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We address the question of the implementation of long-distance device-independent quantum key distribution
(DI QKD) by proposing two experimentally viable schemes. Those schemes use only spontaneous parametric
down-conversion sources and linear optics. They achieve favorable key rate scaling proportional to the square
root of channel transmittance ηt , matching the twin-field protocol advantage. We demonstrate positive asymptotic
key rates at detector efficiencies as low as 80%, bringing DI QKD within the reach of current superconducting
detector technology. Our security analysis employs the entropy accumulation theorem to establish rigorous
finite-size bounds, achieving finite-key rates at a detector efficiency of 90%. This work represents a critical
milestone toward device-independent security in quantum communication networks, providing experimentalists
with practical implementation pathways while maintaining the strongest possible security guarantees against
quantum adversaries.
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I. INTRODUCTION

Quantum key distribution (QKD) promises information-
theoretic security for communications, leveraging quantum
mechanics to detect eavesdropping attempts. Among various
protocols, device-independent (DI) schemes offer the highest
level of security by eliminating the need to trust the devices
[1,2]. This remarkable property addresses a critical vulnera-
bility: In practice, imperfect or compromised devices can leak
information, as demonstrated by successful attacks on QKD
systems [3–6].

The security of DI QKD is based on a profound insight.
The violation of Bell inequality certifies the presence of quan-
tum nonlocality that no classical system can reproduce. By
monitoring this violation, users can bound the information
accessible to any eavesdropper. The security proof is based
solely on observed measurement statistics.

Despite its elegance, implementing DI QKD over long
distances faces the challenge of closing the detection loop-
hole while maintaining practical key generation rates. This
loophole arises when measurement inefficiencies allow local
hidden-variable models to reproduce the observed correla-
tions. For photonic implementations, detector efficiencies
exceeding 82.8% are required for Bell tests with maximally
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entangled states, although this threshold can be lowered to
66.7% for other states and specific measurements [7,8]. More-
over, in most QKD protocols, key rates decay exponentially
with distance due to channel losses, limiting practical distance
to 100–150 km in standard fibers [9].

Recent experiments demonstrated DI QKD using matter
qubits with near-perfect detection efficiency [10,11]. Al-
though they validated the principle, they underscored the
need for fully photonic solutions compatible with optical
fiber network infrastructure. Initial steps have been reported
in Ref. [12], yet achieving long-distance implementation re-
mains an open challenge. In particular, the quantum repeater
approach faces fundamental constraints in DI scenarios [13].

A promising idea to overcome distance limitations in QKD
is the twin-field (TF) configuration [14]. This architecture
enables key rates that scale with the square root of channel
transmittance, a significant improvement over the linear scal-
ing of conventional QKD. By combining the security of DI
QKD with the scaling of TF protocols, DI-TF QKD could
enable secure communication over long distances without
trusting any network nodes. Such a fully photonic DI-TF
QKD scheme has recently been proposed and analyzed with
respect to security in Ref. [15], but the setup required quantum
dot sources and a nonlinear measurement scheme that poses
experimental challenges.

In this work, we study two DI-TF QKD protocols based on
heralded entanglement distribution using spontaneous para-
metric down-conversion (SPDC) sources, linear optics, and
on/off single-photon detectors. The first scheme, demon-
strated experimentally in Ref. [16] and further analyzed for
Bell experiments in Ref. [17], produces a maximally en-
tangled single-photon state |�(1ph)

out 〉 = 1√
2
(|01〉 ± i|10〉). We

2643-1564/2026/8(2)/023290(24) 023290-1 Published by the American Physical Society

https://orcid.org/0009-0004-4606-4517
https://orcid.org/0000-0003-4122-5372
https://orcid.org/0000-0002-5168-433X
https://ror.org/039bjqg32
https://ror.org/04kfyt897
https://ror.org/006x4sc24
https://ror.org/03g5ew477
https://ror.org/05krcen59
https://ror.org/02feahw73
https://ror.org/02en5vm52
https://ror.org/039bjqg32
https://crossmark.crossref.org/dialog/?doi=10.1103/ycd9-nc6q&domain=pdf&date_stamp=2026-06-12
https://doi.org/10.1103/ycd9-nc6q
https://creativecommons.org/licenses/by/4.0/


MORTEZA MORADI et al. PHYSICAL REVIEW RESEARCH 8, 023290 (2026)

FIG. 1. Long-range DI-TF QKD based on heralded entanglement distribution. (a) In the one-photon protocol, Alice and Bob use SPDC
sources pumped by pulsed lasers to generate local bipartite multiphoton entanglement—two-mode squeezed-vacuum states. The idler modes
a2 and b2 travel through lossy channels with transmittance

√
ηt to reach Charlie’s central station, which comprises a symmetric beam splitter

and two detectors with efficiency ηc. The events where exactly one of the two detectors registers a photon herald the state in Eq. (1). (b) In the
two-photon protocol, Bob employs a single-photon source obtained by heralding one output from an SPDC crystal at a detector of efficiency
ηs, with the other output routed through a beam splitter with reflectivity-to-transmissivity ratio rs:ts, effectively generating local single-photon
entanglement |ψb〉. (c) The heralded state, Eq. (1) or (2), enters Alice’s and Bob’s measurement systems MA and MB. Each measurement
comprises a displacement operation, implemented by interfering the signal a1 (b1) with a coherent state |α〉 (|β〉) on a beam splitter with
transmissivity ta,b ≈ 1, followed by a detector with efficiency ηd . All detectors used discriminate only between “photon” and “no-photon”
cases (on/off detection).

provide a rigorous security proof for a DI QKD protocol using
this state; however, the measurement scheme is suboptimal for
|�(1ph)

out 〉, resulting in a high detection-efficiency threshold. We
refer to it as the one-photon protocol.

The second scheme constitutes our main contribution and
significantly relaxes experimental requirements: For the first
time, we achieve threshold efficiencies compatible with state-
of-the-art experiments together with a rigorous security proof.
The key ingredient is to herald states of the form |�(2ph)

out 〉 =
|00〉 + ε|11〉; we call this the two-photon protocol. The state
|�(2ph)

out 〉 offers two advantages for DI QKD. First, key gen-
eration uses Z-basis measurements with on/off detectors,
yielding perfectly correlated outcomes; losses only weakly
affect the error rate, as most events correspond to the vac-
uum component |00〉. Second, it allows the violation of the
Clauser-Horne-Shimony-Holt (CHSH) inequality down to the
66% loss threshold. While unbalanced states are known to
optimize key rates at a given efficiency [18], the CHSH
inequality is suboptimal for DI QKD with such states. We
therefore develop numerical methods for rigorous security
proofs against general quantum attacks, using the entropy
accumulation theorem (EAT) [19,20] with Bell inequalities
tailored to |�(2ph)

out 〉.

II. THE PROTOCOL

The setup we consider is depicted in Fig. 1. Alice and
Bob each generate multiphoton entangled states at their re-
spective locations. In each round, they randomly choose one
of three measurement settings: two for the nonlocality test
and one for key generation. Charlie heralds long-range en-
tanglement and communicates via a classical channel that
rounds to keep. The basic ingredients are two identical
two-mode squeezed vacuum (TMSV) sources, obtained by
pumping two SPDC crystals. These sources generate the
state |�〉 = ∑

n

√
λn|n, n〉1,2, with photon-number correla-

tions across modes 1 and 2, correlated in photon number
across two modes 1 and 2, where λn = tanh2n (g)/ cosh2(g)

quantifies the probability of n-photon emissions in each mode
and g is the parametric gain. Since vacuum and single-photon
events dominate (λ0 � λ1 � λ2 · · · ), for clarity we approx-
imate this state as |�〉 ≈ 1

N (
√

λ0|00〉 + √
λ1|11〉); however,

all computations and plots in this article include the full mul-
tiphoton contributions as described in the Appendix A.

A. The one-photon protocol

In the scenario depicted in Fig. 1(a), Alice and Bob send
one TMSV mode each to Charlie’s central station, equidistant
from both. Charlie interferes the incoming modes at a sym-
metric beam splitter and heralds only when exactly one of
the two detectors clicks, projecting the distributed state onto
high-fidelity entanglement [16,17]:

∣∣�(1ph)
out

〉 = 1√
2

(|0, 1〉a1,b1
± i|1, 0〉a1,b1

)
. (1)

With Charlie’s detector efficiency ηc, photon-number statistics
λ(a) (λ(b)) for Alice (Bob), the heralding probability is P(1ph)

h =
(λ(a)

0 λ
(b)
1 + λ

(b)
0 λ

(a)
1 )ηc

√
ηt ≈ O(

√
ηt ).

This protocol achieves breakthrough scaling. At distance
L, channel transmittance is ηt = 10−αattL/10, with attenuation
coefficient αatt = 0.2 km−1. Since the photons travel half dis-
tance to Charlie, the losses scale as

√
ηt , versus linear decay

(ηt ) in conventional QKD. This square-root improvement al-
lows previously inaccessible distances.

In practice, Charlie heralds a mixed state ρout rather than
the pure state [Eq. (1)], but |�(1ph)

out 〉〈�(1ph)
out | remains dominant.

This robustness proves critical for implementations. In our
further analysis, we assume perfect heralding detectors at
Charlie’s (ηc = 1), since their inefficiency can be treated as an
additional channel loss, and it merely reduces protocol success
rate without compromising security. In particular, taking lc =
−100 logηc

10, one may assume perfect detectors at Charlie’s
and incorporate their inefficiency by effectively increasing the
channel length from L to L + lc.
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B. The two-photon protocol

In this second approach [Fig. 1(b)], Alice’s setup re-
mains unchanged while Bob uses a single-photon source,
implemented with a heralded SPDC [21] using a detector of
efficiency ηs. Bob routes the photon through a beam splitter
with transmissivity ts, creating a local entangled state |ψb〉 =√

ts|0, 1〉b1,b2
+ eiφ

√
1 − ts |1, 0〉b1,b2

. A single click at Char-
lie’s station heralds an entangled state∣∣�(2ph)

out

〉 ∝ √
λ

(a)
0 ts |0, 0〉a1,b1

± eiφ
√

λ
(a)
1 (1 − ts)|1, 1〉a1,b1

.

(2)

For small ts, this state takes the form of a two-mode squeezed
state, which is known to exhibit strong loss robustness for Bell
test with the considered measurement [22].

This protocol achieves the same scaling as the one-photon
one, P(2ph)

h = Ps(λ
(a)
0 ts + λ

(a)
1 (1 − ts))ηc

√
ηt ≈ O(

√
ηt ),

where Ps is Bob’s single-photon generation probability.
For full derivation of density matrices and performance of
protocols, see Appendix A.

III. THE NONLOCALITY TEST

To extract the secret key, Alice and Bob perform local mea-
surements MA and MB. Alice selects between two settings
x ∈ {1, 2}, while Bob chooses from three y ∈ {1, 2, 3}, each
yielding binary outcomes a, b ∈ {±1} (cf. Ref. [23]).

For the Bell test, both parties randomly select from their
first two settings and evaluate the CHSH parameter [24]

S = 〈A1B1〉 + 〈A1B2〉 + 〈A2B1〉 − 〈A2B2〉, (3)

where Ax and By denote Alice’s and Bob’s measure-
ment observables, respectively, with correlations 〈AxBy〉 =∑

a,b p(a = b|x, y) − p(a 	= b|x, y). This parameter quantifies
the observed nonlocality and bounds the information ac-
cessible to any eavesdropper, satisfying S � 2 for all local
hidden-variable theories.

To violate Bell inequalities, one must perform mutually
incompatible measurements. The states in Eqs. (1) and (2) are
encoded in the Fock basis, {|0〉, |1〉}. While measuring in the z
basis is straightforward using single-photon detectors, optimal
Bell tests require challenging projections onto photon-number
superpositions { 1√

2
(|0〉 + |1〉), 1√

2
(|0〉 − |1〉)}. To overcome

this constraint, we employ a practical alternative accessible
in modern laboratories, inspired by Ref. [25].

Our measurement scheme [Fig. 1(c)] implements: (1)
displacement operations D(δ) = eδa†−δ∗a with setting-
dependent δa = −iα

√
ra and δb = −iβ

√
rb, followed by

(2) “photon”/“no-photon” (on/off) detection with efficiency
ηd . The effective positive operator-valued measures (POVMs)
are

M(A)
0 = D(δa)Eηd

0 D†(δa), M(B)
0 = D(δb)Eηd

0 D†(δb), (4)

where Eηd
0 = (1 − ηd )a†a represents the effective no-click op-

erator. To evaluate the CHSH value under realistic conditions
with multimode sources and detection losses, we compute

pa(0|δa(b) ) = Tr
(
ρa(b) MA(B)

0

)
,

p(00|δaδb) = Tr
(
ρout M(A)

0 ⊗ M(B)
0

)
, (5)

FIG. 2. Maximal CHSH parameter S as a function of detector
efficiency ηd computed for one-photon protocol (red solid line, with
dashed red line including squeezing operations in the measurements
[15]), two-photon protocol (blue), and, for reference, a polarization-
based protocol [26] (green).

with ρa(b) denoting Alice’s (Bob’s) reduced density matrix.
The detailed derivations of the marginals and correlators, in-
cluding higher photon-number contributions, are presented in
Appendixes B and C.

