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Incorporating force bounds is crucial for realistic control implementations in physical systems. Here, we
investigate the fastest possible synchronization of a Liénard system to its limit cycle using a bounded external
force. To tackle this challenging nonlinear optimal control problem, our approach involves applying Pontryagin’s
maximum principle with a combination of analytical and numerical tools. We show that the optimal control
develops a remarkably complex structure in phase space as the force bound is lowered. Trajectories rewound
from the limit cycle’s extreme points turn out to play a key role in determining the maximum number of control
bangs for optimal connection. We illustrate these intricate features using the paradigmatic van der Pol oscillator

model.
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I. INTRODUCTION

Self-sustained oscillations are a type of oscillatory behav-
ior that persists over time without any external driving [1,2].
This phenomenon is ubiquitous in nature, playing a funda-
mental role in many fields: active membranes [3], climate
change [4], cancer cell dynamics [5], circadian rhythms [6-8],
electronic resonators [9-11], network dynamics [12,13], or
quantum devices [14]. Generally, self-sustained oscillations
are only achieved in the infinite time limit, appearing as stable
limit cycles in the phase space of the system [15]. In this
context, the Liénard equation describes a broad family of
nonlinear oscillators [16], including van der Pol’s [17], that
exhibit such self-sustained oscillations.

The field of shortcuts, first developed for quantum systems
[18] and later transposed to classical systems, both with de-
terministic and stochastic dynamics [19], aims to engineer
protocols that accelerate the connection between given initial
and target states. Very recently, this idea has been employed to
investigate synchronization to a limit cycle in a finite time by
applying an external force: first, devising nonoptimal connec-
tions [20]; later, protocols minimizing the energetic cost [21].
Minimum work connections involve Dirac-delta peaks of the
force at the initial and final times [21], similarly to the sit-
uation found in stochastic thermodynamics for underdamped
systems [22-24], when arbitrarily large values of the driving
force are possible.

In any actual physical system, the applied driving F ()
force is bounded—in the simplest scenario, by the non-
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holonomic constraint |F(t)| < K. Aside from limiting the
practical applicability of protocols with impulsive forces, like
those in Refs. [21,22], the force bound entails that a mini-
mum time is expected to emerge for the protocol. Driving the
system as fast as possible to its long-time state is especially
relevant for small dissipation, since the natural relaxation time
becomes very long.

In the context of quantum shortcuts, minimum time con-
nections are related to the quantum speed limit and the
quantum brachistochrone problem, i.e., finding the protocol
that connects given initial and final states in the shortest
time [25-29]. Similar minimum time problems have been
recently explored in many fields, e.g., Refs. [30,31]; in the
context of classical shortcuts, minimum time protocols have
been analyzed for connecting equilibrium states and also
nonequilibrium steady states [24,32-34]. Yet, optimizing the
connection toward a time-dependent state in the presence of a
nonholonomic constraint remains a challenge.

We address the above challenge by optimizing, in terms
of connection time, the synchronization of the general class
of nonlinear oscillators described by the Liénard equation to
its limit cycle, by applying a bounded external force. Opti-
mal control theory is the mathematical framework for this
problem. Specifically, we are dealing with a minimum time
problem, which can be solved using Pontryagin’s maximum
principle (PMP) [26,35,36]. PMP provides necessary condi-
tions for the optimal control, i.e., the optimal driving force
that minimizes the connection time to the limit cycle and
the corresponding optimal trajectory of the system in phase
space.

After presenting the Liénard equation, we seek the fastest
synchronization to its limit cycle. PMP allows us to derive
key analytical results and find the general structure of the
optimal driving: The optimal protocol is always bang bang,
alternating time windows with F () = K. Notably, a very
complex optimal control structure emerges as the bound de-
creases, with an increasing number of bangs. The analytical
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results are derived for the general Liénard equation and are
illustrated in the paradigmatic case of van der Pol’s oscillator.

II. MODEL

The Liénard equation [16,37-46] describes a wide family
of nonlinear oscillators with potential V (x) and nonlinear
damping force —uh(x)x:

¥+ phx)x+V'(x) =0, (1)

where p is a constant called damping coefficient, and A(x) €
C'and V (x) e C? are even functions. Equation (1) is written in
dimensionless variables. It has a unique and stable limit cycle,
denoted by x¢.(x,x; ) = 0, under quite general conditions
[47].

