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Controllable operations of edge states in cross-one-dimensional topological chains
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Topological edge states have recently attracted intense interest due to their robustness in the presence of
disorder and defects. However, most approaches for manipulating such states require global modulations of
the system’s Hamiltonian. In this work, we develop a method to control edge states using local interactions
of a four-node junction between cross-one-dimensional topological atomic chains. These junction interactions
can give rise to tunable couplings between the hybridized edge states within different geometric symmetries,
allowing us to implement robust quantum state transfer and SWAP gate between the two topological chains
via a double-quench protocol. Moreover, when the atoms in chains are precisely positioned and coupled to
waveguides, the correlated decay caused by the environment enables the symmetric edge states to present
subradiant dynamics and thus show extremely long coherence time. These findings open up possibilities for
future quantum technologies with topological edge states.

DOI: 10.1103/ylrq-98wl

As a fundamental element in topological materials, the
edge states predicted by the bulk-boundary correspondence
emerge at the interface where the topological invariant
changes [1,2]. One of the most significant features of topolog-
ical systems is their robustness against disorder and defects
[3–5], which leads to topologically protected energy and in-
formation flow [6–8]. In addition, the zero-energy edge states
[9] in the one-dimensional (1D) topological system with chiral
Hamiltonian can separate from bulk states with large band
gaps [10,11]. These unique advantages show great potential
in realizing robust quantum state transfer with 1D lattices
[12–18], as well as performing topological quantum compu-
tation in superconducting wire networks [19–21], where the
unpaired Majorana zero modes are encoded as qubits. Thus,
achieving the quantum control of such topological edge states
has become a critical issue.

The transfer and operations of multiple protected edge
states are vital in robust quantum computation and large-
scale quantum information processing. Previous works have
developed techniques based on adiabatic protocols to drive
single edge state [15–18,22–24], in which the operation time
is generally limited by the adiabatic theorem without acceler-
ated strategies [17]. The topological charge pump, introduced
by Thouless [25], can give rise to a quantized transport of
particles in each cyclic evolution [26,27]. In recent studies,
nonquantized topological pumping is exploited to transfer

*Contact author: xiangzliang@mail.sysu.edu.cn

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

the edge states [28,29], and experimental realizations have
been reported in a variety of platforms, including photonics
[30–33], elastic lattices [34], magneto- and electromechanical
systems [35,36], and acoustic structures [37–39]. However,
due to the topological robustness, these approaches demand
simultaneous modulations of system parameters to drive the
edge states, and they are incapable of building multiqubit
operations with edge states. On the other hand, the quantum
gates based on braiding in topological chains also require
adiabatic moving of domain walls [40,41]. However, these
adiabatic operations are not robust to nonadiabatic effects and
can lead to decoherence effects [42,43]. Thus, it is still chal-
lenging to implement direct quantum control of topological
edge states with few-body interactions and through coherent
evolution. All of these give rise to the following question: Can
one build tunable interactions between edge states to imple-
ment such transport and quantum gates through dynamical
evolution?

In this Letter, we present a concise approach to control
the topological edge states with few-body local interactions,
where we leverage the interactions within a four-node junction
formed by two intersecting topological chains of two-level
atoms, to implement direct manipulations of edge states. In
the topologically nontrivial phase, the paired zero-energy edge
states [10,44] emerge at four edges of the system and are
effectively controlled by the local junction interactions. When
we encode the four edge states as two-qubit states, we find
that the D4 and D2 geometric symmetries of the system
can contribute to different qubit-qubit interactions, enabling
us to implement the robust state transfer and a topological
SWAP gate via the coherent evolution. Edge-state operations
are implemented via a double-quench protocol consisting of
preparation, interaction-on, and interaction-off stages. More-
over, we study the dissipative dynamics of the edge states
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FIG. 1. (a) Schematic of the compound topological system. Two
identical atomic chains with bipartite lattice have staggered hopping
amplitudes J1 and J2, respectively, and there are tunable interchain
hoppings Ki at the central node. Each chain is coupled to an individ-
ual waveguide. (b) Eigenenergies of the model (with an ωa frequency
shift) and the zero-energy manifold composed of the hybridized edge
states in the single-excitation subspace. The interactions between
edge states are mediated by tunable central network couplings Ki.

when the atoms in each topological chain are precisely posi-
tioned and coupled to 1D electromagnetic environment, which
leads to the topologically protected super/subradiance of edge
states. This allows us to generate and transfer remote entangle-
ment between edge atoms. Our proposal provides a means of
manipulating edge states via local interactions and paves the
way for robust qubit operations as well as long-time storage.

