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Spontaneous breaking of a continuous symmetry at a nonconformal quantum critical
point in one dimension
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In this work, we present numerical evidence for the spontaneous breaking of a continuous U (1) symmetry in a
nearest-neighbor interacting spin-1 chain at a quantum critical point separating two XY quasi-long-range ordered
phases distinguished by a spontaneously broken Z2 symmetry. Remarkably, the continuous symmetry breaking
emerges precisely at the critical point of the discrete order parameter, suggesting a mechanism beyond currently
established scenarios. At criticality, the XY correlations develop true long-range order, accompanied by a finite
perpendicular magnetization, a zero-frequency Bragg peak in the transverse dynamical structure factor, and
sharp gapless collective excitations. From complementary static and dynamical observables, we quantitatively
determine the critical exponents, obtaining a dynamical exponent z = 1.50 ± 0.04 and an anomalous dimension
η = 1.04 ± 0.03. Remarkably, the value of z coincides with the one-dimensional Kardar-Parisi-Zhang exponent
despite the system being an equilibrium quantum many-body system. We further show that the noninteracting
continuum limit is equivalent to the recently introduced transverse quantum fluid, displaying their off-diagonal
long-ranged order in one dimension. Complementing the numerical study, we derive the renormalization-group
flow equations of the continuum theory to second order in the ε expansion. We identify an interacting fixed
point whose critical behavior differs from the Ising universality class already at two-loop order, although the
perturbative exponents remain far from the numerical values.
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I. INTRODUCTION

The Hohenberg-Mermin-Wagner (HMW) theorem [1,2]
excludes the spontaneous breaking of a continuous symmetry
in systems of two or fewer spatial dimensions under specific
assumptions: The system is at equilibrium, and has a finite
temperature and sufficiently short-ranged interactions. In con-
trast, it has been shown that order can be stabilized in low
dimensions, if one of these conditions is not met, for instance
with long-ranged interactions [3–6] or in nonequilibrium sys-
tems [7–12].

The HMW theorem is commonly derived using Bogoli-
ubov inequalities. At zero temperature, the corresponding
Bogoliubov inequality constrains the order parameter in terms
of the infrared excitation energy [13–15]. While Coleman’s
theorem [16] excludes spontaneous breaking of continuous
symmetries in one-dimensional relativistic quantum field the-
ories, sufficiently soft infrared dispersions can evade this
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restriction: A paradigmatic example of such a spontaneous
symmetry breaking (SSB) in a nonrelativistic system is given
by the SO(3)-symmetric Heisenberg ferromagnet [17–20]. A
generalization to models that are not order-parameter con-
serving was given in Ref. [15] by so-called frustration-free
models, whose ground states simultaneously minimize ev-
ery local term in the Hamiltonian. The authors conjecture
that translation-invariant, gapless, frustration-free Hamiltoni-
ans generically possess sufficiently soft infrared modes to
permit the spontaneous breaking of continuous symmetries in
one dimension.

Following this line of thought, an important open question
is whether frustration-freeness is an essential ingredient for
realizing continuous symmetry breaking in one dimension.
Recently, Ref. [21] proposed a nearest-neighbor interacting
spin-1 chain that is not frustration free. The model possesses
a global U (1) � Z2 symmetry and, based on a coherent-
spin continuum theory together with mean-field and one-loop
renormalization-group analyses, was argued to exhibit spon-
taneous breaking of the continuous symmetry at a quantum
critical point.

At the Gaussian level, the resulting continuum theory is
closely related to the recently introduced transverse quantum
fluid (TQF) [22] as we discuss in the end matter. TQFs con-
stitute a new class of quasi-one-dimensional superfluids with
effectively divergent compressibility, quadratic low-energy
dispersion, and true off-diagonal long-range order at zero
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temperature. Equivalently, after a duality transformation, the
Gaussian theory can be viewed as a one-dimensional realiza-
tion of quantum Lifshitz physics [23–26], familiar from the
critical theories of two-dimensional quantum dimer models
[27–29]. These theories share a quadratic dispersion and dy-
namical critical exponent z = 2, the key ingredient underlying
the softened infrared fluctuations.

In this work, we investigate the spin-1 model of Ref. [21]
using a combination of nonperturbative large-scale matrix-
product-state calculations and perturbative renormalization-
group methods. We first introduce the lattice model and its
continuum field theory. We then provide numerical evidence
for XY long-range order and spontaneous breaking of the
continuous U (1) symmetry, and quantitatively determine the
associated critical exponents from complementary static and
dynamical observables. Complementing the numerical anal-
ysis, we derive the renormalization-group flow equations to
second order in the ε expansion. We identify the interacting
fixed point, compute its critical exponents, and demonstrate
that its two-loop critical behavior differs from the Ising univer-
sality class. We conclude with a discussion of the implications
of our results and possible future directions.

II. MODEL

Following the model proposed in Ref. [21], we will study
the spin-1 Hamiltonian

H =
L∑

i=1

(− JSi · Si+1 + g1
(
Sz

i

)2 + g2
(
Sz

i Sz
i+1

)2)
, (1)

where Si are the spin-1 operators at site i of a periodic chain
of length L and we will fix through out this work the values
J = 1, g2 = 1. The first term is a ferromagnetic Heisenberg
exchange interaction; the second and last terms represent
easy-plane single-ion and double-ion anisotropy, respectively.
This model has several global symmetries. First, there is an
O(2) symmetry that is generated by rotations around the z axis
and z-axis spin flips. Clearly, the Heisenberg term satisfies this
symmetry. The remaining terms only have a z component of
the spin, thus are unchanged under the U (1) normal subgroup
and can at most change by a sign belonging to the Z2 subgroup
in O(2) = U (1) � Z2. It is the transition from an SSB phase
to an unbroken state of the Z2 subgroup that we will focus
on in the following. Crucially, as we will see, the system on
both sides of the transition is also in a quasi-long-range or-
dered (QLRO) XY phase. In the following section, we provide
numerical evidence for an additional breaking of the U (1)
symmetry at the Z2 transition point. As has been argued in
the introduction at zero temperature and for a nonrelativistic
theory, this is contradicting neither the HMW theorem, nor
Coleman’s theorem.

III. STATIC OBSERVABLES

We use the the infinite density matrix renormalization
group (iDMRG) algorithm [30,31], performed with the TeNPy
library [32,33], to first calculate the ground state of Eq. (1),
and then, using the time-evolving block decimation (TEBD)
algorithm [34–36] we evolve the state in time. In Sec. S1

(a) (b)

(c) (d)

FIG. 1. (a) Order parameter m2
z vs coupling g1 calculated in the

ground state of Eq. (1) using iDMRG. We vary the bond dimension χ

and perform a power-law fit at χ = 100, finding a critical exponent of
β = 0.30 ± 0.01 and the fixed point value gc = −0.826 ± 0.005. (b)
The perpendicular magnetization m⊥ shows a decreasing behavior
with increasing bond dimension, consistent with a QLRO of the XY
type. Nevertheless, at the critical point of (a) the magnetization stays
approximately constant. It becomes a local maximum as a function
of g1. (c) Entanglement entropy as a function of g1 across the critical
point gc calculated with iDMRG for different bond dimensions. (d)
Plot of the XY correlation function for the ground-state iMPS as a
function of site index i for g1 = gc. We observe that at large dis-
tances, the correlator behaves like a constant, i.e., the XY component
is LRO.

of the Supplemental Material, we give more details on the
tensor network methods and on working directly in the ther-
modynamic limit by using the infinite matrix product state
(iMPS). Let us look first at the z-magnetization density in
the ground state, defined as mz = 1

L

∑
i〈Sz

i 〉. We perform the
entanglement-scaling analysis in the Supplemental Material;
similar analysis were performed in Refs. [37–41]. We com-
pute this for increasing bond dimension χ as a function of
the parameter g1 as shown in Fig. 1(a). For parameter values
g1 less than approximately −0.82, we find mz �= 0 consistent
with a Z2 SSB phase. Additionally, the magnetization has
very similar values for different bond dimensions. In contrast,
for g1 bigger than −0.82, the magnetization has a very small
value close to zero mz, consistent with an unbroken Z2 phase.
We are interested in the value of the tuning parameter g1

for which the magnitude of the magnetization first goes to
zero. The value of the coupling gc can be deduced by per-
forming a fit of the order parameter mz to a power law. We
find for the bond dimension χ = 100 a value gc = −0.826 ±
0.005. The behavior of mz for g1 < gc is fitted to the critical
exponent β by

m2
z ∝ |g1 − gc|2β, β = 0.30 ± 0.01. (2)

As an additional consistency check of the critical scaling,
we analyze the equal-time connected longitudinal correla-
tor defined as 〈Sz

i Sz
0〉c = 〈Sz

i Sz
0〉 − 〈Sz

i 〉〈Sz
0〉. The full bond-

dimension dependence and fitting procedure are given in
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Sec. S2 of the Supplemental Material. At the critical point,
we find 〈

Sz
xSz

0

〉
c ∝ 1

|x|2�ψ
, �ψ = 0.76 ± 0.03. (3)

Here, �ψ is the scaling dimension of the lattice operator Sz,
represented by the field ψ in the continuum theory. Using the
quantum-critical scaling relation �ψ = d+z+η−2

2 , with d = 1
the spatial dimension, z the dynamical critical exponent, and
η the anomalous dimension. The mean field exponents of
Eq. (8) are given by z = 2, η = 0. We expect them to change
as we renormalize the theory. Indeed, this is in the two-loop
RG section. Here, we deduce the numerical relation z + η =
2.54 ± 0.03 consistent with the independent dynamical esti-
mates discussed below.

To diagnose the U (1) spontaneous symmetry breaking of
the model at the critical point. we measure the value of the per-
pendicular magnetization density squared m2

⊥ = 1
L

∑
i〈Sx

i 〉2 +
〈Sy

i 〉2. The order parameter is the one-point function m⊥
shown in Fig. 1(b) as a function of g1: If it is nonzero in
the thermodynamical limit, it implies spontaneous breaking
of the U (1) symmetry. It is worth mentioning that the iDMRG
method works directly in the thermodynamic limit; symmetry
breaking is thus allowed for our iMPS simulations. We ob-
serve that for both sides of the transition m⊥ �= 0, but as the
bond dimension is increased, the magnetization decreases. In
both cases, there is an increase in the entanglement entropy
and the correlation length (see Sec. S2 in the Supplemental
Material). Nevertheless, at gc we have the slowest growth.
These results are consistent with the ground states away from
the phase transition having no true LRO, only QLRO, and
m⊥ → 0 in the thermodynamic limit.