Our goal is to synchronize this system, i.e., to drive it from
an arbitrary initial condition to its self-sustained oscillations in
a finite time by applying an external driving force F (). Thus,
we add F(¢) to the right-hand side of Eq. (1). The resulting
driven Liénard equation is conveniently rewritten in phase
space, introducing x7 (t) = (x;(t), x2(t)), X| = X, X = X, as

L fCl _ _ X2
r= <x2> =S )= <—Mh(x1)x2 —V’(xl)+F>' 2)

Among all possible solutions of the synchronization prob-
lem, we are interested in that minimizing the time taken to
reach the limit cycle when the force is bounded,

IF()| <K, Vt>0. A3)

Therefore, the optimization problem to be solved is

Iy

min  t; = / dr, “
xeCl, |F()I<K 0

where the system dynamics verifies Eq. (2), the initial phase-

space point is fixed, and the final phase-space pointx; = x(ty)

belongs to the limit cycle,

Xee@xps ) =0. (5)

The limit cycle splits phase space into two regions: (1) interior
points, chosen to be defined by yy.(x; ) < 0 and (2) exterior
points, where yg.(x; u) > 0.

PMP provides necessary conditions for determining the
optimal control F*(¢) (here, the driving force) that minimizes
the connection time, along with the corresponding optimal
trajectory x*(¢) over the time interval ¢ € [0, 7]. At its core,
PMP relies on the definition of the Pontryagin Hamiltonian
‘H, given by

H(x,p,po; F)=p- f(x,F)+ po
=p1h@& F)+p2fox, F)+ po.  (6)
According to PMP, there exists a costate vector p*(t) and
a constant pj < 0, with {p*, p§} # {0, 0} for all ¢ € [0, #/]
[48]. These satisfy the following three conditions: (i) canon-

ical system equations: the time evolution of {x(¢), p(¢)} is
governed by

x7(0) = (x10, X20),

X* = VP*H*, p* == _Vx*H*9 (7)

together with the boundary conditions given in Eq. (5);
(ii) Hamiltonian maximization condition: V¢ € [0, ;] and

VF € [—K, +K], H attains its maximum value, which is zero,
as a function of the driving force at F'*,

H&*, p*, py: F) < 0=H"=HE&", p*, py: F*), (8)

and (iii) transversality condition: at the final time f;, the
costate vector is orthogonal to the tangent space of the limit
cycle,

pj-d=0, VdeTe(xe=0). ©)

Asterisks are dropped hereafter, as all variables refer to the
optimal solution.

PMP provides a framework for determining the optimal
driving force and solving the minimum-time synchronization
problem. However, the nonlinearity of the involved equa-
tions prevents us from obtaining a full analytical solution for
the optimal protocol. Yet, our analysis of PMP makes it pos-
sible to discern the structure of the optimal driving force, also
enabling us to obtain a complete solution of the optimization
problem numerically.

III. MAIN RESULTS

We now present the main results for the minimum time
problem stemming from PMP; detailed derivations are in the
Appendix. Remarkably, all results apply for the wide class of
nonlinear oscillators described ty the Liénard equation.

(1) A key PMP result is the bang bang nature of the
optimal driving force: It only takes extreme values, either
F(t) = —K or F (t) = +K. In particular, we have

E(t) = sgn(p2(1))K, (10)

where p, is the second component of the costate p. The
force changes discontinuously from F'(t) = £K to FK at the
times f, such that p,(#,) = 0, which determine these switching
points. Our numerical analysis, detailed below, demonstrates
that decreasing the bound K increases the number of bangs,
leading to a very complex optimal control structure.

(2) The final costate p is obtained by combining Egs. (8)
and (9) att = t;. Two cases can be distinguished:

(i) (xip, xop) # (£, 0)
— Mh(xlf)fo + V’(xlf)

3

Fyxap
1
= = _17 11
Paf F; Po (11a)
(i) (x1p, x2p) = (£ 20, 0) :
pif =sgn(Fy), pyr=0, po=0, (11b)

where (£x3,™*, 0) are the extreme points of the limit cycle over
the x; axis.

