Cg3 + Vylile + Cg4,Cg5)
| -
- E[Rg(ué + Co 4, Cg,S)] Ug,

Ce.a =Cg1Ry(ilg + Ca 4, Ca5),

ces =Ry(lls + Coa, Co5) — Ro(lls + Caa, Co5)ilz.  (9)
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We assume that the particle enters the region R, at
the event (u,v,r, ¢) = (ily, Uy, 72, 0) and will exit R, at
(u, v, r, ) = (i, Uy, 7, 0). The initial and the final four ve-
locities are denoted as Ul,=z, = U9, + U0, + U9, and
Uly=, = U0, + U3, + Uy 0., tespectively. The explicit
mapping of the initial data v,, 7y, U,', U, U, to the final quan-
tities vy, 7, Uy, Uy, Uy can be derived by using Eq. (9) with
& = b and the inverse of Eq. (9) with £ = a.

In the limit 7, — oo, the map (¥, 7y, U, UL, UJ) —~
(Do, 7, Uy, Uy, UY) leads to U ~ U, Uy ~ U, and U] ~
U] (see Appendix B), indicating that the test particle does
not accelerate in the asymptotic region, even when tran-
sitioning from R, to Rp. As a result, the coordinate
system (u, v, r, ¢) can be interpreted as a laboratory frame.
The map (V,, 7o, U)', UL, UY) = (Bp, 7, U, Uy, Uy) thus de-
scribes the motion of a test particle relative to laboratory
particles situated far from the pulse.

We focus on the specific case where € < 1, corresponding
to weak gravitational effects. Also, we assume that the parti-
cle is initially at rest in R,, meaning that U" = U? = 1/+/2
and U; = 0. We find that, after interacting with the GW, the
particle is described by

o 1 Fa\]|._ .
Vp X Uy + Uy — Uy — € E—l—ln = (it — 11y),

P
_ € (iiy — i) 1
ARy W

Ub ~ 1 + e (ﬁb_ﬁa>2 U’ ~
T2 22\ R )T YT 2 R

IV. SEQUENCE OF PULSES

In typical laboratory settings, the parameter € is extremely
small, making it difficult to detect the perturbation in the par-
ticle trajectory. Nevertheless, the effect accumulates over the
passage of multiple pulses, ultimately becoming measurable.

Here, we examine the spacetime of a sequence of pulses
and its effect on the trajectory of a particle initially at rest
(Fig. 2). The jth pulse P; and its associated GW are confined
to the region it; < u < it; +ct /~/2, where 7 is the duration
of the pulse. We assume a constant repetition rate frep, such
that i; = ;1 +c/ V2 Jrep for all j. The interior and exterior
regions of each pulse are modeled by using the single-pulse
spacetime described in Sec. II, with successive pulses con-
nected by a shared in-between Minkowski spacetime.

The geodesics are locally described by Eq. (7) within the
interior regions and by Eq. (8) in the exterior regions. By
recursively applying Eq. (9) and its inverse at each boundary
u=ijandu =it + ¢t /+/2, we derive the trajectory of a par-
ticle influenced by the GWs. The explicit recursive equation is
detailed in Appendix C. Here, we focus on the case where
€ < 1, which allows for an analytic solution to the equation.

We assume that the particle begins interacting with the GW
of the first pulse at# = 0. At this initial moment, its position is
specified in Minkowski coordinates as z = Zp and r = 7. The
particle is assumed to be initially at rest, so its four velocity at
t =0is Ul,—o = ¢~'9,. The time and position of the particle

P, P

i 4
v v

To
(b)
Ps Py Py
()
Pji2 Pji1 P;

FIG. 2. We consider a particle initially at rest with a radial co-
ordinate r = 7, [panel (a)]. As a consequence of the passage of
the pulse P;, the particle accelerates towards the pulse, acquiring a
nonzero radial component of its four-velocity U, and experiencing a
radial displacement 7, — 7y < O [panel (b)]. The effect accumulates
with the sequential passage of additional pulses P, ..., P;, leading
to a measurable radial displacement 7#; — 7 at ¢ = f; [panel (c)].

when the (j 4 1)th GW arrives are denoted as 7}, Z;, and 7;.
At that moment, the four velocity is given by U|,—7, = U} o +
U ;E)Z +U j’ dr. As a result of our analysis, we find

__.c €jfl To
t =~ ——=|=z+4+In[ =) [cT,
i)

ejl1l 7
)
P

1 = Tfip) Pt
ro —

~ — (11)
/ 4 rOﬁ'ep
and
2.2 2.2 2.2 2.2 .
U’%1+6J c_z, UZQEJ c_;’ U,’N_G—JZ
8 7 J 8 5 J 2 7
(12)

A large number of pulses (j >> 1) can partly compensate
for the weak gravitational interaction (¢ < 1). In the regime
where j > 1 and €j <« 1, the perturbation to the particle
radial position becomes the dominant effect in Eqs. (11) and
(12), as it scales as |[F; — 7| ~ €2

€j? *t

4 fofrep.