For the critical point g1 = gc, the situation is different. As
the bond dimension is increased, the squared magnetization
m2

⊥ converges to a nonzero value. Furthermore, the plateau
value of the XY correlations 〈Sx

i Sx
0 + Sy

i Sy
0〉 in Fig. 1(d) and

the magnetization at the critical point in Fig. 1(b) coincide.
Let us comment here on what these numerical results im-
ply regarding LRO and U (1) SSB. Within our iMPS ansatz,
which assumes translational invariance and up to the bond
dimensions we reach, a converged nonzero value of m2

⊥ =
〈Sx

i 〉2 + 〈Sy
i 〉2 implies U (1) SSB. We give the explicit proof in

Sec. S3 of the Supplemental Material for an iMPS. Addition-
ally, a plateau in the value of the XY correlations, in contrast
to the logarithmic decay away from g1 = gc, indicates LRO
up to the maximum separation presented in Fig. 1(d).

It is worth noting that the order parameter mz goes to
zero at the same point that the XY order parameter m⊥ has
a maximum. This is consistent with the intuition that the in-
creased fluctuations of the z component of the spin close to the
critical point imply reduced fluctuations for the perpendicular
components due to the fixed spin-length constraint and the
spin commutation relations.

IV. DYNAMICAL STRUCTURE FACTOR

To obtain the complete set of critical exponents and
further confirm the XY LRO, we must analyze the dynam-
ics of the system. We calculate two dynamical structure

factors

Szz(k, ω) =
∑

j

∫
dt ei(ωt−k j)

〈
Sz

j (t )Sz
0(0)

〉
, (4)

S⊥(k, ω) =
∑

j

∫
dt ei(ωt−k j)

〈
Sx

j (t )Sx
0(0) + Sy

j (t )Sy
0(0)

〉
. (5)

The first quantity details the dynamics of the z component
of the spin, while the second of the perpendicular com-
ponents; here, we used the lattice spacing a = 1. We are
interested in the universal regime of the low-frequency and
long-wavelength limit. This regime contains the critical prop-
erties of the quantum critical point. We plot the results at
the critical point g1 = gc in Fig. 2 for a system of L = 400
sites, χmax = 150 with 1200 time steps each with �t = 0.1.
We observe sharp modes in the spectrum of both Szz and S⊥.
These modes come down in energy and touch the ω = 0 point
at k = 0, consistent with a gapless critical point. The spectral
weight has a strong deltalike peak in S⊥, as seen in Fig. 2(b);
this peak is the Bragg peak consistent with U (1) SSB. We
further analyze the critical properties of the dynamical struc-
ture factor by extracting the maxima of the Szz(k, ω) spectral
values for small k and fitting the data to a power-law ω ∝ kz,
as seen in the inset of Fig. 2(b). The result is a dynamical
critical exponent of

z = 1.50 ± 0.04, η = 1.04 ± 0.03, (6)

where the previous numerical relation determines the anoma-
lous dimension. We explain details on the fits and error
estimates in the Supplemental Material. Remarkably, the nu-
merical value of the anomalous dimension, together with the
dynamical critical exponent, is consistent with the first renor-
malization condition found in the effective field theory. Note,
in particular, that the approximate value of z is also found for
the perpendicular dynamical structure factor. A further vali-
dation of the exponent η is obtained by fitting the correlator
in momentum space Szz(k, ω = 0), which is expected to scale
as k−2+η. The resulting value agrees within the errorbars with
that extracted from the static correlators, as is shown in the
Supplemental Material. It is worth mentioning that from our
numerical calculations, the streak in Szz(k = 0, ω) and S⊥(k =
0, ω) does not seem to be an artifact. Instead, a power-law
decay is observed Szz(k = 0, ω) ∝ 1/ωm, with m = 1.1 ± 0.1,
as detailed in Sec. S4 of the Supplemental Material.

V. FIELD-THEORETIC PREDICTION

In the continuum limit, under the assumption of a small
order parameter ψ close to the transition and keeping only
RG-marginal and relevant terms (see the Supplemental Mate-
rial), we map the partition function with the Hamiltonian of
Eq. (1) to a theory with the following Euclidean Lagrangian
(in imaginary time τ ):

L1 = iψ∂τ θ + J

2
[(∂xψ )2 + (∂xθ )2] + g1 ψ2 + g2 ψ4. (7)

where θ (x, τ ) ∈ [0, 2π ) is the azimuthal angle field of the
spin in the coherent state basis and ψ (x, τ ) is the field cor-
responding to the z component of the spin. The first term in
Eq. (8) is the Berry phase term, present in any spin system.
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FIG. 2. Dynamical spin structure factor as a function of frequency and momentum for the (a) perpendicular [Eq. (5)] and (b) parallel
spin components [Eq. (4)]. For the simulations, we use an MPS of bond dimension χ = 150, extent L = 400; the time evolution is done for
�t = 0.1 and 1200 time steps. A Gaussian window function with σ = 0.2 is applied to the time data. We extract the maxima of Szz and
perform a log-log fit of the data as a function of frequency and momentum for long wavelengths, shown in the inset of panel (b). We find the
relation ω ∝ kz, with z = 1.50 ± 0.04.

The imaginary time is defined in the interval τ ∈ (0, β], with
β = 1/T , T the temperature, which we take to be zero in the
following. The origin of this term relies on the quantization
of the spin, here S = 1. The Berry phase term is of topolog-
ical origin and allows the theory to differ from usual O(2)
statistical models. Importantly, the coefficient of the term will
not renormalize, and the RG equations will depend strongly
on this. Additionally, the first term tells us that θ and ψ are
conjugate variables. Furthermore, θ field is gapless while the
ψ field has a mass g1 and a ψ4 interaction parametrized by
the coupling g2.

VI. DIMENSIONAL REGULARIZATION
AND WARD IDENTITIES

We perform a perturbative renormalization and a simul-
taneous expansion about the upper critical dimension dc =
2. To simplify the calculation, we start from the massless
Lagrangian

L[θ, ψ] = i ψ ∂τ θ + K

2
(∇θ )2 + 1

2
(∇ψ )2 + g

4!
ψ4 (8)

and introduce the mass as a perturbation in a second step. We
introduce in the following the renormalized Lagrangian LR by
multiplicative renormalization. The bare couplings are related
by renormalization constants Z to the renormalized couplings,
indicated with an index R:

θ = Z1/2
θ θR, ψ = Z1/2

ψ ψR, K = ZK

Zθ

KR, g = μεZg

Z2
ψ

gR,

(9)

where the scale μ is the renormalization scale and gR is
a dimensionless coupling. The effective action �R, gen-
erator of the one-particle irreducible correlation functions,
is related by renormalization to the Legendre transfor-
mation �[φ] = Jaφa − W [J] of the Schwinger functional
eW [J] = ∫ D[ϕ] e−S[ϕ]+Jaϕa ; here, field ϕ, mean field φ, and
sources J have two components: ψ and θ . We use de Witt
notation [42] and Einstein’s sum convention. We abbreviate
functional derivatives as Sϕ1···ϕn = δn

δϕ1···δϕn
S.

We deduce two renormalization conditions constraining
the Z factors: First, the nonrenormalization of the Berry
phase term ∂ω�

ψθ
R |NP = 1 at the normalization point leading

to Zψ = Z−1
θ ≡ Z , meaning the conjugate fields θR and ψR

are renormalized by one constant only. Second, �θθ
R = Sθθ

leading to ZK KR = K . This Ward identity is equivalent to the
observation that the self-energy �θθ = 0 is identical to zero
to all loop orders since there are no bare vertices that have θ

legs. In the Supplemental Material, we explain how the Ward
identities can be derived from the infinitesimal shift θ (x, t ) �→
θ (x, t ) + ε(x, t ). The regularized Lagrangian, therefore, reads

LR = iψR∂τ θR + K

2
(∇θR)2 + 1

2
Z (∇ψR)2 + gR

4!
μεZgψ

4
R.

(10)

Astonishingly, the number of running couplings corresponds
exactly to the textbook [43] massless φ4 theory. Since we are
interested in the behavior of the correlation functions near
criticality by tuning the relevant parameter, i.e., the mass, we
add a source term for the monomial ψ2

R to the action. We write

LR
[
θR, ψR, ψ2

R

] = LR[θR, ψR] + 1
2 m2

RZ2ψ
2
R, (11)

where with respect to the initial action m2 = m2
R Z2 Z−1. In

the Supplemental Material, we detail how to carry out the
calculation in dimension d = 2 − ε in the minimal subtraction
MS scheme. In the following, we use an effective coupling,
absorbing the loop factors g̃ :=

√
K

8π
gR.

At one-loop order, the flow equations are equivalent to the
Ising ones, where the expansion is done around the upper
critical dimension d (Ising)

c = 4, instead of dc = 2. Therefore,
the critical exponents also correspond to the Ising universality
class, in agreement with Ref. [21].

VII. TWO-LOOP RESULTS

In a very similar way to the two-loop calculation for the
Ising model [43], we calculate the corrections to two-loop
order; all details are given in the Supplemental Material. Here,
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we show the resulting flow equations, which differ from the
Ising ones

β̃(g̃) = −εg̃ + 3

2
g̃2 + γ1g̃3 + O(g̃4), (12)

η(g̃) = 1

27
g̃2 + O(g̃3), (13)

η2(g̃) = − g̃

2
+ γ2g̃2 + O(g̃3), (14)

with γ1 := − 25
27 − 3 ln 2 + 3

2 ln 3 and γ2 := 1
2 ln 2 − 1

4 ln 3 +
7

54 . The positive, nonzero fixed point solution is given to
second order in epsilon by g̃∗ = 2

3ε − 8
27γ1ε

2 + O(ε3). Below
the upper critical dimension, the interacting fixed point has
the structure of an ordinary critical point, analogous to the
Wilson-Fisher fixed point [44]. We obtain first corrections to
the mean field value of the critical exponents η = 4

243ε2, hence
z = 2 − 2

243ε2 and 2ν = 1 + 1
6ε − [ 1

36 + 2
9γ2 + 2

27γ1]ε2.
At ε = 1, where the expansion is strictly speaking no

longer controlled, the perturbative approach can only be val-
idated a posteriori. The fixed-point value g̃∗ � 1.07 changes
appreciably compared to the one-loop result. The critical ex-
ponents, however, are less strongly affected. This situation is
reminiscent of the ε expansion of the three-dimensional Ising
universality class: At low orders, the fixed point itself receives
sizable corrections and a reliable estimate of the anomalous
dimension η requires higher orders together with a dedicated
resummation procedure, typically based on a Borel-Leroy
transformation combined with a conformal mapping [45–48].
In contrast, in the Ising model the exponent ν is comparatively
close to its accepted value already at two-loop order. This is
not the case for the present calculation: The deviations from
the numerical results are sizable for all exponents. It indicates
that the present expansion can at best approach them slowly.
Higher orders in perturbative RG would be needed to assess
the convergence of the expansion and to obtain a quantitative
determination of the exponents.

