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Saturation of magnetized plasma turbulence by propagating zonal flows
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Strongly driven ion-scale turbulence in tokamak plasmas is shown to be regulated by a new propagating
zonal flow mode, the toroidal secondary mode, which is nonlinearly supported by the turbulence. The mode
grows and propagates due to the combined effects of zonal flow shearing and advection by the magnetic drift.
Above a threshold in the turbulence level, small-scale toroidal secondary modes become unstable and shear apart
turbulent eddies, forcing the turbulence level to remain near the threshold. This threshold condition is used to
derive scaling laws for the turbulent heat flux, fluctuation spectra, and zonal flow amplitude, which are validated
in nonlinear gyrokinetic simulations and explain previous experimental observations.
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I. INTRODUCTION

Efforts to achieve the high temperatures required for
thermonuclear fusion in magnetically confined plasmas are
stymied by the large heat flux caused by turbulent mixing. The
turbulent fluctuations are driven by microinstabilities, most
notably the ion temperature gradient (ITG) instability [1]. The
saturation level of such ion-gyroradius-scale modes crucially
depends on zonal flows (ZFs) [2,3], flow bands that are nonlin-
early generated by the turbulence [4] and shear apart turbulent
eddies. In toroidal plasmas, the linear ZF physics allows for
stationary ZFs [5,6] and rapidly oscillating geodesic acoustic
modes (GAMs) [7,8].

In this article, we present the toroidal secondary mode
(TSM), a ZF mode that propagates radially due to toroidal ge-
ometric effects and nonlinear interaction with the turbulence.
In Sec. III, we show that the TSM explains the dynamics of
small-scale ZFs in turbulence simulations, and we elucidate
the physics of TSMs in Sec. IV. Furthermore, we demonstrate
the TSM’s relevance to turbulence saturation in Sec. V and
show how the application of the critical balance conjecture to
ITG turbulence [9] must be altered to account for the TSM in
Sec. VI. We derive scalings of the fluctuation amplitude and
length scales, which are in agreement with turbulence simula-
tions and explain experimental observations [10]. Finally, we
conclude in Sec. VIIL.
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II. TOKAMAK TURBULENCE AND GYROKINETICS

We begin with a brief introduction to the topic of tokamak
turbulence and its description by gyrokinetic theory. To avoid
fast parallel losses, the magnetic field B of tokamaks is made
to lie on nested toroidal “flux surfaces.” The plasma rapidly
reaches local thermodynamic equilibrium and is thus approx-
imately Maxwellian, with the density n; and temperature 7
of each species s uniform on flux surfaces. The gradients
between the hot dense core and the cold dilute edge drive
turbulent fluctuations that cause transport across flux surfaces.
These fluctuations evolve slowly compared to the Larmor
gyration frequency 2; = e;B/m;, with my the particle mass
and e, the charge, and B the magnetic field strength. The fast
gyratory motion may thus be averaged over and the turbulence
is modeled using gyrokinetics [11], which describes rings of
charge centered on the gyrocenter position R, shifted from the
particle position r by the gyroradius vector.

In the tokamak core, the fluctuations in the distribution
function f; are small compared to the Maxwellian back-
ground Fy, i.e., §fs = f; — Fms < Fumg, and they are highly
anisotropic. Indeed, their typical length scales parallel to the
magnetic field are on the order of the tokamak size, as mea-
sured, e.g., by the major radius R, while in the perpendicular
direction they are on the much smaller gyroradius scale p; =
vrs/Qs < R, with vy = (27;/m,)"/? the thermal speed. The
fluctuations may thus be described locally in a flux-tube do-
main [12]. In this article, we consider tokamak flux surfaces
with circular cross sections and we choose the radial coor-
dinate to be x = r — ry, with r the radial distance from the
magnetic axis and ry the radius of the flux surface on which
the flux tube is centered. As x labels flux surfaces, its gradi-
ent is parallel to the density and temperature gradients. The
binormal coordinate y and the parallel coordinate 6 determine
the position within a flux surface: y, like x, is perpendicular
to B, whereas 6 gives the location along B. Within the thin
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flux tube, background quantities such as the magnetic field
magnitude do not vary much in the direction perpendicular to
the magnetic field. For this reason, it is convenient to Fourier
analyze the directions x and y. The wave numbers k, and k,
are the wave numbers that correspond to x and y.

