PHYSICAL REVIEW RESEARCH 8, 023233 (2026)

Constant geometric speed schedule for adiabatic state preparation

Mancheon Han®,!-" Hyowon Park 23 and Sangkook Choi Ly
1School of Computational Sciences, Korea Institute for Advanced Study (KIAS), Seoul 02455, South Korea
2Materials Science Division, Argonne National Laboratory, Argonne, Illlinois 60439, USA
3Department of Physics, University of Illinois at Chicago, Chicago, Illinois 60607, USA

® (Received 29 October 2025; revised 3 February 2026; accepted 9 May 2026; published 1 June 2026)

The efficiency of adiabatic quantum evolution is governed by the evolution time 7', which typically scales as
O(A~?) with the minimum energy gap A. However, the rigorous lower bound is O(LA™!), where L is the
adiabatic path length. Although L is formally upper bounded by O(A~'), such a bound is often too loose
in practice, and L can be bounded independently of A. This indicates the potential for a quadratic speedup
through adiabatic schedule construction. Here, we introduce the constant geometric speed (CGS) schedule,
which traverses the adiabatic path at a uniform rate. We show that this approach reduces the scaling of the
evolution time by a factor of A~!, provided L remains bounded independently of A. We propose a segmented
CGS protocol where path segment lengths are computed from eigenstate overlaps on the fly, reducing the prior
spectral-knowledge requirement from the full gap function A(s) to just a global lower bound on the energy
gap. Numerical tests on adiabatic unstructured search, N,, and a [2Fe-2S] cluster demonstrate the optimal A~!
scaling, confirming a quadratic speedup over the standard linear schedule.
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I. INTRODUCTION

The adiabatic theorem [1-3] states that a quantum system
remains in its instantaneous eigenstate as long as the state of
interest is separated by an energy gap from other eigenstates
and the Hamiltonian changes sufficiently slowly. This prin-
ciple underlies both analog adiabatic quantum computation
[4-6] and its digital counterpart, adiabatic state preparation
(ASP) [7-9], which implements adiabatic evolution through
quantum circuits [10] and is widely used as a state-preparation
subroutine for algorithms such as quantum phase estimation
[11,12]. In both cases, the key resource is the adiabatic evo-
lution time T, defined here as the minimum duration required
for the evolved state |1 (T)) to achieve a target fidelity F =
(Y (T)|Dy) |> with the desired eigenstate [Df).

Among various parameters that affect the required adia-
batic evolution time 7, the minimal energy gap A plays a
major role. Both lower and upper bounds for 7 in terms
of A are established [6,13]. The adiabatic evolution starts
with the eigenstate |®;) of the easily solvable Hamiltonian
H;, and aims to obtain the eigenstate |® () of Hy, the target
Hamiltonian. The rigorous adiabatic theorem [3] applies to
any variation of the Hamiltonian between H; and Hy as long
as H(t), the Hamiltonian as a function of time ¢, is a function
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of the renormalized time t = ¢ /T that starts with H; and ends
at Hy. Here, we narrow down our discussion to the following
form:

H(s(t)) = H; + (Hy — Hj)s(7). ey

The parameter s is a monotonically increasing function of the
normalized time t, referred to as the schedule. The schedule
s(t) maps the normalized time t € [0, 1] to the interpolation
parameter s € [0, 1], satisfying s(0) = 0 and s(1) = 1.

For the given adiabatic path {|®(s))}se[0,1] of instantaneous
eigenstates |D(s)) of H(s), the lower bound for 7T is given by
[14]

T > O/A), 2

where L = fol [195]®P(s))|lds is the adiabatic path length. As L
can often be bounded independently of A [14], the required
adiabatic evolution time T scales at least as O(A~"). On the
other hand, a sufficient condition for adiabaticity [3,6] yields
an upper bound

H fi H|?
ro() so(M1) 1 o(ME),

where ~ denotes a derivative with respect to 7. This condition
implies that 7' scales at most as O(A~2) or even O(A73).
These different scaling behaviors between upper and lower
bounds highlight the potential role of scheduling, i.e., the
choice of s(t). For example, in the adiabatic Grover search,
a linear schedule gives 7 = O(A~?), whereas an optimized
schedule using a priori gap information achieves the opti-
mal O(A™") scaling [15]. Since then, a number of optimal
scheduling strategies have been proposed [16-24]. However,
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they require spectral information or lack general performance
guarantees, which limits their practical applicability.