Remarkably, both protocols maintain near-maximal CHSH
violations even under severe transmission losses: S = 2.688
for |�(1ph)

out 〉 and S = 2.686 for |�(2ph)
out 〉. This robustness stems

from the protocol’s inherent noise tolerance: Under high loss,
the heralded state resides in the qubit subspace where vio-
lations are strongest. By decreasing the value of g, we limit
the contribution of heralded multiphoton components and
their impact on reduced violations. However, this affects the
heralding probability Ph, which is crucial in the finite-size
regime. Consequently, channel loss primarily affects protocol
performance, while the CHSH value S and the asymptotic key
rate r remain distance independent.

Figure 2 illustrates how detection efficiency ηd influences
the maximal CHSH value (S). The state |�(1ph)

out 〉 suffers losses
in both superposition components. When photons are lost,
the anticorrelation in this state degrades toward a full cor-
relation |00〉, leading to a rapid drop in S. In Ref. [15],
an additional squeezing operation through a nonlinear crys-
tal χ (2) is inserted between the displacement operation and
the detector to partially mitigate this effect, but it is ex-
perimentally challenging. In contrast, state |�(2ph)

out 〉 exhibits
much higher loss resilience as losses only affect the |11〉
component. By tuning ts and g to reduce the coefficient
λ1(1 − ts), the protocol can approach the Eberhard limit for
photon-counting measurements [8]. We compare these re-
sults with the polarization-based protocol [26], where states
of the form cos(θ )|HH〉 + sin(θ )|VV 〉 experience symmet-
ric losses across both components. Here, however, strategic
postprocessing can preserve correlations: If Alice and Bob
assign no-detection events the same value as |H〉 detection,
the |HH〉 correlations remain unaffected by loss. Taking θ →
0 suppresses contributions from |VV 〉, achieving robustness
comparable to the two-photon protocol.
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IV. SECURITY ANALYSIS IN THE ASYMPTOTIC REGIME

The asymptotic secure key rate (SKR) for DI QKD pro-
tocols, which offers resilience against collective attacks by a
quantum eavesdropper (Eve) [23,27], is lower bounded by the
Devetak-Winter formula [28]

r∞ � H (A1|E ) − H (A1|B3), (6)

where H (X |Y ) denotes the conditional von Neumann entropy.
This expression quantifies Alice and Bob’s information ad-
vantage over Eve: The first term captures Eve’s uncertainty
about Alice’s outcomes, while the second represents error-
correction costs. Although H (A1|B3) follows directly from
measurement statistics, bounding Eve’s information H (A1|E )
requires careful analysis. To evaluate this, we exploit the con-
nection between CHSH inequality violations and information
security. Using the analytical framework from Ref. [29] with
noisy preprocessing, we obtain

r � 1 − h

(
1 +

√
(S/2)2 − 1

2

)
− H (A1|B3)

+ h

(
1 +

√
1 − q(1 − q)(8 − S2)

2

)
, (7)

where h(x) = −x log2(x) − (1 − x) log2(1 − x) is the binary
entropy function and q denotes the bit-flip probability during
noisy preprocessing, a standard method to enhance key rate
(see Appendix F 1).

For tighter bounds, we utilize the full probability distri-
bution p(a, b|x, y). Following the Brown-Fawzi-Fawzi (BFF)
method [18], we bound conditional entropy via noncom-
mutative polynomial optimization, implemented through the
Navascués-Pironio-Acín (NPA) hierarchy [30]. This semidef-
inite programming approach yields near-optimal bounds with
negligible gaps to collective attack upper bounds. We also
investigate bounds based on min-entropy, which directly
quantifies Eve’s guessing probability [31] (see Appendix F for
a detailed description of the lower bound methods).

Building on these theoretical bounds, we examine how
practical imperfections affect protocol performance. In par-
ticular, mode mismatch at Charlie’s station critically affects
performance by reducing interferometric visibility (Vc) and
degrading heralded entanglement (see Appendix D). In ad-
dition, local mismatches between the signal modes and the
displacement coherent states in the measurement setups at
Alice’s (Va) and Bob’s (Vb) local labs can further reduce
the observed Bell violation; As shown in Appendix E, their
impact is comparable to that of Charlie’s visibility. For sim-
plicity, in our main analysis we assume a common visibility
parameter V := Va = Vb = Vc.

Figure 3 shows asymptotic key rates versus local detection
efficiency ηd for various visibility values. Our numerical opti-
mization reveals critical thresholds: Positive key rates require
ηd = 91.5% for the one-photon protocol and ηd = 80.2% for
the two-photon one. Importantly, optimization over the para-
metric gain g enables the two-photon protocol to approach the
ideal state |00〉 + r|11〉 with the lowest detection-efficiency
threshold. Although a smaller g reduces the heralding prob-
ability, this effect is fully compensated by increasing the

FIG. 3. Asymptotic raw key rates r (logarithmic scale) as a func-
tion of local detection efficiency ηd for visibility v at Charlie’s,
computed for the one-photon protocol (red) and the two-photon
protocol (blue), both with optimal preprocessing qopt. The solid lines
correspond to the key rate computed using the analytical bound in
Eq. (7) for V = 1, 0.95, 0.9, while dashed lines show results from
the BFF method (see Appendix F 2) for V = 1.

number of rounds in the asymptotic case. Both protocols
show similar robustness to imperfect visibility v < 1, thanks
to the fact that a single photon interferes at Charlie’s station,
leading to a

√
V dependence of the joint probabilities. In

contrast, in polarization-based protocols [26,32], the inter-
ferometric visibility enters linearly, causing a considerably
stronger degradation in key rate performance.

V. FINITE-KEY SECURITY ANALYSIS

Practical implementation of our DI-TF QKD protocol re-
quires analysis of finite-size effects to determine maximum
achievable distances and realistic key rates while ensuring
security against general quantum attacks [19,20]. We employ
EAT to bound conditional entropy H (A1|E ) over N rounds
[19,20].

Here, we implement this analysis through two complemen-
tary approaches. First, using Eq. (7), we construct a linear
bound via its tangent. This method offers computational sim-
plicity, requiring only CHSH monitoring. Next, we perform
full statistics certification exploiting the complete probabil-
ity distribution p(a, b|x, y), resulting in tighter bounds at
increased computational cost. Error correction employs the
VHASH hashing algorithm [33], followed by privacy amplifi-
cation [10].

The finite-size raw key rate for N rounds is r = �/N , where
� denotes the extractable secure key length. We convert it to
bits per second (bps) using R = Phνr, where ν = 100 MHz
is the laser source repetition rate and Ph is the heralding
probability. Appendix G provides details on the numerical
approaches used to optimize the finite-key rate.

Figure 4(a) compares the finite-size key rates as a function
of distance across various protocols at an overall efficiency
of ηd = ηs = 0.93. Notably, we observe a significant distance
breakthrough: The one-photon protocol maintains key rates
above 1 bps beyond 400 km, which is unprecedented for
DI QKD protocols. Although the asymptotic rates remain
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FIG. 4. Comparison of finite-size and asymptotic key rates R vs
distance L for N ∈ {108, 109, 1010, ∞} protocol rounds, assuming
repetition rate ν = 100 MHz and optimal parametric gain g, com-
puted for (a) local detection efficiency ηd = 93% for the one-photon
protocol (red), the two-photon protocol (blue), and the polarization-
based protocol from Ref. [26] (green), all for visibility V = 1; and
(b) local detection efficiency ηd = 90% for the two-photon protocol,
computed for visibilities V = 0.95 (dashed lines) and 1 (solid lines).

positive at all distances, finite-size effects impose practical
limitations. With N � 109 repetition rounds, the key rates
closely approach the asymptotic bound, whereas for N = 108

we observe their significant decrease.
To explore a more practical scenario, we consider the two-

photon protocol at a reduced detection efficiency of ηd = ηs =
0.90 with visibilities V = 1 and 0.95. As depicted in Fig. 4(b),
setting an optimal ga and gb enables this setup to reach approx-
imately 1 bps for N = 1010 rounds over a 100 km distance.

VI. FEASIBILITY

The protocols studied in this article face two main chal-
lenges. First, the measurement scheme requires displacement
operations combined with single-photon counting. Such mea-
surements have been demonstrated experimentally [16], with
efficiency requirements primarily driven by the need for
highly efficient two-mode squeezed-vacuum sources. Sec-
ond, phase drifts in the heralding scheme can lead to
heralding of separable states. Reference [16] addressed this
using phase stabilization in a single-photon interference-
based heralding scheme closely related to our protocol.
Solid-state entanglement at metropolitan scales has recently
been achieved using single-photon heralding schemes [34,35].
Long-distance device-independent quantum key distribution

TABLE I. Detection-efficiency threshold required to violate
CHSH inequality and to achieve a positive secure key rate (denoted
by r). For the noisy preprocessing technique (denoted by NP), the
optimal value of q rises from 0 to 0.5 as the efficiency decreases
from 1 toward the threshold, whereas for the postselection technique
(denoted by PS), the optimal value of p drops from 1 to 0 over the
same range.

Related Min ηd

Method parameters One-photon Two-photon

Bell violation 0.836 2/3

CHSH r 0.924 0.895
method r + NP 0.917 0.826

BFF r 0.921 0.868
method r + NP 0.915 0.802

Min- r 0.945 0.94
entropy r + PS 0.898 0.903

based on high-visibility single-photon interference has been
demonstrated very recently [36].

VII. CONCLUSIONS

We have studied two fully photonic approaches for re-
alizing device-independent quantum key distribution with
twin-field scaling. The choice between them involves a
trade-off between detector requirements and the key rate
achievable at long distances. The two-photon protocol of-
fers the best efficiency threshold up to 80.2% (91.5% for
the one-photon protocol) in the asymptotic regime, achieving
state-of-the-art threshold for DI-TF QKD (see Table I for a
complete comparison). This is lower than the 81.8% required
in polarization-based schemes, although both protocols can
reach the Eberhard limit for CHSH violation. In the realistic
finite-size regime, we find that an efficiency of 90% is required
to obtain a high enough key rate. The key rate obtained in
the one-photon protocol is higher by one order of magnitude
when the efficiency is higher than 92%. State-of-the-art ex-
periments can achieve 82.2% overall efficiency [35], which
makes a proof-of-principle experiment for the two-photon
protocol available with current setups. We believe that our
work represents an important step toward the realization of
long-distance DI QKD. Furthermore, during the preparation
of this article, we became aware of two related works, which
study similar protocols, but only in the asymptotic regime. In
Ref. [37], a two-photon protocol was presented. In contrast,
Ref. [38] analyzes both one- and two-photon protocols and
includes a comprehensive dark count analysis. Compared to
them, our work provides both rigorous finite-size security and
visibility analyses.
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APPENDIX A: ENTANGLEMENT DISTRIBUTION

In this Appendix, we derive the density matrices and
heralding probabilities for both the one-photon and two-
photon protocols, taking into account transmission losses and
higher-order photon contributions.

1. The one-photon protocol

In the entanglement distribution protocol shown in
Fig. 1(a), Alice and Bob pump their SPDC crystals with
pulsed lasers and generate locally TMSV states of the form

|�〉 =
∞∑

n=0

√
λn|n, n〉1,2, (A1)

where
√

λn = tanhn g
cosh g is the probability amplitude of n-photon

components, g is the parametric gain of SPDC crystals that is
governed by the laser power and phase matching conditions,
and indices 1 and 2 denote the signal and idler modes, re-
spectively. While {λn} is a geometrically decreasing sequence

with the most probable zero- and one-photon events, in this
work we consider the full multiphoton form of |�〉 to avoid
the free-sampling assumption in the subsequent Bell test.

