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We study a Z;-symmetric Rabi model that describes a three-level system coupled to two bosonic modes. We
derive a mapping of the two-mode Z3 Rabi model onto a qubit-boson ring. This mapping allows us to formulate
arealistic implementation of the Z; Rabi model based on superconducting qubits. It also provides context for the
previously proposed optomechanical implementation of the Z3; Rabi model. In addition, we propose a physical
implementation of the Z3 Potts model via a coupled chain of Z; Rabi models.
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I. INTRODUCTION

The field of quantum simulations has entered a ma-
ture phase in which a variety of hardware platforms can
reproduce many-body Hamiltonians that are analytically in-
tractable. Trapped-ion chains have been used to implement
long-range Ising models and lattice gauge theories with tens of
qubits [1-6], neutral-atom Rydberg arrays routinely emulate
spin models on two-dimensional lattices [7-11], and semi-
conductor spin-qubit platforms have realized Fermi-Hubbard
and other models at the few-plaquette level [12—17]. These
successes show that controlled programmable devices can
already access a wide variety of interesting physics, such
as symmetry breaking, topological order, and nonequilibrium
critical phenomena that lie well beyond classical reach. One of
the interesting research directions is to simulate models with
larger discrete symmetries, e.g., Z3 symmetry, as they often
exhibit richer physics than the models with Z, symmetry.

Recent advances in circuit quantum electrodynamics
(cQED) provide a complementary route to this goal, focusing
on light-matter systems where photons mediate interactions
between superconducting (SC) qubits [18-20]. In cQED, the
quantum Rabi model [21-24]—which describes a two-level
atom coupled to a bosonic mode—serves as the canonical
building block and possesses a discrete Z, (parity) symme-
try. In the ultrastrong-coupling regime, a chain of coupled
Rabi models effectively realizes the Ising model [25]. There,
photon-induced interactions generate nearly degenerate “cat”
ground states with macroscopic qubit-cavity entanglement.
Extending this connection between discrete symmetries and
entangled phases from Z, to Z3 [26-29] naturally leads to
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the paradigmatic three-state Potts model and promises richer
symmetry-breaking behavior. Recently, there has been sig-
nificant interest in the Z3 quantum Rabi model from both
theoretical and experimental perspectives. The generalization
of Albert et al. of the original (Z,) Rabi Hamiltonian to
an N-state atom [26] established the formal framework for
studying generalized Rabi models with higher discrete sym-
metries. Subsequently, the first proposal for the experimental
realization of the Z; Rabi model based on the optomechanical
(OM) system was discussed in Ref. [28]. Interestingly, it was
shown that in the Z3 Rabi model, the superradiant transition
is first order within the mean-field approach, unlike in the Z,
Rabi model, where it is second order [28]. A recent proposal
has shown how a network of Josephson junctions (JJs) can im-
plement the Z3 Potts model using tunable inductive elements
[30]. Here, we introduce a tunable model that connects the
Z3 Rabi model with the Z; Potts model. By varying the cou-
pling parameter, the system evolves from a few-level regime
into one that spontaneously breaks the threefold rotational
symmetry.

The remainder of the paper is organized as follows. In
Sec. II, we give a brief overview of the Z; Rabi model and
derive the mapping of the Z3 Rabi model onto a certain qubit-
bosonic model. We then illustrate how this qubit-bosonic
model can be realized by superconducting-qubit and optome-
chanical platforms. In Sec. III, we show how the Z3 Potts
model can be simulated by a chain of the Z; Rabi models.
We also illustrate it with superconducting and optomechanical
implementations. At the end of Sec. III, we briefly discuss
the chiral Z3 Potts model and the possibility of its implemen-
tation based on a chain of the Z; Rabi models. Finally, in
Sec. IV, we conclude. Some additional details are covered in
Appendixes A-C.

II. Z3 RABI MODEL

A. Theoretical description

The central topic of this paper is the Z3-symmetric Rabi
and Potts models, as well as the connection between them.

Published by the American Physical Society


https://orcid.org/0000-0002-7357-1934
https://orcid.org/0000-0003-0280-9551
https://orcid.org/0000-0001-7782-9624
https://orcid.org/0000-0001-5176-3073
https://ror.org/02s6k3f65
https://ror.org/03yez3163
https://ror.org/03yez3163
https://crossmark.crossref.org/dialog/?doi=10.1103/ybt7-yh9v&domain=pdf&date_stamp=2026-10-14
https://doi.org/10.1103/ybt7-yh9v
https://creativecommons.org/licenses/by/4.0/

LOTKOV, KOZIN, KURLOV, KLINOVAJA, AND LOSS

PHYSICAL REVIEW RESEARCH 8, 043046 (2026)

In this section, we discuss a Z3-symmetric model of two
bosonic modes coupled to a three-level system (qutrit). The
model generalizes the usual Rabi model to the case of multiple
bosonic modes and higher discrete symmetry. In the follow-
ing, we refer to this model as the Z3 Rabi model. For a more
detailed discussion of this model and related ones, we refer the
reader to our companion paper [31]. The Hamiltonian reads

Hg = hQr(@ay + ajar) + B(e®Z + e7*Z")
— Man + &)X — M@ + @)X, (1)

where &:f (a;) with i = 1, 2 are boson creation (annihilation)
operators [32], and X and Z are 3 x 3 matrices generalizing
the Pauli matrices (usually referred to as the shift and clock
matrices, respectively). The parameters have the following
physical meaning: Qg is the frequency of the two bosonic
modes, B and ¢ define the energy levels of the qutrit, A is
the coupling strength between the bosonic modes and the
qutrit, and 7 is the Planck constant. Let us note in passing
that in principle one can have two inequivalent ways to write a
two-mode Z; Rabi model; see the Appendix of the companion
paper [31]. We choose the specific form of the Hamiltonian (1)
because it can be naturally mapped onto a realistic physical
system, as we discuss in Sec. II B.

The Z3 shift X and clock Z matrices are commonly used to
describe qutrit systems. They are defined as

0 0 1 1 0 0
x=(1 0 o, z=|0 o 0], 2)
0 1 0 0 0 o?

where w = exp[2mi/3] is the principal cubic root of unity. The
clock and shift matrices are unitary but not Hermitian [33].

The boson part of the Z3 symmetry is simply a residue of
the bosonic U(1) symmetry, while its qutrit part is generated
by the Z-matrix. As a result, the Z3 symmetry generator has
the following form:

27 ., R
Pr = exp [T(alal — a;az)]Z, 3)

where the minus sign ensures that the operator Pr commutes
with the Hamiltonian Hg. In the following, we provide some
additional details about the Z5 Rabi model that will be useful
for our purposes. For a more thorough discussion, we refer to
the companion paper [31].