Finally, we will use repeatedly the flux-surface average
(A),p of a quantity A, given by its Jacobian-weighted average
in y and 8. The Jacobian of the transformation to (x,y, 6)
is proportional to 1/ B - V6. We also define the zonal and
nonzonal components of A through A% = (A), = A — AN%.

Unless specified otherwise, the gyrokinetic simulations
presented in this article are performed using stella [13]. The
simulations model a flux surface at half radius ry = a/2 of the
Cyclone base case (CBC) [3], a tokamak with inverse aspect
ratio R/a = 2.8, where a is the minor radius. The safety factor
q gives the magnetic field-line pitch and sets the connection
length L = gR, with 27 L the distance along the field line
corresponding to one poloidal turn. The safety factor is var-
ied between simulations, as is the ion temperature gradient
R/Ly = —R dInT;/dr, while the density gradient and other
quantities are held fixed at the usual CBC values. These are
listed in Appendix A, alongside various numerical parameters.

We consider electrostatic and collisionless ion-gyroradius-
scale fluctuations for a single ion species with charge e; =
Z;e and e the proton charge. The gyrokinetic equation may be
written in terms of the nonadiabatic part of the perturbed ion
distribution function h; = §f; + Fumie;@/T;, using the particle
energy and magnetic moment as velocity-space coordinates,

3 (hi — Fyie;@/Ty) + (vyb + Byr) - Vi
+vg -V +h) =0, (1

where the fluctuating electrostatic potential ¢ is self-
consistently determined by quasineutrality
L[
— [ dvhi =1 —(p)he) + ¢, 2
ein;

with t = T;/Z;T, and b= B/B. The overlines indicate gy-
roaverages, with the averages @ and h; taken at fixed R and r,
respectively. Even though it does not appear explicitly because
of the use of the nonadiabatic piece of the distribution func-
tion, Eq. (2) includes the classical polarization response. The
electrons were assumed in Eq. (2) to respond adiabatically
only to potential variations within flux surfaces ¢ — (¢),4, as
they cannot move radially due to their small gyroradii [14].
The gyrokinetic equation includes advection by the magnetic
drift ), and the gyroaveraged E x B drift vy = b x Vg/B.
The latter determines the time-and-volume-averaged heat flux
(Q)rxyp, with O = Q) + O, and

1 m,-vz —
<|Vx|>9/d3” > hve V. Q)

Q)L =

which is of primary interest to ascertain the transport caused
by turbulent fluctuations.

III. PROPAGATING ZONAL FLOWS

In gyrokinetic simulations of strongly driven ITG turbu-
lence, ZF activity is apparent at multiple scales (see Fig. 1),
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FIG. 1. Normalized zonal flow velocity (v% /vri)eR/ p; from sat-
urated ITG turbulence far from marginality (¢ = 2.8, R/Ly = 10.4)
in real space (left) and the absolute value of its Fourier ampli-
tude (right). Remarkably, the oscillation frequency of the secondary
mode due to a primary streamer (dashed line) reproduces the fre-
quency in the nonlinear turbulence simulation. The streamer has
amplitude vf = (v%x>%2 = p;vri/R, is sinusoidal in the binormal
direction with wave number kf p; = 0.01, is constant in 6, and is
bi-Maxwellian in velocity space with parallel temperature THP =0
and a perpendicular temperature to density ratio of TF/T; = 3n® /n;.
We note that the details of the primary do not substantially affect the
secondary mode frequency (see Ref. [15]).

showing large-scale stationary ZFs and small-scale propa-
gating ZFs. The corresponding Fourier spectrum in Fig. 1
exhibits stationary ZFs and GAMs at large scales k,p; ~ 0.1
and a new propagating ZF mode, the TSM. It is predominant
at smaller scales k,p; ~ 0.5 and has a frequency w ~ k, vy,
set by the radial magnetic drift velocity vy, = p;vri/R, de-
fined such that

v2+v2/2
% %)