VIII. DISCUSSION AND OUTLOOK

In this work, we investigated the quantum phase transi-
tion in a spin-1 chain between two quasi-long-range-ordered
XY phases distinguished by the onset of a nonzero Z2 order
parameter, combining tensor-network simulations with field-
theoretical arguments. Our numerical results show that the
transition described by Eq. (1) is continuous and character-
ized by the Ising order parameter mz. At criticality, we find
robust numerical evidence for long-range transverse order,
including a finite perpendicular magnetization m⊥, nonde-
caying XY correlations in the thermodynamic limit, and a
zero-frequency, zero-momentum Bragg peak in the transverse
dynamical structure factor. These results support the interpre-
tation that the continuous U (1) symmetry is spontaneously
broken at the Z2 critical point. We further analyze the intensity
at k = 0 in the longitudinal and transverse dynamical struc-
ture factors, finding behavior consistent with intrinsic critical
fluctuations. From the combined static and dynamical scaling
analyses, we obtain the critical exponents η = 1.04 ± 0.03,
z = 1.50 ± 0.04, and β = 0.30 ± 0.01.

The value of the dynamical exponent is remarkably close
to the one-dimensional Kardar-Parisi-Zhang (KPZ) value
z = 3/2. The KPZ universality class governs the scaling and
statistics of countless nonequilibrium phenomena in nature,
and it was also found in quenched quantum spin chains
[49–52]. However, to the best of our knowledge, this is the first
time z � 3/2 was found in a quantum system at equilibrium:
It is striking, especially, since the KPZ equation itself is a
stochastic evolution equation that is out of equilibrium. Only
in one dimension, it fulfills a time-reversal symmetry.

On the analytical side, complementary to the numerical
study, we performed a perturbative RG calculation using
dimensional regularization. We derived the full set of flow
equations to second order in the coupling. These flow equa-
tions differ from those of the Ising model, and the resulting
critical exponents at the interacting fixed point also deviate
from the Ising universality class at second order in ε. In
particular, we obtained a finite anomalous dimension η and a
dynamical critical exponent z that differs from its bare value,
in contrast to the one-loop result of Ref. [21].

The perturbative corrections to the mean-field exponents,
however, remain rather small even at two-loop order. Since
the exponents extracted numerically in one dimension differ
substantially from their mean-field values, this suggests that
the present ε expansion can at best approach the microscopic
critical behavior slowly. Moreover, since the actual exponents
are so far from the Gaussian fixed point, the assumption of
retaining the operators that are relevant or marginal by bare
power counting underlying the derivation of the Lagrangian
(8) might not be valid. As discussed in the Supplemental
Material, a more general Landau-Ginzburg-type Lagrangian
contains additional interactions that lift the second Ward iden-
tity and may therefore modify the critical behavior.

In any case, the discrepancy indicates that a quantita-
tive description of the transition might require going beyond
the perturbative expansion around the Gaussian fixed point.
Among these methods are tensor networks (this work), Monte
Carlo and functional RG. The latter could give further insight
also about the correct effective field-theoretical description at
and near the critical point and help to discriminate between
the two suggested microscopic descriptions of the transition
of the underlying spin model.

More broadly, our results establish a microscopic one-
dimensional quantum spin model exhibiting an unconven-
tional critical point outside the standard conformal paradigm.
The simultaneous appearance of Z2 criticality and signatures
of continuous U (1) symmetry breaking raises the intriguing
possibility that the criticality of one order parameter can in-
duce long-range order associated with another. Establishing
the mechanism behind this phenomenon could open a new
avenue for understanding and engineering unconventional or-
dered phases in low-dimensional quantum systems. Another
important direction is to determine whether the observed
KPZ-like dynamical critical exponent can ultimately be ac-
counted for within the present continuum theory, despite the
apparent slow convergence of the ε expansion, or whether
additional interactions beyond those retained in the present
continuum theory become relevant at criticality. Other intrigu-
ing directions include mapping out the full phase diagram as
a function of (g1, g2), particularly the vicinity of the SU (2)-
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symmetric point at the origin, and exploring experimental
realizations in platforms such as Rydberg atom arrays [53,54],
quantum gas microscopes [55], and possibly magnonic sys-
tems [56].
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APPENDIX A: CONNECTION TO TRANSVERSE
QUANTUM FLUIDS

At the Gaussian level, the continuum theory is described
by the conjugate fields θ and ψ with Euclidean action

S0 =
∫

dτdx
[
iψ ∂τ θ + ρ

2
(∂xθ )2 + κ

2
(∂xψ )2

]
. (A1)

The important feature of this action is the absence of a local
density-cost term proportional to ψ2. Integrating out the con-
jugate field ψ gives the effective quadratic action

Seff [θ ] = 1

2

∫
ω,k

[
ρk2 + ω2

κk2

]
|θ (ω, k)|2. (A2)

The equal-time phase fluctuation is therefore infrared finite,

〈|θ (k)|2〉τ=0 =
∫

dω

2π

κk2

ω2 + ρκk4
= 1

2

√
κ

ρ
. (A3)

Consequently,

〈[θ (x, 0) − θ (0, 0)]2〉 =
√

κ

ρ

[
�

π
− sin(�x)

πx

]
, (A4)

where � is an ultraviolet cutoff. Thus, the phase contribution
to the single-particle density matrix approaches a nonzero
constant,

〈eiθ (x,0)e−iθ (0,0)〉 = exp

[
−1

2

〈
[θ (x, 0) − θ (0, 0)]2〉]

|x|→∞−−−→ exp

[
− �

2π

√
κ

ρ

]
�= 0. (A5)

The limiting value is nonuniversal because it depends on the
ultraviolet cutoff, but its finiteness shows that the noncompact
Gaussian theory has true off-diagonal long-range order rather
than algebraic quasi-long-range order, provided that compact
topological defects do not proliferate.

This infrared mechanism is closely related to the TQF
theories of Ref. [57]. Identifying

θ ↔ φ, ψ ↔ n, ρ ↔ ns, κ ↔ χ, (A6)

the Gaussian action has the same structure as the coherent
TQF action. In both cases, the absence of a local n2 or ψ2 term

makes the effective phase action nonlocal in space, producing
the term ω2/(κk2) instead of the usual Luttinger-liquid form.
As a result, the equal-time phase fluctuations remain finite
in the infrared. This should be contrasted with an ordinary
Luttinger liquid, where a local density term corresponding to
a finite compressibility gives

〈|θ (k)|2〉τ=0 ∼ 1

|k| , (A7)

leading to logarithmically divergent phase fluctuations and
therefore only algebraic quasi-long-range order.

More generally, the TQF is one realization of a broader
mechanism by which nonlocal couplings suppress the infrared
fluctuations that preclude long-range order in an ordinary
one-dimensional Luttinger liquid. Long-range hopping can
suppress phase fluctuations and stabilize U (1) order [3,58–
60]. Long-range density interactions instead suppress fluctu-
ations of the dual displacement field: Coulomb interactions
produce quasi-Wigner correlations, whereas interactions that
decay more slowly than Coulomb can yield a true Wigner
crystal with broken translation symmetry [61,62]. Coupling
a one-dimensional mode to gapless reservoir degrees of free-
dom provides a temporally nonlocal route to long-range order
[63,64]; in the incoherent TQF, integrating out transverse Lut-
tinger liquids generates a |ω| kernel and superfluid long-range
order [57].

The gapless structure of the QFT is protected by the
geometric origin of the conjugate field, for instance as a dis-
placement mode, whereas in the continuum theory considered
in the main text it appears at the critical point where the
local ψ2 term vanishes. Away from this point, the theory
crosses over to an ordinary Luttinger liquid, and the Gaus-
sian off-diagonal long-range order is replaced by algebraic
quasi-long-range order. The main text, as opposed to this
Appendix, considers the interacting theory, where it remains
open whether a similar mechanism is present at the interacting
critical point.

APPENDIX B: BRIEF EXPLANATION OF TENSOR
NETWORK METHODS

We use matrix-product-state (MPS) methods to study the
ground state and dynamical properties of the spin-1 model
[Eq. (1)]. Here, we discuss only the minimal important aspects
of the method; for a deeper review, see Refs. [30–33]. An MPS
many-body wavefunction can be written as

|ψ〉 =
∑
{si}

As1
1 As2

2 · · · AsL
L |s1s2 · · · sL〉, (B1)

where si = −1, 0, 1 is the local spin-1 index in site i. We intro-
duced the matrices (Asi

i )αβ with internal dimension (auxiliary
index) α = 1, . . . , χi and β = 1, . . . , χi+1. The matrices are
contracted over auxiliary indices whose maximum dimension
χi is the bond dimension χ = max({χi}). The bond dimen-
sion is the maximum Schmidt rank retained across a cut and
therefore bounds the half-chain entanglement entropy as

SvN � ln χ. (B2)

Finite bond dimension χ is the basic approximation in all
tensor-network calculations below. For static quantities, we
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mostly use infinite-system DMRG (iDMRG), which is a
variational optimization for a periodically repeated or iMPS
unit cell directly in the thermodynamic limit, A = Ai,∀i and
χi = χ . We can write an iMPS as

|ψ〉 =
∑
{si}

· · · Asn−1 Asn Asn+1 · · · |· · · sn−1, sn, sn+1 · · ·〉. (B3)

The paramagnetic product state for spin-1/2 given by
|· · · ←← · · ·〉 is a trivial iMPS example with bond dimen-
sion χ = 1 and A↑ = 1/

√
2 and A↓ = −1/

√
2. Thus, iDMRG

correlation functions are not restricted by a finite length. The
limitation is instead finite entanglement. At a critical point, the
exact correlation length diverges, while the MPS correlation
length is cut off at a bond-dimension-dependent value ξχ .
Static exponents must therefore be extracted from windows
that are longer than the microscopic lattice scale but shorter
than the finite-entanglement cutoff.