13)

rj—f()%
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Pjio Pji1 P;
M,
BS 1,
D

FIG. 3. The cumulative effect of laser-generated gravitational
shock waves can be detected by using an interferometric setup con-
sisting of a beam splitter (BS), two mirrors (M; and M,), and a
detector (D). Mirror M, is designed to move freely along the direc-
tion perpendicular to the propagation of the pulses Py, ..., Pj, ...
which generate the gravitational field. The size of M; must be smaller
than the size of each pulse P; (approximately on the order of a
micron). The cumulative effects of the gravitational shock waves
on M, produces a displacement that can be measured at D through
interference.

Figure 2 illustrates the cumulative radial displacement of the
particle caused by the sequence of pulses.

V. CONCLUDING REMARKS

To simulate an experimentally achievable scenario, we
consider an ultra-intense pulsed laser, with the following
parameters: [ = 1022 W/cm2, 7p =5 um, ¢t =20 um, and
Jrep = 10 Hz. For the initial conditions, we assume 7y =
500 um. After 36 million pulses (equivalent to 10 h of
operation), the radial position will show a perturbation of
approximately 7sgy 106 — Fo ~ —7 x 10713 m.

The LIGO interferometer detected gravitational strains on
the order of 1072? by using 4-km-long arms, corresponding
to a path length difference of approximately AL ~ 1071 m
(10~ times the width of a proton) [1]. Based on our calcula-
tions, the displacement of a particle influenced by 36 million
pulses falls within this precision range. Additionally, the repe-
tition rate frep = 103 Hz lies within the sensitivity bandwidth
of LIGO, between 10 and 1000 Hz. This finding suggests
the feasibility of using an interferometric setup, as depicted
in Fig. 3, where one of the mirrors acts as the free-falling
particle. Our analysis demonstrates that such a setup allows
the measurement of the cumulative effect of laser-generated
gravitational shock waves using existing technology.

We remark that according to Eq. (13), the displacement
of the test particle scales quadratically with the number of
pulses j. Hence, increasing the observation time significantly
amplifies the effect. For example, a picometer displacement
can be achieved within one year of accumulation. Also, the
predicted signal may exhibit distinctive spectral features, par-
ticularly at integer multiples of the laser repetition rate. Their
specific distribution, which depends on the laser parameters,
along with the possibility of tuning those parameters and
observing the resulting changes in displacement, provides
a means to distinguish the signal from background noise.
Methods such as heterodyne mixing and lock-in detection can
be employed to enhance the signal-to-noise ratio by several

orders of magnitude. In addition, one can superimpose slow-
timescale modulations in the amplitude or the polarization
of the laser pulses to discern spectral features that further
improve measurement sensitivity.

These findings have important implications also for
quantum gravity, particularly in the context of measuring
gravitational effects arising from sources in quantum mechan-
ical superposition [35-38]. Light pulses may offer a promising
alternative to large masses as generators of gravitational fields
in quantum superpositions, especially given the current capa-
bility to produce cat states with laser beams [39]. Additionally,
the gravitational effects of these systems can only be under-
stood in the context of general relativity, thus offering a way
to probe quantum degrees of freedom of gravity as a field (see
Ref. [40], and references therein).

Finally, we outline that using light pulses—rather than
massive particles—to induce displacement not only serves as
a fundamental test of new solutions describing light-induced
gravity but also offers significant practical advantages. In par-
ticular, it enables Earth-based tests of general relativity by
leveraging the very high peak energy accessible with next-
generation lasers, as well as designing many new experiments
for testing fundamental and classical gravitation. Addition-
ally, ongoing advancements in generating cat states with laser
beams could also benefit future quantum gravity experiments.
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APPENDIX A: SPACETIME OF A SINGLE PULSE

In this section, we consider a cylindrical energy density
propagating at the speed of light. The spacetime is divided
into four distinct regions, corresponding to the interior of the
cylinder (R,), the surrounding GW (Rg), and the exterior
regions before (R,) and after (Ry,) the passage of the pulse
and the GW. Cylindrical symmetry is assumed for both R,
and Rg. In the remaining regions (R, and Ry), the metric is
taken to be Minkowski due to the absence of any gravitational
source. We derive the global spacetime structure by solving
the Einstein equation, with continuity conditions imposed at
each boundary.

1. Light pulse

In this subsection, we examine the interior region
of the pulse R, by using two distinct coordinate sys-
tems: Brinkmann coordinates and Rosen coordinates. The
Brinkmann coordinates are adapted to the cylindrical sym-
metry of R,, whereas the Rosen coordinates are locally

033079-5
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Minkowskian near hyperplanes of constant light-cone coor-
dinate u.

a. Brinkmann-pulse coordinates

Assuming a constant energy density traveling with the
speed of light, the spacetime can be locally represented
through the Brinkmann coordinates (f,g, Zpg, 7pg, ) [25], with
the metric g,,, given by

20 1,¢,2 . 2 242 2
ds |Rp = 2/{5rpg(cdtpg dzpg)” — c7dty, +dz,,

+dry, + royde’. (A1)
Here, « is the Einstein gravitational constant, c is the speed of
light, and £ is the energy density. In this coordinate system, fp,
appears as the time coordinate corresponding to the stationary
symmetry generated by the Killing vector field d,,, whereas
Zpe and ¢ act as cylindrical coordinates associated with the
cylindrical symmetry generated by the Killing vector fields
0;,, and 9,,.