Ur;

Dprx = Upgy SIN G

in a large aspect ratio tokamak of circular cross section.
Compared to the small-scale and fast-oscillating TSM, the
largest turbulent eddies have long radial wavelengths and
evolve slowly in time, as will be shown below. The TSM may
therefore be studied by considering a secondary mode grow-
ing and propagating over a background stationary (9, = 0)
streamer (d, = 0) mode, referred to as the primary mode and
taken to be representative of the turbulence. This secondary
model was first considered by Rogers et al. [4], who ignored
the magnetic drift and parallel streaming in Eq. (1) and de-
rived a purely growing mode (@, = 0). As shown in Fig. 2,
gyrokinetic simulations of the secondary instabilities of a
streamer exhibit small-scale oscillating (w, # 0) ZFs; a purely
growing mode is observed only at large primary drive or long
ZF wavelengths. In Ref. [15], the dispersion relation for TSMs
is derived and validated with gyrokinetic simulations—In this
article, we instead focus on the phenomenology and physical
mechanism of the TSM, as well as its effect on the turbulence.

IV. PHYSICAL MECHANISM CAUSING THE TOROIDAL
SECONDARY MODE

To understand how the TSM drives ZFs and propagates,
we consider the vorticity equation at long perpendicular
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FIG. 2. Oscillation frequency (left) and growth rate (right) of
secondary modes with radial wave number k¥ due to a primary
streamer mode with varying amplitude, measured by vi = (vZ ) )142
The primary is a linear ITG mode with binormal wave number

kypi = 0.05, at g = 1.4 and R/Ly = 13.9.

wavelengths,

nid; (01| Vx| 0:vE ),

2
= vrd, /d% SLVx-Vovp - Vii+ o)) o (5)
203 y

1

which is derived by taking the time derivative and flux-surface
average of Eq. (2) (see Appendix B). The ZF velocity v =
|Vx|0:{@),/B (or relatedly the zonal vorticity ((V x vg)-

b), ~ |Vx|3,v%) evolves due to nonlinear stresses and due
to the ¥y,-induced Stringer-Winsor (SW) force [7,16—18].
Because the magnetic drift points radially outward above the
tokamak midplane and inward below it, as reflected in the
sin @ dependence of Eq. (4), the SW force requires up-down
asymmetry in (P + e;n;)*, where

] 2
pE/d% %(vﬁ+%)aﬁ ©)

is a fluctuating pressurelike quantity.

The nonlinear stresses in Eq. (5) have been the focus of
most studies of ZF growth, including the secondary mode
theory of Ref. [4], subsequent generalizations by Plunk [19],
Chen et al. [20], and Plunk and Navarro [21], and quasilinear
models (e.g., [22-24]). The magnetic drift was neglected in
these studies, precluding SW force effects on the ZFs.

In the case of the TSM, nonlinear stresses are subdominant
to the SW force in Eq. (5). In a torus, asymmetry in (P +
en;p)? is generated linearly from a ZF due to geodesic cur-
vature. Balancing the resulting SW force with the ZF inertia
in Eq. (5) (the term with 9;) leads to GAMs. For the TSM, the
linearly induced SW force is instead balanced with a nonlin-
early generated (P + e;n;@)” asymmetry, illustrated in Fig. 3.
The ZF shearing and advection by the velocity-dependent Dy,
together cause a phase shift between nonzonal pressure and
potential fluctuations, such that d,(Q + Q. /2), # 0. The re-
sulting up-down asymmetric heat flux generates (P + e;n;¢)*
asymmetry on flux surfaces neigboring the ZF perturbation,
causing the mode to propagate.