For the dynamical structure factor, we use a finite-chain
time-evolution calculation. We first obtain an iDMRG ground
state, repeat and cut it to a finite chain of length L, and then
perform additional finite DMRG sweeps. After applying the
local operator S±

0 or Sz
0, the state is evolved with TEBD. TEBD

is a tensor-network algorithm for simulating the real-time evo-
lution of a matrix product state under a local nearest-neighbor
Hamiltonian. The time-evolution operator is decomposed into
a sequence of two-site gates using a Trotter-Suzuki expansion.
After each application of the local gates, the resulting state is
compressed back to a finite bond dimension χ , so the accuracy
is controlled by the time step, the Trotter error, and the trun-
cation error associated with finite χ . The Fourier transform is
performed with a Gaussian time window,

Cαβ (r, t ) −→ e−σ 2t2
Cαβ (r, t ), (B4)

where we used σ = 0.2. The finite time and finite system size
impose the resolutions

δω ∼ 2π

tmax
, δk = 2π

L
, (B5)

in addition to the broadening from the Gaussian kernel. Ac-
cessing the joint small-k, small-ω regime therefore requires
increasing both L and tmax. At the same time, the local per-
turbation produces an entanglement cone; once this cone
reaches the boundary, the finite-chain response is affected
by reflections. We therefore explicitly check that the entan-
glement generated during time evolution remains away from
the boundaries over the time window used for the Fourier
transform, as shown in Fig. 3.

The leading cost of a two-site MPS update is dominated
by the singular value decomposition (SVD) and scales ap-
proximately as O(d3χ3), where d is the local Hilbert-space
dimension and χ is the bond dimension. For a finite-chain
TEBD calculation with Nt = tmax/�t time steps and O(L)
two-site gates per time step, the total cost therefore scales
roughly as

O
(

L
tmax

�t
d3χ3

)
. (B6)

In the convergence checks used here, typical parameters are
L = 150−400, χ = 100−300, and �t = 0.1 or 0.05. Increas-
ing χ from 150 to 300 increases the leading cubic cost by a

FIG. 3. Entanglement entropy as a function of time and space for
the time evolution of the wave function used to calculate the main-
text dynamical structure factors: (a) S⊥(k, ω) and (b) Szz(k, ω). We
use the critical coupling g1 = gc, g2 = J = 1, �t = 0.1, χ = 100,
L = 200, and Tmax = 60.

factor of 23 = 8, while halving �t doubles the number of time
steps. This scaling explains the practical limitation in reaching
simultaneously small momentum and small frequency: Re-
solving small momenta requires large systems, �k ∼ 2π/L,
while resolving small frequencies requires long real-time evo-
lution, �ω ∼ 1/tmax, which is itself limited by entanglement
growth and the finite accessible bond dimension.

APPENDIX C: EXTRACTION OF CRITICAL EXPONENTS
FROM STATIC OBSERVABLES

This Appendix explains how the extraction of critical
exponents from the static observables was performed. The
ground-state quantities are computed by slowly increasing the
bond dimension. After sufficiently many sweeps at a given
low bond dimension, we save the final wavefunction and use
it as the initial state for the next bond dimension. We also
use the largest-χ wavefunction at a fixed parameter value
g1 as the initial state for the next value g∗

1 = g1 + δg1, with
δg1 = 0.007. This procedure ensures stability and allows us
to monitor convergence with χ .

The longitudinal magnetization acts as an order parameter
given in general by

mz = 1

L

∑
i

〈
Sz

i

〉
, (C1)

Close to the transition, we expect to have for a second-order
phase transition the power-law behavior

mz(g1) = A (gc − g1)β, g1 < gc. (C2)

It is worth emphasizing that since iDMRG works in the
thermodynamical limit explicitly and assumes translational
invariance it means that mz reduces to mz = 〈Sz

i 〉, which is
the same for all sites. We then perform a linear fit in log-log
to determine the exponent β. Recalling that we tested for the
stability as the bond dimension is increased we assume that
we are extracting the physically correct χ → ∞ behavior. For
the critical exponent ν, we can obtain it from either static or
dynamical observables. We confirm that both methods con-
verge to the same exponent up to the error indicated in the
main text. We can extract ν from the power-law decay of the
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FIG. 4. iDMRG results for different bond dimensions χ of the model in the main text with g2 = 1, J = 1. We plot in (a) the XY correlation
function as a function of the number of sites for g1 close to the critical point, (b) log-log plot of the equal-time connected correlation function
for the Sz

i component of the spin for a finite-size system with L = 200. We plot the correlations for different values of χ . We find the relation
given in Eq. (3) for the critical exponent. It is confirmed independently within the dynamical correlation function in the Supplemental Material.
The fit window shown in gray has as a lower bound a short-distance scale after which one expects long-distance physical effects. The upper
bound is marked by a dotted line and is given by the maximum correlation length obtained from the iMPS for the bond dimension χ = 195.
We plot in panel (c) the correlation length obtained from iDMRG as a function of coupling g1.

Sz correlation functions. The correlation function of the Sx, Sy

(XY) operators instead shows the U (1) long-range order at the
critical point as seen in Fig. 4(a) for g2 = 1. As we approach,
the critical point the XY correlation function changes from
a power-law decay to an increasingly flat large-distance be-
havior. For Fig. 4(b), we introduce the connected longitudinal
correlator

Cz(x) = 〈Sz
xSz

0

〉− 〈Sz
x

〉〈
Sz

0

〉
. (C3)

At criticality, we fit

|Cz(x)| ∼ x−2�ψ , ln |Cz(x)| = const − 2�ψ ln x, (C4)

over a window xmin < x < xmax. We recall here that
�ψ = (d + z + η − 2)/2 from which we obtain then a re-
lationship between z and η mentioned in the main text. By
calculating z in the next sections, we will obtain η. The lower
cutoff removes short-distance lattice effects; this indicates
the left boundary of the shaded area in Fig. 4(b). The upper
cutoff avoids the finite-entanglement regime controlled by
the correlation length ξ that is itself a function of the bond
dimension and is calculated from the iMPS form. We observe
that this value is also the one for which the different bond
dimension curves start to deviate from each other, as expected
from finite bond-dimension effects. The correlation length in
Fig. 4(c) increases with bond dimension on both sides of
the transition, consistent with quasi-long-range order of the
XY components away from the critical point. The special
point g1 = gc displays the slowest decrease not only of the
transverse magnetization with χ but also of the entropy and
correlation length, which indicates the system fluctuates less
strongly, consistent with U (1) LRO.

We also verify that the transition occurs away from the
main value g2 = 1. Figure 5 shows iDMRG results for g2 =
0.5. The squared longitudinal order parameter is fitted to
Eq. (C2), giving gc = −0.45 ± 0.001 and β = 0.31 ± 0.01
for the largest bond dimension used in that dataset. The
transition in the longitudinal component occurs together
with a maximum of the transverse magnetization density.
The accompanying increase of the correlation length and
entropy indicates that the neighboring phases retain XY

quasi-long-range order. At the transition, the decrease of m⊥
is the slowest, consistent with true XY LRO.

APPENDIX D: DETAILS ON THE NUMERICAL EVIDENCE
FOR U (1) SSB FROM STATIC OBSERVABLES

To study the U (1) symmetry properties of the ground state
at the critical point, we use the squared of the transverse
magnetization

m2
⊥ = 1

L

∑
i

〈
Sx

i

〉2 + 〈Sy
i

〉2
. (D1)

FIG. 5. Numerical results using iDMRG for the main-text
Hamiltonian with g2 = 0.5, J = 1, also showing a phase transition.
We plot (a) the square of the order parameter mz for different bond
dimensions χ and fit to a power law giving β = 0.31 ± 0.01, where
the critical point is gc = −0.45 ± 0.001; (b) perpendicular magne-
tization density for the same parameter values; (c) entanglement
entropy; and (d) correlation length.
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max

FIG. 6. Dynamical structure factor cuts for the main-text plot: (a) Bragg peak or condensed fraction shown in S⊥(k = 0, ω); (b)
longitudinal dynamical structure factor as a function of momentum, fitted to a power law with η = 1.01 ± 0.05; and (c) power-law fit with
slope z = 1.51 ± 0.03. The points in panel (c) are the centers of Gaussian fits to fixed-momentum cuts of the longitudinal spin structure factor.

It is worth noting that even though this parameter is squared it
is composed of one-point functions and thus detects transver-
sal XY order. A nonzero value of this order parameter
obtained with the iDMRG algorithm indicates spontaneous
symmetry breaking

m2
⊥ �= 0 ⇒ U (1) SSB. (D2)

We note that the translational invariance of the iMPS implies

m2
⊥ = 〈Sx

i

〉2 + 〈Sy
i

〉2
, ∀ i for |ψ〉 an iMPS. (D3)

The reason why a nonzero value of m2
⊥ implies U (1) SSB

is simple. Consider Uθ the unitary that implements the U (1)
transformation by some angle θ . Now, if in the thermody-
namic limit m2

⊥ �= 0 as in the special point of the plot, then
either 〈Sx

i 〉 �= 0 or 〈Sy
i 〉 �= 0, since is a sum of squares. We

can now prove this implies SSB, we do it by contradiction.
Assume the ground state |GS〉 is not symmetry broken [is
U (1) symmetric], which implies

Uθ |GS〉 = κθ |GS〉, (D4)

for some constant κθ . Now, consider first the case 〈Sx
i 〉 �= 0;

then,

0 �= 〈Sx
i

〉 = 〈U †
θ UθSx

i U †
θ Uθ 〉GS (D5)

= κ2
θ

〈
UθSx

i U †
θ

〉
GS. (D6)

But UθSx
i U †

θ rotates the spin operator, in particular, for a 180°
rotation UπSx

i U †
π = −Sx

i , therefore

κ2
π

〈
UπSx

i U †
π

〉
GS = −κ2

π

〈
Sx

i

〉
GS, (D7)

implying 〈UπSx
i U †

π 〉GS = 0 or κπ = 0 but Uπ is a unitary
operator so it cannot eliminate states (Uπ |GS〉 �= 0); therefore,
〈Uπ Sx

i U †
π 〉GS = 0, which contradicts that 〈Sx

i 〉 �= 0. The same
argument applies for the y component.