Next, idler modes a2 and b2 are sent to Charlie, in-
terfered on a symmetric beam splitter, measured using
photon-number-resolved (PNR) detection, and heralded. In
the lossless conditions, as a result of this, a generalized
Holland-Burnett state [42], which is near-maximally entan-
gled in the photon number, is shared between Alice’s and
Bob’s signal modes, a1 and b1:

∣∣� (σ,k)
out

〉 = σ∑
n=0

Aσ (k, n) |n, σ − n〉a1,b1
, (A2)

where k and σ − k are the heralded Charlie’s readouts,
Aσ (k, n) = ik−nφk (n − σ

2 , σ ) is the probability amplitude,
k = 0, . . . , σ , and φk are symmetric Kravchuk functions—
orthonormal discrete polynomials that converge to Hermite-
Gauss polynomials for large σ . For more information on these
functions, see the Appendixes in Refs. [17,43]. If σ = 1,
Charlie heralds a single-photon entanglement in one of the
following forms:∣∣� (1,0)

out

〉 = 1√
2

(|0, 1〉 − i|1, 0〉)a1,b1 , (A3)

∣∣� (1,1)
out

〉 = 1√
2

(|0, 1〉 + i|1, 0〉)a1,b1 . (A4)

Without loss of generality, in this work we focus on |� (1,1)
out 〉 ≡

|�(1ph)
out 〉.
In a nonideal scenario, where the idler channels are lossy,

the losses can be modeled using a beam splitter with reflectiv-
ity rt and transmissivity ηt , satisfying rt + ηt = 1. Denoting
S as the total number of photons produced by Alice’s and
Bob’s SPDCs in the idler modes, and σ as the total number
of photons arriving at Charlie’s station after the photon loss,
the state from Eq. (A2) converts into a mixed state

ρ
(k,σ )
out =

∞∑
S=σ

PS|σ ρ
(k,σ )
S , (A5)

in which PS|σ = (rt tanh2 g)S−σ (1 − rt tanh2 g)σ+2( S+1
σ+1 ), and

ρ
(k,σ )
S = Ñ−2

S

S∑
n,n′=0

|n, S − n〉〈n′, S − n′|
min(S−σ,n,n′ )∑

p=max(0,n−σ,n′−σ )

√(
n

p

)(
n′

p

)(
S − n

S − σ − p

)(
S − n′

S − σ − p

)
Aσ (k, n − p)A∗

σ (k, n′ − p),

(A6)

where Ñ 2
S = ∑S

n=0

∑min(S−1,n)
p=max(0,n−1) (n

p)( S − n
S − p − 1)|Aσ (k, n − p)|2 = ( S+1

σ+1 ). Here, the corresponding state for S = σ in Eq. (A5) is

given by ρ (k,σ )
σ = |� (σ,k)

out 〉〈� (σ,k)
out |, which remains the dominant term provided that g � 1. By changing the summation order and

redefining the variables in Eqs. (A5) and (A6), the state can be expressed in the following equivalent form:

ρ
(k,σ )
out = (1 − rt tanh2 g)σ+2

σ∑
p,q=0

Aσ (k, p)A∗
σ (k, q)

∞∑
m=0

(rt tanh2 g)m

√(
m + p

m

)(
m + q

m

)
|m + p〉〈m + q|a1

⊗
∞∑

n=0

(rt tanh2 g)n

√(
n + σ − p

n

)(
n + σ − q

n

)
|n + σ − p〉〈n + σ − q|b1

. (A7)
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To rewrite the state for the one-photon protocol by setting σ = k = 1, we have

ρ
(1ph)
out = (1 − rt tanh2 g)3

2

×
[ ∞∑

m=0

(rt tanh2 g)m|m〉〈m| ⊗
∞∑

n=0

n(rt tanh2 g)n−1|n〉〈n| +
∞∑

m=0

m(rt tanh2 g)m−1|m〉〈m| ⊗
∞∑

n=0

(rt tanh2 g)n|n〉〈n|

+
∞∑

m=0

(rt tanh2 g)m
√

m + 1
∞∑

n=0

(rt tanh2 g)n
√

n + 1 (|m〉〈m + 1| ⊗ |n + 1〉〈n| + |m + 1〉〈m| ⊗ |n〉〈n + 1|)
]

a1,b1

.(A8)

The heralding probability of a one-photon protocol can be obtained by substituting σ = k = 1 in

Ph(k, σ ) = λσ

cosh2 g
× (1 − rt )σ

(1 − rt tanh2 g)σ+2
= (

√
ηt sinh2 g)σ

(1 + √
ηt sinh2 g)σ+2

, (A9)

which is obtained by assuming a perfect detection at Charlie’s station [17]. Using rt = 1 − 10−αatt ( L
2 )/10 = 1 − √

ηt , where αatt is
the attenuation coefficient of a medium through which the photons travel. For standard telecom fibers, αatt = 0.2 km−1 and L is
the total distance between Alice and Bob in kilometers. Assuming that Charlie is located approximately at the midpoint between
Alice and Bob, we replaced LAC with L/2. Thus, the total probability of the generation of the one-photon entanglement per
pulse is

P(1ph)
h = 10L/50 sinh2 g

[10L/100 + sinh2 g]3
ηc ≈ 10−L/100 sinh2 g ηc ∝ O(

√
ηt ), (A10)

where ηc accounts for the detection efficiency at Charlie’s. The approximation holds for long distances, as sinh2 g � 10L/100

under the fact that g � 1, and the protocol scaling is consistent with the TF QKD performance.
Note that the probability ratio of multiphoton to single-photon arrivals at Charlie can be expressed as

1 − Ph(0, 0) − Ph(0, 1) − Ph(1, 1)

Ph(0, 1)+Ph(1, 1)
= (1+√

ηt sinh2 g)3 − (1+√
ηt sinh2 g) − (2

√
ηt sinh2 g)

2
√

ηt sinh2 g
= 1

2
√

ηt sinh2 g(3 + √
ηt sinh2 g).

(A11)

Since this ratio scales as o(10−L/100g2), when g � 1 or the distance is large (L � 1), replacing the PNR detectors with the on/off
detectors leaves ρ

(1ph)
out unchanged. One can also argue that, since on/off detectors cannot resolve higher photon numbers, they

are effectively equivalent to imperfect PNR detectors, whose inefficiency can be incorporated by increasing the effective channel
length.

2. The two-photon protocol

The two-photon protocol described in this work extends the one-photon scheme by employing an asymmetric source

configuration where Alice prepares a TMSV state (|ψa〉 = ∑∞
m=0

√
λ

(a)
m |m, m〉a1,a2

), while Bob ideally generates a heralded
single-photon path-entangled (SPPE) state, (|ψb〉 = √

ts|0, 1〉b1,b2
+ eiφs

√
1 − ts |1, 0〉b1,b2

). Upon successful heralding at Char-
lie’s station through single-photon detection, the protocol produces a tunable photon-number path-entangled state between Alice
and Bob:

∣∣� (2ph)
out

〉 ∝ √
λ

(a)
0 tstc|0, 0〉a1,b1 + eiφ

√
λ

(a)
1 rsrc|1, 1〉a1,b1 , (A12)

where ts(c) and rs(c) are Bob’s (Charlie’s) beam splitter transmissivity and reflectivity, respectively (with ts(c) + rs(c) = 1), and
φ = φs + φc are the combined phases arising from Bob’s and Charlie’s beam splitters. This state can be continuously tuned from
a product state to a maximally entangled state by adjusting the source parameters.

In the nonideal case, where Bob employs an imperfect “photon”/“no-photon” (on/off) detector of efficiency ηs on beam b0 to
herald a single-photon state, the resulting density matrix in mode b1 is

ρ
(b)
0 = N−2

b Trb0

[(
Eηs

1 ⊗ I
)

b0,b2
|�〉〈�|], (A13)
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where |�〉 is defined in Eq. (A1), and Eηs
1 = I − ∑∞

k=0(1 − ηs)k|k〉〈k| represents the effective POVM element for click detection.
Thus, the heralded state in mode b2 simplifies to

ρ
(b)
0 = N−2

b

∑∞
n=0

λ(b)
n (1 − (1 − ηs)n)|n〉〈n|, (A14)

with normalization factor N 2
b = 1 − (1 + ηs sinh2 gb)−1 = Ps, representing the probability that Bob’s detector clicks and the

imperfect SPPE state is generated. Then, Bob interferes this state with a vacuum in mode b1 at a beam splitter, resulting in a
path-entangled state across modes b1 and b2 given by

ρ
(b)
in = U (b1,b2 )

BS (|0〉〈0| ⊗ ρ
(b)
0 )b1,b2U

(b1,b2 )
BS

†

= N−2
b

∞∑
n=0

λ(b)
n (1 − (1 − ηs)n)

n∑
l,l ′=0

√(
n

l

)(
n

l ′

)
t l+l ′
s r2n−l−l ′

s eiφs (l ′−l )|n − l, l〉〈n − l ′, l ′|b1,b2 . (A15)

Moreover, idler channels experience symmetric loss, i.e., r (a2 )
t = r (b2 )

t , which can be modeled using a beam splitter U a2,a3(b2,b3 )
BS ,

through which each idler mode a2(b2) interferes with a vacuum mode |0〉a3(b3 ). Then, after the beams interfere at Charlie’s station
and a single-photon detection occurs, the resulting shared mixed state can be calculated as

ρ
(2ph)
out = N−2(

√
tc〈01| + e−iφc

√
rc〈10|)a2,b2

[
Tra3

(
U (a2,a3 )

BS

(|ψa〉〈ψa|a1,a2 ⊗ |0〉〈0|a3

)
U (a2,a3 )

BS

†)
⊗ Trb3

(
U (b2,b3 )

BS

(
ρ

(b)
in ⊗ |0〉〈0|b3

)
U (b2,b3 )

BS

†)]
(
√

tc|01〉 + eiφc
√

rc|10〉)a2,b2 . (A16)

Using Trx3 (UBS|m, 0〉〈m′, 0|x2,x3U
†
BS) = ∑min(m,m′ )

p=0

√
( m

p )( m′
p ) (1 − rt )m+m′−2p r2p

t |m − p〉〈m′ − p|x2 , we have

ρ
(2ph)
out = (NN b)−2(

√
tc〈01| + e−iφc

√
rc〈10|)a2,b2

⎡
⎣ ∞∑

m,m′=0

√
λ

(a)
m λ

(a)
m′

min(m,m′ )∑
p=0

√(
m

p

)(
m′

p

)
(1 − rt )m+m′−2p r2p

t

× |m, m − p〉〈m′, m′ − p|a1,a2 ⊗
∞∑

n=0

λ(b)
n (1 − (1 − ηs)n)

n∑
l,l ′=0

√(
n

l

)(
n

l ′

)
t l+l ′
s r2n−l−l ′

s eiφs (l ′−l )

×
min(l,l ′ )∑

q=0

√(
l

q

)(
l ′

q

)
(1 − rt )l+l ′−2q r2q

t |n − l, l − q〉〈n − l ′, l ′ − q|b1,b2

⎤
⎦(

√
tc|01〉 + eiφc

√
rc|10〉)a2,b2 . (A17)

By performing a straightforward calculation, the state simplifies to

ρ
(2ph)
out = (NN b)−2(1 − rt )

∑∞
n=0

λ(b)
n (1 − (1 − ηs)n)

[
tc

∞∑
m=0

λ(a)
m rm

t |m〉〈m|a1 ⊗
n∑

l=0

(
n

l

)
t l
s rn−l

s × lrl−1
t |n − l〉〈n − l|b1

+ rc

∞∑
m=0

λ(a)
m mrm−1

t |m〉〈m|a1 ⊗
n∑

l=0

(
n

l

)
t l
s rn−l

s × rl
t |n − l〉〈n − l|b1

+ √
tcrcei(φc−φs )

∞∑
m=0

√
λ

(a)
m λ

(a)
m+1(m + 1) rm

t |m〉〈m + 1|a1

⊗
n−1∑
l ′=0

√(
n

l ′ + 1

)(
n

l ′

)
t2l ′+1
s r2n−2l ′−1

s × (l ′ + 1) r2l ′
t |n − l ′ − 1〉〈n − l ′|b1

+ √
rctcei(φs−φc )

∞∑
m′=0

√
λ

(a)
m′+1λ

(a)
m′ (m′ + 1) rm′

t |m′ + 1〉〈m′|a1

⊗
n−1∑
l=0

√(
n

l

)(
n

l + 1

)
t2l+1
s r2n−2l−1

s × (l + 1) r2l
t |n − l〉〈n − l − 1|b1

⎤
⎦. (A18)
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The normalization factor (NN b)2 can be calculated by taking trace over ρ
(2ph)
out :

(NN b)2 = (1 − rt )
∞∑

n=0

λ(b)
n (1 − (1 − ηs)n)

[
tc

∞∑
m=0

λ(a)
m rm

t

n∑
l=0

(
n

l

)
t l
s rn−l

s × lrl−1
t + rc

∞∑
m=0

λ(a)
m mrm−1

t

n∑
l=0

(
n

l

)
t l
s rn−l

s × rl
t

]

= (1 − rt )
∞∑

n=0

λ(b)
n (1 − (1 − ηs)n)

[
tc cosh−2 ga

1 − rt tanh2 ga
× ∂ (rs + tsrt )n

∂rt
+ rc

cosh2 ga

∂ (1 − rt tanh2 ga)−1

∂rt
× (rs + tsrt )

n

]

= (1 − rt )

[
tc cosh−2 gb

1 + (1 − rt ) sinh2 ga
× ∂

∂rt
+ rc sinh2 ga cosh−2 gb

(1 + (1 − rt ) sinh2 ga)2

]( ∞∑
n=0

(1 − (1 − ηs)n)((rs + tsrt ) tanh2 gb)n

)

= (1 − rt )