The metric (Al) satisfies the Einstein equation R, —
Rg.v/2 = «T,,, where R, is the Ricci curvature tensor, R is
the scalar curvature, and 7, is the stress-energy tensor with
the following nonzero components: Tyy = c2&, Ty1 = Tyo =
—c&,and T;; = €. As atype (2, 0) tensor, T can be expressed
as

& & £
T|RP = c_zatpg ® 8tpg + ;8’1& ® ang + zang ® atpg

+&0. ®0.

P Spg”

(A2)

This stress-energy tensor represents a uniform energy density
& traveling at the speed of light along the z,,, direction.

A practical realization of Eq. (A2) can be achieved by using
a circularly polarized monochromatic plane wave described
by the electromagnetic four-potential

A = Afcos(kctyg — kzpy — @)drpe

+ sin(kctyg — kzpg — )rped ], (A3)

where A is the amplitude and k is the wave number. By
computing the corresponding electromagnetic stress-energy
tensor

1 1
THW = — — (FrPEY 4 — g, Fr ),
Mo( g +4g’* g >

(A4)

J

with F,, = 9,A, — 0,A,, as the electromagnetic field tensor
and o as the vacuum permeability, we recover Eq. (A2) with
& = A%k? /. 1t is also possible to check that F,, and g,
satisfy the Maxwell equation in curved spacetime V, F*" =
0. From Eq. (A2), the Poynting vector is found to be S =
£0;,,. Accordingly, the intensity of the electromagnetic field is
I=cE.

Expressed in light-cone coordinates u = (ctpg — Zpg)/ V2
and vy, = (clyg + Zpg)/+/2, Eq. (A1) becomes

ds’| = —kErpydu’ — 2dudvyg + dry, + 13, dg?. (AS)

Analogously, the stress-energy tensor (A2) becomes 7’|, =
E 0y, ® By,,- In this coordinate system, we assume that the
region R, confining the pulse is a cylinder defined by u
[it,, iip] and rpg € [0, 7,] for some iy, iy, and 7.

b. Rosen-pulse coordinates

As an alternative to the Brinkmann coordinates
(u, vpg, Ipg, @), the Rosen goordinate .system (Ift, Vep, Tep, (;.J)
[28] can be adopted to describe the region R, with the metric
& expressed as

ds2|Rme£ = — 2dudvg, + {cos[Vk E (u — @ig)])?

x (drg, + rz,de?). (A6)

Here, the parameter ii; can take any real value, resulting in
a family of coordinate systems (u, vgp, rzp, @), each corre-
sponding to a different phase iz in Eq. (A6). In this work,
we focus on the specific cases where il = i, or i,. For any
given iig, the region D; specifies where the metric remains
nonsingular. By convention, we choose the neighborhood of
u = ilg, corresponding to ViE|u— itg] < /2.

The transformation between the two coordinate systems
(U, Vpg, Tpg, @) and (u, vep, rep, @) is given by

(4, Vpg, Tpg, ¢)

= [u, vgp + Vp(u — iig, rep), Rp(u — itg, 1zp), @], (A7)
where V,,(u, ) and R;,(u, r) are defined as
Volu, 1) = =3k € sin@VkEu)r?,
Ry(u, r) = cos(vkEu)r. (A8)

This can be verified by substituting Eq. (A7) into the metric
(AS), resulting in

ds2|Rp = {[Ry(u — iig, rep))” — kERY (u — itg., rep) — 2Vy(u — g, rep) }d*u — 2dudve

+ 2[Ry (u — e, rep)R(u — fig, rep) — Vi (u — itz rep)|dudrey + [Ry (u — iig, rép)]zdrgp + Rg(u — g, rep)d@?, (A9)

with Rp(u, r) = 0,Rp(u, 1), Vp(u, r)=0,Vp(u, 1), R;)(u, r)=0.Rp(u,r), Vp/(u, r) = 0,V,(u, r). By using Eq. (A8), one can
compute these derivatives and confirm that the result matches Eq. (A6).

Notice that around u = i, the metric can be approximated as

ds2|RmeE = — 2dudvey + {1 + O (u — iigp)*1}

X (drgzp + rgpd(pz).

(A10)
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This implies that (u, vep, 7¢p, @) is a Fermi coordinate system
at any point in u = it within R,

By selecting #1; = i1, and il = iy, we define the particular
Rosen coordinate systems (i, Vap, Tap, @) and (, Vpp, Top, @),
such that

ds2|Rmem = — 2dudvy, + {cos[VkE(u — iiy)]}
x (drfp + rfpdwz),
dszianDb = — 2dud vy, + {cos[vV Kk E(u — )]}
X (drgy + royd ). (A11)
The approximation
dsZ\anDa = — 2dudvy, + {1 + O[(u — @iy)*1}
x (drfp + rgpdwz),
ds2|Rm = — 2dudvyy + {1 + O[(u — @ip)*1}
X (dry + ropd9”). (A12)

will be used in Appendix A 3 a to extend these coordinates be-
yond the respective boundaries u = i, and u = @I, and connect
the pulse region R, with the exterior Minkowski spacetime.