APPENDIX E: EXTRACTION OF CRITICAL EXPONENTS
FROM DYNAMICAL OBSERVABLES

We focus our analysis on the dynamical correlation func-
tion

Sαβ (k, ω) =
∑

r

∫ ∞

−∞
dt ei(ωt−kr)

〈
Sα

r (t )Sβ

0 (0)
〉
. (E1)

The numerical time evolution described in Appendix B allows
us to obtain both the transverse response S⊥(k, ω) and the
longitudinal response Szz(k, ω). Figure 6 shows cuts used
to extract the low-energy spectral information for the bond
dimension χ = 100. We will show by doing a finite-size and
entanglement scaling why this bond dimension captures the
critical properties of larger bond-dimensions. Panel (a) shows
the zero-momentum transverse peak expected for a system
with a Bragg peak, displaying XY ordering. Panel (b) fits
the zero-frequency momentum dependence of the longitudinal
response to the scaling form Szz(k, ω = 0) ∝ k−(2−η), giving
η = 1.01 ± 0.05; this value gives an independent measure of
η. It is important to remark that this value is consistent with
the one obtained from the static correlation function, which
gave �ψ together with the fitted value of z that is shown
in panel (c). Figure 6(c) extracts the dispersion by taking
fixed-k cuts of Szz(k, ω). For each fixed momentum, we fit
the frequency functional form to a Gaussian

Ik (ω) = Ak exp

[
− (ω − ωk )2

2s2
k

]
+ Bk, (E2)

after this Gaussian fitting we plot the values of the frequencies
against momentum and fit

ωk = a|k|z, ln ωk = ln a + z ln |k|. (E3)

Repeating the fit over different intervals resulted in values
concentrated near 1.5, we used intervals of points inside (ε, 1)
and ε > 0. The values of the exponent were concentrated near
1.5 with a range from 1.48 for small ε to 1.56 for larger ε and
had error fits of approximately 0.02 from which we extracted
the value z = 1.51 ± 0.03.

To further confirm that the dispersion is given by this
dynamical critical exponent, we further perform a finite-size
scaling in L and an increase in bond dimension χ . Figure 7
shows these checks, at fixed χ = 150, we increase the system
size L together with the maximum time tmax such that the en-
tanglement cone does not reach the boundaries of the system.
The largest-size dataset gives a fit to z = 1.502 ± 0.010 over
the displayed fitting window. The lower limit is necessary
since the finite L, tmax, χ time evolution constrains us to a
capped entanglement entropy and thus limits us as explained
before to a finite momentum klow and frequency ωlow. At fixed
length, the largest bond dimension gives z = 1.538 ± 0.012.
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FIG. 7. (a) Centers of Gaussian fits to fixed-momentum cuts
of the longitudinal spin structure factor for fixed bond dimen-
sion χ = 150, increasing length L and maximum evolved time
tmax = 75, 90, 105, 120. The fitting windows are displayed in gray.
The upper limit is chosen so as to satisfy the long wavelength limit
k < 1 necessary to observe long-distance universal physics belong-
ing to the critical point. The lower limit is chosen to be the smallest
value of k for which we have a scaling collapse as a function of
L. In panel (b), we perform a similar fit, in this case for a fixed
length L = 352 and maximum time tmax = 105 for increasing bond
dimensions.

The spread between these estimates is the remaining finite-
size and finite-entanglement systematic uncertainty resulting
in an estimate of z = 1.50 ± 0.04. It is worth emphasizing
that the increase in bond dimension has very little effect on
the ω, k points as seen in Fig. 7(b). We take this as evidence
that the lower bond dimensional wavefunction, used for other
observables as in Fig. 5, displays a very similar behavior as
larger bond dimension wavefunctions.

We further analyze the convergence with increasing system
size L and decreasing Trotter step �t in Fig. 8 by plotting
Szz(k � 0, ω) and S⊥(k � 0, ω). This cut is shown as a high
intensity vertical streak at k = 0 in the main text dynamical
structure factor figure. We argue with Fig. 8 that this is not an
artifact of the method or the numerical approximations, but an
expected behavior at criticality. Indeed, the log-log fit in both
panels implies

S+−(k � 0, ω) ∝ Szz(k � 0, ω) ∝ 1

ω|m| , |m| = 1.1 ± 0.1.

(E4)

FIG. 8. (a) Log-log plot of the dynamical structure factor
Szz(k � 0, ω) cut at k � 0 as a function of frequency for increasing
system sizes and increasing maximum times at fixed χ = 150. We
perform a fit for the largest system size displayed as a dashed line.
In panel (b), we plot S⊥(k � 0, ω) but for a fixed χ = 150 and
system size of L = 352. The longitudinal channel is compared across
system sizes, and the transverse channel is compared across Trotter
steps. The gray windows indicates the frequency interval used for the
log-log fit.

The power-law behavior is expected for critical systems;
moreover, the value of approximately 1 is consistent with
other common spectral density distributions such as pink
noise or fractal noise, which is of the form 1/ωα with α not
an even integer. It is worth mentioning that the fitted value
of m is consistent for both larger sizes and smaller time in-
dicating good convergence of the dynamical observables and
critical properties of the ground state. We remark also that as
�t is decreased the power-law behavior as a function of ω

persists for smaller values as seen by comparing �t = 0.05
and �t = 0.1 in Fig. 8, but the exponent m does not change
for the values of frequencies where the functional form is a
power law.

APPENDIX F: ENTANGLEMENT ENTROPY SCALING

Finally, we discuss the finite-entanglement scaling. Within
the matrix product state framework, we have access to the
half-chain von Neumann entropy defined by

SvN = −TrρA ln ρA. (F1)

We choose A to be the half-chain subspace of the total Hilbert
space. In a one-dimensional conformal critical point, finite-
entanglement scaling gives

SvN ∝ c

6
ln ξχ , (F2)

where ξχ is the correlation length for an iMPS that depends on
the bond dimension used. Alternatively as a function of bond
dimension,

SvN ∝ κ ln χ, κ = 1√
12/c + 1

, (F3)

up to finite-entanglement corrections [37–41].
The results are shown in Fig. 9. In panels (a) and (c),

corresponding to the QLRO phases on the two sides of the
transition for g2 = 0.5, the entropy follows a logarithmic de-
pendence on χ with κ = 0.2 and κ = 0.201, respectively. This
is consistent with a c = 1 Gaussian-boson description of the
neighboring XY quasi-long-range-ordered phases. In contrast,
the critical coupling g1 = gc = −0.45 in panel (b) does not
follow the same simple logarithmic scaling. Together with the
dynamical evidence for z �= 1, this supports the interpretation
of the transition as nonconformal.

APPENDIX G: DERIVATION OF THE ACTION

In this Appendix, we derive the action starting from the
Hamiltonian of Eq. (1). We use the coherent state representa-
tion of the spin, defined by the equation 〈S〉n = Sn; they form
a basis 1 = 2S+1

4π

∫
d�|n〉〈| and nonlinear constraint n2 = 1

must be satisfied at all times and for all sites. We parametrize
the components of the vector such that the constraint is
always satisfied by n = (

√
1 − ψ2 cos θ,

√
1 − ψ2 sin θ, ψ ),

with ψ ∈ [−1, 1] and θ ∈ (0, 2π ]. Let us calculate the par-
tition function of the quantum system by inserting identity
operators at each discretized imaginary-time step. The usual
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FIG. 9. Entanglement entropy scaling as a function of bond dimension for couplings g2 = 0.5, J = 1. We plot (a) the scaling at the XY
QLRO and Z LRO point g1 = −0.49, finding a logarithmic dependence with coefficient κ = 0.2; (b) nonlogarithmic scaling at the critical
coupling g1 = gc = −0.45; and (c) scaling at the XY QLRO and Z disordered point g1 = −0.4, with a similar logarithmic coefficient
κ = 0.201.

procedure leads to the lattice action

S =
∫ β

0
dτ

N∑
j=1

(−iS(1 − ψ j ))∂τ θ j − JS2n j (τ ) · n j+1(τ )

+ g1
(
Snz

j (τ )
)2 + g2

(
Snz

jSnz
j+1

)2
, (G1)

where we defined n j (τ ) = n(x j, τ ) the spin configuration at
position x j = a j and �x j = a is the lattice constant, we take
N lattice sites. The first term comes from computing overlaps
of coherent states at different times and is known as a Berry
phase. The Berry phase ensures that S is a half-integer generi-
cally, in our case S = 1, and we fix it in the following. We now
want a theory in the continuum a → 0 and N → ∞ while
keeping Na = L. For this, we perform an expansion in the
lattice constant a. We expect this to be a good approximation
near a second-order phase transition where the correlation
length is much larger than any lattice spacing. We express
then n j+1(τ ) = n(x j, τ ) + a∂xn(x j, τ ) + a2

2 ∂2
x n(x j ) + O(a3).

We must enforce n(x, τ )2 = 1 at each space-time point. Fur-
thermore, this implies ∂xn · n = 0. We use this to write

S =
∫ β

0
dτa−1

∫ L

0
dx(−i(1 − ψ ))∂τ θ − Jn ·

(
n + a2

2
∂2

x n
)

+ g1ψ
2 + g2ψ

2

(
ψ + a∂xψ + a2

2
∂2

x ψ

)2

+ O(a3),

(G2)

where we also expanded the last terms. Now, we use the
expression

∂xn =
(

ψ√
1 − ψ2

∂xψ cos θ −
√

1 − ψ2 sin θ∂xθ,

× ψ∂xψ√
1 − ψ2

sin θ +
√

1 − ψ2 cos θ∂xθ, ∂xψ

)
. (G3)

Integrating by parts, we obtain to order O(a3)

S =
∫ β

0
dτa−1

∫ L

0
dx(−i(1 − ψ ))∂τ θ − J + J

2
a2(∂xn)2

+ g1ψ
2+g2ψ

2(ψ2+2aψ∂xψ + a2(∂xψ )2+a2ψ∂2
x ψ ).