In this work, we introduce a geometric framework for con-
structing schedules that improve the gap scaling. Motivated
by the geometric origin of the optimal O(A~") scaling, we
propose the constant geometric speed schedule, which tra-
verses the adiabatic path at a uniform rate and improves the
scaling of the upper bound of 7' in 1/A by one order, provided
that L remains bounded independently of A. We then propose
a practical classical-quantum hybrid algorithm to implement
this schedule using eigenstate overlaps computed along the
evolution. We demonstrate the method on the adiabatic Grover
algorithm, N, molecule, and a [2Fe-2S] cluster, showing that
the constant geometric speed schedule achieves the optimal
O(A™") scaling, a quadratic speedup over O(A~?) scaling
of the linear schedule. In contrast to earlier approaches, our
method reduces the prior spectral-knowledge requirement
from the full gap function A(s) to just a global lower bound
on the energy gap, and provably improves the gap dependence
of the adiabatic evolution.

II. NOTATION

Before presenting the methods, we briefly summarize the
notation. The Hamiltonian along the adiabatic path is denoted
by H(s), with H; and H; the end points and |®;), |®/) their
respective eigenstates. The state at physical time ¢, |y (7)),
evolves from the initial state | ®;) according to the Schrédinger
equation with H(s(r)). When no confusion arises, we write
H(tr) = H(s(t)) and |P(7)) for the instantaneous eigenstate
[®(s(1))).

III. ADIABATIC EVOLUTION ERROR
With F = [{(y(T)|®y) |2, the adiabatic evolution error sat-

isfies [3]
Cls1\?
1—-F < (T) , 4)

where the functional C[s] depends on the schedule s(7) and is
given by

_ = P[PPI
=3 2wt sw

7€{0,1}

+/1 121 dH/‘zan 1Pl s
0o A() o AT

with P(t) = |®(7))(P(7)| and Q(t) = I — P(7). For clarity,
the explicit T dependence has been omitted. The evolution
time T required to reach a desired fidelity is therefore pro-
portional to C[s]. Without exploiting the geometric structure
of the eigenstate path, the terms in Eq. (5) can be bounded
using derivatives of the Hamiltonian and the energy gap [3] as
IPI < IH1I/A and |QPP|| < [[H||/A + 4]H |*/ A Substi-
tuting these estimates yields upper bounds in Eq. (3).

IV. CONSTANT GEOMETRIC SPEED SCHEDULE

The lower bound of the adiabatic evolution time is deter-
mined by geometric properties of the eigenstate path [14],

suggesting that the scaling with respect to the minimum gap
can be improved by rewriting Eq. (5) in geometric form. The
natural parametrization of the path is its Fubini-Study arc
length [25] I(s) = f(; |05 @ (s")||ds’. Accordingly, the instanta-
neous speed is v(t) =dl/dt = |®()|. Since ||P| = v(T),
the first term of C[s] directly reflects this speed. The second
term is associated with the curvature « of the adiabatic path,
which can be defined as [26] k() = ||Q d*>®/dI?|. Using the
curvature, we have ||QPP| = /2 + «2v* (proof in Sec. I A
of the Supplemental Material [27]). Thus, C[s] in Eq. (5) can
be written with geometric terms as

c v(7) \/UZ(‘E)+K2(‘E)U4(I)d
[S]_,eol AD) / AD) !
v3(7) '_IH(®)[v(T)
+/(; A(T)a?r+v/‘0 2—A2(‘L') drt. (6)

For the constant geometric speed (CGS) schedule s.(t), the

speed becomes uniform, v(r) = L with L = fol v(t)dt, and

the acceleration term v vanishes. Substituting into Eq. (6)
Clsc] =L

yields
L2/1 —K(fH— 1dr
T€{0,1) o A)