This nonlinear generation of (P + e;n;)* asymmetry,
which must generally be modeled accounting for both toroidal
geometric and kinetic effects [15], enables ZF growth by a

—(Q+Q1/2)y

z
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<
>
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Z/Pa ->’UIZ\§Z

FIG. 3. Generation of (P + e;n;¢)* asymmetry by nonlinear heat
flux, illustrated above the tokamak midplane where 9, > 0: Starting
from a streamer mode (left), the vZ perturbation shears the v}~
and PN contours equally, leaving the heat flux (Q) + Q) /2),
(VF2PN?%) . (3) unchanged (middle). Due to the advection by the
velocity-dependent ¥y, (4), a relative displacement (phase shift)
between vi? and P™? ensues, leading to a radial modulation of
(O + 0./2), (right). This mechanism is reversed below the mid-
plane where ¥y, < 0, causing an up-down asymmetry in the heat
flux and thence in (P + e;n;p)”.

mechanism entirely different from nonlinear stresses. We note
that the TSM mechanism is also distinct from that of Hal-
latschek et al. [18] and Itoh et al. [25], who consider pressure
asymmetry generation due to a combination of ZF shearing
and magnetic shear.

The physical picture of the TSM outlined above neglected
parallel streaming, which acts to short-circuit up-down asym-
metries in (P + e;n;¢). Therefore, the TSM is only found
at short radial wavelengths, where w ~ kyvpy 2 v”l; -V ~
vri/qR. At longer wavelengths, the ZFs do not oscillate, as
seen in the gyrokinetic simulations of the secondary (Fig. 2)
or of the turbulence (Fig. 1). Furthermore, the TSM requires
a sufficiently large primary drive vf > vy, to become un-
stable, as shown in Fig. 2. Finally, the TSM is stabilized by
finite Larmor radius effects, such that the growth rate peaks
at k,p; ~ 0.5 in Fig. 2, explaining the prominent ZFs at this
scale in turbulence simulations (Fig. 1).

V. ZONAL FLOWS AND TURBULENCE SATURATION

To ascertain the role of the various ZF modes in setting the
turbulence saturation level, we consider the energy transfer
in k, caused by the nonzonal E x B flow and by ZFs at
different scales in Fig. 4. We first define the low-pass-filtered
distribution

K, |
hig, = / dk, Bk e ™

_Kv

where the Fourier modes /;(k,) are normalized such that
h; = limg__, o h; k.. Then, the low-pass-filtered gyrokinetic
free energy

5fix)’
Ex, = ZT</ g Bi)” ;FS) > ®)
s xy6
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0.%. S

FIG. 4. Energy transfer rate 7x,_ (10) normalized by the total
injection rate Z = limg, o Zx, = (Q)xo/Lr in turbulence simula-
tions. The contributions to the transfer rate (solid) are obtained
by decomposing vg in Eq. (10) into its nonzonal (dashed), small-
scale |k,p;| > 0.3 zonal (dash-dotted), and large-scale |k,p;| < 0.3
zonal (dotted) components. Different colors correspond to different
simulations.

may be shown to evolve as

0k, + Tk, = Ik, — Dk, ©)]
with the energy transfer rate (note the gyroaverage is over A;
and h," Kx)
3, ik,
T, =\T | d’v — vg - Vi) (10)
' Fyi
xy6

the injection rate

2
iV ——

Tk, :L;l</ d*v mThi,KA o Vx> ) (11)
xy6

and a dissipation rate Dk, due to collisions or numerical
dissipation.

In Fig. 4, the small-scale ZFs are shown to transfer most of
the free energy from large to small radial scales, as they are
the largest contributors to 7k, at wavelengths below the TSM
scale K, p; ~ 0.5 — 0.7; for larger K,, the nonzonal contribu-
tion is dominant. The contribution to Tx, from the large-scale
ZFs is subdominant [26]. We note that the maximum value of
Tk, /T is close to unity at K, p; ~ 0.5; therefore, most of the
energy is injected at large scales K, p; < 0.5 and dissipated at
small scales K, p; > 0.5.