2. Gravitational wave

The emission of the pulse is expected to generate a GW
propagating in the same direction as the pulse and with the
same planar wave front. To explore this effect, we focus on
the region R, defined as the radial extension of R, beyond its
boundary at rp, = 7,. Similarly to Appendix A 1, we employ
two coordinate systems in this region: one based on the as-
sumed cylindrical symmetry of R, and the other being locally
Minkowskian near hyperplanes of constant u.

a. Extending the Brinkmann-pulse coordinates to the GW region

In Appendix A la, we introduced the Brinkmann coor-
dinates (u, vpg, 7pg, ) to describe the interior region of the
pulse Rp. A key advantage of this coordinate system is that
it explicitly shows the stationary and cylindrical symmetry of
R, through the coordinates tp, = (vpg + 1)/ V2, Zpg = (Vpg —
u)/~/2, and @, along with the corresponding Killing vector
fields 9y, d,,, and 9d,,. These symmetries naturally lead to the
use of rp, as the radial coordinate to define the boundary of
the pulse at rpg = 7, separating the regions R, and R,. In
this subsection, we extend the Brinkmann coordinate system
(U, Vpg, Tpg, @) from R, to R, while preserving the symme-
tries.

We derive the metric in R, by solving the vacuum Einstein
equations while imposing stationary and cylindrical symme-
tries, and ensuring continuity conditions at the boundary rp, =
7p. We use the ansatz of Brinkmann coordinate system

ds’| = —P(rpe)du® — 2dudvyg + drp, + rp,d@®. (A13)

This form ensures that 9,,, 8Upg, and 9, are Killing vector fields
in R,. The metric in Eq. (A13) solves the vacuum Einstein

equations Ry, — Rg,,/2 = 0 provided that ®(rp,) satisfies
the differential equation

D' (rpg) _

q)”(rpg) +
Tpg

0. (Al14)

A unique solution to Eq. (Al4) is determined by im-
posing continuity conditions for the metric at the boundary
Tpg = Tp up to first-order derivatives. We allow discontinuities
in second-order derivatives due to the stress-energy tensor,
which is nonzero in R, and zero in R,. Since the Einstein
equations are second-order partial differential equations, these
discontinuities manifest in the second derivatives of the metric
atrpg = 7p.

To impose the continuity condition, we consider the Taylor
expansion of Eq. (AS)

2 _ E = _ =12 2
ds’|g, = — €| 14 —(rpy = Typ) + Ollryy = ) |du
p

— 2dudvpg + drjy + rpd¢?, (A15)

with € = k& fg. Requiring that the metric in R, matches this
expansion at rpg = 7, we write

2
ds2|72 == €|:1 + }.T(’”pg —7p) + O[(rpg — ’_’p)z]:|du2
¢ P

— 2dudvp, + dri, + rayd¢’. (A16)

By imposing Eq. (Al6), we obtain P(rpe) = €[l +
21n(rpg/7p)] as the unique solution for Eq. (Al4). Thus,
the metric in R, takes the form

2 Tog 2 2
ds’|, = - e|:1 +2In <g>:|du — 2dudvp, +dr,,

2 52
+ rpgd(p . (A17)

b. Rosen-GW coordinates

In Appendix A 1b, we introduced the Rosen-pulse coordi-
nates (u, Vgp, 7ep, @) in R;,. At u = ilg, the associated metric
(A6) can be locally approximated by the Minkowski metric.
Here, we define the Rosen-GW coordinates (u, vgg, 7z, ¢) by
requiring that the metric in R takes the form

ds’|, = —2dudveg + [R(u — fie, reg)1dr,
+ R (1 — i, reg)dg” (A18)

for some function Ry(u, r) and that, at u = i, the metric is
locally Minkowskian:

dsz Ry = — Zdudvgg + {1 + 0[(“ - ﬁfg)z]}

x (drz, + rz,de?). (A19)
By using the ansatz
(t, Vg, Tpg, ¢)
= [Lt, Ugg-i-vg(u—lj{g,rgg),Rg(u—L_lg_:,rgg), (p]7 (AZO)

033079-7



RICCARDO FALCONE AND CLAUDIO CONTI

PHYSICAL REVIEW RESEARCH 7, 033079 (2025)

in Eq. (A17), we obtain the metric

Ry(u — i, . ,
5|, = {—2e In [M} — €+ [Ry(u — g, reg)2 — 2V, — i rgg)}duz — 2dudve,

p

+ 2[Ry — g, reg)R,(u — i, reg) — Vy(u — g, reg)ldudreg + [Ry(u — ilg, reg)’drz, + Re(u — iig, reg)dg”.

To match this solution with Eq. (A18), the following differen-
tial equations must be satisfied:

Rg(l/l — ﬁg, rgg)

—2¢ ln[ — ] —€+[Rg(u—ﬁé”’ég)]2

Tp
—2Vy(u — g, reg) = 0, (A22a)
Rg(u — g, rgg)R’g(u — Ug, rgg) — Vg/(l/t — Ug, rgg) =0.
(A22b)

The boundary conditions are determined by matching
Eq. (A21) with Eq. (A19), resulting in R,(0, rzg) = 0 and
R (0, reg) = 0.

