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Approaching the critical point through an exact ground-state evolution
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We investigate critical quantum metrology in a system where a qubit is dispersively coupled to a parametrically
driven bosonic field. By engineering a counterdiabatic driving Hamiltonian under realistic physical constraints,
we demonstrate a high-fidelity preparation of quantum states near a quantum phase transition. Our protocol ex-
tends the application of criticality-enhanced metrology to the short-time regime, offering a significant advantage
over nonassisted protocols. The metrological precision is quantified by the quantum Fisher information (QFI)
and the signal-to-noise ratio (SNR). Even with a constrained driving strength, numerical simulations reveal a
QFI enhancement factor exceeding 103 and an SNR enhancement of over 106 in this regime. This work opens a
promising avenue for critical quantum metrology.
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I. INTRODUCTION

Quantum metrology [1–4] leverages quantum resources,
such as superposition and entanglement, to enhance measure-
ment precision beyond classical limits [4,5]. This capability
is crucial for applications such as gravitational wave detection
[6], atomic clocks [7], and magnetic field sensing [8], since
even small improvements in precision can lead to signifi-
cant scientific and technological advancements. Conventional
quantum metrology often employs highly nonclassical states,
particularly quantum entangled states, to achieve enhanced
precision. However, these states are highly susceptible to
noise and decoherence [9,10], limiting the practical utility of
conventional quantum metrology.

To address these limitations, critical quantum metrology
[11] offers a promising solution. It significantly enhances
measurement precision, not by relying on entanglement [12],
but by exploiting the quantum criticality [13–22] near the crit-
ical point, where even a tiny change in parameters can lead to
dramatic shifts in the equilibrium properties. Despite numer-
ous theoretical proposals for critical quantum metrology (e.g.,
in the quantum Rabi model [21], the anisotropic quantum Rabi
model [23], and the anisotropic Dicke model [24]), practical
applications remain challenging due to a fundamental obsta-
cle: the precise preparation of initial states near the critical
point. This obstacle arises from the symmetry breaking near
the critical point, where the desired state becomes degenerate
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with other states, making it inherently difficult to distinguish
and stabilize the target state.

Adiabatic control [25–27] theoretically offers a path to
prepare such states by leveraging the adiabatic theorem. How-
ever, its practical realization is fundamentally constrained by
critical behavior [28–30]. Near the critical point, the vanish-
ing energy gap requires infinitely slow variations in control
parameters to maintain adiabaticity, thereby rendering the tar-
get state experimentally inaccessible [29,31,32]. This inherent
limitation has driven the development of alternative strate-
gies that can accelerate quantum protocols beyond adiabatic
constraints [33].

A powerful framework for such strategies is shortcuts to
adiabaticity (STA) [34]. Among the various STA techniques,
counterdiabatic (CD) driving [35–37] has emerged as a partic-
ularly prominent and versatile method. This method has been
widely reported and experimentally validated across diverse
fields of quantum science [38,39]. For instance, it has been in-
strumental in accelerating the implementation of high-fidelity
quantum gates for quantum computing [40], speeding up
quantum optimization algorithms [41], and engineering non-
classical states of light in analogous physical systems [42,43].

In this work, we develop a critical-state preparation method
based on CD driving. While CD driving is a well-established
tool for accelerating quantum dynamics, its application to
solve the fundamental state-preparation problem in critical
quantum metrology remains largely unexplored. We demon-
strate that this approach enables the high-fidelity preparation
of critical states within experimentally feasible timescales,
bypassing the need for the strict adiabatic condition [44,45].
By engineering a parameter-dependent driving term [46–48],
our method suppresses nonadiabatic transitions in the critical
region and forces the system to precisely follow the desired
ground-state trajectory.

We validate this method in the squeezed dispersive cou-
pling model (SDCM), which describes a qubit dispersively
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coupled to a parametrically driven bosonic field and mim-
ics the quantum Rabi model within a squeezed framework
[49–51]. To quantify the performance, we employ the quan-
tum Fisher information (QFI) [21,52] and the signal-to-noise
ratio (SNR) [53] as metrics. The QFI characterizes the sensi-
tivity of a quantum state to parameter changes, while the SNR
reflects the practical measurement quality. Numerical simula-
tions demonstrate that our method can significantly enhance
the precision of parameter estimation. Specifically, compared
to the nonassisted diabatic case, our method enhances the
QFI by a factor of up to 103 and the SNR by over 106 in
the short-time regime. In the long-time regime, both cases
give similar results, but the implementation of our method
more closely approaches the theoretical bounds. Our results
establish CD driving as a practical method to prepare critical
quantum states for enhanced metrological applications. The
parameter-dependent design of the driving provides a uni-
versal framework that can be generalized to other quantum
systems near criticality.

This manuscript is organized as follows. In Sec. II, we
present the energy spectrum and critical behavior of the
model. In Sec. III, we design the driving Hamiltonian and
demonstrate its efficacy through numerical simulations. In
Sec. IV, we characterize the quantum metrological potential
of the system using the QFI and the SNR, and compare the
results with and without the driving. In Sec. V, we investigate
the experimental feasibility in circuit quantum electrodynam-
ics (QED) systems. In Sec. VI, we examine the robustness of
our method against the decay of the bosonic field. Finally, the
conclusions are given in Sec. VII.

II. THE QUANTUM PHASE TRANSITION IN THE SDCM

We start by considering a quantum system that consists of
a qubit coupled to a parametrically driven bosonic field [54]
(see Fig. 1). The Hamiltonian can be written as (h̄ = 1)

H = ωra†a + �

2
σz + g(a†σ− + aσ+)

+ G

2
(a†2eiωd t + a2e−iωd t ), (1)

where a†(a) is the creation (annihilation) operator for the
bosonic field with frequency ωr , g is the coupling strength
between the qubit and bosonic field, and σ± are the Pauli op-
erators for the qubit with transition frequency �. Moreover, G
and ωd represent the strength and frequency of the parametric
drive [55–57], respectively.

By moving to a rotating frame at half the drive frequency
ωd/2, the parametric drive term becomes time-independent.
In this frame, the qubit and resonator frequencies are shifted
to their effective detunings, δ = ωr − ωd/2 and �′ = � −
ωd/2. Subsequently, in the dispersive limit, |�′ − δ| � g,
we can employ a Schrieffer-Wolff transformation [58,59] to
transform the qubit-resonator interaction into a dispersive
coupling. This procedure yields the squeezed dispersive cou-
pling model [54]

Hr = δa†a + �′

2
σz + ua†aσz − G

2
(a†2 + a2), (2)

FIG. 1. Schematic illustration of the system, containing a single-
mode bosonic field, a qubit, and an optical parametric amplifier
(OPA). The qubit (|↑〉 = excited state and |↓〉 = ground state) is
coupled to the bosonic field with the coupling strength �. The OPA
is used to generate a squeezed-vacuum reservoir, which couples to
the bosonic field mode.

where u = g2/(�′ − δ) is the dispersive coupling strength. It
is worth mentioning that Hr describes the SDCM, which fea-
tures a qubit coupled to a parametrically driven bosonic field
via dispersive interaction. The eigenstates of the free bosonic
field are represented by the Fock states |n〉 (n = 0, 1, 2, 3, . . .),
while the states of the qubit are denoted as |↑〉 (excited) and
|↓〉 (ground).