VI. TURBULENCE SCALING LAWS

Strongly driven ITG turbulence in tokamaks was previ-
ously modeled [9] using the critical balance conjecture [27],
which posits the nonlinear transfer rate wyp and parallel
propagation rate w; of the saturated turbulence to be of
the same order: At every scale, o, ~ Ve/l ~ w) ~ vri/l),
with the rates estimated from the gyrokinetic equation (1).
Here, [, [, ] are the radial, binormal, and parallel length
scales of the turbulence. The turbulence outer scale, denoted
by “0” superscripts, is defined (analogously to the stirring
scale in fluid turbulence) to be the scale at which the non-
linear transfer rate balances the energy injection rate w? , i.e.,
. ~ ol ~ (vr;/Ly)p;/1°. Here, we have followed Ref. [9]

100 =
< =
g 0 =
2100 S

1001 %
QL >
5 0 ~
—1001 - N@m

FIG. 5. Numerical experiments rescaling the nonzonal distribu-
tion function. The rescaling occurs at t = #.,. (vertical dotted line),
during the saturated phase of the stella turbulence simulation with
R/Ly =13.9 and g = 1.4. The plots show the ZF velocity (color
coded) as a function of x and ¢, and the temporal evolution of the
nonlinear heat flux Q (green solid) and the ZF energy EZF (green
dashed) (16). The values of Q and EZF are given on the right vertical
axis. (a) At? = fqe, the nonzonal distribution is multiplied by 3. (b)
Att = tyq., the nonzonal distribution is divided by 5.

in assuming e;@°/T; ~ h;/Fy;, which by quasineutrality (2)
is equivalent to assuming different velocity moments of A;
scale in the same way (this is generally not satisfied for linear
modes). This assumption may be justified by the inclusion of
parallel streaming and magnetic drift advection rates in the
outer scale balance (see below), as these terms couple velocity
moments of /;. Finally, we also follow Ref. [9] in assuming
the parallel outer length scale to be the connection length
Iy ~ qR.

A. Marginality of toroidal secondary modes

In Ref. [9], the turbulent eddies were assumed to be
isotropic in the plane perpendicular to the magnetic field (/, ~
l,). We have found this assumption to be incorrect because
the turbulence at the outer scale is anisotropic in this plane.
We conjecture that the turbulence level is regulated to be near
the marginal stability threshold of the TSM, vg, ~ vy, at the
outer scale (see Fig. 2).

This conjecture is supported by numerical experiments
where the nonzonal components of the ion distribution func-
tion are artificially rescaled during the saturated phase of a
turbulence simulation (see Fig. 5). By considering the time
evolution as the system returns to the saturated state, we gain
insights into the interplay between turbulence saturation and
ZF dynamics.

We first show in Fig. 5(a) that a sudden increase in the
nonzonal fluctuation level leads to a rapid growth of small-
scale ZFs, i.e., of TSMs. As the ZFs grow to a large amplitude,
the nonzonal fluctuation level rapidly returns to its original
value, as shown by the reduction in the nonlinear heat flux Q.
The resulting decrease in the ZF drive then also causes the ZF
energy EZF to return to its saturated value. Second, we show in
Fig. 5(b) that a sudden reduction in the nonzonal fluctuation
level is followed by a rapid decrease in the ZF energy to a
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small (but finite [5,6]) level as the TSM is stabilized. Eventu-
ally, the turbulence level exceeds the saturated level, causing
the TSMs to become unstable and thereby inducing a rapid
growth in the ZF energy. The large ZF shearing then quenches
the turbulence, which ultimately returns to its original satura-
tion amplitude.

B. Implications for critical balance

Combining the TSM marginality condition vg, ~ vy, With

the critical balance conjecture at the outer scale, we obtain
W} ~ wf ~ ol ~ o, (12)

with @y ~ vpy /L. This balance was previously observed
experimentally [10] and can now be explained based on the
TSM physics. We emphasize that we consider the balance at
the outer scale only; we leave for future work the prediction
of the turbulence spectra at smaller scales.

We obtain the following scalings for the turbulence perpen-
dicular length scales, amplitude, and heat flux:

R
, , L AR
oi Lr  pi T pi Lr Qg Lt

with Qg = m;Tivri(pi/R)* the gyro-Bohm heat flux. No-
tably, the heat flux is predicted to scale linearly with R/Ly;,
instead of the cubic scaling predicted assuming perpen-
dicular isotropy [9,30]. This revised heat flux scaling is
satisfied in simulations, as shown in Fig. 6(a). We also ver-
ify the scalings (13) for the turbulence amplitude and outer
scale by considering the fluctuation spectra [see Figs. 6(c)
and 6(d)] [31].

