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We have revisited the nonconserved (or model A) critical dynamics of the two-dimensional Ising model
through numerical simulations of its lattice and continuum formulations—Glauber dynamics and the time-
dependent Ginzburg-Landau (TDGL) equation, respectively—to analyze them with current tools from surface
kinetic roughening. Our study examines two critical quenches, one from an ordered and other one from a
disordered initial state, for both of which we assess the dynamic scaling ansatz, the critical exponent values,
and the fluctuation field statistics that occur. Notably, the dynamic scaling ansatz followed by the system
strongly depends on the initial condition: A critical quench from the ordered phase follows Family-Vicsek
(FV) scaling, while a critical quench from the disordered phase shows an initial overgrowth regime with
intrinsic anomalous roughening, followed by relaxation to equilibrium. This behavior is explained in terms of the
dynamical instability of the stochastic Ginzburg-Landau equation at the critical temperature, whereby the linearly
unstable term is eventually stabilized by nonlinear interactions. For both quenches, we have determined the
occurrence of probability distribution functions for the field fluctuations, which are time independent along the
nonequilibrium dynamics when suitably normalized by the time-dependent fluctuation amplitude. Additionally,
we have developed a related interface model for a field that scales as the space integral of the TDGL field (integral
GL model). Numerical simulations of this model reveal either FV or faceted anomalous roughening, depending
on the critical quenched performed, as well as an emergent symmetry in the fluctuation statistics for a critical
quench from the ordered phase.
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I. INTRODUCTION

The Ising model stands out as the quintessential prototype
of continuous phase transitions and critical phenomena [1–3],
showcasing the emergence of universal collective behavior
from a seemingly simple system [4]. Of particular interest is
its two-dimensional (2D) instance, notable for its analytical
solution in equilibrium, achieved by Lars Onsager in 1944 [5].
Away from equilibrium [3,6–10], the Ising model also illus-
trates paradigms of critical dynamics, like the classic models
A and B for relaxation of a scalar order-parameter field in the
absence or presence of conservation laws, respectively.

Historically, knowledge on equilibrium critical systems has
enabled the study of a large variety of other systems with
strong space-time correlations, whose behavior can be simi-
larly classified in terms of universality classes [11]. One such
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context is that of surface kinetic roughening [12,13], where
the physical object of interest is a rough surface or interface
whose time evolution results from the interplay between deter-
ministic and stochastic processes. Often such surfaces display
fractal properties characterized by critical exponents that are
related, e.g., with their fractal dimension [12,14]. The critical
behavior of these systems often satisfies the same dynamic
scaling ansatz found for the classic models A and B, which
become thus generalized far from equilibrium [6,10].

A remarkable example of the way in which surface rough-
ening is enriching the field of critical dynamics is provided
by the celebrated Kardar-Parisi-Zhang (KPZ) equation [15].
Indeed, this system was originally proposed as an insightful
generalization of model A to describe the dynamics of a
kinetically rough surface. However, the ensuing universality
class [16–18] is lately being found to encompass a wide range
of far-from-equilibrium systems, which goes well beyond
interfacial phenomena. Recent examples include, e.g., driven-
dissipative Bose-Einstein condensates [19], quantum spin
chains [20], Anderson localization in disordered conductors
[21], or synchronization of nonlinear oscillator lattices with
time-dependent noise [22]. Notably also, the critical behavior
displayed by the KPZ universality class is quite rich, implying
universal behavior not only from the point of view of the criti-
cal exponent values, but also with respect to the probability
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distribution function (PDF) of one-point field fluctuations
[16–18]. For example, for one-dimensional (1D) interfaces,
the PDF is a member of the celebrated Tracy-Widom (TW)
distribution family [23,24], which generalizes naturally into
other PDF families in higher dimensions [17,18], as conve-
niently confirmed, e.g., in growth experiments of rough 2D
films [25–27].

Work on surface kinetic roughening has further unveiled
other modes of critical behavior. Specifically, generaliza-
tions have been introduced of the standard dynamic scaling
ansatz [10]—usually referred to as the Family-Vicsek (FV)
ansatz [12,13]—satisfied, e.g., by the KPZ equation. Such
generalizations are collectively termed anomalous scaling or
anomalous kinetic roughening [13,28–32] and are frequently
found in the presence of particularly strong interface fluctua-
tions, as recently seen, e.g., in models of coffee-ring formation
[33], in the characterization of the tensionless KPZ equa-
tion [34], or in the synchronization of disordered oscillator
rings [35,36].

In this paper, we revisit the original nonconserved critical
dynamics of the Ising universality class in view of recent
progress in surface kinetic roughening. To do this, we char-
acterize the space-time correlations of the 2D Ising system
(both in its discrete and in continuous formulations) as if they
correspond to a two-dimensional rough surface evolving in
three-dimensional (3D) space. Interestingly, we find that both
dynamic scaling ansätze, FV and anomalous, hold, depend-
ing on the initial condition. Note at this point that, although
well established both theoretically and experimentally (see,
e.g., Refs. [13,32] and, more recently, Ref. [34] and therein),
anomalous surface roughening remains a peculiar form of
dynamic scaling and we find it remarkable that it already
shows up no less than for the Ising model A, the paradigm of
dynamical critical systems. Also, in view of the importance of
the PDF of field fluctuations to unambiguously characterize
the kinetic roughening universality class (see recent discus-
sions, e.g., in Refs. [37,38] and other therein), we perform
a numerical study of field statistics from a kinetic roughen-
ing perspective. Notably again, we find that the fluctuation
statistics of the local order parameter in the time-dependent
Ginzburg-Landau (TDGL) model is time independent within
the nonlinear growth regime, once the fluctuations are suitably
rescaled by time-dependent factors, in full analogy to the oc-
currence of Tracy-Widom statistics for the KPZ equation. The
assessment of these probability distributions may thus find use
in assessing critical properties in the dynamics of statistical
mechanical systems, in analogy to their frequent application
in equilibrium criticality [39,40]. Our present study of the
critical dynamics of the Ising model is finally complemented
by the definition and study of a related interface model (inte-
gral GL model) for a scalar variable that scales as the space
integral of the TDGL field. Numerical simulations now reveal
either FV or faceted anomalous roughening, depending on the
critical quenched performed, as well as an emergent symmetry
in the fluctuating field of this model for a critical quench from
the ordered phase.