LIE@I
+aL /0 o @)

A(T)

This leads to the following scaling for the total time 7'

(L L(K + L) LIH|
T_(’)<A>+(9<—A )+o( o ) ®)

where K = fOL k(1) dl is the total curvature of the adiabatic
path. Comparing this with Eq. (3), every term in the bound
improves by one order in A. Here, the explicit dependence
on the gap is replaced by the geometric quantities L and K.
If these geometric quantities exhibit worst-case scaling (e.g.,
L o« A™"), the advantage of the CGS schedule vanishes. How-
ever, in many cases of interest, L [14] and K can be bounded
independently of A [see Figs. 3(c) and 4(d)]. In this regime,
the CGS schedule achieves a one-order improvement in gap
scaling. Consequently, the constant geometric speed schedule
can yield the optimal T = O(A~") scaling in cases where
generic schedules typically require 7 = O(A~?), such as for
Hamiltonians belonging to the Gevrey class [28].

The constant geometric speed condition (v = 0) implies
ds/dt o (dl/ds)~'. Since the geometric speed is bounded by
dl/ds < ||Hy — H;||/ A, this suggests a similarity to previous
gap-based locally optimal schedules ds/dt o AP [3,6,15].
This similarity is supported by our numerical experiments
(Fig. S2 in the Supplemental Material [27]). However, despite
this similarity in performance, our method offers a distinct
practical advantage. Unlike the gap function A(s), which
requires knowledge of excited states, the geometric speed is
determined solely by the ground state. Consequently, the CGS
schedule can be computed on the fly during the adiabatic evo-
lution, as the evolving state provides a good approximation of
the true ground state. The only parameter required is a global
lower bound of the energy gap A to filter out excited-state
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FIG. 1. Schematic construction of the CGS schedule. The seg-
ment length Al is obtained from the overlap |(®(s)|®(s + As))|?,
and then At is adjusted so that Al/Ar remains constant.

components. This parameter is far more tractable than charac-
terizing A(s) for all s, and can even be estimated adaptively.
A related geometric formulation by Chen [24] likewise casts
the optimal protocol as constant velocity traversal, but with
respect to a dynamical quantum geometric tensor, in contrast
to the standard Fubini-Study metric used in our work. This
choice of metric allows our method to compute the adiabatic
path length and the corresponding schedule directly through
eigenstate overlaps.

We now describe how to construct such a schedule in
practice based on the length of adiabatic path segments,

s+As
Al = /

The equation suggests that we can traverse the adiabatic path
at a uniform rate by keeping the ratio Al/At constant. The
important thing to remark is that the segment length A/ can be
obtained from the overlap between nearby eigenstates, from
[{D(s)|D(s + As))|> = 1 — (Al)? up to the leading order (see
Fig. 1). Then, the following theorem provides a discretized ap-
proximation to the constant geometric speed schedule (proof
in Sec. I B of the Supplemental Material [27]).

Theorem 1. Suppose a monotonic sequence so = 0 < 51 <

- < s, = 11is given, and that the eigenstate overlaps

d|®(s"))
ds’'

Hds’. 9)

(D) D54 =1 — (Al

are known for each adjacent pair (s;, s;11). Then, any sched-
ule 3(7) satisfying $(t;) = s; and

Alji
ZAS yavs
i=1 i

converges to the constant geometric speed schedule s. in the
limit max ;(sj4+1 —s;) — 0.

Based on Theorem 1, we can construct a segmented con-
stant geometric speed schedule, §.(t), by interpolating the
discrete points {(z;, s;)}. This schedule serves as a practi-
cal, discretized realization of a true constant geometric speed
schedule. The core challenge in this approach lies in the
computation of the path segment lengths Al;, which requires
calculating the eigenstate overlaps |(d>(s_,-)|d>(s_,-+1))|2. The
practical algorithm for this task is given in the Appendix.