Model. We consider a topological system as depicted in
Fig. 1(a), where two identical topological chains cross at their
mutual center. Each chain consists of 2N identical two-level
atoms to form a Su-Schrieffer-Heeger (SSH) model [45]; i.e.,
the atoms are located in two sets of sublattices with alter-
nated hopping rates. In addition, each chain couples to a
waveguide in order to induce nonlocal dissipative couplings
between atoms. Such a configuration can be realized with
artificial atomic systems, such as superconducting circuits
[46,47]. The Hamiltonian of atomic chains reads Htot = H0 +
HXSSH + HI , where H0 = ∑

l=1,2

∑
i ωaσ

+
l,iσ

−
l,i denotes the

bare Hamiltonian with the transition frequency ωa. HXSSH de-
scribes the two chains with no interchain hopping as HXSSH =∑

l=1,2

∑
i(J1σ

+
l,iAσ−

l,iB + J2σ
+
l,i+1Aσ−

l,iB + H.c.), where l is the

chain’s index, and σ
+(−)
l,iA and σ

+(−)
l,iB are the raising (lowering)

operators for atoms in the corresponding sublattices A and B
of the ith unit cell. The staggered nearest-neighbor hopping
amplitudes J1 and J2 represent the inter- and intracell hop-
pings, respectively. The crossed SSH chains are protected by
chiral symmetry, placing the Hamiltonian HXSSH in the BDI
symmetry class [48]. Therefore, they show robustness against
disorder in nearest-neighbor hopping. In the single-excitation
subspace, when J1 < J2, the paired edge states emerge at the

two ends of each finite-sized SSH chain, which hybridize from
|ψL〉 and |ψR〉 into the symmetric (|ψS〉) and antisymmetric
(|ψA〉) edge states, with energies [44]

εS = −εA = (−1)N+1 J2 sinh λ

sinh(N + 1)λ
, (1)

where λ is given by sinh (Nλ)/ sinh [(N + 1)λ] = J1/J2. In
the inset of Fig. 1(a), we show the configuration of the central
four-node junction. The atomic emitters are coupled through
tunable couplers, which contribute to the interactions between
the two topological chains,

HI = (
K1σ

+
1,s + K2σ

+
1,s+1

)
σ−

2,s + H.c.

+ (
K3σ

+
1,s + K4σ

+
1,s+1

)
σ−

2,s+1 + H.c., (2)

where s and s + 1 are the location index of central atoms.
Without loss of generality [47], the cell number N is as-
sumed to be odd and thus s = {(N + 1)/2, A}, s + 1 = {(N +
1)/2, B}. The interaction contains edge-edge couplings, of-
fering transition channels between these edge states, as
illustrated in Fig. 1(b), whereas the bulk-edge transition is
suppressed due to the large band gap �gap between the edge
and bulk states [11]. Additionally, this gap also protects the
edge states from thermal noise below a critical temperature
[49–51], allowing us to focus on the dynamics within the
zero-energy manifold of edge states. When the interaction is
switched on (first quench), the edge states lose their topologi-
cal protection since HI breaks the chiral symmetry. However,
we consider HI as a perturbation with ||HI || � �gap so that
edge states are long-lived and have negligible leakage into
bulk states on short timescales. After a free-evolving process
to perform edge-state operations, we switch off the interaction
(second quench), restoring the protection.

Edge-state transfer via local junction interactions. First we
consider the simplest case where all the local junction interac-
tions are identical, i.e., Ki = K . The system now possesses a
D4 geometric symmetry, with each chain exhibiting inversion
symmetry [47], leading to degenerate subspaces of odd-parity
eigenstates |ψl,2n−1〉, with n = 1, . . . , N . Here, |ψl,n〉 denotes
the nth eigenstate of SSH chain in ascending order of en-
ergy. Consequently, the symmetric edge states |ψ1S〉, |ψ2S〉
become coupled modes owing to their even parity, as shown in
Fig. 2(a). In contrast, the antisymmetric states |ψ1A〉, |ψ2A〉 are
uncoupled modes. Using the perturbation theory, we obtain
the effective interaction Hamiltonian [47]

H id
eff = H̃0 + g(|ψ1S〉〈ψ2S| + H.c.), (3)

where H̃0 = ∑
l=1,2 εS (|ψlS〉〈ψlS| − |ψlA〉〈ψlA|) is the unper-

turbed Hamiltonian, with the coupling strength

g = 2Kη2, η = sinh[(N + 1)λ/2]√
2

∑
i sinh2[(N + 1 − i)λ]

. (4)