(3) Letus examine optimal trajectories that end at the limit
cycle’s extreme points—i.e., case (ii) of result 2 [Eq. (11b)],
which we call critical trajectories. Over the critical trajecto-
ries, all switching points lie on the x; axis: since py =0,
Vt, and at the switching points p,(#;) = 0, Egs. (6) and (8)
entail x,(t;) = 0—PMP excludes the possibility p;(t;) # O.
Note that the reverse statement is also true: Over the critical
trajectories, points lying on the x; axis are switching points.
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(4) The sign of the force in the final bang can be inferred
by analyzing the behavior of y,. around the final time, as
a function of sgn(x,s) and the position of the initial point
with respect to the limit cycle. Let us define x; = x2(1;). For

initial points outside the limit cycle, we have: (a) for x,, < 0,
the final value of the force is Fy > 0 and thus the last bang
corresponds to F(t) = +K, and (b) for xz_f >0, Fy <0 and
the last bang corresponds to F'(t) = —K. For points inside the
limit cycle, the above cases are reversed.

The analytical results 1-4 above allow us to determine
the final conditions of any possible optimal trajectory. These
are crucial to obtain a complete numerical solution for the
optimization problem, which we describe below.

IV. NUMERICAL ANALYSIS

Building on the just presented analytical results, we carry
out a complete numerical solution of the optimization prob-
lem. Specifically, we present results for the van der Pol
oscillator, a paradigmatic case of the Liénard equation with
the choice h(x) = x> — 1 and V (x) = x2/2. The van der Pol
equation and some variants have been employed in many
different contexts, such as electronic simulation of nervous
impulses [49,50], elastic excitable media [51], solar cycle
[52], active matter [53], light-matter interaction [54], or syn-
chronization of quantum systems [20,55-58].

Our numerical approach consists in a backward integra-
tion from any final point xJTc = (x17, x2r) over the limit cycle.
Equation (11) determines the final value of the momenta and
result 4 above determines the final bang, which allows us
to numerically solve Eq. (7) backward in time from ¢ = ¢;.
Following Eq. (10), every time p, changes its sign, F' also
changes. Starting from all points over the limit cycle, we
obtain all the possible trajectories fulfilling PMP. Finally, to
determine the optimal solution for any initial phase space
point xg = (x10, X20), we have two cases: (1) if there is only
one trajectory containing xy, then it is the optimal solution; or
(2) if there are multiple trajectories containing xy, we choose
that reaching the limit cycle the fastest.

To carry out a systematic thorough analysis of the candi-
dates to optimal protocols, we divide the phase plane in two
regions: outside the limit cycle, x, > 0, and inside the limit
cycle, x¢ < 0. All numerical results correspond to a damping
coefficient & = 0.1, for which the dimensionless relaxation
time to the limit cycle is 7z >~ 40 [21].

A. Exterior points: optimal trajectories

First, we focus on the region outside the limit cycle. Re-
sult 4 for the final bang, particularized to the van der Pol
equation, tells us sgn(Fy) = —sgn(xyy) if xop # 0, whereas
sgn(Fy) = —sgn(xy) if xoy = 0. With the final sign of the
force completely determined, along with the final conditions
of the momenta given by Eq. (11), we apply the above-
described numerical algorithm for a large enough value of
the force bound—results are shown in Fig. 1. Since there
are no intersections between the plotted trajectories and they
are the only ones compatible with PMP, they are the optimal
trajectories for any initial point in phase space.

FIG. 1. Optimal trajectories for initial phase space points outside
the limit cycle. Force bounds are K = 2 (left) and K = 0.2 (right), for
which the maximum number of bangs is two and four, respectively.
The curves delimiting the different regions in phase space are plotted:
the switching curves S+ and S—, at which the force changes sign for
x; > 0andx; < 0, respectively (dotted); the critical trajectories BL+
and BR—, obtained by solving the van der Pol equations backward
in time from the leftmost (—xj**,0) point with F(0) = +K and
rightmost point (4+x;**, 0) with F(0) = —K, respectively (dashed).
Red and blue trajectory arcs correspond to forces +K and —K,
respectively.

The left panel of Fig. 1 shows four different regions in
phase space, with one-bang or two-bang optimal controls.
The regions are delimited by the following curves: the limit
cycle, the critical trajectory BL+, the critical trajectory BR—,
and the switching curves S+, as described in the caption.
It is worth stressing that the switching curves S+ are not
trajectories, but the locus of points at which the force changes
sign, i.e., po = 0, over the optimal trajectories. Regarding the
optimal control’s structure, we have: (i) two bangs with time
order (—K, +K), above and to the right of the curves S+ and
BR—; (ii) one bang with F (t) = +K between S+ and BL+,
(iii) one bang with F(t) = —K between S— and BR—; and
(iv) two bangs with time order (+K, —K) below and to the left
of BL+ and S—. Note that two bangs are always necessary for
initial points on the x; axis.