One of the main results in the present paper is an explicit
construction of the Z3 Potts model based on a chain of coupled
Z3 Rabi models, described by Eq. (1) (see Sec. III). One of
the key ingredients in this construction is the strong boson-
qutrit interaction. In particular, we are interested in what is
generally called the deep-strong-coupling regime in the Rabi
model literature: A > hQg [34,35]. In addition, we require the
limit of low magnetic field: ZQg > B. This coupling regime
leads to the full entanglement between the boson and qutrit
degrees of freedom. Specifically, the three lowest eigenstates
turn out to be the Z3 cat states [31]:

1 2
Vi) = 75 gw”‘w’x/mm o' A /AR ) oy [0y, (4)

where the subscripts a; and a, denote that it is a coherent
state of the first and second bosonic modes, respectively. The
states |y) are the Z3 generalization of the Z, cat states
|+a)|+) £ |—a)|—). The latter roughly describe the ground
and the first-excited states of the quantum Rabi model [23].
As can be seen, each of the ordinary (Z,) cat states is a
linear combination of two coherent states |«) and |—«a) en-
tangled with the qubit. In the Z3 case, each |yy) is a linear
combination of three coherent states |w'a), with i =0, 1, 2.
Similarly, in the two-mode Z; Rabi model, the corresponding
eigenstates |y;) are joint cat states of the two bosonic modes
and the qutrit. In the case of the Z; Rabi model, the coherent
parameter is expressed through the model’s coupling con-
stants, o = 1/hSQ2g. In the regime in which we are interested,
A > hQR, B < IR, the eigenenergies of the 75 cat states are
given by

€ = (V| Hr Vi)

2rk 212
} - &)

— 2Be 3M/h%R) SR
e cos 3 + ¢ o

In the limit A/AQg — oo, the energy splitting between the
states goes to zero. However, we are mostly interested in
the intermediate regime with the splitting being small but
nonzero. Now that we have reviewed all the necessary details
about the Z3 Rabi model (1), we proceed to map this model
onto a physically realistic system.

B. Qubit-boson ring

Although our ultimate goal is to present a physically re-
alistic model for the realization of the Rabi model Z3, we
first discuss a construction that serves as a link between the
Rabi model and specific microscopic physical implementa-
tions. Namely, we show how the two-mode Z; Rabi model
(1) appears in a particular model describing a three-site qubit-
boson (QB) ring. This model is a central construction of this
paper. Although still purely theoretical, it is more suitable for
mapping to concrete physical platforms than the original Z3
Rabi model.

Consider the QB ring with the Hamiltonian [28]

2 2

HQB =€ ZO’]Z + FlQQB Zéji;] + VQB,
j=0 =0

2
Vop =g (0] 0j,e"W 0 + He)
j=0

2
B by
=g (ofof, e BT L e (6)
j=0

where the Pauli matrix o corresponds to the qubit at site j,

b (13 ;) is the creation (annihilation) operator of the jth boson,
described by a harmonic oscillator on the real line R, € defines
the Zeeman splitting of the qubit energy levels, g is the cou-
pling strength, and Q2qp is the boson frequency. The periodic
boundary conditions are chosen; therefore, the position index
Jj is valued modulo 3, e.g., j + 3 = j. We can express the
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dimensionless coordinate and momentum operators for each
bosonic mode through the creation and annihilation operators

% = %(13,- +50), )
i
pj= «/__Zn(b} —bj). (8)

The creation and annihilation operators here diagonalize the
Hamiltonian of the harmonic oscillator in the following form:

2 2 p?
H; = Q| L + —2|, 9
j QB<2n2 + > )

where 7 is the dimensionless squeezing parameter. We prefer
this over a more conventional notation since it maps natu-
rally onto the case of the superconducting circuits; i.e., £;
corresponds to the normalized flux ¢; and p; corresponds to
the normalized charge 7;. The dimensionless parameter 7 is
important here since it gives us an additional parameter to tune
the system.

The system has a U(1) symmetry that conserves the z
component of the total spin, Y j aj, as it clearly commutes
with the Hamiltonian (6). Thus, rather than working in the
full Hilbert space, we restrict ourselves to the single-excitation
sector, i.e, the subspace with exactly one qubit in the | 1) state.
In other words, the single-excitation sector is given by

Hap.1 = Span{|t J1). [L 1), LI} 10)

In order to prove that the QB ring [Eq. (6)] restricted to
the single-excitation sector Hqg,1 [Eq. (10)] is equivalent to
the Z3 Rabi model, we first apply several algebraic transfor-
mations to the Hamiltonian Hgg [Eq. (6)]. To start with, we
use the spin-dependent momentum translation to simplify the
interaction term Vop [Eq. (6)]. Then, we apply the Fourier
transform, which decouples one of the bosonic modes from
the rest of the system. Afterward, the resulting Hamiltonian is
restricted to the single-excitation sector Hqg,1 [Eq. (10)]. We
obtain the two-mode Z3, which is brought to canonical form
with some final adjustments.

a. Spin-dependent momentum translation. Applying the
unitary operator S = H?:O ¢9%/2 removes the exponentials
in Vop and yields

2 2 2 2
1 _ aia o NTHQ0B .
S HQBS =€ ZO']Z + hQQB ijbj + T ijaf
=0 j=0 j=0
3 2
2 — —
+ 1 hS0n + gy (oo, +o70f,). (11)
j=0
After transformation, the interaction term Vgg involves only
qubit degrees of freedom, at the price of an additional spin-
boson term proportional to p ja;.
b. Fourier transform. To proceed, we define momentum-
space operators via the Fourier transform,

2 2
B(k) — % 2672nijk/3i;j’ SZ(k) — 2672Nijk/30;, (12)
Jj=0 j=0
where k = 0, 1, 2. Here, we use a different normalization for
the Fourier transform of the spin operators for the following to

be true: S*(0) = ) j of. The Fourier transform components of
the spin ladder operators S* (k) are defined analogously. We
use parentheses to distinguish momentum-space operators,
which depend on the wave vector k, from real-space operators,
which carry a site index as a subscript. In terms of these
operators, Eq. (11) takes the form

2

Her = €S%(0) + hQqs Y b7 (k)b(k)
k=0

+

2 2

n FIQQB R 3 2

E (k)S*(—k) + —n"h<2
vz =7 4 e

2
+ 23 @ st UsT (k) +He),  (13)
3
k=0
where the zero-momentum bosonic mode (k = 0) couples to
S%(k = 0), which is conserved. Hence, the zero-momentum
boson actually decouples from the rest of the system. We are
left with only two bosonic modes, exactly as required for the
75 Rabi model.
¢. Restriction to Hqg,1. To restrict the Hamiltonian (13)
to the single-excitation sector Hqg,1 [Eq. (10)], we iden-
tify the single-excitation spin states with qutrit states, |0) =
T44), 1) = I1), and |2) = || | 1). After discarding con-
stant terms and the decoupled zero-momentum mode, we
obtain
2
Hog,1 = Qa8 Y b'(k)b(k) + g(e”™ X + "/ x ")
k=1

nhQQB

—b(1) = b"(2)Z — (b(2) — b'(1))Z],
JE[(() (2)) (b(2) (1)z']

(14)

where X and Z matrices act on the qutrit formed by the single-
excitation sector Hqg,1 [Eq. (10)].

d. Final rearrangement. The Hadamard transform on the
spin degrees of freedom, combined with a global bosonic U(1)
phase rotation, brings the Hamiltonian to the canonical Z3
two-mode Rabi form:

Hg = hQqp(@a) + alan) + g(e*™*Z 4 e72m371)

+1i

. nhQQB
V6

where we identified &, = b(k) and ] = b' (k) fork = 1, 2.