[
tc

1+√
ηt sinh2 ga

× ∂

∂rt
+ rc sinh2 ga

(1+√
ηt sinh2 ga)2

](
cosh−2 gb

1 − (rs+tsrt ) tanh2 gb
− cosh−2 gb

1 − (1 − ηs)(rs+tsrt ) tanh2 gb

)
,

(A19)

where we substituted λa(b)
n = tanh2n ga(b)/ cosh2 ga(b) and used

∑∞
n=0 nxn−1 = ∂

∂x (
∑∞

n=0 xn) = (1 − x)−2 for x < 1. Using 1 −
rt = 10−αatt ( L

2 )/10 = √
ηt and replacing N 2

b = ηs sinh2 gb/(1 + ηs sinh2 gb), we then obtain

N 2 =
√

ηt (1 + ηs sinh2 gb)

(1 + √
ηt sinh2 ga)(1 + √

ηt ts sinh2 gb)(1 + (ηs + (1 − ηs)
√

ηt ts) sinh2 gb)

×
[

tc[(1 + sinh2 gb)2 − (1 − ηs)(1 − √
ηt ts)2 sinh4 gb]ts

(1 + √
ηt ts sinh2 gb)(1 + (ηs + (1 − ηs)

√
ηt ts) sinh2 gb)

+ rc(1 − √
ηt ts) sinh2 ga

1 + √
ηt sinh2 ga

]
, (A20)

which, for long distances where ηt � 1, is proportional to o(
√

ηt ). In the limit gb � 1, where Bob’s initial state approaches the
SPPE state, the shared state and its normalization factor reduce to

ρ̃
(2ph)
out = Ñ−2√ηt

[ ∞∑
n=0

λ(a)
n rn

t (tstc + ntsrc)|n, 0〉〈n, 0| + rsrc

rt

∞∑
n=0

nλ(a)
n rn

t |n, 1〉〈n, 1|

+√
tsrstcrc

∞∑
n=0

√
(n + 1)λ(a)

n λ
(a)
n+1 rn

t (ei(φc−φs )|n, 0〉〈n + 1, 1| + ei(φs−φc )|n + 1, 1〉〈n, 0|)
]

a1,b1

, (A21)

where

Ñ 2 = √
ηt

∞∑
n=0

λ(a)
n rn

t

(
tstc + ntsrc + nrsrc

rt

)
= √

ηt

(
tcts

1 + √
ηt sinh2 ga

+ rc(1 − ts
√

ηt ) sinh2 ga

(1 + √
ηt sinh2 ga)2

)
. (A22)

The probability of detecting a single photon at Charlie’s station is given by the product of Bob’s single-photon generation
probability Ps, the photon arrival probability at Charlie’s Ñ 2, and his detector efficiency ηc. Assuming a symmetric beam splitter
at Charlie’s (i.e., rc = tc = 1

2 ), the heralding efficiency is given by

P(2ph)
h = Ñ 2Psηc =

√
ηt (ts + sinh2 ga)

2(1 + √
ηt sinh2 ga)2

Psηc ∝ O(
√

ηt ). (A23)

For the probability ratio of multiphoton to single-photon arrivals at Charlie, noting that

Ph(0, 0) = (1 + ηs sinh2 gb)(1 − √
ηt ts)

(1 + √
ηt sinh2 ga)(1 + √

ηt ts sinh2 gb)(1 + (ηs + (1 − ηs)
√

ηt ts) sinh2 gb)

gb�1≈ 1 − √
ηt ts

1 + √
ηt sinh2 ga

(A24)

in the limit gb � 1, we can write

1 − Ph(0, 0) − Ph(0, 1) − Ph(1, 1)

Ph(0, 1) + Ph(1, 1)
= (1 + √

ηt sinh2 ga)2 − (1 + √
ηt sinh2 ga)(1 − √

ηt ts) − √
ηt (ts + sinh2 ga)

√
ηt (ts + sinh2 ga)

= √
ηt sinh2 ga.

(A25)

Since this ratio scales as o(10−L/100g2
a), for ga(b) � 1 or L � 1, substituting the PNR detectors with the “photon”/“no-photon”

(on/off) detectors does not affect ρ
(2ph)
out . Again, this is equivalent to a perfect on/off detector with an additional channel loss.
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APPENDIX B: MEASUREMENTS

Alice and Bob implement displacement operations D(δ) = eδa†−δ∗a, followed by “photon”/“no-photon” (on/off) detection
with efficiency ηd . The parties perform their local measurements without quantum memories in the delayed-choice scheme.
To apply different measurement settings, each party interferes their signal mode with a coherent pulse |α〉 or |β〉 on variable
beam splitters characterized by reflectivity-to-transmissivity ratios ra : ta and rb : tb, respectively. This procedure effectively
implements the displacements δa = −iα

√
ra and δb = −iβ

√
rb, yielding the final state D(δα ) ⊗ D(δβ )|�out〉, which is then

measured using local detectors. To account for the imperfection of detectors, we model the effective no-click POVM as a beam
splitter followed by a perfect detector, whose inefficiency is represented by losses in the beam splitter. Thus, we can formulate it
as

Eηd
0 =

∞∑
m=0

(1 − ηd )m|m〉〈m| = (1 − ηd )a†a, (B1)

where term |m〉〈m| corresponds to receiving m photons, and (1 − ηd )m corresponds to losing all of them. Thus, the effective
local measurement for the output 0 can be written as M0 = D(δ)Eηd

0 D†(δ). To proceed, we need to rewrite and simplify M0 in
the photon-number (Fock) basis:

〈n|M0|n′〉 = 〈n|D(δ)Eη

0 D†(δ)|n′〉 =
∞∑

m=0

(1 − ηd )m〈n|D(δ)|m〉〈m|D†(δ)|n′〉. (B2)

Continuing the calculation requires representing the displacement operator D(δ) in the photon-number basis as well:

〈n|D(δ)|m〉 = 〈n|D(δ)
(a†)m

√
m!

|0〉 = 〈n| (a† − δ∗)m

√
m!

D(δ)|0〉 =
min(m,n)∑

k=0

(
m

k

)
(−δ∗)m−k

√
m!

〈n|(a†)k|δ〉

=
min(m,n)∑

k=0

(
m

k

)
(−δ∗)m−k

√
m!

√
n!

(n − k)!
e− |δ|2

2
δn−k

√
(n − k)!

= e− |δ|2
2

min(m,n)∑
k=0

√
m!n! δn−k (−δ∗)m−k

k!(m − k)!(n − k)!
. (B3)

Substituting Eq. (B3) into Eq. (B2), we obtain

〈n|M0|n′〉 = e−|δ|2
∞∑

m=0

(1 − ηd )m
min(m,n)∑

k=0

√
m!n! δn−k (−δ∗)m−k

k!(m − k)!(n − k)!

min(m,n′ )∑
k′=0

√
m!n′! (δ∗)n′−k′

(−δ)m−k′

k′!(m − k′)!(n′ − k′)!

= e−|δ|2√n!n′! δn(δ∗)n′
n∑

k=0

(−|δ|2)−k

k!(n − k)!

n′∑
k′=0

(−|δ|2)−k′

k′!(n′ − k′)!

∞∑
m=max(k,k′ )

m!
(
(1 − ηd )|δ|2)m

(m − k)!(m − k′)!
. (B4)

Applying part (a) of Lemma B1 to Eq. (B4), the expression for M0 simplifies to

〈n|M0|n′〉 = e−ηd |δ|2√n!n′! δn(δ∗)n′
n∑

k=0

(ηd − 1)k

k!(n − k)!

n′∑
k′=0

(ηd − 1)k′

k′!(n′ − k′)!

min(k,k′ )∑
i=0

i!(
(1 − ηd )|δ|2)i

(
k

i

)(
k′

i

)

= e−ηd |δ|2√n!n′! δn(δ∗)n′
min(n,n′ )∑

i=0

(1 − ηd )i

i!|δ|2i

n∑
k=i

(ηd − 1)k−i

(n − k)!(k − i)!

n′∑
k′=i

(ηd − 1)k′−i

(n′ − k′)!(k′ − i)!

= e−ηd |δ|2√n!n′! ηn+n′
d δn(δ∗)n′

min(n,n′ )∑
i=0

(1 − ηd )i

i!(n − i)!(n′ − i)!(ηd |δ|)2i , (B5)

where in the second line we changed the order of summations, and in the last line we used binomial expansion of (1 + (ηd −
1))n−i and (1 + (ηd − 1))n′−i.

Lemma B1. For a real number x ∈ [0, 1) and non-negative integers m, k, and k′, the following equations hold:
(a)

∞∑
n=max(k,k′ )

n! xn

(n − k)!(n − k′)!
= ex

min(k,k′ )∑
i=0

k! k′! xk+k′−i

i!(k − i)!(k′ − i)!
k=k′−−→

∞∑
n=k

n! xn

(n − k)!2
= exxk

k∑
i=0

k!

i!

(
k

i

)
xi,

(b)

∞∑
n=k

n.n! xn

(n − k)!2
= exxk

k∑
i=0

k!

i!

[(k + 1

i + 1

)
xi+1 + k

(
k

i

)
xi
]
,

023290-10
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(c)
∞∑

n=k

(
n

k

)
xn = xk

(1 − x)k+1
,

(d)
∞∑

n=k

n

(
n

k

)
xn−1 = xk + kxk−1

(1 − x)k+2
.

Proof. (a) By defining m := min(k, k′) and M := max(k, k′), the LHS could be written as

LHS = xm
∞∑

i=0

xi+M−m(i + M )!

i!(i + M − m)!
= xm ∂m

∂xm

( ∞∑
i=0

xi+M

i!

)
= xm ∂m

∂xm
(xMex )

= xm
m∑

i=0

(
m

i

)
∂ i(xM )

∂xi

∂m−i(ex )

∂xm−i
= exxm

m∑
i=0

(
m

i

)
M! xM−i

(M − i)!
= RHS.

(b) We can divide the expression in LHS into the two terms:
∞∑

n=k

n.n! xn

(n − k)!2
=

∞∑
n=k

n! xn

(n − k)!(n − k − 1)!
+ k

∞∑
n=k

n! xn

(n − k)!2
.

Applying part (a) with k′ = k + 1 for the first term, and k′ = k for the second, we have

LHS = exxk
k∑

i=0

[
k!(k + 1)! xk+1−i

i!(k − i)!(k + 1 − i!)
+ k!2 xk−i

i!(k − i)!2

]
.

The proof is complete upon applying the substitution i → k − i.
(c) It follows by taking the kth derivative of the identity

∑∞
n=0 xn = (1 − x)−1, which is valid for |x| < 1:

∞∑
n=k

(
n

k

)
xn = xk

k!

∞∑
n=k

n! xn−k

(n − k)!
= xk

k!

∂k

∂xk

( ∞∑
n=0

xn

)
= xk

k!

∂k (1 − x)−1

∂xk
= xk

(1 − x)k+1
.

(d)
∞∑

n=k

n

(
n

k

)
xn−1 = ∂

∂x

[ ∞∑
n=k

(
n

k

)
xn

]
= ∂

∂x

[
xk

(1 − x)k+1

]
= xk−1(x + k)

(1 − x)k+2
.

�
APPENDIX C: DERIVATION OF MARGINALS AND JOINT PROBABILITY DISTRIBUTIONS

This Appendix presents the derivation of an analytical formula for marginals and joint probabilities of detecting zero photons
for the one-photon and two-photon protocols under nonideal assumptions: lossy transmission channels and imperfect local
detection.

1. The one-photon protocol

a. Marginals

We first need to write the reduced density matrix of the subsystem A (or B) by tracing out the complementary subsystem B
(or A) from the ρ

(k,σ )
out , as

ρ
(a)
out = TrB

(
ρ

(k,σ )
out

) = (1 − rt tanh2 g)σ+2

(rt tanh2 g)σ

∞∑
S=σ

(rt tanh2 g)S
S∑

n=0

|n〉〈n|
min(S−σ,n)∑

p=max(0,n−σ )

(
n

p

)(
S − n

S − σ − p

)
|Aσ (k, n − p)|2. (C1)

By changing the order of summations, shifting the indices p → n − p and S → S + n, and defining C := rt tanh2 g, we obtain

ρ
(a)
out = (1 − C)σ+2

Cσ

σ∑
p=0

(
n

p

)
|Aσ (k, p)|2

∞∑
n=p

Cn|n〉〈n|
∞∑

S=σ−p

CS

(
S

σ − p

)

= (1 − C)
σ∑

p=0

(
1 − C

C

)p

|Aσ (k, p)|2
∞∑

n=p

(
n

p

)
Cn|n〉〈n|. (C2)
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In the second line, we used the identity
∑∞

S=k xS
(S

k

) = xk/(1 − x)k+1 from part (c) of Lemma B1. Now, by substituting reduced
density matrix ρ

(x)
out into Tr(ρ (x)

out M0), where x corresponds either to subsystem A or B, we can calculate the marginal probabilities:

P(0|δ) = Tr(ρ (x)
out M0) = (1 − C)

σ∑
p=0

(
1 − C

C

)p

|Aσ (k, p)|2
∞∑

n=p

(
n

p

)
Cn〈n|M0|n〉

Eq. (B5)= (1 − C)e−ηd |δ|2
σ∑

p=0

(
1 − C

C

)p

|Aσ (k, p)|2
∞∑

n=p

(
n

p

)(
Cη2

d |δ|2
)n

n∑
i=0

( 1−ηd

η2
d |δ|2

)i

i!

n!