By differentiating Eq. (A22a) with respect to the variable
reg and Eq. (A22b) with respect to u, the two equations decou-
ple and give a single differential equation for Ry (u — g, rzg):

Ry (u — itg, reg)Re (1 — g, 1eg) + € = 0. (A23)

The solution to this equation, subject to the boundary condi-
tions Ry (0, rzg) = 0 and Ré(O, rgg) = 0, is given by

2
Ry(u,r) = exp { — |:erf1 (E ;)} . (A24)

By substituting Eq. (A24) into Eq. (A22), we finally obtain

Vo(u, r) = — v2eerf™! (E;)
3 2
X exp —|:erf_1<\/§§)i| r
Sli—2m (L
el (R

3. Exterior regions

(A25)

The pulse and the GW are confined within i1, < u < @tp. In
this section, we extend our analysis beyond these boundaries,
examining the two exterior regions R, and Ry, respectively
defined by u < i1, and u > .

a. Extending the Rosen-pulse coordinates

In this subsection, we extend the Rosen-pulse coordi-
nates (i, Vap, Fap, @) and (u, vyp, rvop, @), introduced in Ap-
pendix. A 1b, to the exterior regions R, and Ry, respectively.
Near the respective boundaries # = i, and u = i, the metric
given by Eq. (A11) can be approximated as in Eq. (A12). To
satisfy continuity conditions, the metric in the exterior regions

(A21)
(
R, and Ry, must approximate as
ds*| . = = 2dudvy, + {1+ Ol(u — i,)*1}
X (drfp + r,fpdgoz),
ds’| g, = — 2dudvy, + {1 + Ol(u — )’]}
x (dry, + roydg®). (A26)

Discontinuities in the second-order derivatives arise from the
stress-energy tensor, which is uniformly nonzero in R, and
identically zero in R, and Ry.

In addition to the boundary conditions (A26) at u = i, and
u = it,, we impose initial conditions on the metric g,, in R,
and R, by assuming that, at past null infinity (i.e., 4 - —00
and vgp, — —00), g, reduces to the Minkowski metric. Also,
we assume that the stress-energy tensor is zero throughout
the entire exterior region R, U R. Under these conditions,
we find that in the regions R, and Ry, the respective coordi-
nates (i, Vap, Fap, ) and (u, Vpp, vp, @) describe a Minkowski
spacetime:

ds?

R, = —2dudvy, + drz%p + rgpdgoz,

ds*| 5, = —2dudvy, + dry, + rydg?. (A27)

b. Extending the Rosen-GW coordinates

To extend the Rosen-GW coordinates (i, Vg, 74, ¢) and
(#, Vpg, vy, @) into R, and Ry, respectively, we follow the
same approach as in Appendix A 3a. We use Eq. (A19) for
any £ € {a, b} and impose the continuity condition at u = i,
which leads to

ds? — 2dudvye + {1 + O[(u — @,)*]}

Ra
X (drfg + rfgdg02),
ds2|Rb = — 2dudvyg + {1 + O[(u — @ip)*1}

X (dryy + rogd¢®). (A28)

Additionally, we assume that at past null infinity of R, and

Ryp, the coordinates (u, vag, rag, @) and (U, vpg, Fog, ) de-
scribe a Minkowski spacetime. As a result, we obtain

ds*|, = —2dudvy, + dry, + ry,d¢’,

ds2|Rb = —2dudvyg + drp, + rpyde’. (A29)

In each region & € {a, b}, both the Rosen-pulse coordinates
(u, vep, Tep, @) and the Rosen-GW coordinates (u, vgg, 7z, @)
describe a Minkowski spacetime. Hence, there must ex-
ist a Poincaré transformation mapping (u, Vep, rep, @) =
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(4, veg, Teg, @), such that

(Veg + 1)/v/2 (vep + 1)/v/2

Feg COS(9) Tep cos()

Feg Sin(g) Tep Sin() +a, (A30)
(vég - M)/‘/z (ng - u)/\/E

where A is a Lorentz matrix and « is a four-vector rep-
resenting a translation. However, such a transformation
reduces to the identity map (u, vep, Fep, @) = (U, Vgg, Tzg, @).

(A, a) satisfying

(vep + ) /N2 (vep + ) /N2
7p cos() _ 7, cos(@)
?Z sin(g) B ?l; sin(¢) ta (A3D)

(vep — fig) /2 (vep — fig) /2

for any vg, and ¢ is the identity map (A, o) = (I, 0).

Since the two coordinate systems (u, vgp, Fzp, ¢) and
(u, vgg, Feg, @) are identical in each region R, we define a
unified coordinate system (i, v, 7, ¢) such that

(uv v, r, @)'Rg = (uy Vgps Fep, @)'Rg = (Ll, Vgg, Feg,s @)'Rg

This can be verified by noticing that the transfor-
mations (i, Vpg, Tpg, @) > (U, Vgp, Fep, @) [Eq. (A7)] and
(U, Vpg, Tpg, @) B> (U, Vg, Teg, @) [Eq. (A20)] reduce to the
identity when u = iz, Hence, in the limit u — iz and
fpe —> Tp, the two coordinate systems (u, vep, 7ep, @) and ds* R.URy ~2dudv +dr’ + r’dg’.
(4, Vg, Teg, @) coincide. The only Poincaré transformation ‘

J

(A32)
These coordinates describe the exterior region R, U R} as a
Minkowski spacetime

(A33)

APPENDIX B: PARTICLE TRAJECTORIES

In Appendix A, we described the metric associated with a single pulse. In this Appendix, we use that metric to derive the
corresponding geodesics. Our focus is on particles traversing the GW region R,. We show how the trajectory of particles is
perturbed by the passage of the GW.