(G4)

After dropping linear terms in the fields and considering ev-
erything to order O(a2) we substitute S = 1 = a and obtain

S =
∫ β

0
dτa−1

∫ L

0
dx iψ∂τ θ + J

2
a2

(
(∂xψ )2 + ψ2(∂xψ )2

1 − ψ2

+ (1 − ψ2)(∂xθ )2 + g1ψ
2

+ g2ψ
2(ψ2 + a2(∂xψ )2 + a2ψ∂2

x ψ ). (G5)

Final expression for the Lagrangian with S = 1 = a, dropping
linear terms in the fields and everything to order O(a2)

L = iψ∂τ θ + J

2

[
1

1 − ψ2
(∂xψ )2 + (1 − ψ2

)
(∂xθ )2

]
+ g1 ψ2 + g2 ψ2

(
ψ2 + (∂xψ )2 + ψ∂2

x ψ
)
. (G6)

Now using that the last term ψ3∂2
x ψ � −3ψ2(∂xψ )2, up to a

total derivative we obtain

L = iψ∂τ θ + J

2

[
1

1 − ψ2
(∂xψ )2 + (1 − ψ2)(∂xθ )2

]
+ g1 ψ2 + g2 ψ2(ψ2 − 2(∂xψ )2). (G7)

Integrating out the phase leads to

L = 1

2J

ψ∂2
τ ∇−2ψ

1 − ψ2
+ J

2

(∂xψ )2

1 − ψ2
+ g1 ψ2

+ g2 ψ2(ψ2 − 2(∂xψ )2). (G8)

Following the argument of Landau-Ginzburg, we drop higher
order ψ terms since it is the order parameter and it becomes
small at the second-order phase transition ψ2 ≈ 0

L =
[

1

2J
ψ∂2

τ ∇−2ψ + J

2
(∂xψ )2

]
(1 + ψ2) + g1 ψ2

+ g2 ψ2(ψ2 − 2(∂xψ )2) + O(ψ6). (G9)

Rewriting the result, we propose the following initial La-
grangian:

L = 1
2ψ∂2

τ ∇−2ψ + 1
2 (∂xψ )2 + m ψ2 + λ0ψ

4

+ λ1ψ
3∂2

τ ∇−2ψ + λ2ψ
2(∂xψ )2. (G10)
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Compared to the Lagrangian L1 in the main text, there are two
additional terms

L1 +
(

J

2
− 2g2

)
ψ2(∂xψ )2 − J

2
ψ2(∂xθ )2. (G11)

Even though the Lagrangian is still quadratic in θ , there
are now bare four-point vertices containing θ , such that the
second Ward identity no longer holds. This leads to more
diagrams that have to be taken into account at a given order
and might change the dynamics and critical exponents sub-
stantially.

APPENDIX H: EPSILON EXPANSION

The bare massless Euclidean action (in imaginary time τ )
is given by

S0[θ, ψ] =
∫

dd x dτ

[
i ψ ∂τ θ

+ K

2
(∇θ )2 + 1

2
(∇ψ )2 + g

4!
ψ4

]
. (H1)

With the Euclidean Fourier convention

f (ω, p) =
∫

dd xdτ f (τ, x) e−iωτ−ip·x, (H2)

the bare inverse propagator is given by

S(2)(ω, q) =
(

q2 ω

−ω K q2

)
, (H3)

with a field ordering (ψ, θ ). The bare Green’s function for the
ψ fields G0,ψψ , we will denote as G0(ω, q) = K q2

ω2+K q4 . The

poles are ω1,2 = ±i
√

K q2.

1. Multiplicative renormalization

We introduce renormalized fields and couplings, denoted
by a subscript R. We closely follow the derivation in Zinn-
Justin’s book [43] and adopt its notation where convenient.
The scale μ is the renormalization scale, i.e., the symmetric
momentum scale at which we evaluate the momenta of the
1PI correlation functions:

θ = Z1/2
θ θR, ψ = Z1/2

ψ ψR, K = ZK

Zθ

KR, g = με Zg

Z2
ψ

gR.

(H4)

In MS with dimensional regularization, only poles in ε are
subtracted in the Z factors:

SR[θR, ψR] =
∫

dd x dτ

[
i
(
Z1/2

ψ Z1/2
θ

)
ψR ∂τ θR

+ 1

2
ZK KR (∇θR)2 + 1

2
Zψ (∇ψR)2

+ 1

4!
με Zg gR ψ4

R

]
. (H5)

2. Ward identities

The nonrenormalization of the Berry term leads to a Ward
identity for the mixed two-point vertex at the normalization

point: ∂ω�
ψθ
R |NP = 1. This imposes the constraint among Z

factors:

Z1/2
ψ Z1/2

θ = 1, ⇐⇒ Zψ = Z−1
θ ≡ Z. (H6)

Moreover, the θ sector receives no independent vertex cor-
rections because θ does not enter the interaction term.
Equivalently, no 1PI diagram with external θ legs can be
constructed from the quartic ψ vertex. Although the con-
nected propagator Gθθ is modified through its coupling to the
interacting ψ sector, the amputated vertex �θθ

R remains equal
to its bare form. Consequently, the coefficient of (∇θ )2 is not
independently renormalized, and

ZK KR = K. (H7)

Note that both Ward identities can be derived from 〈Jθ ε〉 =
〈δS〉 with the source field of the phase Jθ = �θ , by noting that
an infinitesimal space-time dependent shift of the phase

θ (x, τ ) �→ θ (x, τ ) + ε(x, τ ), (H8)

varies the action to first order in the shift

δS = iψ∂τ ε + K∇θ∇ε + O(ε2). (H9)

3. Ansatz

The effective action, therefore, reads

SR[θR, ψR] =
∫

dd x dτ

[
i ψR ∂τ θR + 1

2
K (∇θR)2

+ 1

2
Z (∇ψR)2 + 1

4!
με Zg gR ψ4

R

]
. (H10)

This is astonishing as the number of running couplings corre-
sponds exactly to the textbook massless φ4 theory. From the
Berry phase term, it can be seen that ψ and θ are conjugate
fields; moreover, their renormalization are locked together due
to the first Ward identity.

4. Massive theory

In order to introduce a mass to the theory, we add a source
term for the monomial ψ2

R to the action. We write

SR[θR, ψR, mR] = SR[θR, ψR] + 1

2
m2

R

∫
x,τ

Z2ψ
2
R, (H11)

where with respect to the initial action m2 = m2
R Z2 Z−1.

APPENDIX I: ONE-LOOP CORRECTION

To one-loop order, we need to calculate only a single dia-
gram that contributes at finite external momentum. This is the
diagram Bd (ω, q) that we evaluate and expand in ε about the
upper critical dimension dc = 2 in Appendix L2.

1. No correction to the field renormalization

First, we see that at one-loop order, all Z factors of terms
involving derivatives remain one. In particular, the field renor-
malization factor satisfies

Z = 1 + O
(
g2

R

)
. (I1)
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2. Four-point function

We calculate here the three channels of the diagram Bd (q),
see the Appendix, and arrive at one loop at O(g3

R)

�̃
(4)
R (pi ) = gRZgμ

ε − 1
2 Z2

g g2
Rμ2ε[Bd (p1 + p2) + 2 channels],

(I2)

inserting the result at μ = 1, we obtain in d = 2 − ε dimen-
sions in the MS scheme

�̃
(4)
R (pi ) = gRZg − 3

2 Z2
g g2

Rb1 (I3)

− 1
2 Z2

g g2
R[Br (p1 + p2) + 2 channels] + O(ε, g3

R),

(I4)

with B(MS)
2−ε (q) = b1 + Br (q) + O(ε), b1 :=

√
K

4 N2
1
ε

being the
divergent part in ε, but constant in momentum, and Br (q) :=
−

√
K

4 N2 [ 1
2 ln q2 − ln 2] contains the IR divergence. There-

fore,

Zg = 1 + 3

2

g̃

ε
+ O(g̃2), (I5)

where we introduce an effective coupling, absorbing the loop
factors

g̃ :=
√

K

4
N2 gR. (I6)

3. ψ2
R insertion

We calculate the mixed three-point function

�̃
(2,1)
R (p1, p2) = Z2 − 1

2 gRZgZ2Bd (p1 + p2) + O
(
g2

R

)
, (I7)

where the first index is a second-order derivative with respect
to the ψR field and the second index is the first derivative in
the composite field ψ2

R. We find at p2 = 0 to one-loop order

�̃
(2,1)
R (p, 0) = Z2 − 1

2 gRZgZ2(b1 + Br (p)) + O
(
ε, g2

R

)
(I8)

and find that

Z2 = 1 + 1

2

g̃

ε
+ O(g̃2). (I9)

APPENDIX J: TWO-LOOP ORDER

To two-loop order, we need to calculate three differ-
ent diagrams, conveniently called A, B, and C. To enhance
the readability of the derivation, the evaluation of the fre-
quency and momentum integrals, as well as the expansion
about the upper critical dimension, has been outsourced to
Appendixes L 1, L 2, and L 3.