Comparing Eq. (15) with Eq. (1), one explicitly identifies
the parameters of the QB ring model with the corresponding
parameters of the Rabi model:

[(@ + &)X + (a + a)HX '], (15)

By ¢=22, =

3 V6
Consequently, the deep-strong-coupling regime, A > hQg,
corresponds to the large squeezing parameter, > /6. For
future convenience, we provide an explicit matrix representa-
tion of the “magnetic” term,

Qr = Qgs, (16)

' - —g 0 0
g(62n1/3Z + 6—27”/32'}') =10 —g 01]. (17)
0 0 2
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As shown, the single-excitation sector Hgg,; of the QB
ring [Eq. (6)] indeed realizes the Z3 Rabi model (1). More-
over, the mapping is exact. We note that superconducting
qubit platforms are natural for engineering the interaction [Eq.
(6)], although analogous constructions are possible for other
platforms as well. For example, the optomechanical system
implements slightly more general interaction Vg than that of
Eq. (6). However, it can still be mapped to the Z3 Rabi model
[28]. The general Vg is discussed in Appendix A.

Why so complicated?

The suggested implementation of the Z3 Rabi model from
the previous section is considerably more complicated than
the setups for the usual Z, Rabi model. Indeed, in order to
obtain the Z, Rabi model, it is enough to simply couple a qubit
with a boson [36]. Therefore, one may wonder whether these
complications are truly necessary. We argue that they are,
because straightforward generalizations of the Z, Rabi model
to higher Z, symmetries encounter fundamental obstacles. In
this section, we provide some arguments to explain why this
is the case.

There are two most common ways to get a two-level
quantum system. It is possible to use a spin as a two-level
system [37-40] or two levels in an anharmonic oscillator.
For instance, in the latter case, the Rabi model describes
a superconducting qubit coupled to a cavity [29,35,41-45].
Therefore, in order to get a Z, Rabi model, one has to take
either a spin or an anharmonic oscillator and couple it to a
bosonic mode using the interaction term V = 6 Rpos0n, Where
o is the Pauli matrix.

Both ways are easily generalized to the Z3 case. Using a
spin-1 system might seem natural, but in this case the interac-
tion is realized by the spin-1 s* matrix:

0 V2 0
s=|+v2 0 V2. (18)
0 /2 0

It is easy to see that s* is not Z3 symmetric. In other words,
the nice properties of the spin-1/2 (two-level) Pauli o* do not
generalize to the spin-1 case. This does not prove that building
a Zs-symmetric system (or higher Z,-symmetric systems)
out of spins is impossible (we have shown one way to do
it in the previous section). However, it illustrates why more
intricate constructions are required to realize higher discrete
symmetries.

Similarly, if we try to use the three lowest levels of an
anharmonic oscillator, the truncated coordinate operator is not
73 symmetric,

Y
Gm=—|1 0 V2. (19)
V2o V3 0

As a result, the Z, Rabi model based on the anharmonic
oscillator does not directly generalize to the higher Z, Rabi
models as well.

These obstacles make an experimental realization of Z,
Rabi models nontrivial, which motivates our proposal. The
rationale provided in this section is in no way a formal proof.
However, the argument should serve as an intuition as to why

T T
Ly Bl Io Q1
Cy Co
\ [ ) \ I )
T T o
Ly B2 Io Q2 Iy
Cy Co Iy
\ I ) \ I )
T T O I
Ly B3 I Q3 R
Cy Co
~ I ) \ I )

FIG. 1. Superconducting-circuit implementation of the two-
mode Z; Rabi model Hg defined in Eq. (1). The full circuit is
described by the Hamiltonian of the qubit-boson ring Hgg, defined
by Eq. (6), while the Z; Rabi model Hg corresponds to its single-
excitation subsector. The LC circuits (Lg, Cg) host the bosonic modes
B1, B2, and B3 (marked by the magenta color); the charge qubits
(Ig, Cq) correspond to the qubit degrees of freedom Q1, Q2, and Q3
(marked by the cyan color); and Josephson junctions I give rise to
the interaction term in the qubit-boson-ring Hamiltonian Vg [see
Eq. (6)]. Note that the qubit elements here are represented by Cooper
pair boxes (CPBs) for simplicity, while the actual implementation re-
quires a more sophisticated variant of a charge qubit; see Appendix B
for details.

the Z3 Rabi model is less straightforward to engineer than its
more well-known Z, analog. The model we proposed in the
previous section solves this problem by having an inherent Z3
symmetry originating from the translational symmetry of the
qubit ring.

C. Superconducting-circuit implementation

In this section, we discuss how to implement the QB-ring
Hamiltonian (6) in a superconducting qubit system. The ob-
vious choice for bosonic modes is a cavity (modeled by an
LC circuit for our purposes). For the degrees of freedom of
the qubits o, we consider superconducting charge qubits
[46-49], because we require the qubit eigenstates to be charge
eigenstates, as we explain in the following. An extensive
discussion on the charge qubits that we use is provided in
Appendix B. Here, we only want to comment that the qubit
eigenstates are |0) and |1) defined by 71]0) = 0]0), 71]l) =
1]1), where 7 is the capacitor charge operator (in units of
2e¢). Below, to denote a linear span of these states, we use
Vi = Span{|0)x, |1)}, where k is the qubit index on the ring.

Figure 1 shows a superconducting realization of the three-
site QB ring (Sec. II B). Each horizontal branch of the circuit
corresponds to one site i = 0, 1, 2 of the ring. The ith boson
Bi and qubit Qi are implemented by the LC circuit and the SC
qubit on the ith branch, respectively. The Josephson junctions
in the vertical segments (right side of the figure) couple the
branches and are responsible for the interaction term in Hqg
from Eq. (6) [50-54]. In Fig. 1, the characteristic parameters
of each circuit element are indicated. Each LC circuit has
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capacitance Cg and inductance Lg. The island of each qubit
has a JJ with a critical current I and a capacitance Cq. The
JJs in the coupling on the right have a critical current Ig.
For clarity, we omit any elements that are necessary for an
actual experimental implementation, e.g., readout resonators,
flux-bias lines, and filtering components.

Next, we argue why this circuit models the Hamiltonian
(6). Without the coupling JJs, the LC circuits and qubits
do not interact with each other and are described by a free
Hamiltonian:

2 2
H =Y Hicii, )+ Y Hoi@ihi),  (20)

i=0 i=0

where cj;i = Ci>i /®o and §; are the normalized magnetic flux
and the capacitor charge of the ith LC circuit, respectively.
Here, &y = 1/(2e) is the magnetic flux quantum, with / being
the (nonreduced) Planck constant and e the electron charge.
On the other hand, @; and #; are the JJ superconducting phase
and the capacitor charge of the ith qubit. The Hamiltonian
of the LC circuit is Hyc; = c}iz/(ZCB) + 43,-2/(2LB). We leave
the microscopic details of the qubit Hamiltonian H ; unspec-
ified (beyond being a charge qubit) so that this framework
can accommHg ;odate different qubit designs. However, we
do require that in the two-dimensional subspace spanned by
|0;), |1;), the qubit Hamiltonian reduces simply to

Hq = €0y, 21)

_ <<0,<|HQ|0,<>

(0i|HQ|1i)>
(1:1Hq)0;)

v (1;|Hq|1;)

where the qubit states |0;), |1;) are the charge operator eigen-
states fl,|0,) = N|O,> and fl,|1), = (N+ 1)|1),, with N € 7.
The qubit Hilbert space V; = Span{|0;), |1;)} is a compu-
tational subspace of the full Hilbert space of the system
implementing the qubit, Hq ;. Due to this property, the op-
erator e'% acts on the qubit subspace V; as a raising operator:

0;1e'%10; 0;le®[1;
[ {Oile™10:) |€.A.| ) — ot 22)
(Lile™[1;)

v <<1,-|ef¢’f|0,->

i

since we have [/, 7] = ¢%.