1. Particles propagating inside the GW

In this subsection, we derive the general trajectory of a particle traveling within /%, with a constant angular coordinate ¢ = 0.
By using Eq. (A5), we solve the geodesic equation

d*x? Y dx* dx”
ds? " ds ds
for a particle moving in R. The trajectory is described by using the coordinate system (u, vpg, Fpg, @) and parametrized by s as

[x°(s), x'(s), x2(s), x3(s)] = [u(s), Upg (), rpg(s), ¢(s)]. The Christoffel symbols I'/, are determined from the metric (AS5).
By imposing the condition ¢(s) = 0, the geodesic equations (B1) reduce to

=0 BD

W ()7 ()

rpg(s)

[/ ()]
€

Tpg(s) '

" _ 7 _ Z —

w(s) =0, v(s)=— s Tpe(8) = — (B2)
The first equation in (B2) leads to two cases: u(s) being constant [u(s) = i, ] and u(s) being linear in s. In the constant case,
the four-velocity U* = dx* /ds satisfies U*(s)U,(s) = [r;g(s)]z. The condition of no superluminality U*(s)U,(s) < 0 implies
that rpg(s) must be constant [denoted as r,¢(s) = 7, ] and the particle must be massless. For constant u(s), the second equation in
(B2) simplifies to vgg(s) = 0, which implies that vp,(s) is linear in s. By choosing a convenient affine parametrization, we can

write vpe(s) = s. Hence, the general solution to Eq. (B2) for constant u(s) is

[M(S)v Upg(s)’ rpg(s)s (P(S)”Rg = (L_‘y’ s, 7}/1 0)’ (B3)

which describes the trajectory of a massless particle traveling in the same direction as the pulse.
If u(s) is not constant, the first equation in (B2) implies that u(s) must be linear in s. We can translate s to write u(s) = ¢, 15,
where ¢, ;| is a nonzero constant. Under this assumption, the second and third equations simplify to

’ 6C2 .
” pg " g
Vo (8) = —2€cg | ———, Ip(s)=— . (B4)
pg rpg(5) pg Tpg(5)
The solutions to these equations are given by
Upg(s) = Cg28+Cg3+ Vg(cg,ls + Cg 4, Cg,s)v Vpg(s) = Rg(cg,ls + Cg.4, Cg,S)v (B5)

where the functions V,(u, r) and Rg(u, r) are defined in Egs. (A25) and (A24). Thus, the general solution to Eq. (B2) for
nonconstant #(s) and constant ¢(s) = 0 is

[u(s), Upg(S), Vpg(S), w(s)]le = [Cg,lS» Cg28 + Co3 + Vg(cg,ls + Ce 4, Cg,S)v Rg(cg,ls + Co 4, Cg,S)a 0]. (B6)
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The corresponding four-velocity is

2
_ 26 C. 1S+C 4 € Co 5
1 g g, 2,
U(s)|7zg =Cg 104 + 1 C2 — €Co 1 + 2€cq |:erf (,/ ;Cg—5>:| + EcgJ |:1 —2In (f_P 0y,
2€ ¢y 15+ ¢
— V2ecq erf! (,/—u>a,pg. (B7)
T Cg’5

2. Particle-GW interaction

In this subsection, we assume that the particle, initially traveling in the Minkowski region R,, crosses the boundary between
‘Ra and R,. Then, it exits R, and enters the other Minkowski region Ry, where its trajectory will differ from the initial one.
Throughout its motion, the particle never enters the region R,.

In the Minkowski spacetime, geodesics are straight lines. In particular, particles traveling in the semiplane ¢ = 0 are described
by

[u(s), v(s), r(s), P(s)]lr, = (Ca,15, Ca2S + Ca3, Ca S + Ca5, 0),
[u(s), v(s), r(s), p()]Ir, = (cb18, Cb2S + b3, Cbas + Cp 5, 0). (BB)

To extend these geodesics into R, across the boundaries u = i, and u = it,, we use the coordinate transformations (A20)
and (A32) and impose the continuity conditions [u(s), veg(s), rzg(s), @($)]Ir, = [u(s), veg(s), ree(s), ()|, and U(s)|r, =
U(s)|r, atu = i for any & € {a, b}, which lead to

2
C5,4

265,1 ’

Ced Ced _
Cg3 =Cg3— — | Ces5+ ug)
¢ e ( T e
2 2 _
T c C c Ce 1Ce 5 + Ce 4l C
C T e [ erp( e %4 4o < 165 + Cea s) (CE.SJF 5,4125)’
2/2€ 2ecs 2ece ce1bp Cel

2 2
= Ce 4 Ced _ ) Cia ( Ced _ )
Cg4 = —Ug — | —€X erf Ces+ ——Ug |, Cg5==¢€X Ces+ ——ig ). (B9)
¢ d 2¢ P <2 B ) («/ €Ce, 1)( 5 C 1 § £ P (266‘;1 § Ce 1 §