To simplify the Hamiltonian Hr in Eq. (2), we apply a
squeezing transformation S(r) = exp[r(a†2 − a2)/2], with the
squeezing parameter r = ln[(δ + G)/(δ − G)]/4. The Hamil-
tonian Hr can be reexpressed in a more insightful form

Hnp = δ sech(2r)a†a − e2r

4
u(a† + a)2 + Ec, (3)

where Ec = [exp(2r)(δ − G) − 2�′]/4 is a constant energy
shift. To study the low-energy behavior, we project Hnp onto
the spin-down subspace, yielding Hnp = 〈↓|Hr |↓〉. The va-
lidity of this projection hinges on the qubit frequency �′
being the dominant energy scale. This condition is met in the
operational regime of interest where G ≈ δ, which ensures
that all other relevant energy scales, such as the effective
coupling ue2r , are negligible compared to �′. We emphasize
that Eq. (3) is similar to the low-energy effective Hamiltonian
of the quantum Rabi model, suggesting that the SDCM also
exhibits analogous phase transition characteristics.

Inspired by Ref. [60], Eq. (3) can be exactly diagonalized
by introducing the squeezed operator S(ε) = exp[(ε/2)(a†2 −
a2)], where the squeezing parameter ε is chosen to
eliminate the (a†2 + a2) term. The resulting diagonalized
Hamiltonian is

H ′
np = εea†a + Eg, (4)

with the excitation energy εe,

εe =
√

�r (�r − ũ2), (5)
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and the ground-state energy Eg,

Eg = − 1
4 ũ2[2 sinh2(ε) + sinh(2ε) + 1]

+ �r sinh2(ε) + Ec. (6)

Here, ũ = √
uer is the rescaled dispersive coupling strength

and �r = δ sech(2r) is the rescaled detuning. The squeezing
parameter is ε = ln[�r/(�r − ũ2)]/4, ensuring that the exci-
tation energy εe is real only when

ũ � ũc =
√

�r . (7)

Consequently, the excitation energy εe is a positive real
number for ũ � ũc and vanishes at ũ = ũc, indicating the oc-
currence of a quantum phase transition [61,62]. In this regime,
the eigenstates and eigenenergies of H ′

np are

|φnp〉 = S(r)S(ε)|n〉|↓〉,
Enp = nεe + Eg. (8)

In this work, we are particularly interested in the ground state
|φ0

np〉 = S(r)S(ε)|0〉|↓〉. To characterize the critical behavior
in the SDCM, we examine the energy spectrum with respect
to the rescaled dispersive coupling ũ.

As illustrated in Fig. 2(a), the energy spectrum is degen-
erate at the critical point ũ = ũc, signaling the breaking of
system symmetry. It is worth noting that an insufficient trunca-
tion dimension (Nc) in the numerical diagonalization can lead
to numerical artifacts, such as an apparent nondegeneracy.
The results presented here are obtained with a large trun-
cation of Nc = 20 000 to ensure convergence. Additionally,
the second derivative of the ground-state energy, shown in
Fig. 2(b), exhibits a sharp discontinuity at ũ = ũc, signifying
that the quantum phase transition here is a second-order phase
transition, similar to that in the Jaynes-Cummings model
[63]. Notably, the derivation above imposes no restrictions on
atomic transition frequencies. By using the condition G 
 δ,
we replace the thermodynamic limit � � ωr in the quantum
Rabi model [64], making our model more experimentally
feasible.

III. THE CRITICAL GROUND-STATE PREPARATION

The quantum adiabatic theorem [65–67] describes the evo-
lution of a quantum system when external parameters change
slowly. When initialized in an eigenstate of the Hamiltonian
H[ζ (0)], the system will follow the instantaneous eigenstate
|n[ζ (t )]〉 if the parameter ζ (t ) changes adiabatically. This
requires the condition

A(t ) ≡ ζ̇ (t )
|〈m[ζ (t )]|∂ζ H[ζ (t )]|n[ζ (t )]〉|

�E [ζ (t )]2
� 1. (9)

Here, �E [ζ (t )] ≡ En[ζ (t )] − Em[ζ (t )] denotes the instanta-
neous energy gap between eigenstates and ζ̇ (t ) is the rate
of change of the parameters. The numerator quantifies state-
to-state transitions induced by parameter variation, while
the denominator suppresses nonadiabatic excitations [66,67].
These excitations refer to unwanted quantum energy level
transitions caused by the system’s failure to adiabatically fol-
low its instantaneous eigenstate. Such failures typically occur
when the eigenstate tracking is hindered by vanishing energy

FIG. 2. (a) Low-energy excitation spectrum (En − E0) of the
SDCM near the critical point, calculated with a Hilbert space trunca-
tion dimension of Nc = 20 000. The energy gap between the ground
and first excited states closes at the critical point ũ/ũc = 1. (b) Sec-
ond derivative of the ground-state energy with respect to ũ. The sharp
discontinuity at the critical point confirms that the quantum phase
transition is of second order.

gaps, as shown in Fig. 2(a). The vanishing energy gap near
criticality causes divergences in A(t ), necessitating exponen-
tially slow parameter variation to maintain adiabaticity. Such
an effect essentially freezes system dynamics before reaching
the target critical point [29].

This deadlock can be resolved by applying the CD driving.
By adding an auxiliary term HCD(t ) to the original Hamilto-
nian, the nonadiabatic transitions can be actively suppressed.
This engineered driving maintains adiabaticity even at finite
ζ̇ (t ), enabling precise control through critical points within
experimentally accessible timeframes. The principle of this
approach is schematically illustrated in Fig. 3. By precisely
canceling the nonadiabatic excitations, the CD driving ensures
that the trajectory of the system follows the ideal adiabatic
path. This allows the protocol to bypass the slow evolution
required by the adiabatic theorem and avoid errors accumu-
lated during a rapid diabatic process. The target state (T) is
strategically chosen to be near, but not exactly at, the critical
point (C). This choice represents a crucial trade-off: The state
is close enough to the critical point to harness significant
criticality-enhanced sensitivity, yet remains sufficiently far to
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FIG. 3. Schematic of the CD driving principle. The protocol aims
to evolve the system from an initial state (I) to a target state (T)
near the critical point (C). The CD path (solid blue) perfectly tracks
the ideal adiabatic path (dashed black) by adding a corrective drive
HCD(t ), in contrast to the error-prone diabatic path (solid orange).

avoid the divergent control resources that would be required
to prepare the critical state itself.

To ensure a well-behaved system evolution and subse-
quent control fields, we employ a smooth pulse shape for the
physical coupling strength g(t ). A key feature of this shape is
a vanishing time derivative at the start and end of the protocol.
This condition is met by the pulse shape

g(t ) = g f sin2

(
πt

2t f

)
, (10)

where g f is the final target coupling strength, chosen to be
close to but less than the critical value, and t f is the total
evolution time.