Connecting the ith and (i 4 1)th circuit branches with a JJ
closes a superconducting loop. The flux quantization condi-
tion for the loop is

bi + i + br — iy1 — b1 = 27N, where N € Z. (23)
In other words, the superconducting phase @ of the coupling
JJ is not an independent degree of freedom; it is fixed by the
phases of the adjacent nodes. Therefore, for the corresponding
term in the Hamiltonian, we obtain

[OXY n
OR cos(dr)
2T

VscoB,j =

Dol A R A n
= cos(Pj + @j — Qjr1 — 1) (24)

Projecting this coupling term onto the two-level subspaces of
qubits j and j + 1 yields the following:

VscoB,j = %(ei@j—@_m)ei(q’;_;—ﬂgﬁl) +H.c.)
V/®V,‘+] 47[ V_,'@V/‘Jrl
LORY U
= %(ez(‘ﬁj*‘ﬂfﬁ-l)ajfro.j;l +H.c.). (25)

Here, we used the fact that e act as ladder operators for
the charge qubit. This justifies the need specifically for charge
qubits rather than flux or phase qubits.

The Josephson junction coupling between two pairs of an
LC circuit and a charge qubit gives us precisely the interaction
term we wanted. As a result, we conclude that the system
depicted in Fig. 1 is described by the Hamiltonian (6). The
couplings of the QB-ring Hamiltonian can now be expressed
via the circuit parameters in the following way:

462n0ff Q 1
€= —, B — )
Co BT JIsCs
462 LB ZB (DOIR
= [ oonfh = UK (26)
L\ G Rg 4

where we introduced the superconducting resistance quan-
tum Ry = h/4e* ~ 6.5k and the LC circuit impedance
7 = +/Lg/Cg. For details on the computation of €, see
Appendix B. Applying the argument from Sec. II B, we de-
duce that the circuit is described by the Z3 Rabi model.

It is important to highlight that in the proposed circuit
the qubit is coupled to the LC circuit inductively via a JJ.
However, the Z3 Rabi model does not fully describe the cir-
cuit, but is only simulated on this circuit. Consequently, the
effective coupling between the qutrit and the boson modes in
the Z3 Rabi model behaves as if it is a capacitive coupling,
i.e., scales with Zé/ ? instead of Zy /2 This is explained by the
fact that we first transform the Hamiltonian to the form shown
in Eq. (11), where the interaction term ; p jaj looks like
a longitudinal capacitive coupling (in cQED, the momentum
is the charge). As a result, to reach the deep-strong-coupling
regime, we require a high-impedance resonator. Specifically,
since we want to have the squeezing parameter to be large,
n > /6 [cf. discussion after Eq. (16)], we need the impedance
to be larger than the superconducting resistance quantum,
Zg > (6/2m)Rq ~ Rq. For the standard resonator with Zg =
50 €2, the deep-strong-coupling regime is not achievable since
the squeezing parameter is small, n> ~ 0.05. However, the
large impedance Zg can be achieved via superinductors.
They evade the vacuum-impedance bound because their in-
ductance is kinetic [55,56] or ultracompact geometric [57].
Superinductor-based resonators with impedances of several
Rq have been demonstrated [57,58], and kinetic superin-
ductances with microwave impedance above 160 kS2 ~ 25Rq
have been realized [59]. Therefore, while the requirements to
achieve the deep-strong-coupling regime are challenging, they
are within the experimentally feasible range.

Finally, two practical notes are in order. (1) Replacing each
coupling JJ by a dc superconducting quantum interference
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device (SQUID) makes g o Igx tunable and allows us to
imprint controlled phase offsets around the ring, thereby re-
alizing the “magnetic” term with a phase different from that
in Eq. (17). (2) The device can be initialized at g >~ 0 with
the three qubits and three LC modes effectively decoupled;
the adiabatic ramp of g then reaches the target operating
point, while the standard dispersive readout on the auxiliary
resonators provides state discrimination. Taken together, these
considerations make the circuit in Fig. 1 a realistic platform
for probing Z; Rabi model dynamics across coupling regimes
without invoking a rotating-wave approximation (RWA). The
effects of the disorder on the present construction are dis-
cussed in Appendix C.

D. Optomechanical implementation

Another possible physical platform for the Z; Rabi model
is an optomechanical system consisting of three ions whose
vibration modes are bosonic degrees of freedom. They are
connected by a chiral circular waveguide that acts as an inter-
action medium between the spins and the vibrational phonons
(first proposed in Ref. [28]). Although challenging to realize,
this platform illustrates the generality of our approach. In
this section, we outline how the Z3 Rabi model arises in this
model; for the extended discussion, we refer the reader to the
original paper [28].

The optomechanical model in question is described by the
following Hamiltonian:

2 2
Hom = Z ;kézék + € Z (T; + hQom Z B;I;j
X =0 =0

2 oo
+r Y lof e el pmel @)
=0 k=0

where éj (¢;) is the chiral waveguide photon creation (annihi-

lation) operator; (rj?, o j+,

freedom; 13: (13 ;) are the ion vibrational phonon creation (anni-
hilation) operators, with &; = /i/2MSQ20om)(b; + B;) being
the canonical coordinate operator; and R¢; is the equilibrium
(average) position of the jth ion, with R being the radius of
the waveguide. The waveguide photon dispersion is {; = vk,
€ is the Zeeman splitting, oy is the phonon frequency, and y
is the coupling strength. The photon momentum is quantized,
and due to the chiral nature of the waveguide, the photons
travel only in one direction.

Using the Schrieffer-Wolff transformation [60], we can
integrate out the photon degrees of freedom to get the Hamil-
tonian in the desired form:

and 0" act on the ion qubit degree of

2 2 2
PO Yy R
Homefr =€ Zaf + iQom Zb}bj -5

=0 =0 i<j
X [iofafei(e/”)R‘ﬁ"fe"”(g"%j*éf*gj) +H.c], (28)
where n = (€/v)s/h/(2MQom ), M is the mass of the trapped

atoms, and ¢;; = ¢; — ¢;. The Hamiltonian is a bit different
from Eq. (6). It is treated in Appendix A and gives rise to the

following Z3 Rabi model:

y*R

2hv

+ iQom(@lay + ajas)

hS0omn
6172

which differs from the Z; Rabi model we obtained in the

superconducting-circuit realization only by the finite phase

¢ = —5m /6 of the Z3 “magnetic” term. For convenience, we
provide the explicit matrix realization of the “magnetic” term:

2 2 1 0 0
—y R(e—m'/6z+em’/622) _ V3y?R

0o -1 0
2hv 2hv 0 0 0

HR/ — _ (e—ﬂi/6Z+eﬂi/6zT)

[@+a)X +@+aDx'], (29

. (30)

As one can see, the nonzero phase ¢ leads to all the eigenval-
ues being nondegenerate [cf. Eq. (17)].