V. APPLICATIONS

We apply our method to a variety of quantum systems,
ranging from quantum search problems to quantum chemistry.
In the following analysis, we account for the overlap calcula-
tion overhead, Ty, which we estimated as 4 A~! (details of this
estimate and other computational parameters are provided in
the Appendix). For chemical systems, the B3LYP exchange-
correlation functional [29,30] is used in a density functional
theory (DFT) calculation.

A. Adiabatic Grover search

The Grover search problem [31] is a canonical exam-
ple for adiabatic scheduling. Its adiabatic formulation [15]
evolves the initial state |®;) = |+)®" toward the marked com-
putational basis state |m) using the Hamiltonians H; =T —
|®;)(®;| and Hy =1 — |m){m|, interpolated as in Eq. (1).
While a linear schedule s(t) =t yields T = O(N), offer-
ing no advantage over classical search, the optimal schedule
achieves a quadratic speedup. However, realizing this opti-
mal schedule traditionally relies on the condition § oc A%(s)
[15], which necessitates explicit prior knowledge of A(s).
Crucially, we prove that this optimal schedule is, in fact,
identical to the CGS schedule (proof in Sec. I C of the Sup-
plemental Material [27]). Consequently, our method naturally
reproduces the optimal Grover schedule by computing local
geometric information on the fly, without requiring a priori
knowledge of A(s).

Figures 2(a)-2(c) show the numerical results for the adi-
abatic Grover problem with N = 214 = 16384. Panel (a)
displays the energy spectrum, which exhibits its minimum gap
at s = 0.5. Consistent with this feature, our algorithm gener-
ates a schedule §.(t) that slows down near the gap minimum,
as shown in panel (b). The computed schedule points (red)
lie almost exactly on the theoretical constant geometric speed
schedule s.(t), with deviations arising only from interpola-
tion. Panel (c) quantifies the resulting speedup: Our schedule
reaches 75% fidelity approximately 92 times faster than the
linear schedule (7 = 3.19 x 10% versus T = 2.94 x 10*).

Finally, Fig. 2(d) confirms the asymptotic scaling of the
evolution time with the minimum gap on the adiabatic path
A. For the adiabatic Grover search, A =1/ VN [15], so the
plot also directly connects evolution time with the number of
items N in the database. We plot the adiabatic evolution time
T and the total time Tio; = T + Toy. The numerical fit shows
that the linear schedule’s evolution time scales as 7 oc A™2 =
O(N), while our constant geometric speed schedule achieves
the optimal scaling of 7 o« A~! = O(+/N). Since the overlap
calculation overhead Ty, also scales as A~!, the total time T;y
maintains this optimal scaling, with a larger prefactor.

B. N,

The first system we consider is the nitrogen molecule,
described using an STO-3G basis set [32] and restricted to
the singlet subspace. As the initial Hamiltonian H;, we use the
Kohn-Sham Hamiltonian from a converged DFT calculation.
The system then evolves toward the final Hamiltonian Hy,
which is the full electronic Hamiltonian within this basis set.
Figure 3(a) shows the two lowest-lying energies as a function
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FIG. 2. Application of the constant geometric speed schedule to the adiabatic Grover search. Panels (a)—(c) show results for N = 24,
(a) Energy spectrum of H (s). (b) Segmented CGS schedule §. compared with the exact optimal schedule s. and the linear schedule s;; circles
denote computed points. (c) Fidelity F vs evolution time T for §. and s;. (d) Evolution time required to reach F = 0.75 as a function of the
minimum gap A; circles show numerical data and dashed lines indicate fitted scalings.

of bond length R, obtained from the DFT calculation corre-
sponding to H; and from a full configuration interaction (FCI)
calculation of Hy. The inset reveals that the energy gap of
the initial Hamiltonian decreases rapidly with increasing R,
causing the overall minimum gap A of the adiabatic path to
occur near s = 0 for large R.