The transition between symmetric edge states results in
an oscillation in their subspace, manifesting an edge-
state transfer from one chain to another in the coherent
evolution. As shown in Fig. 2(b), this leads to the for-
mation of bright and dark interaction channels, where we
map the edge states {|ψ1S〉, |ψ1A〉, |ψ2A〉, |ψ2S〉} as qubit
states {|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉}. In Fig. 2(e), we show an
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FIG. 2. Junction-induced tunable interactions between edge
states with different geometries. Real-space wave functions of the
edge states in panels (a) and (c) correspond to D4 and D2 symmetries,
respectively. Panels (b) and (d) show the schematic illustration of
tunable spin-exchange interactions between hybridized edge states.
The dark channel opens when the system breaks into D2 symmetry
from D4 symmetry. Here, we choose the parameters as J1 = 0.4J2,
with N = 5 for each chain. The junction interactions are Ki = 0.07J2

in panel (a) and K1 = K3 = 0.07J2, K2 = K4 = 0.05J2 in panel (c),
respectively. (e) Schematic of the edge-state transfer in a coherent
evolution, with Tt = π/2g.

edge-state transfer between different chains with the initial
state |ψ (0)〉 = |ψ1S〉.

For a less symmetric configuration, with K1 = K4 = K+
and K2 = K3 = K− (K+ > K−), the system retains a D2 resid-
ual symmetry. The effective Hamiltonian in the zero-energy
manifold reads

H rot
eff = H̃0 + gS|ψ1S〉〈ψ2S| + gA|ψ1A〉〈ψ2A| + H.c., (5)

where gS = η2(K+ + K−), gA = η2(K+ − K−). Figure 2(c)
shows that the edge states are shared by two chains
and distribute uniformly at the four edges. The edge
states are now denoted by |ψ+

S 〉 = (1, 1, 1, 1)T/2,
|ψ−

S 〉 = (1, 1,−1,−1)T/2 and |ψ+
A 〉 = (1,−1, 1,−1)T/2,

|ψ−
A 〉 = (1,−1,−1, 1)T/2 in terms of the basis

{|ψ1L〉, |ψ1R〉, |ψ2L〉, |ψ2R〉}. In this configuration, the junction
interactions provide an additional interaction channel for the
two-qubit exchange process through antisymmetric edge
states, as shown in Fig. 2(d). These two interaction channels
correspond to two uncoupled qubit-exchange processes. One
can control the switching on/off of the interaction channels
and their strength by adjusting junction interactions Ki. In a
more general case with broken D2 symmetry, more interaction
channels become accessible [47].

Transitions and quantum gates. Having a platform
with tunable interactions between four edge states, we
investigate its effective model in the picture of two
spin qubits. The effective model in the D2 symmetric
scenario has a form of anisotropic Heisenberg Hamil-
tonian H rot

eff = εSσ
z
1 ⊗ σ z

2 + uσ x
1 ⊗ σ x

2 − vσ
y
1 ⊗ σ

y
2 , where

u = η2K+, v = η2K−. In the case with D4 symmetry, it
reduces to u = v, indicating that the single-spin-flipping
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FIG. 3. (a) The gate fidelity of different initial states. The initial
states are ψS2, ψA2, (ψS2 + ψA2)/

√
2 (blue dashed line), respectively.

The solid black line denotes average fidelity F̄ . (b) The high-fidelity
regions with tunable junction interactions Ki. (c) Tunable gate time
by modifying junction interactions with different values of J2. Here,
we set K+ = 3K−, and J1 is the optimal value to achieve the highest
fidelity. (d) The gate fidelity as a function of the disorder strength δ.
The solid lines correspond to the results averaged over 103 disorder
instances with (red) and without (yellow) the modulation of K±,
where the shaded area indicates a standard deviation for the yellow
line (the fluctuation of the red line is less than 0.01). Here, we take
K0

± at k = 2 regime, J1 = 0.51J2, J2 = 20 [except in panel (c)], and
N = 5.

process |↑↓〉〈↓↑| vanishes. When u 	= v, the edge
states oscillate in two decoupled subspaces � : {|↑↑〉,
|↓↓〉} and � : {|↑↓〉, |↓↑〉}, respectively. We analyze the
coherent dynamics of this effective Hamiltonian to illustrate
the operation of edge-state qubits, specifically focusing on
the SWAP gate [52]. The time evolution of an arbitrary state is
given by