The offset linear scaling of the heat flux Q as a function
of the safety factor ¢ is shown in Fig. 7(a). Here, unlike
in Fig. 6(a), the heat flux scaling Q o ¢ is identical to that
derived assuming perpendicular isotropy [9].

In Figs. 7(b) and 7(c), we show that the correlations per-
pendicular to the magnetic field also obey the scalings (13).
Here, the radial correlation function is defined as

b _aR 1

e,-(p” R qR

(8pN(x, y, 0)8N“(x + AX, y, 0))1y0
((BPNZ(x, y,0))?) 1y0

and analogously for C(Ay). The correlation functions are
dominated by the contribution from the peak in the Fourier
spectrum; therefore, Figs. 7(b) and 7(c) confirm the alignment
of the outer scale in Figs. 6(c) and 6(d).

We show in Figs. 7(d) and 7(e) that the parallel correlation
lengths also follow the scalings (13) at the outer scale. Here,
the parallel correlation length as a function of k, is defined like
in Ref. [9], and the parallel correlation length as a function of
k, is defined analogously,

D k20 0Pk, i, (0 = 0)89; (60 = AG)
A ;)
Yk 0 |80k, (8 = 0)

C(Ax) = (14)

(AO), = / dag
s)
We note that the parallel correlation length (Af), has spikes

atk,p; = 0.5 corresponding to the TSMs, which are correlated
over approximately half a poloidal turn.

400 T10%
5 S
S o1
S 200 R
—4— stella C;‘E
—+ ox < 10!
S
5 25 50 102 103
k=R/Lr qr?
(a) (b)
e 100 e
= = 10
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= 2 =
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— 104 : L
10 100 102
kypigr

(c)

FIG. 6. Validation of scalings (13) in nonlinear gyrokinetic simu-
lations using the codes stella [9] (circles) and GX [28,29] (crosses).
The scaling of the heat flux with the background temperature gra-
dient « = R/Ly (13) is verified in panel (a) and the scaling of the
zonal flow energy (17) with g and « is substantiated in panel (b).
The nonzonal potential fluctuation spectra in panels (c) and (d) are
rescaled according to Eq. (13). In panels (b)—(d), the cold colors
(black — blue — cyan) and warm colors (black — red — yellow)
correspond to the ¢ and k scans, respectively. The error bars in
panels (a) and (b) correspond to the standard deviation in time. In
panel (d), the peaks at the TSM scale k, p; ~ 0.5 are highlighted. (a)
Normalised heat flux. (b) Energy in small-scale ZFs. (c) Binormal
spectrum; and (d) Radial spectrum.

C. Zonal flow amplitude scaling

For sufficiently large ¢, there is a clear scale separation
between the turbulence outer scale k7p; ~ 1/q and the TSM
scale k,p; ~ 0.5, where the turbulence spectrum exhibits only
a small peak [see Fig. 6(d)]. Therefore, the scalings (13)
justify the secondary model considered in Figs. 2 and 3 to
describe the TSM, as the turbulence varies over long spa-
tiotemporal scales kp; ~ 1/q and w§; ~ vr;/gR compared
to the TSM (k. p; ~ 1 and w?F ~ vy;/R).

The importance of TSMs for turbulence saturation may
seem puzzling given that ZFs oscillating at a frequency w?"
faster than the decorrelation rate wy;, have been argued to be
inefficient at shearing apart turbulent eddies [32]. Intuitively,
the net displacement by ZF advection cancels out over an
oscillation period, curtailing the shearing effect. In fact, as
shown in Fig. 8, the advection by the TSMs is uncorrelated in
time, such that a substantial net displacement by ZF advection
results from diffusion in the binormal direction y.