Our CGS schedule 3. allocates a significantly larger frac-
tion of the evolution time to this region, resulting in a
substantial reduction in the required evolution time, as shown
for R = 3.5 A in Fig. 3(b) [see Fig. S1(a) of the Supplemental
Material [27] for the shape of §.]. To be quantitative, let T
denote the time required to reach a target fidelity of 0.75. We
find that our schedule yields a speedup of T'[s;]/T[5.] =~ 52.6
over the linear schedule s;. To investigate the origin of this
speedup, in Fig. 3(c), we plot the adiabatic path length L
and total curvature K as a function of the minimum gap
A, obtained by varying the bond length R. We observe that
both L and K remain bounded independently of A, unlike
the theoretical worst-case scaling. This behavior accounts for
the performance of CGS and leads to the reduced gap scaling
from A~2 to A~', as confirmed in Fig. 3(d).

C. [2Fe-2S]

We demonstrate our method on a [2Fe-2S] cluster, a
common bioinorganic motif and a representative strongly cor-
related system in quantum chemistry [33—-36]. Following Lee

(@) _ (b)
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et al. [37], we test a wide range of initial Slater determinants
and reproduce their observation that ASP performance under
a linear schedule is highly unpredictable: The required evo-
lution time varies over eight orders of magnitude depending
on the initial state and often exceeds the estimated cost of
quantum phase estimation (Tgpg) [37]. This extreme sensitiv-
ity arises from the 7 oc A~2 scaling, which strongly amplifies
variations in the minimum gap A.

Our constant geometric speed schedule mitigates this issue
by achieving the optimal 7 o< A~! scaling. To quantitatively
compare the two approaches across many initial states, we use
the heuristic estimate [37]

res _ oo (ROIH@IED)
ASP — A2(7)

, 10
€[0,1] (10)

where |E(7)) is the first excited state at 7.

The results in Fig. 4(b) confirm that the optimal gap scal-
ing leads to improved reliability. While 73, for the linear
schedule (black) shows the previously reported large varia-
tion, the CGS schedule (red) exhibits much smaller variance
and consistently stays below Tgpg (dotted line). By achieving
optimal scaling, our method thus makes ASP robust and less
unpredictable.

Figure 4(c) presents the actual adiabatic evolution results
for a representative case, where the initial state corresponds
to the DFT ground state [indicated by crosses in Fig. 4(b)].
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FIG. 3. Application of the CGS schedule to the nitrogen molecule. (a) Low-lying energy spectra from DFT (blue) and FCI (red)
calculations. (b) Fidelity F as a function of the evolution time T at bond length R = 3.5 A. (c) The adiabatic path length L and the total
curvature K as a function of A. Dotted red line corresponds to worst-case scaling of L. (d) Evolution time needed to reach 7 = 0.75 vs the
minimum gap A. The constant geometric speed schedule (red) achieves the optimal A~! scaling, while the linear schedule (black) follows
A~2. The total time including overlap overhead (blue) also follows the optimal scaling.
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FIG. 4. Application of the CGS schedule to the [2Fe-2S] cluster. (a) Molecular structure. (b) Estimated adiabatic evolution time 7, vs the
minimum energy gap A, showing the optimal A~! scaling for 3. (red) compared with the A2 scaling of s; (black). (c) Fidelity F as a function
of evolution time 7 for the initial state chosen as the DFT ground state, corresponding to the crosses in panel (b). Plot shows a speedup of more
than two orders of magnitude with 5. (d) The adiabatic path length L and the total curvature K as a function of A. Dotted red line corresponds

to worst-case scaling of L.

The estimates in panel (b) suggest a speedup of more than
two orders of magnitude with the CGS schedule, and the
simulation in panel (c) confirms this expectation [see
Fig. S1(b) of the Supplemental Material [27] for the shape of
3c]. Using the CGS schedule, the system achieves a fidelity of
75% with T = 9.48 x 103, which is approximately 289 times
faster than the linear schedule (T = 2.74 x 10%). Consistent
with the findings in the N, molecule, the observed perfor-
mance gain and the reduced gap scaling are directly attributed
to the geometric properties shown in Fig. 4(d), where both
the adiabatic path length L and the total curvature K remain
bounded independently of the minimum gap A.