ψ (t ) = 1

2

⎛
⎜⎜⎜⎜⎝
R+

� 0 0 R−
�

0 R+
� R−

� 0

0 R−
� R+

� 0

R−
� 0 0 R+

�

⎞
⎟⎟⎟⎟⎠ψ (0), (6)

where R±
� = U +

S ± U −
S and R±

� = U +
A ± U −

A are the matrix
elements of different subspaces. The rotating vectors U ±

ν (t ) =
e−iE±

ν t/h̄(ν = S, A) contribute to oscillations of different com-
ponents, with energies given by E±

S = εS ± (u + v) and E±
A =

−εS ± (u − v). By mapping the matrix elements in Eq. (6)
such that R+

� = R−
� = 2 and R−

� = R+
� = 0, we find that the

unitary evolution for edge-state qubits becomes a SWAP gate
at the time

TSWAP = 2nπ

2(u + v)
= mπ

2(u − v)
= 2kπ

2(εS + v)
, (7)

where n, m, k ∈ Z. This can be achieved by simply tuning the
junction interactions in terms of εS . As verified by numeri-
cal simulations in Fig. 3(a), the SWAP gate is implemented
by initializing different states, achieving a gate fidelity of
F̄ > 0.999 after a complete time cycle of TSWAP. The aver-
age fidelity is denoted by F̄ = ∫

dψqTr{|ψq〉〈ψq|ρ(t )}, where
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ψq is the target state. The result is obtained using the total
Hamiltonian Htot , which shows good consistency with our
analysis based on the effective Hamiltonian H rot

eff . The high
fidelity also proves that the edge states barely leak into the
bulk during the operation time. Equation (7) determines the
sweet point of the junction interactions (K0

−, K0
+), with K0

+ =
3K0

−, εS = 2η2(4k − 1)K0
−. In Fig. 3(b), the high-fidelity re-

gions are separated by different k values, and the diagram
reveals the rotationally symmetric structure by exchanging
K+ ↔ K−. The gate time can also be tuned by modifying the
junction interactions K±, as depicted in Fig. 3(c), which scales
as TSWAP ∼ K−N

+ for K+ and the fidelity maintains F̄ > 0.99
within a certain range of K+ [47]. Although the edge states
are robust to imperfections of Ji (off-diagonal disorder), the
quantum gate operations and state transfer are still subject to
this disorder since it changes the energy of edge states [14,16]
and can result in the breakdown of condition [Eq. (7)]. In our
model, the energies of edge states are also related to the junc-
tion interactions. Thus, by tuning the junction interactions,
we can reconstruct the SWAP gate in Eq. (6) in the presence
of the off-diagonal disorder [47]. In Fig. 3(d), we demon-
strate the gate fidelity with and without the modulation of K±
as a function of the disorder strength δ, where Ji = Ji + δi

and the disorder δi ∈ [−δ, δ] is in uniform distribution. The
tunable junction interactions significantly reduce the devia-
tion and fluctuation of the fidelity, and it shows a plateau
(F̄ > 0.99) even when the disorder is larger than the junction
interaction K0

−.
Parity-associated super/subradiance and remote entangle-

ment. In practice, quantum systems are inevitably affected by
their environment, and a nonunitary evolution can character-
ize this process. To make edge-state operations reliable, the
dissipative dynamics should be analyzed. Here, we utilize a
1D waveguide to confine the radiative emission from atoms.
With this waveguide bath, the collective radiation can sup-
press the decay of hybridized edge states [53–55]. As shown
in Fig. 1(a), each atomic chain couples to an independent
waveguide, which induces the dissipative couplings and gives
rise to the correlated two-body dissipative dynamics [56–59],

ρ̇(t ) = − i

h̄
[H0 + Hnl, ρ(t )] + Lρ, (8)

where Hnl = ∑
l=1,2

∑
i, j h̄gi j (σ+

l,iσ
−
l, j + σ−

l,iσ
+
l, j ) denotes the

nonlocal interaction induced by the exchanging of virtual
photons, and the Lindblad superoperator [60–66]

Lρ =
∑
l=1,2

2N∑
i, j=1

γi j

(
σ−

li ρσ+
l j − 1

2
σ+

li σ−
l j ρ − 1

2
ρσ+

li σ−
l j

)
(9)

shows the correlated decay of the system. The nonlocal
interaction and correlated decay are analytically given by
[47] gi j = γ0 sin(2πdi j/λa)/2 and γi j = γ0 cos (2πdi j/λa),
respectively, where γ0 is the spontaneous emission rate to the
waveguide bath. The two-body interaction gi j and decay γi j