The inverse map (cg.1, ..., Cg5) F> (Ce 15 ..., Ce5) 1S

2
_ [2€ cg4 + i
Ce1 = Cg 1, c§,2=cg,2+ecg,1|:erf 1( _g—5>:| s
4 Cg5
2 + i ’ 2 + i
Ce3 =Co3 + E(cg,4 + ﬁg) — +/2eexp —|:erf1 <,/ _GM):| erf~! (‘/ —EM)C&S
2 T Cg5 T Cg5
5 _ 2
—e|erf! ‘/—GM ug—eln( >(cg4+u5)
T Cg5 p
[2€ cg 4+ 11
Ccea=—V2 cglerf_ ( M),
Cg,5
2
2 7 2 il
Ces = exp —[erfl (,/—EM)} Cos + V2 erf™! (,/—EM)%. (B10)
T Cg.5 s Cg5

This expression simplifies to Eq. (9) upon using Egs. (A24) and (A25).
We assume that the event in which the particle is hit by the GW is given by (u, v, r, ¢) = (il,, Va, 72, 0). At that moment, the

Cgl = Cg,1, Cg2 =Cgn —

particle has the four-velocity U = U,'9, + U9, + U, 9,. Consequently, the parameters (c, 1, . . ., Ca 5) are given by
U? U,
Ca,l = Uau» Ca2 = Uav’ Ca3 = Uy — U_‘;aav Cag = Uar’ Cas5 =Ty — mua (B11)

a
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After being hit by the GW, the particle will be found in (u, v, r, ¢) = (ity, ¥y, 7, 0) with four-velocity U = U0, + Uy 9, + U, 0,

By using Eq. (B8) with & = b, we can express (v, 7, U, U,’, Uy) in terms of the parameters (cp,1, . . . b 5), Tesulting in
_ Cb,2 _ _ Cbd _
Up = Cp3 + o b, Th=Cos + b, U'=cvi1, U =cva2, Uy =cpa. (B12)
b.1 b.1

To express the final parameters (vy, 7, UY, U, Uy) in terms of the initial data (v,, 7o, Uy, U}, U;), we substitute Eq. (B11)
into Eq. (B9) for & = a and use the resulting equation in Eq. (B10) for £ = b. Finally, we apply this result to Eq. (B12) and

obtain
U’ U (U\* e P
Db=ﬁa—U—}?a+[U—}—<U—}) +5—Eln<é>i|(b_lb—l/_ta)
[2¢ 1 (U N i — @ [1Ur
V2eerf 1| — /= — = 2 fl ) ——~
+ V2eer { - exp|: 26<Ua”> ] . +er< 2e U
2 N2l s r 2
1 (U o J2e 1 U\ |y — ity \/TUa _
xexp| —|—) —letf {—/ —exp|——|— — +erf| / —— Ta,
2e \U! b1 2¢ \U} Ta 2¢ U}
oy (el e Loy ]m—m T dl
'y = €x — =) - —/—exp|—=| — —— Ta,
° P 2e \U! T P 2e \U} Ta 2¢ U} ¢
(9% [2€ 1 (U |ay—a o \1\
vtr=u*, U'=U"——2_ f - /= (=) | el [ e U,
b b yn +€<e { n eXp[ 2e<U;> } P R Uy a
[2¢ 1 (Ur\? | — @ [1uUr
Ul =+ 2eert ' — [ ——— L terf( ) —2 ) tUn B13
b “ { b4 exp|: 26<U“> :| Ta e 2¢ U} a (B13)

The limit 7, — oo results in UY ~ U}, Uy ~ Uy, and U = U, as stated in Sec. III. Also, the limit € — 0 of Eq. (B13),

evaluated at the first nontrivial order and under the assumption of U = U? = 1/+/2 and U} = 0 leads to Eq. (10).

After interacting with the GW, the particle continues to move through the Minkowski spacetime R}, at a constant velocity.
At any u = i1, > iip and before crossing the center at » = 0, the particle will be found in (u, v, , ¢) = (i, U, 7, 0) with four-
velocity U = U9, + U9, + U9, given by

D _I-)_U_f:,: _|_U_:(,; — i) — Us 2M+ € el Ta (i — ity)
c —Va Ua'fa U c a U;’ B ) ?p b a

a

N . r
+«/Zerf"{—\/§exp [—i(g—}) i|ub - ta —i—erf(\/gg—})}
1 (U . 2¢ 1 (U |y — it 1 U/ il
X exp Z(UT;‘) —(erf {—\/;exp[—Z(U—;>:| - —I—erf(\/;U—:)]) Fa
- 2¢ 1 (U | — i ro\\
—i—e(erf {—\/;exp |:_Z<U_f>:| - —l—erf(\/;U—;)]) (it — i),
Fo = exp %(%)2 - (erf‘1 {—\/izexp [—%(5—;)2};

T t. a
Uy [2¢ 1o\ ay — i o \\
U* :Uu, U’ =U' — a Fl _ == | Za a £ + Ya Uu,
¢ : ¢ to2u +6(er { n CXP[ 26<Ua”> } Fa el ae Uy :
[2¢ 1 (U N\ |y — ity [1ur
U = 2eerf H{— /= ——(= fl./ ——=2 | U™ Bl14
¢ et { T exp|: 2E<U”> i| Fa e ( 2e¢ U}t a (B14)
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APPENDIX C: SEQUENCE OF PULSES