This paper is organized as follows. Section II intro-
duces the model under investigation. Section III provides an
overview of the surface kinetic roughening framework, which
can be skipped by readers already familiar with the topic,

except perhaps for Sec. III C 1, which contains less stan-
dard material. Sections IV–VI present the results for critical
quenches from T = 0, T = ∞, and the integral GL model,
respectively. Section VII offers a discussion of our findings,
and Sec. VIII summarizes the main conclusions and outlook
of this study. Additional analytical and numerical results are
organized into five Appendixes at the end.

II. MODEL DETAILS

Originally devised to describe the behavior of uniaxial
magnets, the Ising model represents a d-dimensional lattice of
N sites, each hosting a magnetic dipole moment of an atomic
spin [1–3]. The spin of site i is described by a discrete variable
σi = ±1. The (classical) Hamiltonian of this system in the
absence of an external magnetic field reads

H = −J
∑
〈i j〉

σiσ j, (1)

where J > 0 is a ferromagnetic coupling constant and in this
work i takes as values the vertices of a 2D square lattice with
periodic boundary conditions. The nonconserved dynamics of
this model will be simulated numerically through the Markov
chain Monte Carlo method with Glauber acceptance rule for
the probability, h(σ ′

i |σi ), of acceptance of a spin flip σi → σ ′
i

as [41,42]

h(σ ′
i |σi ) = (1 + eβ�H)−1, (2)

where β = 1/kBT with T being temperature and kB Boltz-
mann’s constant, and �H is the energy variation implied by
that spin flip.

The Ising universality class can be alternatively addressed
through a coarse-grained approach [2,3,6–10] leading to the
real, stochastic TDGL (or Allen-Cahn) equation, namely,

∂tφ = −rφ − uφ3 + ν∇2φ + ζ , (3)

where φ(x, y, t ) ∈ R is the local magnetization field and
ζ (r, t ) represents thermal noise such that

〈ζ (r, t )〉 = 0, (4)

〈ζ (r, t )ζ (r′, t ′)〉 = 2	δ(d )(r − r′)δ(t − t ′), (5)

where r ∈ Rd and 	 = kBT is the fluctuation-dissipation con-
dition [2,3,6–10]. We have simulated numerically Eq. (3) for
d = 2 on L × L substrates with periodic boundary conditions,
using finite differences in space and the Euler-Maruyama
method [42] for the time evolution, in view of the stochastic
term. Note, mathematically the continuum limit of the 2D
stochastic TDGL or Allen-Cahn equation has been shown
[43,44] not to retrieve a physically meaningful behavior. As
frequently done in the literature, we will interpret our sim-
ulations as numerical approximations of an equation driven
by a noise field that has a finite correlation length [7,45]; as
will be seen below, the ensuing results will underscore the
universality of the behavior of our Glauber dynamics simu-
lations of the discrete Ising model. Further parameters of our
numerical simulations and the units employed are specified in
Appendix A.
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FIG. 1. A denotes the mapping whereby the local magnetization φ(r, t ) of the 2D Ising model (left panel) at the critical temperature is
interpreted as the height field of a kinetically rough surface (middle panel). This mapping is studied in Secs. IV and V. Then, B denotes the
mapping from such a surface to the integral GL model, a different but related rough surface h(r, t ), imaged on the right panel and addressed in
Sec. VI.

III. SURFACE KINETIC ROUGHENING

As mentioned in Sec. I, surface kinetic roughening is an
important instance of nonequilibrium critical behavior. The
tools and methods developed in this context facilitate the
exploration of critical properties extending beyond critical
exponent values, such as probability distribution functions.
Leveraging the general nature of this framework, we will
employ these methods to study the out-of-equilibrium critical
properties of the 2D Ising model.

A. Observables

From the point of view of surface kinetic roughening, the
scalar field φ(r, t ) ∈ R measures the height of a surface above
point r on a d-dimensional substrate at time t . See Fig. 1 for an
example in which d = 2. Hence, fluctuations in φ correspond
to height differences. Thus, it is natural to define the average
amplitude of fluctuations as the surface roughness, W (L, t ).
A perfectly smooth surface is flat and has a null roughness.
Specifically,

W 2(L, t ) = 1

Ld

∫
dd r(〈φ2(r, t )〉 − 〈φ(r, t )〉2), (6)

where angular brackets denote average over realizations of
the noise. The roughness can be related to the two-point cor-
relation function in Fourier space or surface structure factor,
denoted S(q, t ), through Parseval’s theorem as

W 2(L, t ) = 1

Ld

∫
dd q

(2π )d
S(q, t ), (7)

where

S(q, t ) = 〈φ̂(q, t )φ̂(−q, t )〉 = 〈|φ̂(q, t )|2〉,

φ̂(q, t ) =
∫

dd r φ(r, t )eiq·r, (8)

and q is d-dimensional wave vector. Alternatively, two-point
correlation functions can indeed be evaluated in real space too,
being mathematically equivalent to S(q, t ) [12,13].