oscillate with the distance between atoms di j , scaled by the
characteristic wavelength λa = 2πc/ωa. We assume that the
hopping rate Ji is much larger than the atom-field coupling,
and thus the interaction term plays a role of disorder. Each
atomic chain is carefully designed with bulk atoms spaced by
λa/2, while edge atoms are separated from the bulk atoms by
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FIG. 4. (a) Schematic of a structured atomic chain coupled to a
1D waveguide. (b) Effective decay rates for hybridized edge states.
The inset shows their parity (dashed lines) and decay rates in the
presence of disorder. (c) Entanglement of the edge atoms and IPR of
edge states. The inset shows their asymptotic limit with N for J1/J2 =
0.3 (blue), 0.4 (orange), 0.5 (yellow), and 0.6 (purple), respectively.
(d) Generation and transfer of the remote entanglement. The solid
line indicates the population of Bell states in a single SSH chain,
where the red points correspond to concurrence C0 = 0, Cmax = 0.49.
The dashed line shows the transfer of Bell state between two topo-
logical chains. Here, J1 = 0.25J2, γ0 = 0.035J2, Ki = 0.15J2, and
N = 5 (3) for the solid (dashed) lines, respectively.

λa/4, as shown in Fig. 4(a). In this case, the dissipative dy-
namics of edge atoms decouples from bulk atoms, leading to
parity-associated super/subradiant states. The non-Hermitian
Hamiltonian in the single-excitation subspace can be written
as

Hnh = HSSH − i�E ,−|�E ,−〉〈�E ,−| − i�B|�B〉〈�B|, (10)

where |�E ,−〉 and |�B〉 denote the antisymmetric dissipative
eigenmodes for the edge and bulk atoms, respectively, with
decay rates �E ,− = 2γ0 and �B = (2N − 2)γ0. The effective
decay rates of the hybridized edge states are given by

γA/S = �E ,−|〈�E ,−|ψA/S〉|2 + �B|〈�B|ψA/S〉|2, (11)

with γS = 0, γA 
 2γ0. We investigate the edge-state dynam-
ics by numerically solving the master equation in Eq. (9).
As shown in Fig. 4(b), the edge states with odd/even
parity exhibit super/subradiance [67–70], where pψ (t ) =
Tr(ρ|ψ〉〈ψ |). Moreover, in the inset of Fig. 4(b), we demon-
strate the topological stability of the super/subradiance when
considering the disorder. The parity function is defined
as P (ψ ) = ∑N

j=1 |〈ψ |σ+
j |G〉 + 〈ψ |σ+

2N+1− j |G〉|2 − 1, where
|G〉 = ⊗2N

j=1|g j〉 and |g j〉 denotes the ground state of jth atom.
Although the disorder breaks the inversion symmetry, the
parity shows robustness since the edge states are protected by
chiral symmetry of the SSH chain.

The similarity between highly localized edge states and
Bell states |�±〉 = (|e1g2N 〉 ± |g1e2N 〉)/

√
2 enables the gen-

eration of remote entangled states, where |e j〉 is the excited
state of jth atom. By tracing out the bulk atoms, we in-
vestigate the concurrence C of the reduced density matrix
ρedge of edge states. Figure 4(c) displays the concurrence and
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the inverse participation ratio (IPR) of two edge atoms as
functions of J1/J2, where the IPR measures the localization of
wave functions, denoted by IPR(ψ ) = ∑

i |ψ (ri)|4 = ∑
i p2

i ,
with pi being the probability at ith site. As the cell num-
ber N increases, they exhibit asymptotic independence [47].
To prepare a remote entangled state, one can first excite an
edge atom using a pump field, as depicted in Fig. 4(a). The
entangled state |�−〉 then decays rapidly, while |�+〉 shows
slight oscillations with other nonradiative states with a mean
concurrence C̄ 
 0.5|〈ψS|�+〉|4, as shown in Fig. 4(d). Since
the remote entanglement is attached to the symmetric edge
state, it inherits the topological protection and is insensitive
to the atomic dissipation. Further, assisted with the junction
interactions, in Fig. 4(d) we demonstrate the robust entangle-
ment transfer between two chains.

Conclusion. In summary, we have proposed a topologi-
cal system for studying controllable interactions via a local
junction. The dynamics is constrained in the zero-energy
manifold, providing two interacting subspaces for transitions

of edge states. By tuning the junction interactions with D4

and D2 geometric symmetries, we find different interaction
channels between edge states. According to the theory, we
implement the robust quantum state transfer and SWAP gate for
the topological system, which suggests the excellent approx-
imation from total Hamiltonian to the effective spin model.
In addition to coherent dynamics, this system could support
edge states that are insensitive to environmental dissipation,
thus protecting them from both disorder and decoherence. Our
work paves the way toward controlling topological edge states
with few-body local interactions in a coherent evolution.
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