Because g(t ) is time-dependent, a time-dependent
Schrieffer-Wolff (SW) transformation [68,69] is required
to derive an accurate low-energy effective Hamiltonian.
As detailed in Appendix A, this transformation yields an
effective Hamiltonian Hr,cor (t ) with an effective coupling
strength ucor (t ) given by

ucor(t ) = g(t )2

�
− g(t )g̈(t ) − ġ(t )2

�3
. (11)

This leads to the final effective Hamiltonian for the system:

Hr,cor (t ) = δa†a + �′

2
σz + ucor (t )a†aσz + G

2
(a†2 + a2).

(12)

The SW transformation also induces a small, time-dependent
ac Stark shift to the qubit frequency. This shift is negligible
compared to the effective frequency �′ and is thus treated as
a constant. The Hamiltonian in Eq. (12) provides an accurate
description of the system’s low-energy dynamics and serves
as the basis for the CD protocol design.

The construction of the CD driving protocol is based on
the effective Hamiltonian Hr,cor (t ) in Eq. (12), which governs
the dynamics of the system including nonadiabatic correc-
tions. The instantaneous eigenstates of this Hamiltonian are
given by

|φnp(t )〉 = S(r)S[ε(t )]|n〉|↓〉, (13)

where the squeezing parameter ε(t ) is now implicitly a
function of the corrected coupling, ε(t ) ≡ ε[ũcor (t )], with
ũcor (t ) = √

ucor (t )er . The CD driving HCD(t ) is constructed to
compensate for nonadiabatic transitions. It is formally given
by the expression for transitionless quantum driving [35,70]:

HCD(t ) = ih̄
∑

n

[|∂tφnp(t )〉〈φnp(t )|

− 〈φnp(t )|∂tφnp(t )〉|φnp(t )〉〈φnp(t )|], (14)

where |∂tφnp(t )〉 is the time derivative of the instantaneous
eigenstate

|∂tφnp(t )〉 = ε̇(t )

2
S(r)S[ε(t )](a†2 − a2)|n〉|↓〉. (15)

In principle, when this Hamiltonian is well defined, the
protocol is exact and should yield a final-state fidelity of
unity. Focusing on the ground state and using the complete-
ness relation of the instantaneous eigenbasis, the CD driving
simplifies to

HCD(t ) = iε̇(t )

2
(a†2 − a2), (16)

where ε̇(t ) is given by

ε̇(t ) = ũcor (t ) ˙̃ucor (t )

2
[
ũ2

c − ũ2
cor (t )

] . (17)

The form of Eq. (17) highlights a critical challenge inherent
to transitionless driving near a quantum phase transition. As
the system approaches the critical point [ũcor (t ) → ũc], the
energy gap vanishes and the denominator in Eq. (17) ap-
proaches zero. Consequently, a divergent driving strength ε̇(t )
would be required to suppress all nonadiabatic excitations.
However, this potential divergence is elegantly circumvented
by the pulse design in Eq. (10). By engineering the numerator
[proportional to ˙̃ucor (t )] to vanish at the start (t = 0) and end
(t = t f ) of the protocol, the driving strength ε̇(t ) is ensured
to be zero at these boundaries. This design guarantees that the
control field is not only finite throughout the evolution but also
smoothly ramped on and off, making it physically realizable.

The numerical simulations summarized in Fig. 4 confirm
the substantial advantage of this protocol. Here, the fidelity
is defined as F = |〈ψ (T )|φnp(T )〉|2, where |ψ (T )〉 is the
prepared state and |φnp(T )〉 is the target state. The global
performance is presented in Fig. 4(a), where the CD protocol
maintains near-unity fidelity for rapid state preparation, even
as the target coupling strength ũ f approaches the critical value
ũc. Conversely, the nonassisted protocol exhibits a significant
performance degradation in the critical regime. Its fidelity
is substantially reduced as ũ/ũc → 1, a trend that persists
even for long evolution times. This contrast is further quan-
tified in Figs. 4(b) and 4(c). For a fixed short evolution time,
Fig. 4(b) shows that the fidelity of the nonassisted protocol
drops sharply, whereas the CD protocol maintains near-unity
fidelity. The challenge for the nonassisted approach is clearly
demonstrated in Fig. 4(c), where achieving high fidelity for
a state at ũ f = 0.99ũc and ũ f = 0.999ũc necessitates an evo-
lution time on the order of 106/ωr and 107/ωr , respectively.
In contrast, the CD protocol prepares these states with high
fidelity across all considered evolution times.
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FIG. 4. Fidelity of critical target state preparation. (a) 3D surface
plot comparing the fidelities of the CD-assisted (red surface) and
nonassisted (gradient surface) protocols. The dashed contours project
the fidelity of the nonassisted case onto the bottom plane. (b) Fidelity
vs target coupling strength for a fixed short evolution time. (c) Fi-
delity vs evolution time, illustrating the substantial time cost for the
nonassisted protocol to achieve high fidelity near criticality.

IV. CRITICAL QUANTUM METROLOGY ENHANCEMENT

Building on the effective Hamiltonian derived in Sec. II,
we demonstrate the feasibility of achieving high-precision
quantum metrology. To quantify the precision enhancement,
we employ two key metrics: the QFI and the SNR.

In quantum metrology, the QFI is a fundamental concept
that characterizes the lower bound on the variance of a param-
eter estimate [52,71,72], defining the maximum achievable
precision. Since the protocol under study can be framed as a
frequency estimation task, its performance is subject to funda-
mental bounds, often referred to as the Heisenberg limit (HL)
[73]. For a closed system with a maximum photon number
Nmax and evolution time T , a relevant bound is given by the
HL, which scales as QFI ∼ N2

maxT 2 [74–76]. For a pure state
|φũ〉, the QFI with respect to a parameter ũ is given by

Iũ = 4[〈∂ũφũ|∂ũφũ〉 + (〈∂ũφũ|φũ〉)2]. (18)

FIG. 5. Physically constrained quantum Fisher information.
(a) Final-state QFI as a function of total evolution time �T . The
unlimited CD protocol (gray dotted squares), while reaching a high
plateau, unphysically exceeds the HL (green dashed triangles) at
short times. By imposing a physical limit on the maximum driving
strength, defined by ζ = |ε̇(t )|m/ωr , the protocol becomes physically
consistent. The constrained CD protocols (ζ < 10−3 and ζ < 5 ×
10−2) remain below the HL for all times. As the constraint becomes
stricter, the performance gracefully degrades toward the nonassisted
(no CD) case. (b) Final-state QFI as a function of the target coupling
strength for a fixed evolution time �T = 100/ωr . The constrained
CD protocols still offer a significant advantage over the no CD case,
while respecting the HL. The inset shows the QFI ratio relative to the
no CD baseline, confirming a substantial performance enhancement.

For the ground state |φnp〉 = S(r)S(ε)|0〉|↓〉 in the SDCM, the
QFI near the critical point can be approximated as

Iũ 
 1

8

(
ũ

�r − ũ2

)2

. (19)

The idealized CD protocol, while showing a high perfor-
mance plateau, exhibits unphysical behavior at very short
evolution times. As shown by the “unlimited CD” curve in
Fig. 5(a), the calculated QFI unphysically surpasses the HL.
This inconsistency arises because preparing a high-fidelity
state in a vanishingly short time necessitates an infinitely
strong CD drive. Such a dominant field would dictate the
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system dynamics, leading to the unphysical constant QFI ob-
served at these timescales.