1. Two-point function

We start with the two-loop correction to the 1-PI self-
energy of the renormalized two-point function in Fourier
representation

�̃
(2)
R (q) = Zq2 − 1

6 g2
Rμ2εAd (q) + O

(
g3

R

)
. (J1)

This gets a correction from the setting sun diagram Ad . With
the result (L7), we can read off that the field renormalization

becomes at μ = 1

Z = 1 − 1

54

1

ε
g̃2 + O(g̃3). (J2)

2. Four-point function

To the next order, we can obtain the correction to Zg from
the four-point function at two-loop order, comprised of

�̃
(4)
R (ωi, pi ) = gR Zg με

− 1

2
g2

RZ2
g μ2ε

[
Bd (ω1 + ω2, p1 + p2)

+ 2 terms

]

+ 1

4
g3

R μ3ε

[
B2

d (ω1 + ω2, p1 + p2)

+ 2 terms

]

+ 1

2
g3

R μ3ε

[
Cd (ω1, ω2, p1, p2)

+ 5 terms

]
+ O

(
g4

R

)
. (J3)

After setting μ = 1 and splitting Bd (p) = b1 + Br (p) as given
in Eq. (L11), where Br (p) is a constant in ε, the expansion
becomes

�̃
(4)
R (pi ) = gR Zg − 3

2 b1 g2
R Z2

g

− 1
2 Z2

g g2
R [ Br (p1 + p2) + 2 terms ]

+ 1
4 g3

R

[
B2

r (p1 + p2) + 2 terms
]

+ 1
2 b1 g3

R [ Br (p1 + p2) + 2 terms ]

+ 3
4 b2

1 g3
R

+ 1
2 g3

R [Cd (p1, p2) + 5 terms ]. (J4)

We use the result of Zg to one-loop order (I5) to simplify
perturbative expansion and extract the Zg to next order

�̃
(4)
R (pi ) = gR Zg − 3

2
b1 g2

R − 15

4
b2

1 g3
R

− 1

2
g2

R [ Br (p1 + p2) + 2 terms ]

+ 1

4
g3

R

[
B2

r (p1 + p2) + 2 terms
]

+ 1

2
g3

R

[
C(p1, p2) − b1Br (p1 + p2)

+ 5 terms

]
. (J5)

Now, we make use of the fact that the IR divergence in
diagram Cd comes from the subdiagram Bd , which cancels
exactly. The divergent part of the combination of the diagrams
[Cd (p1, p2) − b1 Br (p1 + p2)]2−ε is therefore momentum in-
dependent and given by

Ddiv = C(MS)
2−ε (q) − b1 Br (q)

= K N2
2

16

{
1
8

[
4
ε2 + ( 4

3 + 12 ln 2 − 2 ln 3 − 4 ln q2) 1
ε

]
+ 1

ε

[
1
2 ln q2 − ln 2

]+ O(ε0),

}

= K N2
2

16

1

8

[
4

ε2
+
(

4

3
+ 4 ln 2 − 2 ln 3

)
1

ε

]
+ O(ε0).

(J6)
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Hence, the divergent part of �(4) reduces to[
�̃

(4)
R (pi )

]
div = gR Zg − 3

2 b1 g2
R − 15

4 b2
1 g3

R + 3 g3
R Ddiv. (J7)

We can read off

Zg = 1 + 3

2
b1 gR + 15

4
b2

1 g2
R − 3g2

R Ddiv (J8)

= 1 + 3

2

g̃

ε
+ g̃2

[
9

4

1

ε2
− 1

ε

(1

2
+ 3

2
ln 2 − 3

4
ln 3
)]

+O(g̃3, ε0). (J9)

3. ψ2
R insertion

We can calculate the correction to the mass from the three-
point function at two-loop order

�̃
(2,1)
R (ω1, ω2, p1, p2) = Z2

− 1
2 gR ZgZ2 Bd (ω1 + ω2, p1 + p2)

+ 1
4 g2

R B2
d (ω1 + ω2, p1 + p2)

+ 1
2 g2

R Cd (ω1, ω2, p1, p2) + O
(
g3

R

)
.

(J10)

Analogous to the previous section, we split Bd and Cd , given
in Eqs. (L11) and (L42), respectively, again into momentum-
independent, divergent terms and momentum-dependent ones,
insert the result for Zg and then Z2 at one-loop order, and find
the divergent part of the three-point function to be given by[

�̃
(2,1)
R (p, 0)

]
div.

= Z2 − 1
2 b1gR

− 3
4 b2

1g2
R + 1

2 g2
RDdiv + O(g3

R). (J11)

Requiring that this amputated Green’s function vanish at two-
loop order leaves us with

Z2 = 1 + 1

2

g̃

ε
+ g̃2

[
1

2

1

ε2
− 1

16

(
4

3
+ 4 ln 2 − 2 ln 3

)
1

ε

]
+ O(g̃3, ε0). (J12)

APPENDIX K: CRITICAL EXPONENTS

The dimension of the renormalized field is given by
[ψR]μ = �ψ = 1

2 (D − 2 + η), with D = d + z. The anoma-
lous exponent is defined as the scaling of Z at the fixed point

η ≡ η(g̃∗) := μ∂μ ln Z
∣∣
∗, (K1)

where μ∂μ ln Z = β(gR) d
dgR

ln Z (gR), with β(gR) ≡ μ∂μgR =
−ε( d ln G(gR )

dgR
)−1 and G(gR) = gR Zg

Z2 . Further, we define

η2(gR) := β(gR) d
dgR

ln Z2(gR )
Z (gR ) , which gives the critical exponent

ν = (η2(g∗
R) + 2)−1.

Integrating out the phase field θ , we find the renormalized
action

S̃R[ψR] =
∫

dd x dτ

[
1

2 K
ψR ∂2

τ ∇−2ψR

+ 1

2
Z (∇ψR)2 + 1

4!
με Zg gR ψ4

R

]
. (K2)

From the first term of the action, which does not renormal-
ize, we get a relation for the renormalized field dimension
2�ψ = d − z + 2, which implies that the dynamical critical
exponent z is given by η

z = 2 − η

2
. (K3)

1. To first order

We find from the first-order result that the β function is
given by

β̃(g̃) := g̃

gR
β(gR) = −εg̃ + 3

2
g̃2 + O(g̃3), (K4)

equivalent to the Ising one and find the nontrivial fixed point
at g̃∗ = 2

3ε.

2. To second order

We get

β̃(g̃) = −εg̃ + 3
2 g̃2 + γ1g̃3 + O(g̃4),

with γ1 := − 25
27 − 3 ln 2 + 3

2 ln 3, (K5)

η(g̃) = 1
27 g̃2 + O(g̃3), (K6)

η2(g̃) = − g̃

2
+ γ2g̃2 + O(g̃3),

with γ2 := 7

54
+ 1

2
ln 2 − 1

4
ln 3, (K7)

which is different from the correction in the Ising model. The
positive, nonzero fixed point solution is given to second order
in epsilon by g̃∗ = 2

3ε − 8
27γ1ε

2 + O(ε3).
We obtain η = 4

243ε2, hence z = 2 − 2
243ε2 and 2ν =

1 + 1
6ε + [ 1

36 − 2
9γ2 − 2

27γ1]ε2 + O(ε3), with [ 1
36 − 2

9γ2 −
2
27γ1] ≈ 0.0835.

APPENDIX L: EVALUATION OF LOOP INTEGRALS
AND EXPANSION ABOUT dc = 2

We introduce the loop factor

Nd = 2

(4π )d/2

1

�
(

d
2

) ,
∫

dd p

(2π )d
= Nd

∫ ∞

0
d p pd−1, (L1)

with N2 = 1/(2π ) in two dimensions. Further, the bare prop-
agator is given by G0(ωq, q) = Kq2

ω2
q+Kq4 and we define Fq =√

Kq2.

1. Two-point function

The setting sun diagram is given by

Ad (ωq, q) ≡
∫

dωk

2π

dd k

(2π )d

∫
dωp

2π

dd p

(2π )d

× G0(ωk, k) G0(ωp, p)

× G0(ωq − ωk − ωp, q − k − p). (L2)

043001-14



SPONTANEOUS BREAKING OF A CONTINUOUS … PHYSICAL REVIEW RESEARCH 8, 043001 (2026)

Using the convolution identity (for F1, F2 ∈ R+)

∫ ∞

−∞

dω

2π

1

(ω2 + F 2
1 )
[
(ωx − ω)2 + F 2

2

]
= F1 + F2

2F1F2
(
ω2

x + (F1 + F2)2
) , (L3)

first with F1 = Fp, F2 = Fq−p−k , ωx = ωq − ωk , and then over
ωk with F1 = Fk , F2 = Fp + Fq−p−k , ωx = ωq, we obtain

Ad (ωq, q) = K3/2

4

∫
dd p

(2π )d

dd k

(2π )d

F (q, p, k)

ω2
q + F (q, p, k)2

,

F (q, p, k) := Fp + Fk + Fq−p−k . (L4)

In the static limit ωq = 0, we can evaluate the double momen-
tum integral as

Ad (0, q) = K

4

∫
dd p

(2π )d

dd k

(2π )d

1

(q − p − k)2 + p2 + k2

= K

16
3 1− 3d

2 N2
d �(1 − d ) �

(
d

2

)2

(q2)d−1. (L5)

Now, in order to obtain the field renormalization, we calculate

∂q2 Ad (0, q) = − K

16
3 1− 3d

2 N2
d

× �(2 − d ) �

(
d

2

)2

(q2)d−2 (L6)

which, in d = 2 − ε in MS scheme (see below), yields

∂q2 A(MS)
2−ε (0, q)=−K N2

2

144

1

ε

[
1+ε

(
3

2
ln 3 − ln(q2)

)]
+O(ε).

(L7)

2. Four-point function—first diagram

The one-loop diagram correction to the four-point interac-
tion reads

B(ωq, q) ≡
∫

dωp

2π

dd p

(2π )d

× G0(ωp, p) G0(ωp + ωq, p + q)

= K

2

∫
p

Fp + Fp+q

ω2
q + (Fp + Fp+q )2

. (L8)

For ωq = 0, we find

Bd (0, q) =
√

K

2d+1
Nd�

(
d

2

)
�

(
1 − d

2

)
(q2)d/2−1. (L9)

Now, we apply the MS scheme, i.e., multiply the result by
N2/Nd . Hence, in d = 2 − ε dimensions, the Laurent series
reads to leading order

BMS
2−ε(q) = b1 + Br (q) + O(ε), (L10)

where we separated b1 the divergent part in ε, from the mo-
mentum dependent (IR divergent) part Br (q)

b1 =
√

K

4
N2

1

ε
, Br (q) = −

√
K

4
N2

[
1

2
ln q2 − ln 2

]
.