(n − i)!2
.

For the special case of σ = k = 1, corresponding to the one-photon protocol, since |Aσ (k, p)|2 = 1
2 , we have

P1ph(0|δ) = 1 − C

2
e−ηd |δ|2

∞∑
i=0

( 1−ηd

η2
d |δ|2

)i

i!

∞∑
n=i

(
Cη2

d |δ|2
)n

n!

(n − i)!2

1∑
p=0

(
n

p

)(
1 − C

C

)p

= 1 − C

2
e−ηd |δ|2

∞∑
i=0

( 1−ηd

η2
d |δ|2

)i

i!

∞∑
n=i

(
Cη2

d |δ|2
)n

n!

(n − i)!(n − i)!

(
1 + n

(
1 − C

C

))
. (C3)

Using part (b) of Lemma B1, we get

P1ph(0|δ) = 1 − C

2
e(Cη2

d −ηd )|δ|2
∞∑

i=0

(C(1 − ηd ))i

i!

⎡
⎣(1 + 1 − C

C
i

) i∑
j=0

i!

j!

(
i

j

)(
Cη2

d |δ|2
) j + 1 − C

C

i∑
j=0

i!

j!

(
i + 1

j + 1

)(
Cη2

d |δ|2
) j+1

⎤
⎦

= 1 − C

2
e(Cη2

d −ηd )|δ|2
∞∑
j=0

(
Cη2

d |δ|2
) j

j!

∞∑
i= j

[
2C − 1

C

(
i

j

)
+
(1 − C

C
( j + 1) + (1 − C)η2

d |δ|2
)( i + 1

j + 1

)]
(C(1 − ηd ))i.

(C4)

Then, by using
∑∞

S=k xS (S
k) = xk/(1 − x)k+1 we obtain

P1ph(0|δ)

= 1 − C

2
e(Cη2

d −ηd )|δ|2
∞∑
j=0

(
Cη2

d |δ|2
) j

j!

[
2C − 1

C

(C(1 − ηd )) j

(1 − C(1 − ηd )) j+1
+ 1 − C

C

(
j + 1 + Cη2

d |δ|2
) (C(1 − ηd )) j

(1 − C(1 − ηd )) j+2

]

= 1 − C

2
e(Cη2

d −ηd )|δ|2
∞∑
j=0

1

j!

(
C2(1 − ηd )η2

d |δ|2
1 − C(1 − ηd )

) j
[

2C − 1

C(1 − C(1 − ηd ))
+ (1 − C)

(
1 + Cη2

d |δ|2
)

C(1 − C(1 − ηd ))2
+ C(1 −C)(1 − ηd )η2

d |δ|2
(1 − C(1 − ηd ))3

]
.

(C5)

Finally, by applying the series expansion of ex and simplifying the expression, we get

P1ph(0|δ) = 1 − C

2

[
2(1 − C(1 − ηd ))2 − ηd (1 − C(1 − ηd )) + (1 − C)η2

d |δ|2
(1 − C(1 − ηd ))3

]
exp

(
− ηd (1 − C)|δ|2

1 − C(1 − ηd )

)
. (C6)

In the lossless transmission scenario, r = 0, by substituting C = rt tanh2 g = 0, the expression reduces to

P1ph(0|δ) = 2 − ηd + η2
d |δ|2

2
e−ηd |δ|2 . (C7)

For the perfect detection case (ηd = 1), by replacing C = rt tanh2 g we obtain

P1ph(0|δ) = (1 − rt tanh2 g)

2
(1 + (1 − rt tanh2 g)|δ|2)e−(1−rt tanh2 g)|δ|2 . (C8)

023290-12



LONG-RANGE PHOTONIC DEVICE-INDEPENDENT … PHYSICAL REVIEW RESEARCH 8, 023290 (2026)

b. Joint probabilities

To find the joint probability distribution for the state in Eq. (A7), we need to insert it in

P(00|αβ ) = Tr
[
ρ

(k,σ )
out

(
D(α)Eηd

0 D†(α) ⊗ D(β )Eηd
0 D†(β )

)]

= (1 − C)σ+2
σ∑

p,q=0

Aσ (k, p)A∗
σ (k, q)

⎡
⎣ ∞∑

m=0

Cm

√(
m + p

m

)(
m + q

m

)
〈m + q|M0

A|m + p〉
⎤
⎦

×
⎡
⎣ ∞∑

n=0

Cn

√(
n + σ − p

n

)(
n + σ − q

n

)
〈n + σ − q|M0

B|n + σ − p〉
⎤
⎦. (C9)

Using Eq. (B5), we obtain

P(00|αβ ) = e−ηd (|α|2+|β|2 )η2σ
d (1 − C)σ+2

σ∑
p,q=0

(α∗)p(β∗)σ−pAσ (k, p)√
p!(σ − p)!

× αqβσ−qA∗
σ (k, q)√

q!(σ − q)!

×

⎡
⎢⎢⎢⎢⎣

∞∑
i=0

( 1−ηd

η2
d |α|2

)i

i!

∞∑
m�0

m�i−p
m�i−q

(
Cη2

d |α|2)m
(m + p)!(m + q)!

m!(m + p − i)!(m + q − i)!

⎤
⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎣

∞∑
j=0

( 1−ηd

η2
d |β|2

) j

j!

∞∑
n�0

n� j+p−σ
n� j+q−σ

(
Cη2

d |β|2)n
(n + σ − p)!(n + σ − q)!

n!(n + σ − p − j)!(n + σ − q − j)!

⎤
⎥⎥⎥⎥⎦. (C10)

For the one-photon protocol, by setting σ = k = 1, the expression for p(00|αβ ) includes four terms corresponding to the possible
pairs (p, q) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)}:

P1ph(00|αβ ) = e−ηd (|α|2+|β|2 ) η
2
d (1 − C)3

2

⎡
⎣|β|2

∞∑
i=0

( 1−ηd

η2
d |α|2

)i

i!

∞∑
m=i

(
Cη2

d |α|2)m
m!

(m − i)!(m − i)!
×

∞∑
j=0

( 1−ηd

η2
d |β|2

) j

j!

∞∑
n= j

(
Cη2

d |β|2)n−1
n × n!

(n − j)!(n − j)!

− iαβ∗
∞∑

i=0

( 1−ηd

η2
d |α|2

)i

i!

∞∑
m=i

(
Cη2

d |α|2)m
(m + 1)!

(m − i)!(m + 1 − i)!
×

∞∑
j=0

( 1−ηd

η2
d |β|2

) j

j!

∞∑
n= j

(
Cη2

d |β|2)n
(n + 1)!

(n + 1 − j)!(n − j)!

+ iα∗β
∞∑

i=0

( 1−ηd

η2
d |α|2

)i

i!

∞∑
m=i

(
Cη2

d |α|2)m
(m + 1)!

(m + 1 − i)!(m − i)!
×

∞∑
j=0

( 1−ηd

η2
d |β|2

) j

j!

∞∑
n= j

(
Cη2

d |β|2)n
(n + 1)!

(n − j)!(n + 1 − j)!

+ |α|2
∞∑

i=0

( 1−ηd

η2
d |α|2

)i

i!

∞∑
m=i

(
Cη2

d |α|2)m−1
m × m!

(m − i)!(m − i)!
×

∞∑
j=0

( 1−ηd

η2
d |β|2

) j

j!

∞∑
n= j

(
Cη2

d |β|2)n
n!

(n − j)!(n − j)!

⎤
⎦. (C11)

By applying parts (a) and (b) of Lemma B1 to the summations over m and n, we obtain

P1ph(00|αβ ) = e(Cη2
d −ηd )(|α|2+|β|2 ) η

2
d (1 − C)3

2

⎡
⎣|α|2

∞∑
i=0

( 1−ηd

η2
d |α|2

)i

i!

i∑
u=0

i!

u!

[(
i + 1

u + 1

)(
Cη2

d |α|2)i+u + i

(
i

u

)(
Cη2

d |α|2)i+u−1
]

×
∞∑
j=0

( 1−ηd

η2
d |β|2

) j

j!

j∑
v=0

(
j

v

)
j!
(
Cη2

d |β|2) j+v

v!
+ |β|2

∞∑
i=0

( 1−ηd

η2
d |α|2

)i

i!

i∑
u=0

(
i

u

)
i!
(
Cη2

d |α|2)i+u

u!

×
∞∑
j=0

( 1−ηd

η2
d |β|2

) j

j!

j∑
v=0

j!

v!

[(
j + 1

v + 1

)(
Cη2

d |β|2) j+v + j

(
j

v

)(
Cη2

d |β|2) j+v−1
]

+ 2Im(αβ∗)
∞∑

i=0

( 1−ηd

η2
d |α|2

)i

i!

i∑
u=0

(
i + 1

u + 1

)
i!
(
Cη2

d |α|2)i+u

u!
×

∞∑
j=0

( 1−ηd

η2
d |β|2

) j

j!

j∑
v=1

(
j + 1

v + 1

)
j!
(
Cη2

d |β|2) j+v

v!

]
, (C12)
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where Im(x) returns the imaginary part of a complex number x. Changing the order of summation yields

P1ph(00|αβ ) = e(Cη2
d −ηd )(|α|2+|β|2 ) η

2
d (1 − C)3

2

[
|α|2

∞∑
u=0

(
Cη2

d |α|2)u

u!

∞∑
i=u

(C(1 − ηd ))i

[(
i + 1

u + 1

)
+ i

( i
u

)
Cη2

d |α|2
]

×
∞∑

v=0

(
Cη2

d |β|2)v
v!

∞∑
j=v

(
j

v

)
(C(1 − ηd )) j + |β|2

∞∑
u=0

(
Cη2

d |α|2)u

u!

∞∑
i=u

(
i

u

)
(C(1 − ηd ))i

×
∞∑

v=0

(
Cη2

d |β|2)v
v

∞∑
j=v

(C(1 − ηd )) j
[( j + 1

v + 1

)
+ j

( j
v

)
Cη2

d |β|2

⎤
⎦

+ 2 Im(αβ∗)
∞∑

u=0

(
Cη2

d |α|2)u

u!

∞∑
i=u

(
i + 1

u + 1

)
(C(1 − ηd ))i ×

∞∑
v=0

(
Cη2

d |β|2)v
v!

∞∑
j=v

(
j + 1

v + 1

)
(C(1 − ηd )) j

]
. (C13)

Next, we use parts (c) and (d) of Lemma B1 for summations over i and j:

P1ph(00|αβ ) = e(Cη2
d −ηd )(|α|2+|β|2 ) η

2
d (1 − C)3

2

[
|α|2

∞∑
u=0

(
Cη2

d |α|2)u

u!

[
(C(1 − ηd ))u

(1 − C(1 − ηd ))u+2
+ (C(1 − ηd ))u+1 + u(C(1 − ηd ))u

Cη2
d |α|2(1 − C(1 − ηd ))u+2

]

×
∞∑

v=0

(
Cη2

d |β|2)v
v!

(C(1 − ηd ))v

(1 − C(1 − ηd ))v+1
+ |β|2

∞∑
u=0

(Cη2
d |α|2)u

u!

(C(1 − ηd ))u

(1 − C(1 − ηd ))u+1

×
∞∑

v=0

(
Cη2

d |β|2)v
v!

[
(C(1 − ηd ))v

(1 − C(1 − ηd ))v+2
+ (C(1 − ηd ))v+1 + v(C(1 − ηd ))v

Cη2
d |β|2(1 − C(1 − ηd ))v+2

]

+ 2 Im(αβ∗)
∞∑

u=0

(
Cη2

d |α|2)u

u!

(C(1 − ηd ))u

(1 − C(1 − ηd ))u+2
×

∞∑
v=0

(Cη2
d |β|2)v

v!

(C(1 − ηd ))v

(1 − C(1 − ηd ))v+2

]
. (C14)

Using the Taylor series expansion for ex = ∑∞
n=0

xn

n! , the joint probability simplifies to

P1ph(00|α, β ) = (1 − C)3

2

(
2(1 − ηd )(1 − C(1 − ηd )) + η2

d (|α|2 + |β|2 + 2Im(αβ∗))

(1 − C(1 − ηd ))4

)
exp

(
−ηd (1 − C)(|α|2 + |β|2)

1 − C(1 − ηd )

)
.