Let us briefly comment on the magnitude of 7 attainable in
this platform. For optical transitions of trapped ions in stan-
dard traps, the squeezing parameter reaches n ~ 0.1. While
larger 7 is not strictly impossible, it remains an experimental
challenge. We therefore regard the optomechanical construc-
tion (27) primarily as an illustration of the generality of the
qubit-boson-ring mechanism (cf. Sec. II B), while the super-
conducting circuit of Sec. IIC constitutes the quantitatively
feasible platform.

III. Z; POTTS MODEL

A. Theoretical description

The Z5 Potts model [61] is a one-dimensional chain of
three-level systems (qutrits) with a global Z; symmetry.
Originally, it appeared in the context of statistical physics
as a generalization of the Ising model [61,62]. Today, the
Potts model is relevant for qudit-based quantum computation
[63,64]. However, direct experimental realization of the Potts
model has not yet been achieved. One of the goals of this
paper is to propose an experimental realization using Z3 Rabi
models as building blocks. To achieve this, we generalize
the idea of building an Ising model by coupling a chain of
Z, Rabi models, proposed by Hwang and Choi [25], to the
Z3-symmetric case.

The Hamiltonian of the Z3 Potts model with open boundary
conditions is given by

L
Hp = fp Z(€i¢Zm +e 77

m=1

L-1
I > (XX + X1 X)), 31)
m=1

where X,,, and Z,, are the shift and clock matrices (2) that act
on the mth qutrit. Here, fp describes the strength of a single-
site potential and Jp is the coupling strength of Z3-symmetric
nearest-neighbor interaction.

As we have already discussed, it is difficult to obtain the
symmetry Z3 in a chain of an arbitrary three-level system.
However, we have already learned how to construct a Z3 Rabi
model, which we can now use as a building block for the

043046-6



FROM COUPLED Z; RABI MODELS TO ...

PHYSICAL REVIEW RESEARCH 8, 043046 (2026)

Z3 Potts model. In the rest of this section, we proceed in
the following way. We first assemble a chain of the Z3 Rabi
models. Then, the three cat states in the mth Z5 Rabi model
(4) are identified with the three states on the mth site of the
Potts model | j),, = [/;)m for j =0, 1, 2. In the deep-strong-
coupling limit of the Rabi model (1), A > hQg, the higher
energy states are effectively decoupled from the |/;) states.
It is convenient to build the Potts model from the Rabi
models, since the boson degrees of freedom in the latter allow
us to obtain a Z3-symmetric interaction. The reasoning is
simple: The Rabi model’s Z3 symmetry acting on bosons is
a residue of a usual boson U(1) symmetry. Consequently, a
U(1)-symmetric coupling between the Rabi models also sat-
isfies the Z3 symmetry. The simplest U(1)-symmetric boson
interaction is just a hopping term & &,,+1 + H.c. As aresult, in
order to obtain the Z3 Potts model, we need to take a chain of
Z3 Rabi models and couple them by the boson hopping term:

L L-1 2
Hi chain = ) Hiow +J Y > (@} lmire + 2, yami),
m=1 m=1 k=1
(32)
where m = 1, ..., L labels the chain sites and k£ = 1, 2 labels

the two bosonic modes. We claim that this Hamiltonian gives
us precisely the Z3 Potts model when we restrict it to the
Hilbert space ),, R, generated by the three cat states on the
mth site.

Within the Rabi qutrit subspace R,,, the operator d,, ; acts
as a permutation between the cat states, as can be seen from
Eq. (4):

A |Vi)m = AJAQR)Wir1)m,
a2 [Yidm = O RQR)|Wi—1)m- (33)

The first and second mode annihilation operators act as oppo-
site cyclic permutations. The action of the creation operator is
slightly more complicated:

al i)m = AJRQR)Wi—1)m + 18L1),
&m,zh/fi)m = ()\/FlQR)IwH-l)m + |8J_,2>’ (34’)

where |6, 1) and |6, ») are components orthogonal to the
cat-state subspace R,,, which satisfy (6, x|6, x) = 1. In the
deep-strong-coupling regime A/hQ2g > 1 (see Refs. [65,66]),
we can neglect |5, ). As a result, within the Rabi qutrit sub-
space R,,, both the creation and annihilation operators act as
cyclic permutations,

am 1R, = (A/AQR) X,
amolr, = (/IQR)X,),
al Iz, ~ (/)X

a5z, ~ (L/hS2R)Xo. 35)

Consequently, in this sector the chain of coupled Rabi models
is equivalent to the Potts model:

2
Z AT A At A
J (am,kam-‘rl,k + am-‘rl,kam,k)
k=1

=200/ AQR)YT (X X,h oy + X1 X,0). (36)

In summary, a chain of Z; Rabi models coupled by bo-
son hopping implements the nearest-neighbor term of the Z;
Potts Hamiltonian, in which the degrees of freedom of the
qutrit are formed by the Z3 Rabi cat states (4). Compar-
ing Eqgs. (36) and (31), we see that the coupling parameters
are related as Jp = 2(A/hQR)%J. On the other hand, the
single-site terms fp(¢’®Z,, + H.c.) originate from the small
energy splitting of the Z3 cat states [Eq. (5)], which is
controlled by the parameter B. The mapping requires the deep-
strong-coupling regime A/AQ2g > 1 and the scale separation
Jp, fo K Mk.

Qubit-boson-ring point of view

Previously, we showed how to construct the 73 Potts model
out of a chain of Z5 Rabi models. However, each Rabi model
is implemented by a QB ring (see Sec. II B). Here, we show
how these QB rings should be coupled to obtain the boson
hopping [Eq. (32)]. It turns out to be quite straightforward.
The hopping terms between the QB ring bosons lAJmA, ; and
b’ ; give us precisely the hopping terms between the 73 Rabi

m,
model bosons &, ; and &fn « since the Fourier transform does
not change the form of the boson hopping:

2
N At A
E (bm,jbm+1,j + bm_;,_],jbm,j)
Jj=0

2
= > (b}, (b1 (k) + B, ()b (k). (37)
k=0

where Em(k) and IA)I” (k) are the Fourier-transformed QB ring
bosonic modes. Taking into account that by definition we have
amk = bu(k) and &, = bf (k) for k=1 and 2, as written
after Eq. (15), we immediately obtain the desired form of
the interaction [Eq. (32)]. Also, we have a hopping term for
the zero-momentum bosonic modes 13,,,(0) and EL(O). Since
it decouples from the rest of the system (cf. Sec. IIB), we
ignore it.

Using Eqgs. (5), (16), and (36), one can check that the
couplings in the Potts Hamiltonian can be related to the un-
derlying QB ring parameters in the following way:

2 2
n n~J
= -—— ), JSh=— 38
Jp=gexp ( > ) P= (38)

Thus, we see that the Z3 Potts model can be realized using
a chain of the QB ring units, each implementing the 73 Rabi
model. In the following, we illustrate this proposal with a
specific superconducting circuit (Fig. 3).