VI. CONCLUSION

We have introduced the constant geometric speed (CGS)
schedule as a general strategy to improve the gap scaling of
adiabatic state preparation. By enforcing uniform evolution
along the eigenstate path, the method reduces the gap depen-
dence of the run-time by one order compared with generic
schedules, provided that the adiabatic path length L remains
bounded independently of A. Furthermore, its overlap-guided
construction makes the approach practical without requiring a
priori spectral knowledge. Our numerical results on the adia-
batic Grover search, the nitrogen molecule, and the [2Fe-2S]
cluster demonstrate a clear quadratic speedup, improving the
adiabatic scaling from O(A~2) to O(A~") and substantially
enhancing the reliability of state preparation. Our numerical
experiments indicate that the gap-independent boundedness of
geometric quantities L and K is a typical feature in practice,
supporting the broad applicability of the proposed method.
While this empirical observation emerges consistently across
our tested systems, a rigorous characterization of the Hamil-
tonian classes exhibiting such gap-independent geometric
boundedness, together with a formal proof of schedule opti-
mality, is left for future work. Overall, our findings indicate
that exploiting the geometry of the adiabatic path provides an
effective strategy for improving quantum simulation.
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APPENDIX: PRACTICAL ALGORITHM
AND COMPLEXITY ANALYSIS

Here, we discuss the practical quantum algorithm to con-
struct the segmented CGS 5.(7) based on Theorem 1. The key
step is to compute the eigenstate overlaps [{(®(s;)|DP(s;11)) 2.
One approach to calculate this overlap is through the use of
projection operators, P(s) = |D(s))(P(s)|. The squared over-
lap can be computed from the ratio of two expectation values:

(D (s)| (s i) * = %j“) (A1)

where
fi = IPGHIW NI, (A2)
Pi(sjs1) = 1P )P ). (A3)

The quantity f; serves as a fidelity estimate between the
evolved state | (¢;)) and the instantaneous eigenstate | D(s;)),
and it remains non-negligible as long as the evolution time is
sufficiently long. Consequently, the segment length is com-
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ALGORITHM 1. Segmented CGS schedule construction.

Input: Target segment length Al,, time for the first step .
Output: Segmented CGS schedule 5.(7).
Initialize: j < 0,1 < 0, 5o < 0, reference length Al, < 0.
Initialize: Schedule points S < {(ty, 50)}.
while s; < 1do
Construct the schedule §(¢) by interpolating points in S.
Prepare | (¢;)) by evolving |®(sy)) for time #; using 5(¢).
Define g(s') < p;(s)/f; — (1 — Al?).
Find s, > s; that solves g(s;11) = 0.
Compute Al < /1 = pi(sj+1)/ f;-
if j = 0 then
Set reference length Al, < Al;.
Set next time point ;| < .
else
Set next time point #;,; < t; +#; - (Al /AL).
end if
Add the new point (¢;4, 5j41) t0 S.
j<—j+1
end while
Set total evolution time T < t;.
Construct final schedule §(¢) by interpolating all points in S.
Return normalized schedule §.(t) = §(T't).

Aljyy = 1_"Lf“),
fi

This procedure provides a general framework for constructing
the schedule, assuming one has a method to implement the
required projection operators. The entire procedure is sum-
marized in Algorithm 1.

At first glance, it might appear simpler to compute segment
lengths at predetermined uniform grid points rather than using
the root-finding procedure in Algorithm 1. However, as seen
in the adiabatic Grover problem (Fig. 2), the energy gap A(s)
often becomes small only in a very narrow region of s, so a
uniform grid may fail to capture the point where long evolu-
tion time is required. In contrast, our root-finding procedure
adaptively places grid points in proportion to the required
time, ensuring that such regions are properly resolved.

A concrete implementation of the projection operators re-
quired in Algorithm 1 can be realized using the quantum
Zeno Monte Carlo (QZMC) method [39]. The QZMC method
approximates the projector with a Gaussian that can be repre-
sented as a integral of time evolution,

puted as

(A4)

£ ] 2
P(s) & e~ THO-EG)

2
¢ e IHWEO gy (A5)

_ fm

V2 ,32 —00

where E(s) is the energy eigenvalue of H(s) corresponding
to |®D(s)). This approach requires two additional parameters:
B, which determines the width of the projection operator, and
the number of Monte Carlo samples N, to construct integral
in Eq. (AS). The accuracy of this approximation and the
associated resources are governed by these two parameters.
Furthermore, the energy eigenvalue E (s) is determined using

the method described in Sec. II of the Supplemental Material
[27].