(C15)

In the lossless transmission scenario (r = 0), by substituting C = rt tanh2 g = 0, the expression reduces to

P1ph(00|αβ ) = 1
2 e−ηd (|α|2+|β|2 )

[
2 − 2ηd + η2

d (|α|2 + |β|2 + 2Im(αβ∗))
]
. (C16)

For the perfect detection case (ηd = 1), replacing C = rt tanh2 g, we obtain

P1ph(00|αβ ) = (1 − rt tanh2 g)3

2
[|α|2 + |β|2 + 2Im(αβ∗)]e−(|α|2+|β|2 )(1−rt tanh2 g). (C17)

2. The two-photon protocol

For the two-photon protocol, the calculations closely follow those of the one-photon case.

a. Marginals

Since the state is not symmetric in the two-photon protocol, Alice’s marginal distribution differs from Bob’s. To calculate
these distributions, we first determine the reduced density matrices for Alice and Bob by taking the partial trace of the state in
Eq. (A19):

ρ
(a)
out = (NN b)−2√ηt

cosh2 gb

[
tc

∞∑
m=0

λ(a)
m rm

t |m〉〈m|a1 × ∂

∂rt
+ rc

∂

∂rt

( ∞∑
m=0

λ(a)
m rm

t |m〉〈m|a1

)]

×
(

cosh−2 gb

1 − (rs + tsrt ) tanh2 gb
− cosh−2 gb

1 − (1 − ηs)(rs + tsrt ) tanh2 gb

)
, (C18)
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ρ
(b)
out = (NN b)−2√ηt

∞∑
n=0

λ(b)
n (1 − (1 − ηs)n)

×
[

tc
1 + √

ηt sinh2 ga
× ∂

∂rt

(
n∑

l=0

(
n

l

)
rl

s (rt ts)n−l |l〉〈l|b1

)
+ rc sinh2 ga

(1 + √
ηt sinh2 ga)2

×
n∑

l=0

(
n

l

)
rl

s (rt ts)n−l |l〉〈l|b1

]
. (C19)

Using a similar calculation as in the one-photon protocol, with the symmetric beam splitter in Charlie’s (tc = rc = 0.50), the
marginals can be obtained as follows:

P2ph(0|α) = Tr
(
ρ

(a)
outM(A)

0

) = 1

2
(NN b)−2√ηt

[ ∞∑
m=0

λ(a)
m rm

t 〈m|M(A)
0 |m〉 × ∂

∂rt
+ ∂

∂rt

( ∞∑
m=0

λ(a)
m rm

t 〈m|M(A)
0 |m〉

)]

×
(

cosh−2 gb

1 − (rs + tsrt ) tanh2 gb
− cosh−2 gb

1 − (1 − ηs)(rs + tsrt ) tanh2 gb

)
, (C20)

P2ph(0|β ) = Tr
(
ρ

(b)
outM(B)

0

) = 1

2
(NN b)−2√ηt

∞∑
n=0

λ(b)
n (1 − (1 − ηs)n)

×
[

1

1 + √
ηt sinh2 ga

× ∂

∂rt

(
n∑

l=0

(
n

l

)
rl

s (tsrt )
n−l〈l|M(B)

0 |l〉
)

+ sinh2 ga

(1 + √
ηt sinh2 ga)2

×
n∑

l=0

(
n

l

)
rl

s (tsrt )
n−l〈l|M(B)

0 |l〉
]
.

(C21)

Using Eq. (B5), 〈m|M0|m〉 = e−ηd |δ|2 m! (ηd |δ|)2m
∑m

k=0

( 1−ηd
η2

d |δ|2 )
k

k!(m−k)!2 , and defining Ct,a(b) := rt tanh2 ga(b), Cs,a(b) := rs tanh2 ga(b),
we get

∞∑
m=0

λ(a)
m rm

t 〈m|M(A)
0 |m〉 = cosh−2 ga e−ηd |α|2

∞∑
k=0

( 1−ηd

η2
d |α|2

)k

k!

∞∑
m=k

m!
(
Ct,aη

2
d |α|2)m

(m − k)!2

(a)= cosh−2 ga e−ηd |α|2 eCt,aη
2
d |α|2

∞∑
i=0

(
Ct,aη

2
d |α|2)i

i!

∞∑
k=i

(
k

i

)
(Ct,a(1 − ηd ))k

(c)= cosh−2 ga e−ηd |α|2 eCt,aη
2
d |α|2

∞∑
i=0

(Ct,aη
2
d |α|2)i

i!

(
Ct,a(1 − ηd )

)i

(1 − Ct,a(1 − ηd ))i+1

= cosh−2 ga

1 − Ct,a(1 − ηd )
exp

(
− ηd (1 − Ct,a)|α|2

1 − Ct,a(1 − ηd )

)
, (C22)

∞∑
n=0

λ(b)
n (1 − (1 − ηs)n)

n∑
l=0

(
n

l

)
rl

s (tsrt )
n−l〈l|M(B)

0 |l〉

Eq. (B5)= cosh−2 gb e−ηd |β|2
∞∑

k=0

( 1−ηd

η2
d |β|2

)k

k!

∞∑
l=k

l!
( rsη

2
d |β|2

tsrt

)l

(l − k)!2

∞∑
n=l

(
n

l

)
(Ct,bts)n(1 − (1 − ηs)n)

(c)= cosh−2 gb e−ηd |β|2
∞∑

k=0

( 1−ηd

η2
d |β|2

)k

k!

∞∑
l=k

l!
( rsη

2
d |β|2

tsrt

)l

(l − k)!2

[
(Ct,bts)l

(1 − Ct,bts)l+1
− (Ct,bts(1 − ηs))l

(1 − Ct,bts(1 − ηs))l+1

]

(a)= cosh−2 gb e−ηd |β|2
[

e
Cs,b η2

d |β|2
1−Ct,bts

1 − Ct,bts

∞∑
i=0

(Cs,b η2
d |β|2

1−Ct,bts

)i

i!

∞∑
k=i

(
k

i

)(
Cs,b(1 − ηd )

1 − Ct,bts

)k

− e
Cs,b η2

d |β|2 (1−ηs )

1−Ct,bts (1−ηs )

1 − Ct,bts(1 − ηs)

∞∑
i=0

(Cs,b η2
d |β|2(1−ηs )

1−Ct,bts (1−ηs )

)i

i!

∞∑
k=i

(
k

i

)(
Cs,b(1 − ηd )(1 − ηs)

1 − Ct,bts(1 − ηs)

)k
]

(c)= cosh−2 gb e−ηd |β|2
[

e
Cs,b η2

d |β|2
1−Ct,bts

1 − Ct,bts − Cs,b(1 − ηd )

∞∑
i=0

( C2
s,b(1−ηd )η2

d |β|2
(1−Ct,bts )(1−Ct,bts−Cs,b(1−ηd ))

)i

i!

023290-15



MORTEZA MORADI et al. PHYSICAL REVIEW RESEARCH 8, 023290 (2026)

− e
Cs,b η2

d |β|2 (1−ηs )

1−Ct,bts (1−ηs )

1 − (Ct,bts + Cs,b(1 − ηd ))(1 − ηs)

∞∑
i=0

( C2
s,b(1−ηd )η2

d |β|2(1−ηs )2

(1−Ct,bts (1−ηs ))(1−(Ct,bts+Cs,b(1−ηd ))(1−ηs ))

)i

i!

]

= cosh−2 gb

[
exp

( − ηd (1−Ct,bts−Cs,b)|β|2
1−Ct,bts−Cs,b(1−ηd )

)
1 − Ct,bts − Cs,b(1 − ηd )

−
exp

(− ηd (1−(Ct,bts+Cs,b)(1−ηs ))|β|2
1−(Ct,bts+Cs,b(1−ηd ))(1−ηs )

)
1 − (Ct,bts + Cs,b(1 − ηd ))(1 − ηs)

]
, (C23)

where we applied parts (a) and (c) of Lemma B1, and used the Taylor expansion of ex to simplify the expression. Substituting
Eqs. (C22) and (C23) into Eqs. (C20) and (C21) then yields the marginals P2ph(0|α) and P2ph(0|β ), respectively. In the limit
gb � 1, where Bob’s initial state approaches the SPPE state, the marginals are given by

P̃2ph(0|α) = exp

(
− (1 − Ct,a)ηd|α|2

1 − Ct,a(1 − ηd)

)
×
(

1 − Ct,a

1 − Ct,a(1 − ηd)

)2

×
ts
(

1 + Ct,aη
2
d |α|2

1−Ct,a (1−ηd )

)
+ Cs,a

(
1 − ηd + η2

d |α|2
1−Ct,a (1−ηd )

)
ts + rs tanh2(ga)

,

P̃2ph(0|β ) = e−ηd |β|2 × ts + Cs,a
(
1 − ηd + η2

d |β|2)
ts + rs tanh2 ga

.

b. Joint probabilities

The joint probability distribution corresponding to the state in Eq. (A19) is obtained from Tr[ρ (2ph)
out (M(A)

0 ⊗ M(B)
0 )]. For a

symmetric BS at Charlie’s (tc = rc = 0.50), this probability is calculated as

P2ph(00|α, β ) = 1

2
(NN b)−2√ηt

∑∞
n=0

λ(b)
n (1 − (1 − ηs)n)

[ ∞∑
m=0

λ(a)
m rm

t 〈m|M(A)
0 |m〉 × ∂

∂rt

(
n∑

l=0

(
n

l

)
rl

s (rt ts)n−l〈l|MB
0 |l〉

)

+ ∂

∂rt

( ∞∑
m=0

λ(a)
m rm

t 〈m|M(A)
0 |m〉

)
×

n∑
l=0

(
n

l

)
rl

s (rt ts)n−l〈l|MB
0 |l〉

+ 2

√
ts
rs

Re

(
eiφ

∞∑
m=0

√
λ

(a)
m λ

(a)
m+1(m + 1) rm

t 〈m + 1|M(A)
0 |m〉 ×

n∑
l=1

√
l

(
n

l

)
rl

s (tsrt )
n−l〈l|M(B)

0 |l − 1〉
)]

, (C24)

which consists of three terms: The first two can be obtained from Eqs. (C22) and (C23), while for the last term we have

∞∑
m=0

√
λ

(a)
m λ

(a)
m+1(m + 1) rm

t 〈m + 1|M(A)
0 |m〉 Eq. (B5)= ηdα tanh ga

cosh2 ga
e−ηd |α|2

∞∑
i=0

( 1−ηd

η2
d |α|2

)i

i!

∞∑
m=i

(m + 1)!
(
Ct,aη

2
d |α|2)m

(m + 1 − i)!(m − i)!

(a)= ηdα tanh ga

cosh2 ga
e−ηd |α|2 eCt,aη

2
d |α|2

∞∑
i=0

( 1−ηd

η2
d |α|2

)i

i!

i∑
j=0

i!(i + 1)!
(
Ct,aη

2
d |α|2)i+ j

j!( j + 1)!(i − j)!

= ηdα tanh ga

cosh2 ga
e(Ct,aη

2
d −ηd )|α|2

∞∑
j=0

(
Ct,aη

2
d |α|2) j

j!

∞∑
i= j

(
i + 1

j + 1

)
(Ct,a(1 − ηd ))i

(c)= ηdα tanh ga

cosh2 ga
e(Ct,aη

2
d −ηd )|α|2

∞∑
j=0

(
Ct,aη

2
d |α|2) j

j!

(Ct,a(1 − ηd )) j

(1 − Ct,a(1 − ηd )) j+2

= ηdα tanh ga cosh−2 ga

(1 − Ct,a(1 − ηd ))2
exp

(
− ηd (1 − Ct,a)|α|2

1 − Ct,a(1 − ηd )

)
, (C25)

∞∑
n=0

λ(b)
n (1 − (1 − ηs)n)

n∑
l=1

√
l

(
n

l

)
rl

s (tsrt )
n−l〈l|M(B)

0 |l − 1〉

Eq. (B5)= e−ηd |β|2

ηdβ∗ cosh2 gb

∞∑
k=0

( 1−ηd

η2
d |β|2

)k

k!

∞∑
l=k+1

l!
( rsη

2
d |β|2

tsrt

)l

(l − k)!(l − k − 1)!

∞∑
n=l

(
n

l

)
(Ct,bts)n(1 − (1 − ηs)n)

(c)= e−ηd |β|2

ηdβ∗ cosh2 gb

∞∑
k=0

( 1−ηd

η2
d |β|2

)k

k!

∞∑
l=k

l!
( rsη

2
d |β|2

tsrt

)l

(l − k)!(l − k − 1)!

[
(Ct,bts)l

(1 − Ct,bts)l+1
− (Ct,bts(1 − ηs))l

(1 − Ct,bts(1 − ηs))l+1

]
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(a)= ηdβ e−ηd |β|2

(1 − ηd ) cosh2 gb

[
e

Cs,b η2
d |β|2

1−Ct,bts

1 − Ct,bts

∞∑
i=0

(Cs,b η2
d |β|2

1−Ct,bts

)i

i!

∞∑
k=i

(
k + 1

i + 1

)(
Cs,b(1 − ηd )

1 − Ct,bts

)k+1

− e
Cs,b η2

d |β|2 (1−ηs )

1−Ct,bts (1−ηs )

1 − Ct,bts(1 − ηs)

∞∑
i=0

(Cs,b η2
d |β|2(1−ηs )

1−Ct,bts (1−ηs )

)i

i!