In this section, we consider a sequence of pulses, each with a fixed duration 7, produced at a repetition rate fp. The jth pulse
is confined within u € [—Zo/ﬁ +(j — l)c/ﬁﬁep, —Zo/ﬁ +(j— l)c/ﬁfmp + C‘L’/\/E], where 7y denotes the position of
the first pulse at time t = 0. We study the motion of a particle initially at rest and subsequently influenced by the sequence of
pulses. At r = 0, the particle interacts with the gravitational field of the first pulse. It is assumed that, during the observation
period, the particle neither enters the pulses nor crosses the center » = 0. Its trajectory is determined by applying the results from
Appendix B 2 to each spacetime region defined by u € [—Zo/v/2 + (j — l)c/\/ifrep, —Z0/N2 + jc/ﬁfrep], and by patching the
solutions across the boundaries at u = —2y/~/2 + jc/v/2 Srep-

The trajectory of the particle is described by using the sequences (—Zo/~/2 4+ jc/v/2. Srep> V5, 7j,0) and U; =
U}, U;,U;,0), indicating the position and the four-velocity at the beginning of the passage of the (j+ 1)th GW in
terms of the Minkowski coordinates (u, v, r, ¢). The recursive formula defining (v;, 7;, U ;‘, U }’, U j’ ) can be obtained by
replacing e > [=20 + je/ fiep) /N2ty = [=20 + (j = 1)¢/ frop + €T)/N/2 1y > [=Z0 + (j = 1)/ frepl/V/2, Ve > 0. Fe >
Fp Ul > U US> U Ul > UG 0y > 0y, Fa > T, U > UL, UY = UL U > U into Eq. (B14). The result-
ing equations explicitly read

2
vj =10 Uit + 1 ¢ Uh 1 (C + ) Ui, +ECT|:1 ) <7j—1>:|
Vi =Vj—] — ——Fj— - | — 4T Z _In
i =Vj-1 UL, -l V2 frep Uy 242\ frep U, V212 7y
2
1 (U, 1 U,
Veert ! - [ £ T _ ol [ LY
+ ~2eer e exp 26 \Ur, +er 2T,

[ 2 2 2
1 (U 1 (UL 1 U
xexp | —[ - L [ P E_C—Texp —— == +erf( ) — L Fi
2¢ \U.L, T Fi—1 2¢ \U, 2¢ Ut

2 B 2 2
1 (UL 1 (U 1 Uj_
Fi=exp | — 1) I S B i_c—rexp I Terf( ] — 27! R
2¢ \U}, T Fjo 2¢ \U}, 2e U,

_ -
€ cT 1 (U, 1 U, c
cerf 'y — [———exp| ——| -2 erf( / ——2 —ct ),
e xr P T2 (U?‘ ) * ( S N A

j—1

2 2 .
() € ct 1 (UL 1 U
j—1 —1 j—1 Jj—1 u
L=y, : v +eleff'{—/——exp| —=— +erfl [/ — Uiy,
A TS xF P 26<UJ'-‘1> < 2€ U;‘l) i

2
€ cT 1 (U, 1 U,
Ul =v2eerf ' { - | = — -—(- fl /5= Uy Cl
J et T Fiog xp 26<U;‘1> +er( 2¢ UL, i1 €D

The initial conditions are imposed by assuming vy = Zo/ﬁ, Uy = 1/ﬁ, UY = 1/«/5, Ug =0, and by choosing the initial
position through 7y and 7.

Equation (C1) cannot be solved explicitly, unless we consider the weak gravity approximation (¢ < 1). To obtain such a
result, we expand each variable as

;=0 +e€vj1 + O(e),

Fj = Fjo+€Fji+ O0(€),

Uj' = Uy + €Uy + 0,

Ul =U}y+ €U} + €U, + 0(),

U = Ul + €U, + O(eM). (€2
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The initial conditions are

- 20 - - - -
o0 = 7 vo,1 =0, Foo="ro, Fo1=0,
1 u v 1 v
Uoo—ﬁ’ Up1 =0, Uo,ozﬁ’ Up1 =0,
Uy, =0, Uso=0, Uy, =0. (C3)
By imposing the ansatz U}, = 0 and by plugging Eq. (C2) into Eq. (C1), we obtain the recursive formula
1 U? 1,0 €
Vjo="Vj—10+ —= [ L f
-1,0 o
11 P 1 | U? v, Ul
T)j,l:l_)j1,1__|:—+1H<rj_1’0>i| — j LU S 21Y0 c )
V212 7 V2| Ulio  (U,)" | Je
Fio =Tj-10
L L 1 ¢ U, +1<czr czr> 1
Tl =Tj-1,1 P B - >
g o \/_frep 2\ 2 fep/Fjm10
Ujo=Uilioo Ui =Uilis Ujo=UiLio. Uiy =UiLs,
Ulio ct U1\ et
U, =U? Ut - L= ,
2 ”’2+( 4 T V2 )fj—l,o
Ul g ct
roo_ roo__grr j—1,0
Uo=0 U=Urnu=~7F 70 (C4)
The solution of Eq. (C4) with initial conditions given by Eq. (C3) is
_ 2 Jj ¢
V0 + — s
TV V2 fe
_ 1 L1 Fo
U1 = —+In(—)|cT,
il V212 7
s i jG+D
7,0 =170, j 1 = 4 Fo 4 fof;-ep’
u 1 u v 1 v
0=z Un =0 Ye=7m Un=0
2 2.2 ;
Jo T ject
v , — 0’ o= s C5
2T 42 R 70 2R )

This proves Egs. (11) and (12).
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