To address this and construct a physically meaningful
protocol, we introduce a crucial constraint: a hard limit on
the maximum allowed strength of the CD driving field. We
quantify this limit using the dimensionless parameter ζ =
|ε̇(t )|m/ωr . The results under this constraint are also shown
in Fig. 5(a).

A clear and physically consistent picture emerges. When
the driving strength is limited (e.g., ζ < 5 × 10−2 or ζ <

10−3), the QFI remains strictly bounded by the HL across
all evolution times, resolving the previous inconsistency. This
constraint introduces a natural trade-off between speed and
precision: Stronger available driving fields (larger ζ ) allow for
reaching the QFI plateau at shorter times. As the constraint
becomes more stringent (smaller ζ ), the performance of the
CD protocol gracefully degrades, eventually converging to-
ward the nonassisted (no CD) case.

Figure 5(b) further explores the performance under these
constraints for a fixed, short evolution time of �T = 100/ωr .
It demonstrates that even with significant physical limitations
(e.g., ζ < 10−3), the CD protocol still provides a substantial,
multi-order-of-magnitude enhancement in QFI compared to
the nonassisted protocol. The inset, showing the QFI ratio,
confirms that this significant advantage is maintained across
the entire critical region, while fully respecting the fundamen-
tal bounds of quantum mechanics. This analysis solidifies the
protocol as a robust and physically realizable pathway toward
rapid, high-precision critical quantum sensing.

To quantify the practical advantage of the protocol, Fig. 6
shows the performance enhancement ratios for both QFI and
SNR, using the nonassisted (no CD) protocol as the base-
line (ratio of one). The results highlight the importance of
imposing a physical constraint on the CD drive. Without a
constraint, the protocol exhibits unphysical behavior at short
times. The enhancement ratio for the “unlimited CD” case,
shown in Fig. 6, diverges and even surpasses the benchmark
set by the HL. In contrast, the constrained protocols establish
large and stable enhancement plateaus in the experimentally
crucial short-time regime. For instance, even under a strict
constraint of ζ < 10−4, the protocol enhances the QFI by over
an order of magnitude [Fig. 6(a)] and the SNR by approx-
imately 2 orders of magnitude [Fig. 6(b)] in the short-time
regime.

This demonstrates that the protocol can provide a sub-
stantial metrological advantage within realistic physical
constraints. The enhancement is bounded by the HL ratio,
which represents the theoretical maximum improvement pos-
sible given the quantum resources. Our constrained protocol,
particularly for larger allowed driving strengths (e.g., ζ < 5 ×
10−2), can closely approach this fundamental limit, offering a
highly efficient route to leveraging quantum criticality.

It is worth noting, however, that the QFI achieved by the
CD protocol at short times remains below the theoretical limit
of the ideal target state, as seen in Fig. 5(a). This phenomenon
arises from the nature of the QFI itself. For an unknown
parameter θ , the QFI can be expressed as [77]

Iθ = lim
δθ→0

4

(δθ )2
(1 − ∣∣〈ψ (T, θ )|ψ (T, θ + δθ )〉∣∣2

), (20)

FIG. 6. Performance enhancement ratios for physically con-
strained protocols. Both panels show the enhancement relative to
the nonassisted (no CD) protocol, which serves as the baseline (blue
dotted triangles at unity). (a) QFI ratio. (b) SNR ratio. The unlimited
CD protocol (gray dotted squares) shows a diverging ratio at short
times, reflecting its unphysical nature. In contrast, the physically
constrained protocols (e.g., ζ < 10−3, 10−4) exhibit large, stable en-
hancement plateaus in the short-time regime. The HL ratio (green
dashed triangles) provides a benchmark for the maximum possible
enhancement based on the available resources.

where the overlap |〈ψ (T, θ )|ψ (T, θ + δθ )〉|2 quantifies the
distinguishability of final states. The QFI is maximized when
this overlap is minimized. While a slow adiabatic process
allows the final states to evolve into distinct eigenstates, the
CD driving forces the system to perfectly track a predefined
trajectory, suppressing the distinguishability between states
evolved under θ and θ + δθ . This increases their overlap and
consequently reduces the QFI below the absolute theoretical
limit, even as it vastly outperforms the nonassisted diabatic
protocol.

Likewise, the SNR is another crucial metric for evaluat-
ing parameter estimation methods, as it directly relates to
the mean-square error of the estimator [78,79]. For a given
observable O, the SNR used to estimate the parameter A can
be expressed as [80]

SA[O] = |∂A〈O〉A|2
�O2

A

, (21)

where �O2
A = 〈O2〉A − 〈O〉2

A is the variance of O. In this
work, we consider the SNR of heterodyne detection, which
uses the quadrature operator O = X 2 + P2 of the bosonic
field as the detection observable. Using the creation (a†) and
annihilation (a) operators, this observable can be rewritten as
O = aa†. The SNR for this observable is expressed as [53]

SHet
ũ = |∂ũ〈aa†〉ũ|2

〈a2(a†)2〉ũ − 〈aa†〉2
ũ

. (22)
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FIG. 7. Metrological performance quantified by the SNR un-
der physical constraints. (a) Final-state SNR as a function of total
evolution time �T . The unlimited CD protocol shows the best
performance but is unphysical. The physically constrained CD proto-
cols (ζ < 5 × 10−2, etc.) still offer a substantial advantage over the
nonassisted (no CD) case, especially at short times. (b) Final-state
SNR as a function of the target coupling strength for a fixed evolution
time �T = 100/ωr . The inset displays the SNR enhancement ratio
relative to the no CD baseline, which can reach several orders of
magnitude.

As shown in Fig. 7, the SNR exhibits a diverging trend near
the critical point, mirroring the behavior of the QFI. This
similarity arises because the signal term ∂ũ〈aa†〉ũ introduces

∂ũ〈aa†〉ũ ∝ (
ũ2

c − ũ2
)−1

, (23)

which diverges at the critical point, analogous to the QFI.
However, the divergence of the SNR is tempered by the noise
variance in the denominator, preventing it from reaching the
same magnitude as the QFI. Beyond the fundamental pre-
cision limit described by the QFI, the SNR offers a more
practical benchmark for metrological performance. As shown
in Fig. 7, the SNR exhibits a behavior that closely mirrors that
of the QFI, confirming that the quantum advantage translates
into a tangible gain for realistic measurement schemes.

Figure 7(a) presents the final-state SNR as a function
of the total evolution time, incorporating the same physical

FIG. 8. Diagram of the setup for a transmon qubit with capac-
itance and Josephson energy Cj and Ej coupled to an array of
Josephson junctions with capacitance and Josephson energy CJ and
EJ , which is shunted by an additional large capacitance CB that
realizes parametric oscillators. The oscillators are driven by a total
time-dependent magnetic flux, �(t ), which is composed of two com-
ponents. A fixed-amplitude stabilizing flux, �G(t ), is generated by
the current IG(t ). Concurrently, a variable-amplitude counterdiabatic
pulse, �CD(t ), is generated by the current ICD(t ). The total flux is
thus given by their superposition: �(t ) = �G(t ) + �CD(t ).

constraints on the driving strength ζ as in the QFI anal-
ysis. The results are qualitatively identical: The physically
constrained CD protocols significantly outperform the nonas-
sisted case, particularly in the short-time regime. For instance,
with a constraint of ζ < 10−3, the SNR is enhanced by more
than 5 orders of magnitude for �T ≈ 1/ωr . This demon-
strates that our protocol can dramatically reduce the time
required to reach a target SNR.