∞∑
k=i

(
k + 1

i + 1

)(
Cs,b(1 − ηd )(1 − ηs)

1 − Ct,bts(1 − ηs)

)k+1
]

(c)= Cs,bηdβ e−ηd |β|2

cosh2 gb

[
e

Cs,b η2
d |β|2

1−Ct,bts

(1 − Ct,bts − Cs,b(1 − ηd ))2

∞∑
i=0

( C2
s,b(1−ηd )η2

d |β|2
(1−Ct,bts )(1−Ct,bts−Cs,b(1−ηd ))

)i

i!

− e
Cs,b η2

d |β|2 (1−ηs )

1−Ct,bts (1−ηs ) (1 − ηs)(
1 − (Ct,bts + Cs,b(1 − ηd ))(1 − ηs)

)2

∞∑
i=0

( C2
s,b(1−ηd )η2

d |β|2(1−ηs )2

(1−Ct,bts (1−ηs ))(1−(Ct,bts+Cs,b(1−ηd ))(1−ηs ))

)i

i!

]

= Cs,bηdβ e−ηd |β|2

cosh2 gb

[
exp

( Cs,b η2
d |β|2

1−Ct,bts−Cs,b(1−ηd )

)
(1 − Ct,bts − Cs,b(1 − ηd ))2

−
exp

( Cs,b η2
d |β|2

1−(Ct,bts+Cs,b(1−ηd ))(1−ηs )

)
(1 − (Ct,bts + Cs,b(1 − ηd ))(1 − ηs))2

]
. (C26)

For an SPPE initial state at Bob’s station (gb � 1), the joint probability takes the form

P̃2ph(00|α, β ) =
exp

(− (1−C)ηd |α|2
1−C(1−ηd ) − ηd |β|2)(1 − C)2

(ts + rs tanh2 g)(1 − C(1 − ηd ))2

[
ts

(
1 + Cη2

d |α|2
1 − C(1 − ηd )

)

+ rs tanh2 g

(
1 − ηd + η2

d |α|2
1 − C(1 − ηd )

)(
1 − ηd + η2

d |β|2) + 2η2
d tanh g

√
tsrsRe(eiφαβ )

]
.

APPENDIX D: VISIBILITY BETWEEN TWO SPDCs

In this Appendix, we analyze the effect of visibility between two SPDC outputs on the CHSH value and the secure key rate
of the protocols. Let â†

ω be the creation operator of a photon with frequency ω, satisfying the continuous-mode commutation
relation [âω, â†

ω′ ] = δ(ω − ω′). Considering the spectral modes, the output of an SPDC generates spectrally correlated photons
in the following form:

|ψ〉SPDC =
√

λ0|00〉 +
√

λ1

∫
dωidωsF (ωi, ωs)a†

ωi
a†

ωs|00〉 + · · · , (D1)

where F (ωi, ωs) ∝ exp[− (ωi+ωs−2μ)2

2σp
]sinc[ L�k

2 ] is the joint spectral amplitudes (JSA) [47] of the outputs, sinc(x) = sin x/x, and
L is the crystal length. In this relation, �k = ki(ωi ) + ks(ωs) − kp(ωi + ωs) and k is the wave number, σp is bandwidth, and μ is
variance of pump pulse. Under specific conditions of 2

σ 2 + γ L2(k′
s − k′

p)(k′
i − k′

p) = 0 [47], which occurs for SPDC crystals of
a certain length, JSA functions become separable, and the state produced by SPDC can be written as

|ψ〉SPDC =
∞∑

n=0

√
λn

[
1√
n!

n⊗
i=1

∫
dωi f1(ωi )a

†
ωi

|0〉
]

1

⊗
[

1√
n!

n⊗
i=1

∫
dωi f2(ωi)a

†
ωi

|0〉
]

2

=
∞∑

n=0

√
λn|n〉 f ⊗ |n〉 f , (D2)

where we defined the corresponding n-photon wave packet state characterized by f (ω) as |n〉 f := (Â†
f )n

√
n!

|0〉, with the creation

operator for a single photon in a wave packet given by Â†
f = ∫

dω f (ω) â†
ω.

1. The one-photon protocol

We consider two SPDC sources at Alice’s and Bob’s stations, producing photons with separable JSA functions f (ω) and g(ω),
respectively. To evaluate Hong-Ou-Mandel (HOM) visibility at Charlie’s, defined as V := |v|2, with visibility amplitude v :=∫

f ∗(ω)g(ω)dω, the beams must interfere in a HOM interferometer [47]. The projector for a detector that perfectly distinguishes
single-photon events without revealing any frequency information about the photon is given by [48]

� =
∫

dωa†
ω|0〉〈0|aω. (D3)

Accordingly, Charlie’s POVM, incorporating his 50:50 beam splitter, can be written as

�
(c)
BS = 1

2

∫ ∞

−∞
dω(a†

ω − ib†
ω )|00〉〈00|(aω + ibω ) = 1

2

∫ ∞

−∞
dω(|1ω0〉 − i|01ω〉)(〈1ω0| + i〈01ω|), (D4)
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with aω(bω ) and a†
ω(b†

ω ) the annihilation and creation operators, respectively, acting on the idler mode received from Alice (Bob).
To find the impact of the visibility of two beams arriving at Charlie’s station on the final state shared between Alice and Bob, we
begin by writing the state generated by their SPDC sources:

ρin =
∞∑

n,n′,m,m′=0

√
λnλn′λmλm′

min(n,n′ )∑
p=0

min(m,m′ )∑
q=0

√(
n

p

)(
n′

p

)(
m

q

)(
m′

q

)
(1 − r)n+n′+m+m′−2(p+q)r2(p+q)

× [|n〉〈n′| f ⊗ |m〉〈m′|g]a1,b1 × [|n − p〉〈n′ − p| f ⊗ |m − q〉〈m′ − q|g]a2,b2 , (D5)

where transmission losses are modeled by a BS with reflectivity r, and p and q indicate the number of photons lost in the idler
beams. For simplicity, we focus on the idler beams and rewrite the state as below:

ρin =
∑

n,n′,m,m′,p,q

F (a1,b1 )
m,n,m′,n′,p,q × [|n − p〉〈n′ − p| f ⊗ |m − q〉〈m′ − q|g]a2,b2 , (D6)

with F (a1,b1 )
m,n,m′,n′,p,q containing all the coefficients and terms associated with the signal beams, i.e., a1, b1. To calculate the shared

density matrix after Charlie’s measurement, we need to apply his POVM on this state:

ρout = Trc1c2

(
�

(c)
BSρin

)= 1

2

∑
n,n′,m,m′,p,q

F (a1,b1 )
m,n,m′,n′,p,q

∫
dω 〈00|(αω + iβω )|n − p〉 f |m − q〉g × 〈n′ − p| f 〈m′ − q|g(α†

ω′ − iβ†
ω′ )|00〉

= 1

2

∑
n,n′,m,m′,p,q

F (a1,b1 )
m,n,m′,n′,p,q

∫
dω(( f (ω)δn,p+1δm,q + ig(ω)δn,pδm,q+1)( f ∗(ω)δn′,p+1δm′,q − ig∗(ω)δn′,pδm′,q+1)

= 1

2

∑
n,n′,m,m′,p,q

F (a1,b1 )
m,n,m′,n′,p,q(δn,n′,p+1δm,m′,q + δn,n′,pδm,m′,q+1 + i v∗δn,n′−1,pδm−1,m′,q − i v δn−1,n′,pδm,m′−1,q ). (D7)

Applying the δ functions to F (a1,b1 )
m,n,m′,n′,p,q reproduces the density matrix given in Eq. (A8), where v appears exclusively in the

off-diagonal components. Consequently, the visibility amplitude v enters into the joint probabilities of Alice and Bob as follows,
while leaving the marginal distributions unaffected:

Pv
1ph(00|α, β ) = (1 − C)3

2

(
2(1 − η)(1 − C(1 − η)) + η2(|α|2 + |β|2 + 2Im(v αβ∗))

(1 − C(1 − η))4

)
exp

(
− (1 − C)η(|α|2 + |β|2)

1 − C(1 − η)

)
.

2. The two-photon protocol

For the two-photon protocol, a similar analysis reveals that visibility affects the state in Eq. (A19) in the same way; that is, v

appears exclusively in off-diagonal terms and consequently modifies only the joint probabilities as follows:

P̃v
2ph(00|α, β ) =

exp
(− (1−C)η|α|2

1−C(1−η) − η|β|2)(1 − C)2

(ts + rs tanh2 g)(1 − C(1 − η))2

[
ts

(
1 + Cη2|α|2

1 − C(1 − η)

)

+ rs tanh2 g

(
1 − η + η2|α|2

1 − C(1 − η)

)
(1 − η + η2|β|2) + 2η2 tanh g

√
tsrsIm(v αβ∗)

]
.

APPENDIX E: LOCAL VISIBILITY BETWEEN STATE AND MEASUREMENT

Here, we study the impact of local visibility between the photons in the quantum state and those involved in the measurement.
Compared to our previous calculation, the only modification appears in the effective local measurement operators M(A)

0 and
M(B)

0 , and the shared state between Alice and Bob remains unchanged. The marginals and joint probability distributions can be
calculated using

P(0|δ) = Tr
(
ρ

(x)
out M0

) =
∞∑

n,n′=0

(
ρ

(x)
out

)
n′n〈n| fx

M0|n′〉 fx
, (E1)

P(00|αβ ) = Tr
[
ρ

(ab)
out

(
M(A)

0 ⊗ M(B)
0

)] =
∞∑

n,n′=0
m,m′=0

(
ρ

(ab)
out

)
n′m′
n m

〈n| fa
M(A)

0 |n′〉 fa
〈m| fb

M(B)
0 |m′〉 fb

, (E2)
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where M0 := Dg(δ)Eηd
0 D†

g(δ) consists of the no-click POVM Eηd
0 = ∑∞

m=0(1 − ηd )m �̂m in the presence of a displacement
operator Dg(α), defined in a mode with normalized spectral amplitude g(ω). We now compute the matrix elements of M0 in the
Fock state basis |n〉 f , characterized by the normalized spectral amplitude f (ω).

The displacement operator Dg(α) acts on a specific mode with spectral amplitude g(ω), which can be expressed as

Dg(α) = exp(αÂ†
g − α∗Âg). (E3)

By utilizing the fact that any two normalized functions f (ω) and g(ω) in the Hilbert space L2(R) span a two-dimensional
subspace, we decompose the function f into a component parallel to the displacement mode g and an orthogonal “dark”
component g⊥ via the Gram-Schmidt process:

f (ω) = v g(ω) + u g⊥(ω) ⇒ Â†
f = v∗Â†

g + uÂ†
g⊥ , (E4)

where v = ∫
f ∗(ω)g(ω)dω is the spectral overlap integral and |u| =

√
1 − |v|2. Using this decomposition, the initial state |n〉 f

can be expanded in terms of the number of photons in these two orthogonal modes:

|n〉 f = (Â†
f )n

√
n!

|0〉 =
(vÂ†

g + uÂ†
g⊥ )n

√
n!

|0〉 =
n∑

p=0

√(
n

p

)
vn−pup|n − p〉g|p〉g⊥ . (E5)

The displacement operator D†
g(α) acts exclusively on the g mode, leaving the orthogonal mode g⊥ unchanged:

D†
g(α)|n〉 f =

n∑
p=0

√(
n

p

)
vn−pup(D†

g(α)|n − p〉g)|p〉g⊥ . (E6)

For a mode-blind detector, which clicks for any photon regardless of its frequency, the detection of m photons mathematically
defined as a projection operator �̂m onto the subspace where the sum of photons across all modes equals m is

�̂m =
m∑

j=0

|m − j〉g| j〉g⊥〈m − j|g〈 j|g⊥ . (E7)

Combining Eqs. (E6) and (E7) yields the matrix elements of M0 as

〈n| f M0|n′〉 f =
∞∑

m=0

(1 − ηd )m〈n| f Dg(δ) �̂m D†
g(δ)|n′〉 f

=
∞∑

m=0

(1 − ηd )m

[
n∑

p=0

√(
n

p

)
(v∗)n−p(u∗)p(〈n − p|gDg(α))〈p|g⊥

]

×
[

m∑
j=0

|m − j〉g| j〉g⊥〈m − j|g〈 j|g⊥

][
n′∑

p′=0

√(
n′

p′

)
vn′−p′

up′
(D†

g(α)|n′ − p′〉g)|p′〉g⊥

]

=
∞∑

m=0

(1 − ηd )m
min(m,n,n′ )∑

j=0

√(
n

j

)(
n′

j

)
(v∗)n− jvn′− j |u|2 j〈n − j|gDg(α)|m − j〉g〈m − j|gD†

g(α)|n′ − j〉g, (E8)

where in the last line we used the identities 〈p| j〉g⊥ = δp, j and 〈p′| j〉g⊥ = δp′, j . The single-mode matrix element
〈n − j|D(α)|m − j〉 can be evaluated using the normal-ordered expansion of the displacement operator, as derived in Eq. (B3):

〈n − j|gDg(α)|m − j〉g = e− |α|2
2

min(n,m)∑
k= j

√
(n − j)!(m − j)! αn−k (−α∗)m−k

(n − k)!(m − k)!(k − j)!
. (E9)

By performing similar calculation as in Eq. (B5), we get

〈n| f M0|n′〉 f = e−ηd |δ|2√n!n′! ηn+n′
d (v∗δ)n(v δ∗)n′

min(n,n′ )∑
j=0

| u
v
|2 j

j!

min(n,n′ )∑
i= j

( 1−ηd

η2
d |δ|2

)i

i!(n − i)!(n′ − i)!
. (E10)

In the limit of perfect matching (V = 1), the only nonzero
term corresponds to j = 0, for which the above expression

reduces to Eq. (B5). To find the probability distributions, one
needs to substitute Eq. (E10) into Eqs. (E1) and (E2).
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FIG. 5. Required visibility (a) to violate the CHSH inequality and (b) to achieve a positive SKR as a function of detection efficiency, shown
for the one-photon (red) and two-photon (blue) protocols. Solid lines correspond to imperfect visibility in all laboratories (Va = Vb = Vc < 1),
while the dashed line assumed the perfect visibility in Charlie’s laboratory (Vc = 1), and in the dotted line correspond to perfect visibility in
the local laboratories (Va = Vb = 1).