(L11)

3. Four-point function—second diagram

The last two-loop diagram we need is given by

C̃d (ωq1 , q1, 0, 0) ≡
∫

dωk

2π

dd k

(2π )d

∫
dωp

2π

dd p

(2π )d
G0(ωp + ωq1 , p + q1) G0(ωp, p) G0(ωp − ωk, p − k) G0(ωk, k). (L12)

We integrate out ωk making use of the convolution (L3), then using∫ ∞

−∞

dωp

2π

1(
ω2

p + F 2
p

)[
(ωp + ωq)2 + F 2

p+q

](
ω2

p + F 2
x

)
= 1

2
(
F 2

x − F 2
p

)[ 1

Fp
(
(ωq + iFp)2 + F 2

p+q

) − 1

Fx
(
(ωq + iFx )2 + F 2

p+q

)]

+ 1

2Fp+q
(
(−ωq + iFp+q)2 + F 2

p

) (
(−ωq + iFp+q)2 + F 2

x

) , (L13)

with additionally ωq1 = 0 and Cd (q) = C̃d (0, q, 0, 0), we find the expression in terms of momentum integrals to be

Cd (q) = K2

4

∫
p,k

Fp + Fp+q + Fp−k + Fk

(Fp + Fp+q ) (Fp+q + Fp−k + Fk ) (Fp + Fp−k + Fk )
(L14)

= K

4

∫
dd p

(2π )d

dd k

(2π )d

p2 + (p + q)2 + (p − k)2 + k2

[p2 + (p + q)2][(p + q)2 + (p − k)2 + k2][p2 + (p − k)2 + k2]
. (L15)
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Introduce
D12 := p2 + (p + q)2,

D23 := (p + q)2 + (p − k)2 + k2,

D13 := p2 + (p − k)2 + k2,

such that the integrand splits as

p2 + (p + q)2 + (p − k)2 + k2

D12D13D23
= 1

2

⎛⎜⎝
1

D13D23+ 1
D12D23+ 1
D12D13

⎞⎟⎠. (L16)

With a Feynman parameter, we can perform the p integration
and obtain

Cd (q) = K

25(4π )d/2
�
(

2 − d

2

)
×
∫

dd k

(2π )d

∑
i j∈{12,13,23}

∫ 1

0
dx

× (S̃i j (x))αp, αp := d

2
− 2, (L17)

with the shorthand

S̃i j (x) = Ai j (x) Q2 + Bi j (x) r2 + Ci j (x) Q r μ,

Q := |q|, r := |k|,

μ := q·k
Q r

, (L18)

and the channel polynomials

(12) : A12 = (1 − x2)/4, B12 = 3/4,

C12 = (1 − x)/2,

(13) : A13 = 1/4, B13 = (3 − 2x − x2)/4,

C13 = (1 − x)/2,

(23) : A23 = x(2 − x)/4,

B23 = (3 − 2x − x2)/4, C23 = x(1 − x)/2. (L19)

a. Angular and radial k integrations

For Re(a),∫
d�d−1 (a + bμ)α = 2πd/2

�(d/2)
aα

× 2F1

(
− α,

1

2
;

d

2
;

b2

a2

)
, (L20)

with a = Ai jQ2 + Bi jr2, b = Ci jQ r and using the hypergeo-
metric function 2F1. Hence,

Cd (q) = K �(2 − d
2 )

25(4π )d/2

2πd/2

�(d/2)

1

(2π )d

×
∑

i j

∫ 1

0
dx
∫ ∞

0
dr rd−1 (Ai jQ

2 + Bi jr
2)αp

× 2F1

(
−αp,

1

2
;

d

2
;

C2
i j Q2r2

(Ai jQ2 + Bi jr2)2

)
. (L21)

Let t = r2 (rd−1dr = 1
2 t

d
2 −1dt) and map

y = Bi jt

Ai jQ2 + Bi jt
∈ (0, 1),

C2
i jQ

2t

(Ai jQ2 + Bi jt )2
= C2

i j

Ai jBi j
y(1 − y). (L22)

together with dy
y(1−y) = dt

t . After simplifying constants, one
finds

Cd (q) = K �
(
2 − d

2

)
2 2d+5 πd �

(
d
2

) Q2(d−2)

×
∑

i j

∫ 1

0
dx A d−2

i j B−d/2
i j Iy(λi j (x)), (L23)

where, for clarity of notation, α = d
2 , β = 2 − d

2 , and

Iy(λ) =
∫ 1

0
yα−1(1 − y)β−α−1

× 2F1

(
β,

1

2
; α; λ y(1 − y)

)
dy,

λi j = C2
i j

Ai jBi j
. (L24)

b. Formulas used

In the following two sections, we make extensive use of
the integral representations and series expansions in terms of
Pochhammer symbols of the hypergeometric function 2F1, a
generalized hypergeometric function, the Appell series, and
(incomplete) Beta functions. We provide the necessary ex-
pressions; consult for instance Ref. [65].

Definition of the Appell F1

F1(a; b1, b2; c; x, y) = �(c)

�(a) �(c − a)

×
∫ 1

0
u a−1 (1 − u) c−a−1

× (1 − xu)−b1 (1 − yu)−b2 du,

(L25)

valid for Re (c) > Re (a) > 0. The series expansion is

F1(a; b1, b2; c; x, y) =
∞∑

m=0

∞∑
n=0

(a)m+n (b1)m (b2)n

(c)m+n

× xm

m!

yn

n!
,

(|x| < 1, |y| < 1), (L26)

given in terms of the rising Pochhammer symbols

(q)0 = 1,

(q)n = q(q + 1) · · · (q + n − 1) = �(q + n)

�(q)
. (L27)
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The incomplete Beta function is given by

Bz(a, b) =
∫ z

0
t a−1 (1 − t )b−1 dt

= za

a
2F1(a, 1 − b; a + 1; z). (L28)

And for z = 1, the Beta function can be given in terms of
Gamma functions

B(a, b) =
∫ 1

0
t a−1 (1 − t )b−1 dt = �(a) �(b)

�(a + b)
. (L29)

c. y integration (closed form)

Expanding the Gauss function and integrating term wise,
we obtain∫ 1

0
yα−1+n(1 − y)β−α−1+ndy = B(α + n, β − α + n)

= �(α)�(β − α)

�(β )

× (α)n(β − α)n

(β )2n
. (L30)

Using (β )2n = 22n ( β

2 )n( β+1
2 )n, we write the result in terms of

a generalized hypergeometric function

∞∑
n=0

(β )n
(

1
2

)
n

(α)n n!
B(α + n, β − α + n) λn

= �(α)�(β − α)

�(β )
3F2

(
β, β − α,

1

2
;

β

2
,

β + 1

2
;

λ

4

)
.

(L31)

Inserting into Eq. (L23) and canceling �( d
2 ) gives the prefac-

tor

Cd (q) = K �(2 − d )

2 2d+5 πd
Q2(d−2)

∑
i j

∫ 1

0
dx A d−2

i j B−d/2
i j 3F2

×
(

2 − d

2
, 2 − d,

1

2
; 1 − d

4
,

3

2
− d

4
;

λi j (x)

4

)
.

(L32)

d. Series expansion and x integration: Final double sum

Using

A d−2
i j B−d/2

i j

(
λi j

4

)n

= C2n
i j

4 n
A d−2−n

i j B−d/2−n
i j , (L33)

define the channel moments

I (i j)
n :=

∫ 1

0
dx Ci j (x)2n Ai j (x) d−2−n Bi j (x)−d/2−n. (L34)

Then, Eq. (L32) becomes the explicit double sum

Cd (q) = K �(2 − d )

2 2d+5 πd
Q2(d−2)

∞∑
n=0

(
2 − d

2

)
n (2 − d )n

(
1
2

)
n(

1 − d
4

)
n

(
3
2 − d

4

)
n n! 4 n

×
∑

i j∈{12,13,23}
I (i j)

n . (L35)

We can evaluate the different channels by means of substitu-
tions, which we give for each function and representations of
corresponding hypergeometric functions. For the first channel,
we substituted with x = 1 − 2u, and then u = t/4 to arrive at

I (12)
n = 2n+2 3− d

2 −n

d − 1 + n

× 2F1(d − 1 + n, 2 − d + n; d + n; 2), (L36)

in the second, again with x = 1 − 2u, then u = 2v, to obtain

I (13)
n = 2− 2d+4

n + 1 − d
2

× 2F1

(
n + 1 − d

2
, n + d

2
; n + 2 − d

2
;

1

4

)
, (L37)

and finally, in the third, no simplification could be found, such
that we arrive at

I (23)
n = 2 n+2 3− d

2 −n �(n + d − 1) �
(
n + 1 − d

2

)
�
(
2n + d

2

)
× F1

(
n + d − 1; n+2 − d,

d

2
+n; 2n+ d

2
;

1

2
,−1

3

)
.

(L38)

with F1 being the Appell F1 function; compare Eq. (L25).

e. Expansion in MS scheme

As before, we multiply with (N2/Nd )2 and obtain

C(MS)
d (q) = K N2

2 �(2 − d )�( d
2 )2

27
Q2(d−2)

×
∞∑

n=0

( 2 − d
2 )n (2 − d )n ( 1

2 )n

(1 − d
4 )n ( 3

2 − d
4 )n n! 4 n

∑
i j∈{12,13,23}

I (i j)
n .

(L39)

In order to expand the expression (L39), we represented the
channels in terms of (double) sums and expanded them to the
necessary order in ε, we will find that

I (12)
0 = 4

3
+ O(ε), (L40)

I (13)
0 = 2

ε
+ 6 ln 2 − ln 3 + O(ε)

= I (23)
0 ,

I (i j)
n = O(ε0),

∀n > 0, i j ∈ {12, 13, 23}. (L41)

We used several times Eq. (L44), and arrive at

C(MS)
2−ε (q) = K N2

2

27

[
4
ε2 + ( 4

3 + 12 ln 2 − 2 ln 3 − 4 ln q2) 1
ε+O(ε0)

]
.

(L42)

f. Used trick on expansion for the hypergeometric functions

Let a = O(ε), and b = b0 + O(ε) = c, where b0 is a
nonzero constant and |z| < 1, we want to show that the
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hypergeometric series,

2F1(a, b; c; z) =
∞∑

n=0

(a)n (b)n

(c)n

zn

n!
, (L43)

gives

2F1(a, b; c; z) = 1 − a ln(1 − z) + O(ε2), (L44)

to linear order in ε.
Note, for n = 0 the term is 1 and has no ε dependence. For

every n � 1, (a)n is O(a) = O(ε), while the deviations of b
and c from b0 are also O(ε). Thus, any correction from b or c

would multiply a and be O(ε2), which we can drop at linear
order.

Therefore, to O(ε) we may set b = c = b0 in the n �
1 terms. Further, for small a, one has (a)n = a(a + 1) · · ·
(a + n − 1) = a (n − 1)! + O(a2). Hence,

∞∑
n=1

(a)n

n!
zn = a

∞∑
n=1

zn

n
+ O(a2)

= a(− ln(1 − z)) + O(a2), (L45)

and therefore the claim is shown.
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