The performance at a fixed short evolution time is detailed
in Fig. 7(b). Even under stringent constraints, the CD protocol
yields a much higher SNR across the entire critical region. The
inset quantifies this advantage, showing that the enhancement
ratio can exceed 1011 near the critical point for moderately
strong driving fields. This confirms that the rapid preparation
of critical states via the protocol translates into a dramatic
improvement in the practical signal-to-noise ratio, solidifying
its potential for real-world quantum sensing applications.

V. EXPERIMENTAL FEASIBILITY

This section analyzes the experimental feasibility of the
protocol. The proposed model can be realized using the
circuit illustrated in Fig. 8, which consists of a transmon
qubit coupled to an array of Josephson junctions. This setup
facilitates the realization of a two-photon drive and the CD
driving through the temporal modulation of the flux traversing
the array, enabling parametric amplification and squeezing
processes.

The Hamiltonian for the circuit in Fig. 8, under the limit of
large resonator capacitance, is given by [81]

H = 4Ec(n − ng)2 − Ej cos ϕ + λnN

+ 4ECN2 − N0EJ [�(t )] cos
φ

N0
. (24)

Here, Ej = Ej,max| cos(π�/�0)| is the tunable Josephson en-
ergy, Ec is the charging energy, and λ is the coupling constant
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between the transmon qubit and the Josephson junction ar-
ray. This coupling is determined by the capacitive interaction
between the transmon and the superconducting quantum in-
terference device (SQUID)-array resonator, mediated by the
capacitor Cg. In the typical weak coupling regime, defined
by the condition Cg � C�,tr,C�,arr, the constant is given by
the approximate expression λ ≈ 4e2Cg/(C�,trC�,arr ), where
e is the elementary charge, while C�,tr = Cq + Cj + Cg and
C�,arr = CB + CJ,arr + Cg are the total self-capacitances of
the transmon and the array islands, respectively. The effec-
tive offset charge of the transmon qubit is denoted by ng,
while n and ϕ represent the number of Cooper pairs and the
phase difference between the superconductors, respectively.
For the Josephson junction array, EC and EJ are the charging
energy and Josephson energy of each junction, and φ and
N denote the number of Cooper pairs and the overall phase
across the array, respectively. Additionally, N0 is the number
of SQUIDs in the array, and �(t ) is the external magnetic
flux used to modulate the parametric oscillators. The transmon
circuit can be viewed as a Duffing nonlinear oscillator by
assuming the limit Ec � Ej . When only the lowest two energy
levels are considered, the Hamiltonian of the transmon qubit
part can be approximated as

Hq = 1
2 h̄ωqσz, ωq = (

√
8EcEj − Ec)/h̄. (25)

For the part involving the array of Josephson junctions, we
first assume that the Josephson energy can be expressed as

E [�(t )] = EJ + δEJ (t )

= EJ + δEJ cos(ωpt ). (26)

To derive a realistic model, we apply a Taylor expansion to
cos(φ/N0) and truncate it to the fourth order, which captures
the intrinsic nonlinearity of the resonator. The Hamiltonian
becomes

Hn ≈ 4Ec(n − ng)2 − Ej cos ϕ + λnN

+ 4ECN2 − N0EJ

(
1 − X

2
+ X 2

24

)

− N0δEJ

(
1 − X

2

)
cos(ωpt ), (27)

where X = (φ/N0)2. Under the premise that the highest en-
ergy level is much smaller than the dimension of the Hilbert
space, and following the standard quantization procedure for
circuits [82,83], we obtain

N = −in0(a − a†), φ = φ0(a + a†), (28)

where n0 = 4
√

EJ/32N0EC and φ0 = 4
√

2N0EC/EJ are the zero-
point fluctuations [84]. Similarly, the transmon qubit operators
can be expressed in terms of its own harmonic basis operators
(b, b†) and zero-point fluctuations:

n = inq,zpf (b† − b), ϕ = ϕq,zpf (b + b†), (29)

nq,zpf = 4
√

Ej/32Ec and ϕq,zpf = 4
√

2Ec/Ej are the correspond-
ing zero-point fluctuations of the transmon.

We consider a transmon qubit with a large anharmonicity,
where the energy separation to higher excited states is much
larger than all coupling and drive strengths. This large energy

mismatch suppresses unwanted transitions out of the compu-
tational subspace, effectively confining the dynamics to the
two levels spanned by the ground (|g〉) and first excited (|e〉)
states. This justifies projecting the harmonic oscillator opera-
tors onto Pauli operators, such that b → σ− and b† → σ+. The
Hamiltonian is rewritten as the laboratory-frame Hamiltonian

Hlab/h̄ ≈ ωra†a + 1

2
�σz + g(σ− − σ+)(a† − a)

+ δEJωr

4h̄EJ
(a + a†)2 cos(ωpt ) − KL(a + a†)4, (30)

where the laboratory-frame parameters are defined as ωr =√
8EJEC/N0/h̄, the coupling strength g = (λ/h̄)nq,zpf n0, and

the laboratory-frame Kerr coefficient KL = EC/(12h̄N2
0 ).

To obtain the final effective Hamiltonian, we move to an
interaction picture rotating with a frequency ωd and apply
the rotating-wave approximation (RWA). By setting the pump
frequency to ωp ≈ 2ωd and neglecting fast-oscillating terms,
the laboratory-frame Hamiltonian is simplified.

The term involving (a + a†)2 cos(ωpt ) generates the two-
photon drive, G(a†2 + a2)/2, with a drive strength G given by

G = δEJωr

4EJ
. (31)

The qubit-resonator interaction takes the Jaynes-Cummings
form, g(a†σ− + aσ+). The fourth-order term, −KL(a + a†)4,
under RWA gives rise to the dominant self-Kerr nonlinearity,
−K (a†a)2. The effective Kerr coefficient K is

K = EC

2h̄N2
0

. (32)

This yields the effective Hamiltonian:

Heff/h̄ = δa†a + 1

2
�′σz + g(a†σ− + aσ+)

+ G

2
(a2 + a†2) − K (a†a)2, (33)

where δ = ωr − ωd and �′ = ωq − ωd are the detunings. This
Hamiltonian, which corresponds to the SDCM studied in
Sec. II with the crucial addition of the intrinsic Kerr nonlin-
earity, forms the basis of our analysis. Its validity relies on the
rotating-wave approximation, requiring all coupling and drive
strengths to be much smaller than the system’s characteristic
frequencies ({g, G, K} � ωr,�). While this condition holds
for the primary drives, the strength of the CD term requires
careful consideration. As we will demonstrate in Sec. IV and
Appendix B, the CD drive is engineered to operate within the
perturbative regime in all physically relevant scenarios, thus
ensuring the self-consistency of our model.