The structure above is robust for large enough K, such that
the critical trajectories BL+ and BR— do not intersect the
x axis and thus are one-bang trajectories with no switching
points. In the following, we focus the discussion on the behav-
ior of the BL+ trajectory, due to the symmetry of the problem.
As K is decreased, there appears a critical value K., below
which BL+ intersects the x; axis once: This intersection point
X01(K) is a switching point, due to result 3. Prolonging BL+
beyond x.;(K) needs two bangs. If we keep decreasing K,
another critical value K., appears, below which the trajectory
BL+ intersects the x; axis twice, at x.;(K) and —x.(K).
Prolonging BL+ beyond —x.,(K) needs three bangs, and so
on. Note that we have defined all x.,(K) as positive.

The above is the signature of the emergence of more com-
plex optimal protocols, with a larger number of bangs, as K
is decreased. Indeed, the curves x.,(K) are fundamental to
understand the complex structure of the optimal control as K
is lowered. Figure 2 shows a phase diagram for the number of
bangs in the optimal control for initial points on the x; axis,
in which the curves x.,(K) delimit the different regions for

max

X10 > X -
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FIG. 2. Phase diagram for the number of bangs in the optimal
control in the (K, x1o) plane, for initial points on the x; axis. Color
code is the same as in Fig. 1. Different regions are delimited by the
critical solid (dotted) lines x.,(K) (X.,(K)) for initial points outside
(inside) the limit cycle: To their right, we have n 4+ 1 (n) bangs; to
their left, we have n + 2 (n + 1) bangs; over them, we have a critical
trajectory, either BL+ or BR—, with n bangs. Critical lines with n >
4 are not shown.

Summarizing, for K. ,4+1 < K < K,,, the critical trajectory
BL+ intersects the x; axis at n points and the maximum
number of bangs for initial points lying on the x; axis is
n 4+ 2 [59]. Interestingly, n 4 2 is the maximum number of
bangs required to optimally connect any initial phase space
point to the limit cycle. The right panel of Fig. 1 illustrates
the specific case K = 0.2, such that K3 < K < K, which
entails that the maximum number of bangs is four. It is clearly
observed that the critical trajectories BL+ and BR— intersect
the x; axis at two points: x.; and —x., for the former, and the
symmetric —x.; and x., for the latter. These points separate
different intervals in the x; axis. For the x; axis points closest
to the limit cycle, x);™ < x; < x., two bangs are still enough,
as for larger values of K. For x; = x., the optimal control
corresponds to the BL+- trajectory and thus has only one bang.
For x,; < x < x, three bangs are necessary. For x| = x,;, the
optimal control corresponds to the BR— trajectory and thus
has two bangs: One bang corresponds to the arc between the
final point and (—xj., 0), and the other to the arc between
(—x1¢, 0) and (x2, 0). Finally, for the points furthest from the
limit cycle, x; > x,., four bangs are needed.

B. Interior points: optimal trajectories

For points inside the limit cycle, result 4 gives: (i)
sgn(Fy) = sgn(xayr) if xop # 0, sgn(Fy) = sgn(xs) if xop =
0. While seemingly simpler due to being a finite region, this
case is slightly more complex than that for exterior points:
Trajectories rewound from different points on the limit cy-
cle may intersect. As a consequence, there may be more
than one trajectory starting from an interior point that fulfils
PMP. Then, to identify the optimal trajectory, we compare
the connection times of all candidate trajectories and select
the fastest. Therefore, a coexistence curve emerges, given
by the locus of points at which the fastest synchronization is
degenerate.

FIG. 3. Optimal trajectories for initial phase space points inside
the limit cycle. Force bounds are K = 2 (left) and K = 0.5 (right).
The number of bangs required to connect any initial point to the
limit cycle is: (left) always one; (right) one or two, depending on
the initial point. In addition to the switching curves S+ and the
critical trajectories BL4 and BR—, analogous to those in Fig. 1, we
have plotted the coexistence curve B, (black dashed), at which the
intersecting one-bang trajectories give the same connection time.

For x19 < xp2™*, Fig. 2 illustrates the critical curves %.,(K)
governing the optimal control structure inside the limit cycle.
Analogously to the case of exterior points, these critical curves
are determined by the intersection points with the x; axis of
the inside critical trajectory ending at (—x;**, 0), as a function
of K. In Fig. 3, we observe that (i) one bang is enough for any
interior point for K = 2 (left panel) and (ii) either one or two
bangs are necessary for K = 0.5 (right panel), consistently
with the phase diagram in Fig. 2. Smaller values of K would
involve an increasingly larger number of bangs.