B. Dynamic scaling ansätze

Observables in kinetic roughening are scale-free both in
space and time. However, for a finite lateral system size L,
the correlation length between field values at different points,

ξ (t )—which increases with time like in critical dynamical
systems as ξ (t ) ∼ t z, with z the dynamic critical exponent
[10]—is bounded above by L. This leads the system to saturate
to steady state at a time tsat ∼ Lz when ξ (tsat ) ≈ L. While for
earlier times the roughness is also seen to grow with time
as W (t ) ∼ tβ , where β is the growth exponent, saturation to
steady state implies Wsat ∼ Lα ∼ tβ

sat ∼ (Lz )β , so that β = α/z
[46]. All this behavior is encoded into the Family-Vicsek
dynamic scaling ansatz for the roughness [12,13],

W ∼ Lα fW

(
t

Lz

)
, (9)

where

fW (u) ∼
{

uβ if u � 1,

const. if u � 1.
(10)

The dynamic scaling ansatz is also satisfied by correlation
functions [12,13]. Thus, within FV scaling, the structure fac-
tor behaves as

S(q, t ) ∼ q−(2α+d ) fS (t1/zq), (11)

where

fS (u) ∼
{

u2α+d if u � 1,

const. if u � 1,
(12)

where isotropy in real space has been assumed so that
S(q, t ) = S(q, t ) with q = |q|. Indeed, there is a time-
dependent cutoff wave number qc(t ) ∼ 1/ξ (t ) ∼ t−1/z above
which S(q, t ) displays correlated q-dependent behavior and
below which it is an uncorrelated, q-independent spectrum.
Specifically, from Eqs. (11) and (12),

S(q, t ) ∼
{

t (2α+d )/z for q � t−1/z,

q−(2α+d ) for q � t−1/z.
(13)

An example of FV dynamic scaling behavior for the structure
factor is provided in Appendix B for the celebrated Edwards-
Wilkinson (EW) equation [12], which, while defining an
important universality class of surface kinetic roughening on
its own, is nothing else than the Gaussian approximation of
the TDGL equation at its critical temperature [3].
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In equilibrium critical phenomena, the convention for the
behavior of the structure factor at criticality is

S(q) ∼ 1

q2−η
, (14)

which defines the anomalous dimension η [1–3,6] (“anoma-
lous” in this case is unrelated to the “anomalous roughening”
to be described below). Comparing with Eq. (13), this expo-
nent is related with the roughness exponent as

α = 2 − d − η

2
. (15)

Anomalous roughening

In some rough surface growth systems [28–36], the scaling
behavior of local fluctuations differs from that of the global
roughness. In such cases, the two-point correlation functions
in real space may display an independent exponent, αloc 
= α,
termed local roughness exponent. This scenario is collectively
termed anomalous roughening or anomalous scaling, and it
has been observed in many models and experiments. Anoma-
lous roughening can be actually seen as a generalization of
FV scaling and can arise in three different forms, depending
on the number and relative values of independent exponents.
The most complete set of possibilities can be classified [31] in
terms of the so-called spectral exponent, αs, that can be most
conveniently identified in the behavior of the structure factor;
thus,

αs < 1 ⇒ αloc = αs

{
αs = α ⇒ Family-Vicsek,

αs 
= α ⇒ Intrinsic, (16)

αs > 1 ⇒ αloc = 1

{
αs = α ⇒ Super-rough,

αs 
= α ⇒ Faceted.
(17)

Note that intrinsic and faceted anomalous scaling behaviors
are then characterized by two independent roughness expo-
nents, e.g., α and αs, while there is a single independent one
under super-rough and FV scalings.

The most general anomalous dynamic scaling ansatz for
the structure factor reads [31]

S(q, t ) ∼ q−(2α+d ) fS′ (t1/zq), (18)

where

fS′ (u) ∼
{

u2α+d if u � 1,

u2(α−αs ) if u � 1,
(19)

indeed a generalization of the FV ansatz [Eqs. (11) and (12)],
which becomes the particular case of Eq. (19) in which αs =
α. Note that, otherwise, in the presence of anomalous scaling
the roughness exponent that characterizes the correlated be-
havior of the structure factor is not α, but αs. Indeed, from
Eqs. (18) and (19),

S(q, t ) ∼ q−(2αs+d ) for q � 1/t1/z. (20)

C. Fluctuation statistics

While scaling exponents’ values were generally held to
unambiguously determine kinetic roughening universality
classes [12,13], more recent developments, largely driven by
results on the KPZ class [16–18], are underscoring the need

for additional universal traits, such as the PDF of height fluc-
tuations, to remove possible ambiguities. In Appendix C, we
describe an example on a nonlinear equation—the celebrated
conserved KPZ (CKPZ) equation, representative of a paradig-
matic universality class of rough surfaces evolving under
conserved dynamics with nonconserved noise [12,13]—and
a linear equation [47], both of which have the same set of
exponent values and whose universality classes can only be
told apart through the statistics of height fluctuations, Gaus-
sian for the linear equation and non-Gaussian for the CKPZ
equation [48]. An analogous example is known [49] in the
context of the KPZ equation; see further discussions, e.g., in
Refs. [37,38].

Fluctuation statistics are obtained from the fluctuation field
[16–18,50]

X = φ(r, t ) − 〈φ(r, t )〉
std(φ(r, t ))

, (21)

where std(φ(r, t )) stands for standard deviation. The his-
togram for such a quantity is then computed and averaged,
yielding the fluctuations PDF, denoted by P(X ). Note, under
kinetic roughening conditions std(φ) ∼ tβ , where the value of
β may change if, e.g., time crossover effects come into play.
Still, PDF curves computed from different X (r, t ) belonging
to the same dynamical regime will collapse into the same
time-independent distribution P(X ), as seminally shown by
Prähofer and Spohn (PS) [50] in the context of the KPZ uni-
versality class. To facilitate comparison, we will also compute
time-averaged PDFs by standardizing the data (normalizing to
zero mean and unit variance) and smoothing through averag-
ing over the temporal window corresponding to the sampled
nonequilibrium regime.

Finally, to further characterize the PDF, two of its cu-
mulants, the skewness and kurtosis, are frequently analyzed
[16–18]. For instance, given that the skewness measures the
asymmetry of the PDF, a nonzero value for it indicates the
relevance of nonlinear effects, as linear stochastic growth
equations are associated with Gaussian statistics and hence
zero skewness. Specifically, the skewness reads

S (t ) = 1

W 3(L, t )

〈
1

Ld

∫
dd r[φ(r, t ) − 〈φ(r, t )〉]3

〉
. (22)

Likewise, the kurtosis is a measure of the size of the PDF tails,
given by

K(t ) = 1

W 4(L, t )

〈
1

Ld

∫
dd r[φ(r, t ) − 〈φ(r, t )〉]4

〉
, (23)

which equals exactly 3 for a Gaussian distribution. For K >

3, tails are heavier relative to those of a normal distribution,
resulting into a higher frequency of outliers.