The implementation of the protocol hinges on controlling
the parametric drive G and the CD drive. In the proposed
circuit QED architecture (Fig. 8), both are realized by mod-
ulating the magnetic flux through the SQUID array. The
parametric drive G is generated by a fixed-amplitude flux
modulation, �G(t ). The CD term, HCD(t ), takes the form of
a time-dependent two-photon drive. It is generated by a sepa-
rate, variable-amplitude flux pulse, �CD(t ), applied through a
dedicated drive line. The desired term is engineered by setting
the pump frequency to ωp ≈ 2ωr and shaping its profile to
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TABLE I. Experimentally demonstrated parameters for key components relevant to our protocol.

References Description ωq/2π ωr/2π g/2π G/2π (param. drive) K/2π (Kerr)

[85] cQED (eng. dissipation) 4.90 GHz 7.58 GHz 65 MHz 111 kHz 4 kHz
[86] cQED (param. amp.) – 5.0 GHz – – ≈0 (tunable)
[84] cQED (param. amp.) – ∼7 GHz – up to 20 MHz 17.3 MHz (N = 10)
[87] Trapped ion (param. amp.) 1.69 GHz 5.9 MHz 1.46 kHz up to 50 kHz ≈0

match the precalculated function h̄ε̇(t )/2. The use of such
two-photon drives is a standard technique in circuit QED
[88–91], and the broader realization of STA protocols is well
established across various platforms [40,92,93].

The dominant nonideality in this platform is the residual
Kerr nonlinearity, K . A key feature of our proposed SQUID-
array design is an intrinsic mechanism for its suppression. As
derived, the relative Kerr strength scales as K/ωr ∝ N−3/2

0 ,
allowing it to be engineered to a negligible level by choosing a
sufficiently large N0. This intrinsic suppression can be further
enhanced by advanced circuit elements like the supercon-
ducting nonlinear asymmetric inductive element [86,94] or
circumvented entirely by implementing the protocol in natu-
rally Kerr-free platforms such as trapped-ion systems [87]. A
detailed numerical analysis of the protocol robustness against
the residual Kerr effect is presented in Appendix D. The
results confirm that even with a realistic Kerr strength (e.g.,
K/ωr ∼ 10−5), the CD protocol maintains high fidelity and
a significant QFI enhancement in the experimentally relevant
short-time regime.

Tables I and II summarize a set of experimental pa-
rameters from different physical platforms and present a
plausible parameter regime for implementing the protocol.
These benchmarks indicate that the parameters used in our
simulations are experimentally reasonable.

In summary, the detailed derivation, parameter analysis,
and numerical simulations provide evidence for the experi-
mental feasibility of the protocol. The proposed circuit QED
platform offers an intrinsic mechanism to suppress nonlin-
earities, and the CD-assisted protocol demonstrates robust,
high-performance operation even in the presence of such
residual effects.

VI. DECAY EFFECTS AND ROBUSTNESS

After taking into account the decay of the bosonic field, the
dynamics of the system is determined by the master equation

ρ̇(t ) ≈ −i[H (t ), ρ(t )] + κD[a]ρ(t ), (34)

where D[o]ρ(t ) = oρ(t )o† − (o†oρ(t ) + ρ(t )o†o)/2 is the
standard Lindblad superoperator and κ is the bosonic field
decay rate. We focus on photon loss as the primary error
mechanism for two key reasons. First, due to the large qubit
frequency and initialization in the spin-down subspace, qubit
excitations are strongly suppressed. Second, the relevant pro-
tocol times are significantly shorter than the typical coherence
times of modern transmon qubits [95,96]. Consequently, qubit
decay can be safely neglected, leaving photon loss from the
high-Q resonator as the dominant decoherence channel, par-
ticularly for the multiphoton states generated by our protocol.

The use of the standard Lindblad form is also a well-
justified approximation. While the total Hamiltonian is
time-dependent, the validity of the master equation hinges
on the driving strengths being much smaller than the sys-
tem’s characteristic frequencies. As rigorously demonstrated
in our feasibility analyses (Sec. V and Appendix B), the peak
drive strengths remain in the perturbative regime, ensuring
that Eq. (34) provides an accurate model for the dominant
dissipation channels.

The fidelity of the system, defined as Fκ (t ) =
〈φ(t )|ρ(t )|φ(t )〉, is used to evaluate the impact of decay,
where |φ(t )〉 represents the ideal, noiseless state vector of the
evolving state.

The numerical results, summarized in Fig. 9, reveal a stark
contrast between the nonassisted and CD-assisted protocols
and highlight a key advantage of our approach.

For the nonassisted protocol [Fig. 9(a)], the achievable
fidelity is severely constrained by its inherent slowness. Even
within a short total evolution time of �Tmax = 100/ωr , the
fidelity degrades rapidly as the protocol unfolds. For evo-
lution times �T > 80/ωr , high fidelity (>0.9) cannot be
maintained, even for the smallest decay rates considered. This
illustrates a fundamental dilemma for such protocols: The
time required to approach the target state already exposes the
system to significant decoherence.

In stark contrast, the CD-assisted protocol [Fig. 9(b)]
demonstrates remarkable robustness due to its speed. A large
region of high fidelity is maintained across a wide range

TABLE II. A plausible set of parameters for implementing our protocol, derived from the benchmarks in Table I.

Notation Remarks Used parameters Circuit QED Trapped ion

ωr Resonator frequency Frequency scale 2π × 7.5 GHz 2π × 6 MHz
ωq Qubit frequency ωq/ωr = 0.65 2π × 4.9 GHz 2π × 1.7 GHz
g Coupling strength g/ωr = 0 to 6 × 10−4 2π × (0–4.5) MHz 2π × (0–3.6) kHz
G Parametric drive strength G/ωr = 0 to 9.9 × 10−5 2π × (0–0.75) MHz 2π × (0–0.6) kHz
K Kerr nonlinearity K/ωr = 0.1 to 1 × 10−5 2π × (7.5–75) kHz ≈0
|ε̇(t )|m Max CD strength |ε̇(t )|m/ωr = 0 to 3 × 10−3 2π × (0–22.5) MHz 2π × (0–18) kHz
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FIG. 9. Fidelity of the final state in the presence of photon loss,
as a function of the total evolution time �T and the decay rate κ/ωr .
The contour plots compare the performance (a) without CD driving
and (b) with CD driving. Each subfigure contains two panels cor-
responding to different maximum evolution times: ωr�Tmax = 102

(left) and ωr�Tmax = 103 (right).

of decay rates and evolution times. The right panel shows
that even for a much longer total evolution time of �Tmax =
103/ωr , high fidelity (>0.9) is preserved for decay rates
up to log10(κ/ωr ) ≈ −4.8. This result powerfully illustrates
the central benefit of our protocol. By enabling high-fidelity
state preparation on timescales much shorter than the sys-
tem’s decoherence time, our method significantly mitigates
the detrimental effects of environmental noise. The speed
afforded by CD driving thus directly translates into a powerful
robustness against decoherence.