Next, we analyze the computational cost of the proposed
algorithm in terms of circuit depth and iteration count. In
this analysis, the target segment length A/, is treated as a
constant parameter based on the following reasoning. Since
the primary role of the constant geometric speed schedule is
to distribute the evolution time in proportion to the geomet-
ric length, it is sufficient that Al, remains small compared
to the total path length L to obtain a practical advantage.
This reasoning is supported by our numerical experiments
(Figs. 2—4), where a fixed value of A, = 0.2 was employed
and demonstrated consistent scaling improvements.

The circuit depth is determined by the total time evolution
length, which consists of the adiabatic evolution time 7 and
the additional time length 7, required to implement the pro-
jection operator. The latter scales as O(B8) [39], where 8 is
the parameter in the Gaussian approximation of the projection
operator in Eq. (AS5). Therefore, the total time evolution length
is

T =T + OB). (A6)

Here, T is a adiabatic evolution time with the constant geo-
metric speed schedule. For our algorithm to be reliable, the
adiabatic evolution time 7 should be large enough to ensure
fj > 1 —nforall j, with 5 taken not too large (e.g., n < 0.5).

To construct the projector that resolves the target eigenstate
from nearby eigenstates, f should satisfy g > Al where
Anin denotes the minimum energy gap in the adiabatic path,
i.e., Apin = min; A(7). In our numerical experiments, setting
B =2A_! was sufficient. Therefore,

min

T =T +O(ALL). (A7)

This shows that the additional cost from the projection
operator, O(A;ﬁln), matches the optimal scaling [Eq. (2)] of
adiabatic algorithms with respect to the minimum energy gap.
Therefore, the projection does not worsen the overall scaling
of the evolution time. Further rigorous analysis shows that
the required B also depends on parameters such as the tar-
get segment length A/, and the precision € of the estimate
p;(sj+1)/f;, which are independent of the Hamiltonian, so is
not discussed here. Such details are provided in Sec. II of the
Supplemental Material [27].

The iteration count of the algorithm is determined by two
factors: (1) the number of schedule segments m and (2) the
number of Monte Carlo evaluations required for each seg-
ment.

The number of segments is determined by the overlap
condition

HOGHID(s )P =1 = AL, Al = Al (A8)

Since the total path length L is approximately equal to

Zj Al;, the number of segments is
L

ma —.

Alt

The primary computational task within each segment is

the root-finding search for the next point s;;; that satisfies

Eq. (A8). This search is iterative, requiring multiple evalua-

(A9)
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tions of the overlap. We define Nroot as the average number
of these evaluations needed per segment. In addition to these
Nioot Steps, a separate evaluation is required to compute the
fidelity term f;. Therefore, the total number of Monte Carlo
evaluations per segment is approximately N, + 1. Each of
these evaluations uses N, Monte Carlo samples, and the stan-
dard deviation for this statistical estimation is bounded by
V2N 12(1 = 1)~! (see Sec. II C of the Supplemental Mate-
rial [27] for derivation). To ensure the error in the overlap esti-
mation is below a threshold e, it suffices to set N, > 2¢ 2(1 —
n)~2. Combining these factors, the total number of Monte
Carlo samples required, Niga1 = m X Nioot + 1) X N, is

L 2 1
Al €2 (1 —=n)*
Having expressed the repetitions in terms of the root-
finding steps, we now theoretically analyze the complexity of
Nioot- In our algorithm, determining the increment As requires
solving [{P(s;)|P(s; + AsHPP=1-— Altz. Our implementa-
tion utilizes a bracketing strategy followed by a root-finding
method (e.g., Brent’s method): We start with a safe lower
bound &s and iteratively double the step size (AsSyia <
2Asyia) until the interval [0.5Asgyia, ASuial]l €ncloses the so-
lution, after which the root is refined within this bracket. To
guarantee that the initial search does not overlook the solution
in regions with large geometric speed vpa < A”!, the lower
bound §s must scale as 8s < Al /umax ¢ A. Since As is at
most 1, the maximum number of doubling steps required to
cover the dynamic range scales as