C. Optimal syncrhonization time

We present the minimum connection time as a function of
the force in Fig. 4. As the bound in the force K decreases,
the connection time consistently increases. The discontinuous
derivative of the minimum connection time at the critical
values K, (left, exterior point) and R.n (right, interior point)
is a consequence of the change in the number of bangs of
the optimal protocol thereat, which was illustrated in Fig. 2.
Inside each n-bang region and for points not very close to the

s 1-bang 101
10 \ 2-bang \
3-bang \
\\\ 4-bang
£ \\ 5-bang
B \ 100
10°
-1
10 707 10110 107 10!
K K

FIG. 4. Minimum connection time as a function of the force
bound. Specifically, we have chosen two initial points on the x; axis:
one exterior (5,0) (left) and one interior (1,0) (right). In both panels,
the vertical lines correspond to the values K* such that x.,,(K*) = xj9
(left) and %.,(K*) = xj¢ (right). The minimum connection time is
continuous at these critical values K*, but its first derivative with
respect to K is not.
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critical values K,, and K.,, the behavior t;“i“ as a function

of K is compatible with a power law; In t;.“i“ displays an
approximate linear behavior with In K. '

V. CONCLUSIONS

In this paper, we have solved the minimum-time synchro-
nization problem to the Liénard’s limit cycle. Leveraging
Pontryagin’s maximum principle, we have derived general
analytical results, 1-4, that have been instrumental for de-
veloping a robust backward-integration algorithm for finding
numerical solutions.

Our application of such general framework to the paradig-
matic case of the van der Pol oscillator has revealed detailed
insights of the optimal control structure across the whole
phase space. As the force bound K decreases or the initial con-
dition moves further from the limit cycle, both the complexity
of the optimal control and the minimum synchronization time
increase. This behavior is intuitively sound, as greater con-
straints on the system lead to more intricate trajectories and
longer connection times.

Crucial for our analysis is the key role played by “critical
trajectories,” i.e., those rewound from the extreme points of
the limit cycle. These trajectories define critical K values,
both for exterior (K,,) and interior (K.,) points. For a given
force bound K, these critical values ultimately determine the
maximum number of control bangs required for the optimal
time connection to the limit cycle from any initial phase space
point.

The results presented here pave the way for future research
in synchronization and self-sustained oscillations. Further ex-
tension of our analytical results, e.g., by finding analytical
expressions for the critical values of K and the corresponding
critical curves x.,(K) and %.,(K), is an interesting prospect.
Also, given the relevance of synchronization across numerous
fields, applying the ideas introduced here to more complex
and realistic models is another promising avenue for explo-
ration.
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APPENDIX: DERIVATION OF RESULTS 1-4 FROM PMP

In this Appendix, we detail the proofs of the analytical
results 1-4.

1. Result 1: the optimal control is bang bang

To prove this, we use property (ii) of PMP, which states
that the Hamiltonian is maximum with respect to the control
at the optimal one. Since the control set is bounded, F () €
[—K, K], the maximum of H may lie either (i) in the open
interval (—K, K) or (ii) at the boundaries of the control set,
i.e., F(t) = £K. In the first case, bringing to bear Eq. (6), we
get

FH=0= p,=0.

Due to the linear dependence of the Hamiltonian on F, this
is a singular optimal control problem and Eq. (A1) does not
give us any information about the optimal control. Therefore,
we apply the Kelley condition [61,62] to get further informa-
tion about the control. We start by differentiating Eq. (A1)
with respect to time:

(AD)

d
E(apH) =0=p,=0. (A2)
Taking into account p, equation in Eq. (7), we get
0= —pi1 + uh(x1)0p2 = —p1. (A3)

Therefore, if there is a time interval (#1, ;) where Eq. (Al) is
satisfied, we conclude that p = 0 therein. That would mean,
using Eq. (8), that also pp = 0 and {p, po} = {0, 0} for all 7
(t1, t2). But this is incompatible with PMP and case (i) has
to be discarded. Therefore, the only scenario is (ii); over the
possible optimal control we have F (t) = K. The sign of the
control is determined by the sign of the coefficient of F in H,
which is p,, which leads to Eq. (10).