B. Coupled superconducting Z3; Rabi models as the Potts model

Having explored the theoretical construction of the Potts
model based on a chain of coupled Rabi models, here we show
how to implement the Potts model using superconducting
circuits. We consider a chain of superconducting circuits that
simulate the Z3; Rabi models (see Sec. II C). Next, we need
to couple the neighboring Rabi models with a boson hop-
ping term to get the Hamiltonian (32). As we have shown in
Sec. IIT A, we must couple the boson modes of the neighbor-
ing QB rings pairwise to achieve this. Therefore, we connect
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FIG. 2. Schematic illustration of the optomechanical implemen-
tation [28] of the two-mode 75 Rabi model Hy/, given by Eq. (29).
The red spheres depict trapped ions carrying two-level systems; their
vibrational modes are the bosons from the qubit-boson-ring Hamil-
tonian Hgp in Eq. (6). The blue ring is the chiral waveguide that
facilitates the interaction in the qubit-boson ring. The full system is
described by the Hamiltonian Hoy as defined in Eq. (27).

the corresponding LC circuits of the neighboring QB rings by
capacitive coupling (Fig. 3).

After going from the Lagrangian to the Hamiltonian de-
scription, the nearest-neighbor capacitive coupling induces
an all-to-all coupling among the canonical momenta. How-
ever, this complication can be ignored assuming that the
capacitance responsible for the coupling of the nearest-
neighbor Rabi models is much smaller than the cavity
capacitance, Cp < Cg [36]. In this limit, the nearest-
neighbor coupling turns out to be proportional to Cp/C3;
capacitors are

Cr

VP,m,j = _W(CIAm-&-l,j - qu,j)z
B
2€2Cp A2 )
= C2 (nm,j + nm+1,j)
B
€2Cp A ag Aproa
e (b, ;b1 j — by jomsrj +He),  (39)
B

FIG. 3. Superconducting-circuit implementation of the Z; Potts
model (31). It is composed of a chain of coupled superconducting cir-
cuits Ri, withi =1, 2, ..., L (only the first two are shown explicitly
in the figure), each representing the Z; Rabi model (see Fig. 1). The
full circuit is described by the Hamiltonian (32). In the notation for
circuit elements, the subscript “B” denotes elements that correspond
to boson degrees of freedom; the subscript “Q” denotes elements
hosting qubits; the subscript “R” denotes elements responsible for
the interaction in the qubit-boson ring; and finally, the subscript “P”
denotes elements that give rise to the interaction in the Potts model.

where we expressed the charge g, ; through the
creation and annihilation operators, §, ;j = 2efi;, j = i2en
(by, ; = b /N2

We now neglect the terms 7, ; and 7, ; in Eq. (39)
because they simply renormalize the parameters of the Rabi
model. Additionally, the capacitor coupling produces unbal-
anced terms Bm jIQL +1,; and by, jbmy1.;. However, we can
eliminate them with the rotating-wave approximation. For
RWA to be applicable, we require /iQqp > ¢’Cp/n*Ca,
which, after simplification, turns out to be equivalent to Cp <
Cg. After applying the RWA, we are left precisely with the
hopping term between the bosonic modes of the neighbor-
ing Rabi models. Consequently, according to Sec. III A, the
superconducting circuit in Fig. 3 implements the Z3 Potts
model. The coupling parameters of the resulting Potts model
are related to the circuit parameters as follows:

Dol 202 Ly eCp
- 2R =22 40
fo= 7P| = Cs Yo" (40)

In summary, we propose the superconducting circuit (see
Fig. 3) that simulates the Z; Potts model. The required pa-
rameter range includes

(1) Rabi deep-strong-coupling regime,

n [2¢? [Lg
— =,/=—=J=>1
V6 3n\ Cs
(2) Potts model parameters must keep the dynamics within
the cat-state qutrit subspace,

eZCp h
3C2

(40a)

JP == < bl
v LsCs

CD()IR 26‘2 LB h
= exp| - /= | €« —; 40b
fP 47 P h CB < «/LBCB ( )

(3) RWA being valid and the capacitive coupling being
local,

(40c)

All these requirements should be achievable for the present
stage of superconducting-circuit platforms. As a result, we
believe that our setup is feasible for experimental realization.

Concrete example

As a concrete example, take Lg ~ 0.3 pH and Cg =
3 fF, which lie within the demonstrated device space of
Josephson-array, granular-aluminum, and geometric superin-
ductors [56-58]. This yields Qqp/27 ~ 5.3 GHz and Zg ~
10 k€2 = 1.6 Rp; hence, n ~ 3.1 and A/hQ2g &~ 1.3. Coupling
junctions with Ig ~ 1.6 nA (E; g/h ~ 0.8 GHz, tunable in
situ when implemented as dc SQUIDs) give B/h = g/h =
0.4 GHz, i.e., B/hiQqp ~ 0.08 and fp/h ~ 3 MHz. Inter-ring
coupling capacitances Cp =~ 3-30 aF give Jp/h ~ 4-40 MHz.
All conditions (40a)—(40c) are then satisfied with at least two
orders of magnitude of margin (fp/iQqs, Jp/hQ0m < 1072
Cp/Cp < 1072, so that the counterrotating scale esz/ nZC]%
eliminated by the RWA remains in the megaheartz range),
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FIG. 4. Schematic illustration of the OM implementation of the
Potts model. It consists of several concentric OM implementations of
the Rabi model, i.e., several concentric cyclic chiral waveguides and
three trapped ions on top of each waveguide. The notations follow
those in Fig. 2.

while fp and Jp exceed by one to three orders of magnitude the
linewidths « /2w ~ 10-100 kHz typical of high-impedance
resonators with internal quality factors 10*~10° [56-58]. We
therefore conclude that the circuit of Fig. 3 is feasible with
present-day superconducting-circuit technology.

C. Coupled optomechanical Z; Rabi models as the Potts model

In principle, we can construct an optomechanical im-
plementation of the Z3 Potts model by similarly coupling
multiple Z3 Rabi units. However, the geometry is a bit more
peculiar due to the use of a circular waveguide in the op-
tomechanical Rabi setup. To build the optomechanical Z3
Potts model, we arrange the optomechanical Z3 Rabi models
concentrically (see Fig. 4). On the one hand, the radius of
the waveguide does not affect the parameters of the model.
Furthermore, placing the ions of neighboring Rabi models
close to each other generates an effective phonon-phonon
coupling via the Coulomb interaction [67,68]. The phonon-
phonon coupling between the neighboring Rabi models leads
to the same effective Hamiltonian (32), realizing the Z3 Potts
model as described in Sec. III.

D. Chiral clock model and parafermions

In this subsection, we briefly review the Z; chiral clock
model. It is a generalization of the Z3 Potts model that has a
chiral nearest-neighbor interaction:

L
Ha=f" (" Zy+e 7))

m=1
L—-1
+ I Y (@ XX+ e X X)), (4D)
m=1

In other words, it is obtained from the Z3 Potts model (31) by
allowing for a complex nearest-neighbor coupling J'e®".

In the construction described in Sec. III, the interaction
parameter J' originates from the interaction between bosons
of the neighboring QB rings. Hence, if we want to engineer
the chiral clock model, we have to find a way to create a
chiral boson hopping. Chirality arises when hopping between
bosonic modes acquires a complex amplitude, so that exci-
tations accumulate a nontrivial phase when moving around a
closed loop. In general, such a complex hopping term

Hyy = ge¥mala,, + Hec. (42)

corresponds to a synthetic gauge field, with the directed phase
factors ¢,,, acting as Peierls phases. The net phase around a
plaquette defines an effective magnetic flux that breaks time-
reversal symmetry and leads to the chiral transport of photons
or phonons.