Figure 5 illustrates how the required visibility threshold
varies with detection efficiency for the two protocols. Specif-
ically, panel (a) shows the required visibility to violate the
CHSH inequality at each detection efficiency, while panel (b)
shows the thresholds needed to achieve a positive SKR for
both the one-photon and two-photon cases.

APPENDIX F: LOWER BOUNDS ON THE KEY RATE

The asymptotic key rate is determined using the Devetak-
Winter formula, rDW = H (A1|E ) − H (A1|B3), where the first
term quantifies Eve’s uncertainty about Alice’s outcomes, and
the second term represents the information leaked during error
correction. In our analysis, we employ three distinct com-
putational techniques to obtain a rigorous lower bound on
it, and complement these with two postprocessing strategies
designed to enhance the final value.:

1. Analytical approach: CHSH-based method

The asymptotic secure key rate can be lower bounded ana-
lytically using

r � 1 − h

(
1 +

√
(S/2)2 − 1

2

)
− H (A1|B3)

+ h

(
1 +

√
1 − q(1 − q)(8 − S2)

2

)
, (F1)

where q is the probability that Alice flips her output, a proce-
dure known as noisy preprocessing. Using this lower bound,
Fig. 6(a) illustrates the key rate dependence on distance for the
two-photon protocol with perfect visibility V = 1, optimized
over ga for various values of efficiencies, assuming ηs = 1
and gb = 0.1. The results are obtained using the probability
distribution from Appendix C 2 and the heralding efficiency
from Eq. (A24). The corresponding optimal values of g for
each distance and efficiency are shown in Fig. 6(b).

2. Numerical approach: Brown-Fawzi-Fawzi method

The results of Ref. [18] enable the construction of a nu-
merical upper bound on the relative entropy, approximated
by a polynomial. Using this, a lower bound on the condi-
tional von Neumann entropy of the state ρ is established
based on its connection with the relative entropy D(ρ‖σ ) =
Tr[ρ(log2 ρ − log2 σ )] in the following way:

H (A|B)ρ := −D(ρAB‖IA ⊗ ρB). (F2)

Subsequently, NPA hierarchy is employed to transform
the optimization problem of this noncommutative polynomial
into an SDP, and the lower bound for the conditional entropy
of Alice and Eve is calculated with the following program:

H (A|X = x∗,HE ) �
m−1∑
i=1

ωi

ti ln 2
+ inf

m−1∑
i=1

ωi

ti ln 2∑
a

〈ψ |Ma|x∗ ((Za,i + Z∗
a,i + (1 − ti )Z

∗
a,iZa,i ) + tiZa,iZ

∗
a,i|ψ〉,

s.t.
∑
abxy

cabxy j〈ψ |Ma|xNb|y|ψ〉 � v j, for all 1 � j � r

∑
a

Ma|x =
∑

b

Nb|y = I, for all x, y

Ma|x � 0, for all a, x

Nb|y � 0, for all b, y

Z∗
a,iZa,i � αi, for all a, i = 1, . . . , m − 1

Za,iZ
∗
a,i � αi, for all a, i = 1, . . . , m − 1

[Ma|x, Nb|Y ] = [Ma|x, Z∗
b,i] = [Nb|y, Z∗

a,i]=0, for all a, b, x, y, i

Ma|x, Nb|y, Zz,i ∈ B(H ), for all a, b, x, y, i. (F3)

Note that considering pure states is enough for this op-
timization. In the above relation, ωi’s are the weights in
Gauss-Radau quadrature, Zi’s are Eve’s bounded operators,
and {{Ma|x}a}x are preselected POVMs used by Alice. Fur-
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FIG. 6. (a) Asymptotic secure key rate (bits per second, bps) vs distance for the two-photon protocol using the optimal parametric gain ga

with visibility V = 1, assuming laser repetition rate frep = 100 MHz, ηs = 1, and gb = 0.1, using the bound from Eq. (7). (b) Optimal value
of ga as a function of distance for the two-photon protocol with visibility V = 1. Lines correspond to detection efficiencies from 84% to 90%.

thermore, B(HE ) is von Neumann algebra on Eve’s separable
Hilbert space HE . For more details refer to Ref. [18].

In our numerical calculations, we go up to the second
level of NPA hierarchy plus some additional constraints of
higher level “ABZ + AZZ + ABB + AAB,” where A ∈ {I} ∪
{Ma|x}a,x, B ∈ {I} ∪ {Nb|y}b,y, and Z ∈ {I} ∪ {Zc,i, Z∗

c,i}c,i. We
do not go to further levels due to computational complexity.

To combine noisy preprocessing with this method, we
should modify the measurement operators in Eq. (F3) to
M̂a|x = (1 − q)Ma|x + qMa|x. In addition, the first term in
the right-hand side of this relation should be replaced with
cm = 2q(1 − q) + ∑m−1

i=1
ωi

ti ln 2 . For detailed calculations, see
Ref. [18].

3. Numerical approach: min-entropy (Hmin) method

Here, we present a numerical approach, based on min-
entropy as a lower bound for the conditional von Neumann
entropy [31], to calculate the key rate. Although this method
may not yield better results compared to the BFF method,
it offers a computational advantage. Besides, its combination
with the postselection method leads to an improvement in the
efficiency threshold. Postselection is a technique that is used
to overcome errors caused by detection deficiencies in which
Alice and Bob randomly and independently keep bits “0” with
probability p, discard them with probability 1 − p, and keep
all bits “1” intact during their key generation rounds.

The min-entropy Hmin is tied to guessing probability
G(A1|E , νp) in the following way:

Hmin(A1|E , νp) = − log2 G(A1|E , νp), (F4)

where νp = {ab | ab = 00, 01, 10, 11} is the set of postse-
lected events with coefficients ω00 = 1, ω10 = ω01 = p, and
ω11 = p2, and the guessing probability is defined as

G(A1|E , νp) = 1

pνp

max
P(a,b,e|1,3,z)

∑
a,b∈νp

ωabP(a, b, a|1, 3, z),

(F5)
with pνp = ∑

a,b∈νp
ωabP(a, b|1, 3) the total probability of

keeping a pair of bits. This optimization can be realized by

means of SDP method, with the following constraints:∑
e∈{0,1}

P(a, b, e|1, 3, z) = P(a, b|1, 3),

P(a, b, e|1, 3, z) ∈ Q̃.

The second constraint ensures that the conditional probabili-
ties remain within the quantum set. To verify this, we utilize
the NPA hierarchy [30,44]. The optimized lower bound on key
rate in this case is calculated using the following modification
of Eq. (6):

r � pνp[Hmin(A1|E , νp) − H (A1|B3, νp)]. (F6)

The technique improves the threshold efficiency to 89.8% in
the one-photon protocol, but compromises security by restrict-
ing it to collective attacks rather than the coherent attacks.

4. Comparison

Here, we compare the previously described lower-bound
approaches and present numerical values for the parameters
introduced in the article.

Figure 7 illustrates the maximum achievable key rate for
both protocols as a function of detection efficiency. Moreover,
Table I compares the detection efficiency required to obtain
a positive key rate and Bell violation for the lower bound
methods discussed in this Appendix.

APPENDIX G: FINITE-KEY RATE

To optimize the key rate in the finite-size regime, we de-
veloped a three-tier security certification strategy:

(1) CHSH certificate. For each distance L, we optimize
the Devetak-Winter bound using the analytical CHSH formula
with noisy preprocessing. This allowed us to identify optimal
optical parameters and bit-flip probability qopt, from which
the expected probability distribution P(a, b|x, y)L is obtained.
Using the CHSH inequality as the Bell certificate, we then
apply the BFF method to construct a min-tradeoff function
and evaluate the finite-size key rate via the EAT.
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FIG. 7. Secure key rate computed using CHSH, BFF, and Hmin methods, without (solid) and with postprocessing (dashed) using noisy
preprocessing (NP) and postselection (PS) techniques for (a) the one-photon protocol and (b) the two-photon protocol.

(2) Full statistic certificate. Using P(a, b|x, y)L , we apply
the full statistics approach [18,45,46], which puts constrains
on the complete probability distribution rather than only the
CHSH value. The resulting min-tradeoff functions fL were
then used in conjunction with the EAT to compute finite-size
key rates. This method provides the tightest security bounds
but requires monitoring of the whole measurement statistics.

(3) Optimal Bell certificate. To overcome the real-time
implementation challenges of method (2), we define a
distance-dependent Bell inequality using the min-tradeoff
function fL derived from full-statistics optimization. We com-
puted the observed value of this optimal Bell certificate for
P(a, b|x, y)L and enforced this value as a constraint in a sub-
sequent BFF procedure, with the final key rate obtained again

through the EAT. This custom certificate achieves key rates
that significantly exceed CHSH-based bounds while maintain-
ing practical implementability.

The effect of the three certification methods on the finite-
key rate is illustrated in Fig. 8. The optimized Bell certificate
consistently outperforms CHSH-based certification, deliver-
ing 2–3 times higher key rates at maximum distances. Full
statistics provide marginal additional gains at a substantial
implementation cost. Notably, numerical optimization yields
only modest improvements over the analytical bound, Eq. (7),
reflecting near-optimality of CHSH bounds for maximally en-
tangled states. This simplifies experimental implementation,
as monitoring the CHSH value S alone suffices for accurate
key rate estimation.

FIG. 8. Comparison of finite-size and asymptotic key rates R vs distance L under different certification approaches, assuming N = 109

protocol rounds, repetition rate frep = 100 MHz, and optimal parametric gain g, computed for (a) local detection efficiency ηd = 93% for the
one-photon protocol (red), the two-photon protocol (blue), and the polarization-based protocol from Ref. [26] (green), all for visibility V = 1;
and (b) local detection efficiency ηd = 90% for the two-photon protocol, computed for visibilities V = 0.95 (dashed lines) and 1 (solid lines).
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Stobińska, Eberhard limit for photon-counting Bell tests and its
utility in quantum key distribution, arXiv:2211.15033.

[9] S. Pirandola et al., Advances in quantum cryptography, Adv.
Opt. Photon. 12, 1012 (2020).

[10] D. P. Nadlinger et al., Experimental quantum key distribution
certified by Bell’s theorem, Nature (London) 607, 682 (2022).

[11] W. Zhang et al., A device-independent quantum key distribution
system for distant users, Nature (London) 607, 687 (2022).

[12] W.-Z. Liu, Y.-Z. Zhang, Y.-Z. Zhen, M.-H. Li, Y. Liu, J. Fan, F.
Xu, Q. Zhang, and J.-W. Pan, Toward a photonic demonstration
of device-independent quantum key distribution, Phys. Rev.
Lett. 129, 050502 (2022).

[13] A. Sadhu, M. A. Somayajula, K. Horodecki, and S. Das,
Practical limitations on robustness and scalability of quantum
Internet, arXiv:2308.12739.

[14] M. Lucamarini, Z. L. Yuan, J. F. Dynes, and A. J. Shields,
Overcoming the rate–distance limit of quantum key distribution
without quantum repeaters, Nature (London) 557, 400 (2018).

[15] A. Steffinlongo, M. Navarro, M. Cenni, X. Valcarce,
A. Acín, and E. Oudot, Long-distance device-independent
quantum key distribution using single-photon entanglement,
arXiv:2409.17075.

[16] P. Caspar, E. Verbanis, E. Oudot, N. Maring, F. Samara, M.
Caloz, M. Perrenoud, P. Sekatski, A. Martin, N. Sangouard,
H. Zbinden, and R. T. Thew, Heralded distribution of single-
photon path entanglement, Phys. Rev. Lett. 125, 110506 (2020).

[17] M. E. Mycroft, T. McDermott, A. Buraczewski, and M.
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[47] A. M. Brańczyk, Hong–Ou–Mandel interference, Can. J. Phys.
102, 411 (2024).
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