2. Result 2: final value of the costate

Let us now focus on the transversality condition [Eq. (9)]
and Eq. (8) at the final time 7,

Pigxay + pasl—ph(xip)xay —V'(x17)] = 0,
(Ada)

Pirxas + paf[—ph(xi f)xap — V' (xip) + Fel + po = 0,
(A4b)

respectively, where pT(tf) = (pif, p2y) and Fy = F(ty).
Combining these two equations yields

pszf + po = 0. (AS)

The limit cycle of the Liénard equation has two extreme points
(£x7™, 0), at which x; is either maximum or minimum and
thus x; = x, vanishes. It is only at these points of the limit
cycle that the vector d of its tangent space is vertical and
X, vanishes. On the one hand, if the final point (xi7, xp5) is
not one of the extreme points, then we have that pyr # 0—
because the final vector of momenta is not horizontal—and
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Eq. (AS) entails that py # 0. Normalizing it to pg = —1, as
usual in optimal control theory [35,36], we obtain Eq. (11a) in
result 2. On the other hand, if the final point (x; ¢, xo) is one of
the extreme points (£x2™*, 0), then we have that p,; = 0 and
Eq. (A5) now implies po = 0: We need p; s # 0 to fulfill PMP.
The sign of pi, is determined by the sign of F;. Considering
Eq. (7) for p,, with poy = 0, we get poy = —p1y. Now if we
assume Fy > 0, then, by Eq. (10), p;f > 0. Since pyr =0,
this implies p,y < 0O that in turn entails p;s > 0. Conversely,
if Fy < 0, we get the opposite result. This gives Eq. (11b) in
result 2.

3. Result 4: sign of the final bang

Bringing to bear the final value of the force F'(t;) = Fy, we
can rewind the evolution equations from the final point over
the limit cycle xjf = (x17, X27). We have taken y. > 0 (<0)
for phase plane points lying outside (inside) the limit cycle.
Therefore, V x(x17, x2r) points outward from limit cycle,
and since the gradient is perpendicular to the tangent to the
limit cycle, we write

V@)’ = cp(uh(e oy + V' (xip), x21), ¢f > 0. (A6)

Note that ¢, may depend on x ¢, ¢y = c(xy).

Now we consider an infinitesimal time interval (t; — &, 17)
and the corresponding phase space point X, = (xff, Xy, f) at
ty — €. Up to first order in €, we have

)C;f = X1 — EX2f, (A7a)

Xy =Xop — e[—ph(xip)xar — V'(x15) + Frl, (A7b)

in which we have neglected O(s?) terms. Using Eqs. (A7) to
expand . at x yields

Xee(Xy) = —Ff 0y xeel,, = —€cyXosFy, (A8)

where we have omitted O(g?) terms. For x5 # 0, Eq. (A8)
entails that x,7Fy < O when reaching the limit cycle from
the outside (exterior initial point), whereas x;¢Fy > 0 when
reaching the limit cycle from the inside (interior initial
point)—in agreement with result 4.

We have to study separately the case x,y = 0, in which
the first-order approximation in Eq. (A8) vanishes. This cor-
responds to the critical trajectories in which xip = Fxj*.
Expanding y,. from these extreme points of the limit cycle
to second order in ¢ gives

Xee(xy) = —ecpxy; Fr /2, (A9)

once more using Eq. (A7). For initial points outside the limit
cycle, for which x,. > 0, we get (i) if x; ;< 0, then Fy > 0
and the last bang must be F(t) = +K; (ii) if x,y =0 but
xz_f > 0, then Fy < 0 and the last bang must be F'(t) = —K.
For initial points inside the limit cycle, the sign of the bangs
is reversed, taking into account that x,. < 0. This completes
the proof of our result 4.
Equation (A7b) leads to

xop = 0= x5, = e[V (£ ™) — Fr]. (A10)
Therefore, for small values of the bound, such that V' (x)2**) >
K, the sign of x y is perfectly determined: negative at
(—x2™, 0) and positive at (xj*, 0). This leads to the critical
trajectories BL4 and BR— in the main text. For larger values
of the bound, V'(xj*) < K, by ¢ may have both signs and
there may exist critical trajectories BL— (with xj, >0
and BR+ (with x; ;< 0), in addition to the trajectories BL+
and BR—. However, the trajectories BL— and BR+ consist of
points that belong to other candidates to optimal trajectories

with shorter synchronization times, and therefore they can be
discarded.
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