Emergent statistics

As already noted, one of the most relevant kinetic
roughening universality classes is that of the KPZ equa-
tion. This continuum model describes surface dynamics
when irreversible growth along the local normal direction
competes with smoothening through surface tension, and
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time-dependent noise, and reads [12,13,15]

∂t h(r, t ) = ν∇2h(r, t ) + λ

2
(∇h(r, t ))2 + ζ (r, t ), (24)

where, as is customary, we use h(r, t ) to denote the height
of the surface above position r on a reference substrate at
time t , ζ (r, t ) is zero-mean, delta-correlated Gaussian noise,
as in Eqs. (4) and (5), and ν > 0, λ, and 	 are parameters
quantifying surface tension, lateral growth, and randomness,
respectively. The KPZ universality class has been observed
in a wide range of systems [12,17,18]. It satisfies the FV
dynamic scaling ansatz with the exact exponent values (for
1D interfaces) α = 1/2, z = 3/2, and β = 1/3. The time
evolution of, e.g., a 1D interface described by this equation ba-
sically displays two growth regimes [51]: an early-time linear
(hence, Gaussian) regime followed by a nonlinear regime dis-
playing TW statistics and the quoted scaling exponent values,
previous to saturation to steady state. Interestingly, the sign of
the skewness of the TW fluctuations is that of λ in Eq. (24)
[13,16,18].

Another interesting property of fluctuation statistics is the
possibility for emergent behavior; for instance, the occurrence
of symmetries in the large-scale behavior that are not present
in the “microscopic” model. Using again the example of the
1D KPZ equation, related behavior is seen to occur in the
related noisy Burgers equation. This continuum model can be
obtained in 1D by differentiating both sides of Eq. (24) and
denoting u(x, t ) = ∂xh(x, t ); thus,

∂t u(x, t ) = ν∂2
x u + λu∂xu + ∂xζ (x, t ), (25)

in which noise takes on a conserved form. A natural interpre-
tation of the nonzero skewness of the KPZ equation is [13]
to associate it with the lack of up-down (h ↔ −h) symmetry
of the system, thus implementing irreversible interface mo-
tion along a preferred growth direction. Although one might
naively then expect nonzero skewness for the related Eq. (25),
such is not the case [52]. Indeed, both Eq. (25) and its variant
with nonconserved noise feature nonlinear scaling exponent
values, but Gaussian fluctuation PDF [52,53]. The PDF behav-
ior for these Burgers equations can actually be more properly
understood in view of their symmetry under a combined (x ↔
−x, h ↔ −h) transformation, notwithstanding the remark-
able fact they reveal that the sum [h(x, t ) = ∫ x

x0
u(x′, t )dx′] of

Gaussian variables is TW distributed [52]! At any rate, this
indicates potential nontrivial relations between the PDF of a
model and that of its space integral. In the context of the Ising
model, these issues are addressed in Sec. VI.

D. Additional exponent measurements

The dynamic exponent can be computed by finding the
relation between the saturation time, inferred from the rough-
ness, and system size, since, as discussed in Sec. III B, tsat ∼
Lz. There are additional, independent methods, such as the
time power spectrum method or the domain size method,
which will be employed in our study and are summarized next.

1. Time power spectrum method

The time power spectrum method [54] takes advan-
tage of the autocorrelation function of the space-averaged

magnetization and of the Wiener-Khintchine relation, in order
to obtain the power spectrum in time frequency ω as

�(ω) = lim
t→∞

1

t
〈|m̂(ω)|2〉, (26)

where

m̂(ω) = F[ω]

(∫
dd r φ(r, t )

)
, (27)

and here F[ω] denotes time Fourier transform. By applying
the FV scaling relations of the two-point correlation function,
the time power spectrum at the critical point scales as [54]

�(ω) ∼ 1

V
ω−μ, (28)

where V is system volume and

μ = 1 + 2 − η

z
= 1 + 2α + d

z
. (29)

Hence, by fitting the exponent μ to the time power spectrum,
and introducing the roughness exponent computed from the
structure factor, the dynamic exponent can be obtained. Note,
this relation assumes FV scaling and is not guaranteed for
processes displaying anomalous scaling. Note also that this
observable displays finite-size effects that can be seen as devi-
ations for high frequencies, analogous to those of the structure
factor for discrete or discretized systems.

2. Domain size method

The domain size method has been employed for kinetic
simulations of quenches starting in the completely disordered
phase [55]. It consists on measuring the average linear size
R(t ) of ordered domains, and relating it to the domain growth
exponent nc, obtained at the critical point from [55]

R(t ) ∼
√

〈M(t )2〉 ∼ t nc , (30)

where

M(t ) =
∫

dd r φ(r, t ). (31)

The dynamic exponent is then computed as

z = 2 − η

2nc
= 2α + d

2nc
. (32)

The observable R(t ) displays finite-size effects as well; hence,
to obtain a good estimate, a time interval must be chosen to
perform a power-law fit as in Eq. (30). This interval should be
located after the initial time transient and prior to saturation.

E. Analytical expectations on exponent values

As is well known, the anomalous dimension η can be
computed analytically using the Renormalization Group (RG)
[1–3]. The dynamic exponent z can similarly be obtained
through the Dynamic Renormalization Group (DRG) [6,9,10],
and also through alternative analytical approaches, such as
the self-consistent screening approximation [56] (although
this particular reference addresses the d = 3 case). Given the
relation between the anomalous dimension η and the rough-
ness exponent α [Eq. (15)], for the reader’s convenience we
rephrase the classical DRG analysis of the stochastic TDGL
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model into our present kinetic roughening setting, closer
to similar derivations for, e.g., the KPZ and related equa-
tions [7,12,57].