In trapped-ion arrays, the bosons are vibrational phonons.
Coupling between the phonons is engineered through the
Coulomb interaction combined with laser-induced forces. By
introducing a static gradient in trap frequencies and applying
periodic modulation (photon-assisted tunneling), the effective
phonon hopping becomes resonant and inherits the phase
of the driving field. Adjusting laser phases thus imprints
controlled Peierls phases on the phonon couplings, produc-
ing synthetic fluxes that enable chiral phonon propagation
[67,69-73].

In superconducting circuits, the bosons are microwave
photons in resonators or qubits. Here, Josephson junc-
tions provide nonlinear couplers whose effective interaction
strength can be modulated parametrically by flux or multitone
microwave pumping. When the pump frequency matches the
detuning between two modes, frequency-converting tunneling
occurs with an amplitude set by the pump strength and a phase
set by the pump phase. Embedding such complex hoppings in
a ring of modes yields a net synthetic magnetic flux, leading
to unidirectional photon circulation [74-77].

Assuming that we obtained the chiral coupling in one of the
ways described above, we now want to discuss what physical
effects the complex coupling causes in the chiral clock model.
The most interesting consequence is parafermion physics
[78-81]. The duality between the chiral clock model and the
parafermion chain is a generalization of the duality between
the Ising model and the Kitaev chain that displays Majo-
ranas [82]. The mapping between the degrees of freedom
of qutrit and parafermion is achieved via a generalization
of the Jordan-Wigner transformation, the so-called Fradkin-
Kadanoff (FK) transformation [83]:

Fm = 1_[ Zm/Xma Am = 1_[ Zm’Xm~ (43)

m'<m m'<m
Here, TI';, A; are parafermion operators that sat-
isfy the following commutation relations: I',I'y =
IO Ty Ay = @A LA, and

LAy = oSEm=mA T,

Using the FK transformation, it is easy to show that the
chiral clock model is equivalent to a parafermion chain. The
issue is that the FK transformation is nonlocal. In terms of

parafermion operators, the chiral clock model Hamiltonian
(44) reads

L
Hap = Y (¥ TpAf, + ¢ A,T)
m=1

L-1
FI Y (€ AT e T AL (44)

m=1

On the other hand, it is well known that the parafermion
chain hosts a topological phase with the parafermion edge
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modes [78]:

f/

— O+, 45
T S )

Fedge =TI

where O is a known combination of parafermion operators
at the first lattice site and the ellipses represent higher-order
terms. This expression also clarifies why we require the chiral
coupling (44). For the parafermion edge mode to be localized,
the expansion parameter must satisfy f’/(J'sin(36")) < 1.
However, in the nonchiral case, 6’ = 0, the expansion param-
eter diverges.

IV. CONCLUSION

We established a hierarchy of Z;-symmetric models. First,
we have shown that the single-excitation sector of the qubit-
boson ring [Eq. (6)] can be mapped to the Z3 Rabi model (1).
Then, we considered a chain of coupled Z; Rabi models, each
hosting an individual qutrit degree of freedom. The resulting
chain simulates the Z; Potts model. In the QB ring, the Z3
symmetry appears as a discrete rotation; upon projecting to
the single-excitation manifold, it acts as an internal symmetry
that is inherited by the coupled-block construction of the Z3
Potts Hamiltonian.

Our main goal was to suggest a way toward an exper-
imental realization of the Z5 Rabi and Potts models. The
superconducting circuit we proposed is experimentally feasi-
ble. However, this approach does not have to be limited only
to superconducting-circuit platforms. For instance, we believe
that a similar strategy could work for spin-qubit systems,
though this remains a topic for future research.

More broadly, our work highlights the intriguing potential
of Z,-symmetric systems within condensed matter physics.
These systems present fertile ground for discovering novel
quantum phenomena, many of which remain to be fully un-
derstood or described.
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APPENDIX A: QB RING GENERALIZATION
TO AN ARBITRARY INTERACTION MATRIX

In this Appendix, we summarize how the derivation in
Sec. IIB extends to a QB ring with the most general
Z3-symmetric form of the interaction between different qubit-
boson pairs. The system is described by a direct generalization
of the Hamiltonian (6), which reads

2 2
ngn =€ Z:O‘jZ + A2 Z&I&J + Vgena
j=0 j=0

2
_ E : = iRk
Vgen =8 Ajko-.,' Oy e k)s
J-k=0

(AD)

where the position indices are periodic, j = k = 0 = 3, and
the interaction matrix is Hermitian A" = A. Applying the
same sequence of steps as in Sec. IIB, i.e., the momentum
translation S, the Fourier transform, the restriction to the
single-excitation sector Hqg,1, and final basis transforma-
tions, we obtain a Hamiltonian that has the same form as
that in Eq. (15). The only difference is that the qutrit term
g(e¥3Z + e727377)in Eq. (15) is replaced by gX THAH X,
where H is the Hadamard matrix. Taking into account that
A is Hermitian and commutes with Z3 symmetry, the qutrit
term can be written in the canonical form gHAH™ = g(e'*Z +
e~ Z"), where the parameters g and ¢ depend on the matrix A.

In the superconducting implementation, one has A = X +
X" (here, A is a 3 x 3 matrix), thereby recovering the special
case treated in Sec. IIB. On the other hand, the optome-
chanical realization of the QB ring in Eq. (28) gives rise to
a different interaction matrix, A = —iX + iX'. Nevertheless,
the logic stays exactly the same. As a result, in the optome-
chanical implementation of the Z3; Rabi model, we obtain
a different phase for the qutrit term, gHAH ' = g(e™™/°Z +
%71 [see Egs. (29) and (30)].

APPENDIX B: CHARGE QUBIT FOR THE Z; RABI MODEL

Here, we provide details on the superconducting qubit
architecture used in Sec. II C. While the CPB qubit is prob-
ably the most well-known type of a charge qubit, it is not
suitable for our purposes because its eigenstates are not
charge eigenstates but rather their symmetric/antisymmetric
superpositions. In other words, in the charge basis, the CPB
Hamiltonian is proportional to o*. This is undesirable because
in this case the Hamiltonian of the qubit chain does not com-
mute with the total qubit-excitation-number operator S°.

Therefore, we need some other type of charge qubit. Re-
call that in the CPB Hamiltonian, the o* term arises from
the Josephson junction. Thus, removing JJ, one obtains a
Hamiltonian proportional to ¢ in the charge basis. While
this approach solves the issue with the Z3 symmetry, such
a system cannot be called a qubit because of the absence of
nonlinearity.

Thus, we want two things simultaneously: (1) The Hamil-
tonian must be proportional to o in the charge basis, and
(2) in the qubit circuit, there must be JJ that provides the
nonlinearity. The solution satisfying both requirements turns
out to be a higher-harmonic Josephson junction. Usually it
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FIG. 5. Second-harmonic CPB qubit used for a superconducting-
circuit realization of the Z5 Rabi model, as shown in Fig. 1. (a) The
electric circuit of the second-harmonic CPB qubit. (b) The capaci-
tor potential in Eq. (B4) for ny = 0.45 = 0.5 — 0.05. The red dots
indicate the eigenenergies of the second-harmonic CPB qubit.

is neglected, but strictly speaking the JJ Hamiltonian always
includes higher harmonics:

Hy =Ey, cosq3 + Ej» cos(2q§) +---, (B1)

where (]3 is the superconducting phase and Ej ; = Ip ;$o/(2m),
with &y = 2w /i/2e being the superconducting magnetic flux
quantum and I ; being the critical current of the ith harmonic
of the Josephson junction.