Ntotal ~ (Nroot + l) (AIO)

Noracket < logz <$) = O(Ing(A_l))o (A11)
Upon completion of the bracketing phase, the root is confined
to an interval of width W = 0.5 Asyia1. Since the true step size
As falls within this interval (0.5As8yuia < As < Asgia), the
interval width W scales proportionally with As. Consequently,
for a target relative precision €, the number of refinement
steps is given by log,(W/(€1As)) = log,(1/€r1), Which is
independent of the gap. Therefore, the total complexity of the
root-finding procedure per segment becomes

Nioot = O(log,(A™1)), (A12)

confirming that the root-finding overhead scales only logarith-
mically with the inverse gap.

Next, we analyze the gap scaling of the cumulative run-
time, T,,,, defined as the sum of the total time evolution
lengths over all segments and repetitions. For the jth segment,
the evolution time required for a single circuit instance is
given by

Toj % 2T +O(A7), (A13)
This circuit is repeated (Nyoor,j + 1)N, times to estimate the
overlap. Since the number of repetitions (Moo, j + 1), scales
at most logarithmically with A~! as discussed previously,

the cumulative run-time Ty, = ZT;OI Tiot, j (Nroot, j + 1N,
satisfies
m—1

T < O(Ing(A_l)) Z 7-iot,j
=0

T
< (9(1og2(A—1))<m7 + mO(A—1)>. (A14)
Given that the number of segments scales as m = O(L), we
obtain

Trn < O(L1ogy(A™))(T +O(A™)). (A15)

If L exhibits worst-case scaling (L ~ A1), the adiabatic evo-
lution time T is lower bounded by O(A~?), leading to a
cumulative run-time of T, ~ O(A™3) (up to logarithmic cor-
rections). This scaling is indeed less favorable than that of the
standard linear schedule. However, in cases where L remains
bounded independently of A, Ty, scales linearly with T (up
to a logarithmic factor). Consequently, if the CGS schedule
achieves T = O(A™!), the cumulative run-time also follows
Trun ~ O(A™Y). This confirms that the quadratic speedup of
our method persists even after considering the total cost.

In addition to the above theoretical analysis, we specify
here the parameter choices used in our practical implemen-
tation of the algorithm for the numerical experiments in
Figs. 2—4. We used B =2A~! and estimated T,, =28 =
4A~! as a reasonable overhead for the projection operations,
because at most two projection operations are required to
compute each overlap. Moreover, we used Al, = 0.2 and
N, = 10*, which yielded accurate schedules with moderate
computational cost. Under these parameter settings, the av-
erage number of root-finding steps per segment was observed
to be Nyoor < 20.

Finally, we highlight several practical aspects of the algo-
rithm. First, in many applications, the minimum gap A is not
known beforehand. For such cases, a suitable value of S can be
found empirically by starting with a small value and iteratively
increasing it (e.g., along a geometric sequence S = 2Xf,) un-
til convergence of the resulting schedule is reached. Second,
the initial segment time #; sets the overall timescale for the
evolution via the relation T & t; x (L/Al). A suitable value
for ¢ can be estimated from the application of Eq. (5) through
a perturbative expansion |®(s)) near s = O or can be adjusted
iteratively until the fidelity f; exceeds a desired threshold.
Furthermore, the root-finding step in Algorithm 1 need not
be highly precise. Theorem 1 does not require the segment
lengths Al; to be uniform; it is sufficient to identify a point
sj+1 that yields an overlap close to the target value, so only a
few root-finding steps are necessary. Finally, for constructing
a continuous schedule from the discrete points, we employed
monotonic cubic spline interpolation [40], as implemented in
ScIPy [41]. Our numerical results in Figs. 2—4 show that while
this interpolation method can introduce small variations in the
final fidelity, it does not affect the scaling of the adiabatic
evolution time with respect to the minimum gap.
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