To affect turbulence saturation, the ZFs must cause diffu-
sion over a length scale l;’ in a nonlinear time, i.e., (l;’)2 ~

D/wY, , where D ~ (v%)?/o?F is the diffusivity due to ZFs.
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FIG. 7. Further validation of scalings (13) in nonlinear gyrokinetic simulations using the codes stella [9] (circles) and GX [28,29]
(crosses). The scaling of the heat flux Q with the safety factor g is verified in panel (a), the perpendicular correlation functions are shown in
panels (b) and (c), and the parallel correlation lengths are shown in panels (d) and (e). The radial and binormal coordinates for the correlation
functions [panels (b) and (c)] and lengths [panels (d) and (e)] are rescaled according to Eq. (13). The color scheme of panels (b)—(e) is explained
in the caption of Fig. 6. (a) Normalised heat flux. (b) Radial correlation function. (c) Binormal correlation function. (d) Parallel correlation
length as a function of k,; and (e) Parallel correlation length as a function of k..

Using Eq. (13), the ZF energy
2

=4 < / &y wz(wz—¢=2>FM> (16)

EZF = i
Zl’l,‘Z’ tx0

is predicted to scale as

E’F vZ g R\ /pi\2
) G o

R/Lp =167

0 50 0 50
At ’UTl'/R At UTZ'/R

FIG. 8. Displacement due to advection by the ZF velocity field
close to marginality (left), where stationary ZFs are dominant and
coherently shear turbulent eddies, and far from marginality (right),
where shearing by the TSMs is diffusive. The ZF velocity field
is taken at different radial positions from fully nonlinear stella
simulations at ¢ = 1.4 and different R/Ly values. The black dashed
line corresponds to the root-mean-square displacement.

Here, ¢Z corresponds to two successive gyroaverages, first at
fixed R and then at fixed r, which in the long-wavelength
limit k; p; < 1 give the approximation in Eq. (17). As shown
in Fig. 6(a), the predicted ZF scaling (17) is well satisfied by
the small-scale TSMs in simulations.

VII. DISCUSSION

In this article, we presented the toroidal secondary mode, a
new mode leading to small-scale propagating ZFs in ITG tur-
bulence simulations (Fig. 1). The basic physical mechanism
that drives the TSM was explained to rely on the nonlinear
generation of up-down pressure asymmetry (a detailed theory
of TSMs may be found in Ref. [15]). The turbulence satu-
ration level is regulated to be near the threshold amplitude
Vgx ~ Uy above which the TSM becomes unstable (Fig. 2).
As a consequence, strongly driven ITG turbulence follows the
scaling laws (13) in the background temperature gradient and
the safety factor, in agreement with gyrokinetic simulation re-
sults (Figs. 6 and 7) and experimental measurements [10]. We
note that various other dimensionless parameters may affect
the turbulence, such as the ratio of temperature and density
gradient or the magnetic shear; such parameter dependences
should be elucidated in future work.

We also note that TSMs resulting from electron-
gyroradius-scale turbulence could differ considerably in
character from those presented in this article, as the ZF inertia
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TABLE 1. Parameters of stella [13] simulations.

TABLE II. Parameters of GX [28,29] simulations.

K q Lx/pi L\/lot N0 Nx Nv NM NU” Dh

Lx/pi Ly/pi N9 Nx Ny Nl Nh Dh

69 14 156 157 24 256 192 12 64 0.05
104 14 231 232 24 384 288 12 64 0.05
139 14 312 314 24 512 384 12 64 0.05
16.7 1.4 625 628 32 1152 1024 12 64 0.12
209 14 625 628 32 1152 1024 12 64 0.15

104 28 412 415 32 384 256 12 64 0.10
104 42 500 628 32 512 384 12 64 0.10

will play a more important role. For ion-scale modes, the ZF
inertia does not contribute significantly to the TSM mech-
anism because the modified adiabatic electron response in
Eq. (2) gives a small ZF inertia at long wavelengths in the
vorticity equation (5).