The DRG involves two main stages. First, a coarse-
graining in Fourier space, in which the short-length-scale
interactions (fast modes) are integrated as effective contribu-
tions to the long-length-scale physics (slow modes), yielding
an effective macroscopic theory. Then, to be able to compare
the transformation of the couplings with the original theory,
a rescaling is performed that returns the original value of the
assumed fixed wave vector cutoff in Fourier space, namely,

r′ = r/b, t ′ = b−zt,

φ′(r′, t ′) = b−αφ(r, t ), ζ ′(r′, t ′) = bz−αζ (r, t ), (33)

where b > 0 is arbitrary and the rescaling of time (the field)
depends on the dynamic exponent z (the roughness exponent
α). With this, the dynamical equation for the primed field
takes the exact same form as the original (bare) TDGL, but
with redefined (renormalized) parameters. To obtain a differ-
ential flow in parameter space, we take b = el for rescaling
factor in the l → 0 limit, to finally obtain the flow induced
in the theory space by the DRG transformation. The detailed
computation of these steps is provided in Appendix D, finally
giving the DRG flow equations,

dr

dl
= r

{
z − 9 ln(4/3)

u2	2

ν4
K2

4

}
+ 3

u	

ν

K4

1 + r/ν
,

du

dl
= u

{
(z + 2α) − 9

u	

ν2
K4 − 9 ln(4/3)

u2	2

ν4
K2

4

}
,

dν

dl
= ν

{
(z − 2) + 3

2

u2	2

ν4
K2

4 − 9 ln(4/3)
u2	2

ν4
K2

4

}
,

d	

dl
= 	

{
(z − 2α − d ) − 9 ln(4/3)

u2	2

ν4
K2

4

}
, (34)

where K4 = 1/(8π2) is a number. Since the critical point is
scale invariant, it corresponds to a fixed point of the DRG
flow. Before addressing this, the set of equations can still be
reduced to an equivalent, smaller one that does not depend
explicitly on the values of α and z. This is achieved by defining
the coupling parameters:

ū = u	

ν2
, r̄ = r

ν
, (35)

whose flow can be found using the chain rule, thus obtaining

dū

dl
= ū

(
ε − 9ūK4 − 3ū2K2

4

)
,

dr̄

dl
= r̄

(
2 − 3

2
ū2K2

4

)
+ 3ūK4(1 − r̄ + O(ε2)), (36)

where we have used ε = 4 − d � 1 as in Wilson’s ε ex-
pansion [3,8–10]. The celebrated Wilson-Fisher fixed point
corresponds to the nontrivial fixed point of the reduced dy-
namical system [Eq. (36)], and reads

dū

dl

∣∣∣∣
ū∗,r̄∗

= dr̄

dl

∣∣∣∣
ū∗,r̄∗

= 0 ⇒
{

ū∗ = ε/(9K4) + O(ε2),

r̄∗ = −ε/6 + O(ε2).
(37)

TABLE I. Analytical estimates for the kinetic roughening expo-
nents of the models studied in this work, as calculated through DRG
as summarized in this section. Recall Eqs. (15), (40), and (41), and
see Sec. VI and Appendix D for further details.

Exponent 2D Ising model 2D integral GL model

α −1/8 (exact) 7/8
z 2.18 2.18

Using this into the flow equations for ν and 	 from Eq. (34),
one obtains a linear homogeneous system for α and z, namely,

(z − 2) + 3
2 ū2

∗K2
4 − 9 ln(4/3)ū2

∗K2
4 = 0,

(z − 2α − d ) − 9 ln(4/3)ū2
∗K2

4 = 0, (38)

whose unique solution yields

α = 1

2

(
2 − d − ε2

54

)
, (39)

or, equivalently, for the anomalous dimension,

η = 2 − 2α − d = ε2

54
, (40)

in agreement with Wilson’s prediction [58]. The solution of
Eq. (38) for the dynamic exponent z is

z = 2 + (6 ln(4/3) − 1)(2 − 2α − d ),

= 2 + (6 ln(4/3) − 1)η, (41)

in agreement with Hohenberg and Halperin’s result [6]. Com-
bining these results with Onsager’s exact solution η = 1/4
[5], the analytical predictions for the kinetic roughening ex-
ponents of the models studied in this work are collected in
Table I. This particular (η, z) pair of values agrees with the
generic critical exponent inequality that is derived from gen-
eral properties of the noise distribution, the correlation, and
the response functions [59,60].

IV. CRITICAL QUENCH FROM T = 0

We start our numerical study of critical nonconserved dy-
namics in the Ising model as a kinetic roughening process,
by assessing the time evolution of both, a discrete 2D kinetic
Ising model with Glauber updates and the continuous 2D
TDGL equation. We have additionally studied other noncon-
served update rules in the discrete case (see Appendix E for
the Metropolis-Hastings update rule [41]), finding very simi-
lar behavior. In this section, we study a critical quench from
the completely ordered state at T = 0 up to T = Tc, while a
different critical quench will be addressed in the next section.

In practice, a critical quench from T = 0 amounts to choos-
ing, e.g., all spins up as an initial condition for our Ising
model with Glauber updates or, equivalently, φ(r, t = 0) = 1
for the TDGL equation, while performing the time evolution
at the critical temperature (whose value for each model is
determined in Appendix A). From this point on, all variables
and numerical results are expressed in the dimensionless units
defined therein. The ensuing dynamics displayed by both
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FIG. 2. (a) Surface roughness as a function of time from simu-
lations of the TDGL model after a critical quench from T = 0. The
solid line corresponds to the fit Wfit = 0.76 − 0.37 t−0.14. (b) Same
as panel (a) for Glauber dynamics.

models is quite similar; see Fig. 2 for the time evolution
of W (t ), which, in both cases, qualitatively follows FV-type
behavior, with fluctuations that grow until reaching saturation
to steady state (equilibrium). However, given that α < 0, the
FV scaling relations are not manifest for either of these mod-
els, since the (in principle) subdominant contributions in the
asymptotic computation of the roughness are not negligible,
and strong corrections to scaling occur. Negative roughness
exponent values occur, e.g., for kinetically rough surfaces
above their upper critical dimension [12,13]. Here, α < 0 is
unavoidable once we formulate the 2D Ising system as an in-
terface problem [recall Eq. (15), where η > 0] and will partly
motivate an alternative formulation that guarantees a positive
roughness exponent (see Sec. VI). In any case, an accurate
measurement of α that is not conditioned by the sign of the
roughness exponent is actually possible from the structure
factor, displayed in Fig. 3. Again, both models show a similar
behavior in which S(q, t ) gradually correlates from shorter to
longer length scales toward a simple asymptotic power-law
behavior, followed by saturation, with all of this as dictated
by FV scaling behavior [Eqs. (11) and (12)], qualitatively as,
e.g., for the EW equation of rough surfaces (see Fig. 26 in
Appendix B).