VII. CONCLUSION

In summary, we have proposed and analyzed a robust and
physically realizable protocol based on the CD driving for the
high-fidelity preparation of critical ground states. The central
result is that this approach enables rapid state preparation
on experimentally feasible timescales, overcoming the lim-
itations of conventional adiabatic methods near a quantum
critical point. A key aspect of this work is the analysis under a
physical constraint on the maximum CD driving strength. We
have shown that even when the drive is limited to a realistic
perturbative regime, for instance, a maximum strength below
2π × 7.5 MHz for a circuit QED implementation (ζ < 10−3),
the protocol yields a significant enhancement in metrologi-
cal precision. On timescales of tens of nanoseconds (�T <

103/ωr), this results in a QFI enhancement factor exceeding
103 and an SNR enhancement of over 106 compared to the
nonassisted protocol.

These findings establish a practical pathway for harness-
ing quantum criticality. The protocol’s speed provides an
intrinsic robustness against environmental decoherence, a no-
table advantage over slow adiabatic approaches. Furthermore,
our analysis of a circuit QED implementation confirms the
protocol’s feasibility and its robustness against primary non-
idealities such as the Kerr effect. This work opens several
promising directions for future investigation. Future work
could explore the application of this CD protocol to other

critical many-body systems. Another promising direction is
to combine the analytical strength of our CD approach with
the numerical power of optimal control and machine learning
techniques to further enhance performance and robustness in
complex experimental environments.
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APPENDIX A: DERIVATION OF THE TIME-DEPENDENT
EFFECTIVE HAMILTONIAN

In this Appendix, we provide a detailed derivation of the
effective time-dependent Hamiltonian, including the leading-
order nonadiabatic corrections, using a time-dependent
Schrieffer-Wolff transformation. This procedure rigorously
justifies the form of the Hamiltonian used in our main anal-
ysis.

Our starting point is the system Hamiltonian in a corotating
frame where the two-photon drive is time-independent. The
Hamiltonian is given by

H (t ) = H0 + V (t ), (A1)

H0 = δa†a + �′

2
σz + G

2
(a†2 + a2), (A2)

V (t ) = g(t )(a†σ− + aσ+), (A3)

where δ and �′ are the cavity and qubit detunings, respec-
tively. The interaction term V (t ) contains the time-dependent
coupling strength g(t ), which is assumed to vary slowly com-
pared to the physical detuning � = �′ − δ.

The goal of the SW transformation is to find a unitary
operator U (t ) = eiS(t ) that systematically eliminates the off-
diagonal interaction V (t ). The transformed Hamiltonian is
given by Heff (t ) = U †(t )H (t )U (t ) − ih̄U †(t )U̇ (t ). Following
the standard formalism for time-dependent SW transforma-
tions [68,69], we expand the generator S(t ) in orders of g/�.
The first- and second-order generators, chosen to cancel the
original interaction and the leading-order nonadiabatic off-
diagonal term, are

S1(t ) = −i
g(t )

h̄�
(a†σ− − aσ+), (A4)

S2(t ) = ġ(t )

h̄�2
(a†σ− + aσ+). (A5)

Carrying out the transformation up to the third order in
g/� yields the key diagonal corrections. The second-order
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FIG. 10. Comparison of the primary dispersive coupling term
(from ac Stark shift) and the nonadiabatic correction term for an
evolution time of �T = 100/ωr , where the couplings are rescaled
as ũcor = √

ucorer . The left panel shows ũ(t ) and the difference
ũcor (t ) − ũ(t ). The right panel magnifies this difference, confirming
it is ∼10−4 times the primary term.

correction is the well-known ac Stark shift:

H (2)
eff,D(t ) = −g(t )2

2�
[I + (2a†a + 1)σz]. (A6)

The third-order correction arises entirely from the nonadia-
batic dynamics:

H (3)
eff,D(t ) = g(t )g̈(t ) − ġ(t )2

2�3
[I + (2a†a + 1)σz]. (A7)

The total effective Hamiltonian is the sum of the nonin-
teracting part and these diagonal corrections, Heff (t ) ≈ H0 +
H (2)

eff,D(t ) + H (3)
eff,D(t ). After collecting terms proportional to

a†aσz and disregarding global energy shifts, we arrive at the
final working Hamiltonian:

Hr,cor (t ) ≈ δa†a + �′(t )

2
σz + ucor (t )a†aσz + G

2
(a†2 + a2).

(A8)

Here, the corrected dispersive coupling strength incorporates
both corrections:

ucor (t ) = g(t )2

�
− g(t )g̈(t ) − ġ(t )2

�3
. (A9)

The qubit frequency is also renormalized to �′(t ). This ex-
pression for ucor (t ) is used in the main text to validate the
robustness of our protocol. To justify the use of an idealized
Hamiltonian (which neglects the nonadiabatic term) for our
protocol design, we perform a quantitative analysis of these
corrections. As shown in Fig. 10, the nonadiabatic correction
term is several orders of magnitude smaller than the primary
ac Stark term throughout the evolution. This confirms that the
nonadiabatic effects constitute a minor perturbation, and the
idealized model, which includes only the ac Stark term, serves
as a highly accurate foundation for both the system analysis
and the control protocol design in the main text.

FIG. 11. Peak CD driving strength |ε̇(t )|max as a function of total
evolution time �T for a target state at ũ f = 0.999ũc. The yellow
shaded region indicates the diabatic regime, where the nonassisted
protocol fails to prepare the target state with high fidelity. The blue
shaded region represents the regime where adiabatic preparation
becomes progressively feasible. The vertical dotted and dashed lines
mark the minimum time required for the nonassisted protocol to
achieve high fidelity for targets at ũ f = 0.99ũc and ũ f = 0.999ũc,
respectively. The results for the original (Ori.) and corrected (Cor.)
models are nearly identical.

APPENDIX B: PHYSICAL FEASIBILITY
OF THE COUNTERDIABATIC DRIVE

In this Appendix, we provide a detailed numerical analysis
of the required CD driving strength, |ε̇(t )|, to validate the
physical feasibility of our protocol. A crucial aspect of any
shortcut-to-adiabaticity protocol is ensuring that the required
control fields remain within experimentally accessible limits.
We investigate the trade-offs between protocol duration, prox-
imity to the critical point, and the peak driving strength.

First, we analyze the peak driving strength required to
reach a state very close to the critical point (ũ f = 0.999ũc) as
a function of the total protocol time �T . As shown in Fig. 11,
a clear trade-off exists: Shorter preparation times necessi-
tate stronger drives. However, the required strength decreases
rapidly with time. For an evolution time of �T ≈ 103/ωr , the
peak driving strength is already 2 orders of magnitude smaller
than the resonator frequency ωr (|ε̇(t )|m < 10−2ωr). This is
well within the perturbative regime, ensuring the validity of
our theoretical model and the experimental feasibility. No-
tably, even at this timescale, the nonassisted adiabatic protocol
completely fails to prepare the target state, as indicated by the
yellow shaded “diabatic regime.” This demonstrates that our
CD protocol can achieve what is impossible for the adiabatic
counterpart within the same timeframe. We also observe that
the nonadiabatic corrections to the Hamiltonian have a negli-
gible impact on the required driving strength, as the curves for
the original and corrected models are perfectly overlaid.