In practice, the higher harmonics are usually considerably
weaker: Ej, < Ey;. However, if we completely eliminate
the first harmonic, the second harmonic becomes dominant.
The second harmonic, on the one hand, can help to suppress
the noise and, at the same time, does not induce any coupling
in the qubit subspace:

cos2¢|,, = L 4 e72[¢§)|v =@+ (@) =0.
(B2)

In order to eliminate the first harmonic, we can use a super-
conducting quantum interference device [84]. If the magnetic
flux through the SQUID is tuned to ® = 7, then the SQUID
Hamiltonian reads

Hsquip = Ey 1 cos(@) + Ej» cos(2¢)
+ Ey cos(p + ) + E;» cos(2¢ + 2m)
= 2Ej; cos(2¢), (B3)

which has the desired form with only the second harmonic
being present.

Consequently, using the second-harmonic JJ we can
construct a charge qubit, which we refer to as the second-
harmonic CPB qubit, described by the Hamiltonian (see
Fig. 5)

4e* 5 N
H = —@(1—ny)” + 2Ej, cos(2¢). (B4)
2Cq ’
Here, we have the capacitor energy Ec = 2¢?/Cp. By bias-
ing the offset charge slightly away from the symmetric point
(np = 0.5 — negr with neg < 1), the low-energy Hamiltonian
of the qubit becomes

462noff

= ——0O

Ho= = (B5)

Hence, we obtain the qubit Hamiltonian proportional to o, as
. 2 . .
desired. Here, we assume that ;%Q > 2Fj ; i.e., the charging

energy dominates over the Josephson energy, as is usually the
case for a charge qubit.

To conclude, the suggested charge qubit consists of a ca-
pacitor and a second-harmonic JJ. One can think of it as a
modified version of a Cooper pair box qubit. Here, we only
briefly describe its blueprint to further support the implemen-
tation proposed in Sec. II C.

APPENDIX C: EFFECTS OF DISORDER
IN THE SUPERCONDUCTING IMPLEMENTATION
OF THE Z; RABI MODEL

1. U(1) symmetry-breaking disorder

In this Appendix, we discuss the effects of disorder on the
qubit-boson ring [Eq. (6)]. First, consider a U(1) symmetry-
breaking term. It breaks the conservation of 8%, the total
number of qubit excitations. The U(1) symmetry is broken

by a small misalignment of the Zeeman terms with the Z
direction:

2

HQB,dis = HQB + Z A‘]'O'])F. (Cl)
j=0

As explained in Appendix B, for the superconducting-circuit
realization of the qubit-boson ring, the condition of vanishing
disorder A; = 0 relies on the fine-tuning of the SQUID mag-
netic field. Therefore, in a realistic setting, a small detuning is
inevitable: A; = Ig, 1 ®o/(27) sin(AD;).

As a result, the qubit-boson-ring Hamiltonian no longer
commutes with the S* operator [85], [Hgg,dgis, S°] # 0. This
means that the exact mapping to the Z3 Rabi model derived
in the main text does not hold anymore. However, assuming
that the disorder is considerably weaker than other parameters
in the Hamiltonian, we can still hope that the dynamics
remains approximately that of the Rabi model. An ana-
lytic estimate is somewhat cumbersome, and we rely on
numerical simulations of the qubit-boson ring. The re-
sults are shown in Fig. 6. The figure shows the time
evolution of (S%(¢)) for various strengths of the disorder.
The simulation indicates that for small disorder the evo-
lution of the qubit-boson ring stays sufficiently close to
the single-excitation subspace H;, as (S%(¢)) =~ —1 at all
simulated times. We speculate that even when S° is not
strictly conserved, the spins of the system collectively pre-
cess around the S = —1 direction, effectively keeping (S%)
near —1.

2. 73 symmetry-breaking disorder

Now, assuming that conservation of S° is maintained
(Aj =0), we examine a different type of disorder: spatial
variations in the system parameters. In an inhomogeneous
qubit-boson ring, the Z3 symmetry is obviously broken. How-
ever, we want to investigate how this disorder manifests itself
after the projection onto the single-excitation subspace. The

043046-11



LOTKOV, KOZIN, KURLOV, KLINOVAJA, AND LOSS

PHYSICAL REVIEW RESEARCH 8, 043046 (2026)

3 . T T T : 3p T T T 7 3n . T . T
=2 2f 2F :
= 1 o o | e w
tn O 0 BT/A\9 VNV VNS
— -1F — — E -1F —_— = -1 ] ¢1
= 2 i -2f 1 -2 ]
_3| I I I I B _3 1 1 1 _3| I I I I ¢2
0 2 4 6 8 10 0 2 4 6 8 10 2 4 6 8 10
t t
(a) (b) (c)

FIG. 6. Time dependence of the z component of the total spin operator in the presence of a symmetry-breaking disorder [Eq. (C1)]. In order
to illustrate that the Rabi model implementation is robust, we plot (S%(¢)) for three disorder strengths. We use normally distributed disorder A ;
with zero mean and fixed standard deviation 0. (a) 0 /Qqg = 0.1; (b) 0/Qqe = 0.3; and (c) 0 /Qqp = 1.

disordered Hamiltonian in the full Hilbert space reads

2 2
AT A
Hoyw = ) €05 + ) 1iS08.,2,4;
j=0 j=0
2
+ 3 giilofor 9T el (C2)
j=0

where we introduced spatial nonuniformity of the sys-
tem parameters. The positional index j is valued modulo
3, j+3=.

In the superconducting implementation, the couplings
become € = 4@2n0ff’j/(2CQ’j), QQBJ = l/w/LB,jCB, is and
8j.j+1 = Ir j®o/(4m), where the subscript j labels the param-
eters of the elements belonging to the jth branch of the circuit
(see Fig. 1).

For convenience, we decompose the coupling parame-
ters into a homogeneous part and a disorder: €; = € + Ae;,
QQBJ = QQB + AQQBJ, and 8j.j+1 = g+ Agj,j+ls where
we assume that the spatial average of the disorder vanishes:
Z, 0 A€j = Z, 0 AQqg,; = Z, oAgjj+1 =0. This can
always be achieved by adjusting the homogeneous parts of
the couplings.

Then, after projecting to the single-excitation sector, the
Hamiltonian Hgp' reduces to

2
Hy = Hy + €)X +e(DX" + X +XNY " Agk)Z
k=1

2
+ hQqp(1) Y a' (k + Dack)
k=0
2
+ hQos(2) Y _a'(kalk + 1)
k=0

£y oD Z[ k+1)+a' (—k — )2+

232
=1
(C3)

where the bosonic frequencies satify the following prop-
erty: Qop(1) = (R2qg(2))*. One can clearly see that, in the
presence of disorder, the first bosonic mode is no longer
decoupled. We expect that the Z3 cat state structure of the
eigenstates should remain intact for sufficiently small disor-
der. However, a detailed investigation lies beyond the scope
of this paper.
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