Indeed, the asymptotic structure factors yield the equi-
librium power laws S(q) ∼ q−1.80 for the TDGL model and

FIG. 3. (a) Structure factor from simulations of the TDGL model
for different times after a critical quench from T = 0. Dashed
line indicates asymptotic behavior S(q) ∼ q−1.80. (b) Same as panel
(a) for Glauber dynamics. Dashed line indicates asymptotic behavior
S(q) ∼ q−1.75. For both panels, time increases from blue (t = 0) to
red (t = 20 000) being log spaced for different curves.

S(q) ∼ q−1.75 for Glauber dynamics, close to the theoretical
expectation, Stheor (q) ∼ q−(2α+2) = q−1.75. Deviations for the
continuum model result from finite-size effects, since the
source originates at the longest length scales. Figure 4 shows
the best collapse of the full data from Fig. 3, obtained for
α ≈ −1/8 and z ≈ 2.19, now very close to theoretical predic-
tions and indeed, fully consistent with FV dynamic scaling.
Some slight deviations may be noted at intermediate length
scales, suggesting crossover behavior.

As a consistency check, the dynamic exponent value is also
measured through the time power spectrum method, and again
turns out to be consistent with DRG predictions (see Fig. 5).
Our results agree quantitatively with those already obtained
in Ref. [54] (z = 2.16–2.19), yielding μ ≈ 1.805 ⇒ z ≈ 2.17
for the TDGL model and μ ≈ 1.80 ⇒ z ≈ 2.19 for Glauber
dynamics, confirming subdiffusive dynamics, as z > 2.

We close this section with an analysis of the fluctuation
PDF. A detailed analysis is only provided for the TDGL
model, since the dynamical variables in the Glauber dynamics
system can only take the values σi = ±1, and the results just
shown on W (t ) and S(q, t ) already confirm the same univer-
sality class. Since the quench from T = 0 displays a single
growth regime, its dynamics are characterized by a single PDF
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FIG. 4. (a) Collapse of the data in Fig. 3(a) for the TDGL model
following the FV dynamic scaling ansatz [Eqs. (11) and (12)]. The
dashed line corresponds to fS ∼ u1.80 and the solid line represents
fS = cnst. (b) Same as in panel (a) for the Glauber dynamics data
in Fig. 3(b). The dashed line corresponds to fS ∼ u1.75 and the solid
line represents fS = cnst. In both panels, time increases from blue to
red (being linearly spaced) in the growth regime (t < 104), and the
exponent values employed for collapse are α = −1/8 and z = 2.19.

shown in Fig. 6. This PDF is asymmetric, being biased in
the direction implied by the initial configuration of the local
magnetization field, φ(r, t = 0) = +1. The PDF obtained has
a nontrivial shape, characterized by three distinct behaviors,
which are best identified in log-scale representation. The left
tail decays similar to a Gaussian distribution. Its transition
to the most frequent fluctuation amplitude is given by an
exponential function, rendering linear behavior in log scale.
Finally, the right tail decays faster than the Gaussian distribu-
tion, approximately as an stretched exponential P(X ) ∝ e−X 4

.
As a technical detail, again related with the fact that α, β <

0, note that the PS formula [Eq. (21)] is satisfied better (in
the sense of defining a time-independent fluctuation variable)
by approximating std(φ) ∼ tβ for β = 0 (which dominates
the roughness behavior) than for the theoretical β = −1/(8 ·
2.18) ≈ −0.06 or the roughness fit β ′ = −0.14 (see Fig. 6).

FIG. 5. (a) Time power spectrum as a function of frequency from
simulations of the TDGL model after a critical quench from T =
0 (blue solid line). The dashed orange line corresponds to �(ω) ∼
ω−1.805. (b) Same as panel (a) for Glauber dynamics (blue solid line).
The dashed orange line corresponds to �(ω) ∼ ω−1.80.

V. CRITICAL QUENCH FROM T = ∞
Remarkably, the paradigmatically simple FV dynamic

scaling assessed in the previous section does not carry over
to different initial conditions at criticality. Specifically, as will
be seen in this section, it is manifestly not seen for a critical
quench from infinite temperature, namely, using at T = Tc an
initial condition in which the discrete spins for the Glauber
dynamics take on the ±1 values randomly or, equivalently,
starting out from a zero initial local magnetization, φ(r, t =
0) = 0, in the TDGL model.

For the TDGL equation, the roughness displays strongest
fluctuations during a short-time overgrowth regime (not so
conspicuous for Glauber dynamics) and then relaxes toward
saturation (equilibrium) for longer times, which follows the
power law W (t ) ∝ t−0.025 (see Fig. 7). Again, the roughness
shows corrections to scaling due to the negative roughness
exponent value.