Next, we explore these trade-offs from different perspec-
tives in Fig. 12. Figure 12(a) shows the temporal profile of
the CD drive for a fixed, short duration of �T = 100/ωr . As
the target state approaches the critical point (from 0.9ũc to
0.999ũc), the required peak strength increases. For a target
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FIG. 12. Trade-offs in the CD protocol. (a) Instantaneous CD
driving strength |ε̇(t )| as a function of time for a fixed total dura-
tion �T = 100/ωr . Different curves correspond to different target
proximities to the critical point (ũ f /ũc). (b) Minimum evolution
time required to reach a target state, subject to a constraint on the
maximum driving strength, |ε̇(t )|m � 0.05ωr .

at 0.99ũc, which already provides substantial metrological
resources as shown in the main text, the peak strength is
only about 0.05ωr . This confirms that significant quantum
enhancement can be achieved with modest control fields.

Figure 12(b) investigates the protocol from a comple-
mentary viewpoint by showing the minimum evolution time
required to prepare a target state under a fixed maximum
driving strength. For a limit of |ε̇|max � 0.05ωr , a high-fidelity
preparation of a state very close to the critical point (ũ f =
0.999ũc) can be achieved in a time of �T ≈ 300/ωr . At
this timescale, the nonassisted protocol is operating far from
the adiabatic limit and is ineffective. This result highlights
the substantial performance advantage of the CD-assisted
method.

In summary, this detailed analysis confirms that our CD-
assisted protocol is not only theoretically powerful but also
physically feasible. For experimentally relevant parameters,
the required driving fields are well behaved and modest in
strength, allowing for the rapid preparation of critical states
in a timescale where traditional adiabatic methods fail.

FIG. 13. Energy gap at the critical point as a function of the
system’s effective size, quantified by the frequency ratio �′/δ. The
blue dots represent results from numerical diagonalization, which
are in excellent agreement with the theoretical scaling prediction
εe ∝ (�′/δ)−1/3 (black dotted line). The labels A, B, and C highlight
specific data points discussed in the text.

APPENDIX C: FINITE-SIZE EFFECT ON THE CRITICAL
ENERGY GAP

The divergence of the CD driving strength at the critical
point, as discussed in the main text, is a feature of the idealized
model that assumes a thermodynamic limit where the ratio of
energy scales �′/δ → ∞. In any realistic physical system,
however, this ratio is finite. This finite size of the system
introduces a fundamental cutoff that prevents the energy gap
from strictly closing, thereby regularizing the divergence of
the CD drive. In this Appendix, we analyze this finite-size
effect and connect it to the parameter choices in our main
analysis.

Our theoretical model predicts an energy gap between the
ground and first excited states of the form

εe =
√

�r (�r − ũ2), (C1)

which vanishes at the critical point ũc = √
�r . However, the

derivation of this effective model relies on a series of approx-
imations that are valid in the limit �′/δ → ∞.

To investigate the behavior for finite �′/δ, we have per-
formed numerical diagonalization of the full Hamiltonian.
The results are presented in Fig. 13, where we plot the min-
imum energy gap at the critical point (ũ = ũc) as a function
of the frequency ratio �′/δ. The numerical data (blue dots)
show excellent agreement with a theoretical scaling of εe ∝
(�′/δ)−1/3. This confirms that for any finite ratio, the energy
gap remains nonzero.This finite gap can be mapped to an
effective proximity to the critical point in our idealized model.
We define an effective proximity parameter η such that the
finite-size gap εnum is equivalent to the gap of the ideal model
at a coupling strength of ũ = ηũc. This yields the relation

εnum = �r

√
1 − η2. (C2)

For a typical experimental ratio of �′/δ = 104 (Point B in
Fig. 13), our numerical results give a gap of εnum/δ ≈ 3.85 ×
10−3. Using the parameters from our main text (G = 0.99δ,

013275-12
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FIG. 14. State fidelity vs evolution time �T in the presence
of Kerr nonlinearity. The performances of the CD-assisted (solid
lines) and nonassisted (dashed lines) protocols are compared for Kerr
strengths of K = 0 (black), K/ωr = 10−6 (blue), and K/ωr = 10−5

(orange).

which gives �r ≈ 0.1411δ), we can solve for the effective
proximity, yielding

η =
√

1 − (εnum/�r )2 ≈ 0.9996. (C3)

This analysis provides two crucial insights. First, it con-
firms that the requirement for an infinite CD driving strength
is an artifact of the thermodynamic limit. Any physically
realistic system possesses a nonvanishing energy gap that in-
herently bounds the required control field. Second, it provides
a strong justification for our choice of parameters in the main
text. A realistic system with an energy scale ratio of 104 is
physically equivalent to our ideal model being driven to a
proximity of η ≈ 0.9996 to the critical point. Therefore, our
analysis using target proximities of 0.99 and 0.999 is not only
a conservative choice but also directly relevant to physically
achievable experimental conditions.

APPENDIX D: ROBUSTNESS AGAINST KERR
NONLINEARITY

This Appendix provides a detailed quantitative analysis of
the protocol robustness against the residual Kerr nonlinearity,
which is the dominant nonideality in the circuit QED imple-
mentation discussed in the main text.

The numerical simulations are governed by the effective
Hamiltonian derived in Sec. V [Eq. (33)], which includes
the intrinsic Kerr nonlinearity term, −K (a†a)2. The time de-
pendence is introduced through the coupling strength g(t ),

FIG. 15. QFI vs evolution time �T . The plot compares the per-
formance of the CD-assisted and nonassisted protocols, both with
(solid lines, K/ωr = 10−5) and without (dotted lines, K = 0) Kerr
nonlinearity.

which follows the pulse shape defined in Eq. (10). Based on
the experimental parameters summarized in Tables I and II,
relative Kerr strengths in the range of K/ωr ∼ 10−5 to 10−6

are selected for the simulations.
Figure 14 shows the state fidelity as a function of evolution

time for different Kerr strengths. Even with a significant Kerr
strength (K/ωr = 10−5), the CD-assisted protocol maintains
high fidelity in the short-time regime, where the nonassisted
protocol fails. While the Kerr term introduces a mismatch
that degrades fidelity at long times, the advantage of the CD
protocol in the practical finite-time regime remains.

The robustness of the protocol is essential for metrolog-
ical applications. Figure 15 analyzes the impact of the Kerr
effect on the quantum Fisher information. The results reveal
a nuanced picture: In the short-time regime, the high QFI
achieved by the CD protocol is largely unaffected by the
Kerr nonlinearity. At longer evolution times, a performance
degradation becomes apparent due to the accumulating effect
of the mismatch caused by the Kerr term. Nevertheless, the
key advantage of the protocol, which is to achieve high QFI
on rapid timescales, is robustly preserved.

In conclusion, the numerical simulations confirm that the
CD-assisted protocol is robust against realistic residual Kerr
nonlinearities. While the Kerr effect introduces performance
degradation at long evolution times, the essential advantage of
the protocol in the experimentally relevant short-time regime
is maintained. This provides strong support for the feasibility
of the protocol in practical circuit QED implementations.
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