The TSMs shown in Fig. 1 are reminiscent of the
avalanches observed in gyrokinetic simulations (e.g., [33,34]),
whose physical mechanism remains debated. From Fig. 1,
the TSM is seen to have a typical propagation velocity
~2v7;p;i/R, comparable to previously reported avalanche
propagation speeds [34,35]. Furthermore, the turbulence am-
plitude threshold required to destabilize the TSM could
explain the sandpilelike behavior associated with avalanches.
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APPENDIX A: DETAILS
OF GYROKINETIC SIMULATIONS

All simulations presented in this article were performed on
a flux tube extending for a single poloidal turn. In addition
to the parameters given in the main text, a magnetic shear
of § =dIlng/dInr = 0.8 was used, and the density gradient
was held fixed at R/L, = —R dInn;/dr = 2.2. A hydrogen
plasma with Z; = 1 was considered, and the electron to ion
temperature ratio was setto T = 1.

The numerical parameters employed in the stella [13]
gyrokinetic simulations are provided in Table I. The quantities
L,/p; and L,/ p; denote the box size in the radial and binor-
mal directions, respectively, and are related to the minimum

k scan 238 400 14 512 1024 12 8 0.1
q scan 318 533 14 512 1024 6 8 0.1

wave number through ki, = 27 /L. Furthermore, Ny gives
the parallel resolution, while N, and N, denote the number
of Fourier modes in the radial and binormal directions. The
velocity resolution is given by N, and N, for the magnetic
moment n and the parallel velocity vy, respectively, with
vy /vri € [-3.5,3.5] and p € [0, 4.5m;v7,/min(B)]. Finally,
Dy, denotes the hyperdissipation parameter.

As shown in Table II, the simulations using the GX
code [28,29] could be run with fixed numerical parame-
ters as k = R/Lr and ¢ were varied, as the computational
cost is small owing to the use of graphics processing units
(GPUs). In the « scan, temperature gradient values of x €
[6.9,13.9,20.9,27.8,34.7,41.7,48.6] were considered, at
fixed safety factor ¢ = 1.4, while for the g scan, k = 13.9 and
q€[1.4,2.8,4.2,5.6,7.0]. The velocity resolution is given
here by the number of Hermite and Laguerre moments N, and
N,, respectively.

APPENDIX B: DERIVATION
OF THE VORTICITY EQUATION

The flux-surface average and time derivative of the
quasineutrality equation (2) is

T _
_</ d*v athi> =0 (<P)y9-
en; 0

The left-hand side can be simplified using the gyrokinetic
equation (1); the contributions from binormal derivatives ¥, -
Vydyh; and g - VFy; o 9,9 vanish due to periodicity in y
and the parallel streaming contribution v b - Vh; vanishes due
to periodicity of zonal modes in 8. We thus obtain

T} i = T
—< / d3v |:e—FMl'3t(p - ﬁanxhi — Vg - Vh,]>
T, »

en; i

(B

= 8t <(p>y9~

95 k.

& Fagi gr,/

1
n;

0970 0.2 0.4 0.6 0.8 1.0

FIG. 9. Expansion of gyroaverages for long perpendicular wave-
lengths: The velocity integral of the approximation (B3) is shown for
a Fourier mode ¢ = ¢ e~
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Let us us now consider long perpendicular wavelengths,
where the gyroaverages in Eq. (B2) may be approximated as

2 2.2
_ P2 Vx|*v
@) ~ (@)y + <—Lafgo> : (B3)
y

2
PAVS

f)anxhi ~ ﬁanxhi’ and

2
——— 7 v
(Vg - Vi), ~ < vg - Vi + ﬁ[vi(v,; -Vh)

+V2 v - Vi — v - Vvih,-]> . (B4)
y
These approximations typically remain accurate for perpen-

dicular wave numbers k; p; < 0.8; e.g., the density moment
of Eq. (B3) is plotted against k, in Fig. 9. In particular, the

expansion is reasonably well justified at the typical scale of
the toroidal secondary mode k, p; =~ 0.5.

When inserted into Eq. (B2), the first term of Eq. (B4)
vanishes due to quasineutrality and vg - Vo =0, and the
remaining terms may be simplified to give

o/(0?|Vx|*02)

2T, 2
= —</d3v |:T1Mx8xhi + LVL (Vg - Vhi):|>

2
en; 291 0

(B5)

Finally, periodicity in y may again be used to simplify the last
term to a radial derivative, and Eq. (5) then follows using the
definitions v% = |Vx|0:{¢)y/Band T; = miv%i/2.
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