In terms of the time evolution of correlation functions,
the lattice Ising and the TDGL models also display strong
similarities under the quench from the completely disordered
state. Thus, both models show an asymptotic structure fac-
tor that yields the equilibrium power law S(q) ∼ q−1.80 for
the TDGL and S(q) ∼ q−1.75 for Glauber dynamics, not far
from the theoretical expectations and as expected from the
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FIG. 6. (a) Fluctuation PDF from simulations of the TDGL
model in its growth regime (t < 104) after a critical quench from
T = 0, according to Eq. (21) using β ′ = −0.14. (b) Time-averaged
PDF in log scale (data have been normalized to zero mean and unit
variance) and inset with PS collapse for β = 0. Different colors
correspond to different (linearly spaced) times. The dashed blue line
corresponds to a stretched exponential distribution P(X ) ∝ e−X 4

, for
comparison.

long-time behavior of the roughness. Notably, the two distinct
nonequilibrium regimes suggested by the roughness in the
continuum case are clearly observed for the two models: an
initial overgrowth regime followed by a long-time relaxation
to saturation (see Fig. 8). Moreover, in the two models the
value of q at which the structure factor levels off displaces
with time, within the overgrowth regime, from short to longer
length scales (high to low wave vectors), until reaching a
cutoff value from which the relaxation regime takes over. This
process is described in further detail in Sec. VII.

The time-dependent structure factor data collapse onto a
master curve under the dynamic scaling ansatz, only during
the overgrowth regime, and do so for α ≈ −1/8 and z ≈
2.19, very close to the theoretical predictions (see Fig. 9).
The power-law fits show two different nonzero slopes, cor-
responding to intrinsic anomalous roughening as described
by Eq. (19), as can also be seen in Fig. 9. The positive
slope is consistent with α ≈ −1/8, while the negative slope
yields a spectral exponent value αs ≈ 0.11 for the TDGL and
αs ≈ 0.15 for the lattice Ising model. In both cases αs < 1
and αs 
= α, which indeed corresponds to intrinsic anoma-
lous roughening. Hence, it is αs that dictates the power-law

FIG. 7. (a) Surface roughness as a function of time from sim-
ulations of the TDGL equation after a critical quench from T =
∞. The solid line corresponds to the overgrowth regime fit Wfit =
0.71 − 0.29 t−0.70, while the dashed line corresponds to the relax-
ation regime behavior W ∼ t−0.025. (b) Same as panel (a) for Glauber
dynamics.

behavior of the structure factor with q during the overgrowth
regime. Note that, although we are interpreting these behav-
iors through the physical image of a kinetically rough surface,
the actual time-dependent structure factor data that we are an-
alyzing are directly those obtained for the Glauber simulation
or the TDGL model. Hence, it is these models as such that
display intrinsic anomalous scaling in the growth regime for a
quench from T = ∞.

As an additional check on the value of the dynamic ex-
ponent, we have applied the domain size method to both
models, finding values that are again consistent with the
DRG predictions and with the results previously obtained in
Ref. [55], namely, nc ≈ 0.40 ⇒ z ≈ 2.19 for the TDGL equa-
tion and nc ≈ 0.39 ⇒ z ≈ 2.24 for the lattice Ising model (see
Fig. 10).

In parallel with Sec. IV, we now consider the fluctuation
PDF for the TDGL equation after a critical quench from
infinite temperature. As suggested by Figs. 11 and 12, the
time-averaged nonequilibrium PDF is the same for both, the
overgrowth and the relaxation regimes, exhibiting up-down
symmetry and tails similar to those of an stretched exponen-
tial, P(X ) ∝ e−X 4

. Moreover, the maximum is not centered
at zero. There are, rather, two symmetric maxima, of ap-
proximately the same height, corresponding to positive and
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FIG. 8. Time evolution of the structure factor after a critical
quench from T = ∞ for (a) the TDGL equation [the dashed line indi-
cates S(q) ∼ q−1.80 asymptotic behavior] and (b) Glauber dynamics
[the dashed line indicates S(q) ∼ q−1.75 asymptotic behavior]. The
time arrow goes from blue to red (log spaced) for both panels, as
indicated in their legends.

negative fluctuations of similar amplitude. This seems consis-
tent with general expectations [1–3], as at the critical point the
magnetization is zero on (spatial) average, imposing the (sta-
tistical) symmetry between negative and positive fluctuations.

The PDF for the overgrowth regime (Fig. 11) is best col-
lapsed through the PS formula using the effective exponent
value β = 0, since it is the dominant contribution to the rough-
ness in the growth regime. For the relaxation regime (Fig. 12),
both collapses are consistent, since the fit exponent β ′ is very
close to zero.

VI. INTEGRAL GL MODEL

The interpretation, pursued in the two previous sections,
of the correlation data of the critical 2D TDGL equation in
terms of a rough surface with roughness exponent given by
Eq. (15), unavoidably renders both, α and β, negative for d =
2. Nonetheless, the dynamic scaling behavior that ensues can
still be consistently accounted for by suitable forms of kinetic
roughening depending on the type of critical quench that is

FIG. 9. Collapse of the structure factor data shown in Fig. 8
according to the anomalous dynamic scaling ansatz [Eqs. (18) and
(19)], using α = −1/8 and z = 2.19, for (a) the TDGL equation (the
dashed line corresponds to power-law scaling as fS′ ∼ u1.80; the solid
line corresponds to fS′ ∼ u−0.475) and (b) Glauber dynamics (the
dashed line corresponds to power-law scaling as fS′ ∼ u1.75; the solid
line corresponds to fS′ ∼ u−0.55). The time arrow goes from blue
to red (linearly spaced) for both panels, limited to the overgrowth
regime.

performed. However, it would still be interesting to introduce
a mapping from the 2D TDGL equation to a rough surface that
has positive roughness and growth exponents. This is explored
in the present section.

The key idea is to perform an analogy with the known
relation between the KPZ [Eq. (24)] and the noisy Burgers
[Eq. (25)] equations, already mentioned in Sec. III C 1. In-
deed, the latter equation for a scalar field u(x, t ) is the space
derivative of the former [as an equation for another scalar field
h(x, t )], provided u(x, t ) = ∂xh(x, t ) or, viceversa, h(x, t ) =∫ x

x0
u(x′, t )dx′, with the corresponding kinetic roughening ex-

ponents being related as αh = αu + 1 and zh = zu [52], as
one might intuitively expect. Thus, we conclude that space
integration of a fluctuating field can increase the roughness
exponent by one unit while keeping the dynamic exponent
unchanged. Hence, our next goal is to define a scalar field that
scales as the space integral of the TDGL local magnetization
φ(r, t ). The ensuing time evolution equation for such a field
will be referred to as the integral GL model, and our expec-
tations for its kinetic roughening exponent values are α =
−1/8 + 1 = 7/8 � 0.88 and z = 2.18, as collected in Table I.
Note that, owing to the vector character of the gradient in 2D,
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FIG. 10. Root-mean-squared magnetization (blue) as a function
of time after a critical quench from T = ∞ for (a) the TDGL
equation (the dashed orange line corresponds to

√
〈M2〉 ∼ t0.40)

and (b) Glauber dynamics (the dashed orange line corresponds to√
〈M2〉 ∼ t0.39.

the scalar TDGL equation cannot be directly interpreted as the
derivative of an underlying partial differential equation, unlike

FIG. 11. Time-averaged fluctuation PDF in log scale from sim-
ulations of the TDGL model after a critical quench from T = ∞,
within the overgrowth regime. The data have been normalized to
zero mean and unit variance, and the dashed blue line corresponds to
a stretched exponential distribution P(X ) ∝ e−X 4

, for comparison.
Inset: PS collapse of the data in the main panel for β = 0. Different
colors correspond to different (linearly spaced) times.

FIG. 12. PS collapse of the fluctuation PDF from simulations
of the TDGL model after a critical quench from T = ∞, within
the relaxation regime. The main panel (inset) displays the collapse
obtained for β = 0 (β ′ = −0.025). Different colors correspond to
different (linearly spaced) times.

the relation between the 1D KPZ and noisy Burgers equations.
Hence, a modified approach is necessary for our present case.

The derivative ψ(r, t ) of a scalar field f (r, t ) is defined as

ψ(r, t ) = ∇ f (r, t ), (42)

which in Fourier space reads,

ψ̂(q, t ) = iq f̂ (q, t ). (43)

Then, we define the “integral field” [denoted h(r, t )] of φ(r, t )
through its Fourier components as

ĥ(q, t ) = φ̂(q, t )

i|q| , q 
= 0,

ĥ(−q, t ) = ĥ∗(q, t ) ⇒ h(r, t ) ∈ R, (44)

where the conjugate symmetry guarantees that the integral
field h(r, t ) is real valued.

The previous definition is close in spirit to inverting the
space derivative operator in Fourier space. However, the
zeroth mode ĥ(q = 0, t ) [the space average of the h(r, t )
field] remains undefined. Hence, an additional prescription
is needed to compute the space average of the integral GL
field. If D̂ denotes the 1D differential operator ∂x in finite
differences with periodic boundary conditions, we compute

h = D̃−1φ, (45)

where D̃−1 denotes the Moore-Penrose pseudoinverse [61] of
D̂. The zeroth mode is then approximated as the sum of h at
each 1D cut along the x direction for constant y, summed over
each y value along the y direction.

The various mappings introduced between models are
summarized in Fig. 1, which also provides on its rightmost
panel an explicit example of the integral GL field rough
surface h(r, t ), as obtained from one realization of the local
magnetization φ(r, t ) for the TDGL equation.

We next study the same quenches as in Secs. IV and V,
now for the integral GL model. Thus, after a quench from T =
0, the roughness of the integral field h grows monotonically
until saturation [see Fig. 13(a)], following a power law with a
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FIG. 13. Roughness of the integral GL model as a function of
time for a quench from (a) T = 0 (the solid line represents Wfit =
−0.45 + 0.75 t0.22) and (b) T = ∞ (the solid line represents Wfit =
7.64 − 8.42 t−0.16, while the dashed line corresponds to W ∼ t−0.09).
The same time regimes as for the TDGL equation can be identified.

positive growth exponent β ≈ 0.22, which however is still far
from our present expectation, namely, 7/(8 × 2.18) � 0.40,
but see below. For now, note that the scaling corrections in the
roughness of the original field φ are expected to influence the
roughness of the integral field h too. On the other hand, for the
quench from T = ∞, the roughness reflects [see Fig. 13(b)]
all the time regimes identified in Sec. V, namely, an initial
increase (overgrowth), followed by relaxation to steady state
as a power law, W (t ) ∼ t−0.09, displaying scaling corrections
as well.

The time evolution of two-point correlations (in Fourier
space) is shown in Fig. 14. At saturation (equilibrium) and for
both quenches, the structure factor displays the asymptotic be-
havior given by S(q) ∼ q−3.80, which suggests α ≈ 0.9, close
to the theoretical expectation (recall Table I). For the quench
from T = 0 at preasymptotic times [see Fig. 14(a)], length
scales below the correlation length follow the asymptotic
S(q) ∼ q−3.80 behavior, while S(q) ∼ q−2 for larger length
scales (smaller q). This is because, by construction of the
integral GL model through Eq. (44), noise is no longer un-
correlated but features, rather, q−2 correlations. Indeed, for
a fixed time within the growth regime and for length scales
above the correlation length (small wave vectors) for which
the structure factor of the TDGL equation is uncorrelated

FIG. 14. Structure factor of the integral GL model as a function
of q for different times after a quench from (a) T = 0 and (b) T =
∞. The dashed lines represent an asymptotic S(q) ∼ q−3.80 behavior,
while the solid black line corresponds to power-law decay as S(q) ∼
q−2. The time arrow goes from blue (t = 0) to red (t = 20 000) being
log-spaced for different curves, with the color code being common
to both panels.

(q independent), the structure factor of the integral model
unavoidably picks up a q−2 dependence through Eq. (44),
as seen in Fig. 14(a). This is in full analogy to the mapping
between the 1D KPZ equation (for which noise is noncon-
served) and its space integral, the noisy Burgers equation,
for which noise is conserved [52]. Detailed confirmation of
this whole interpretation of Fig. 14(a) is provided by the data
collapse of those same data, provided in Fig. 15(a). Indeed,
it is achieved using the theoretically expected exponent val-
ues α = 7/8 and z = 2.19, and takes the form of a standard
FV dynamic scaling ansatz [Eq. (11)]. Note that, due to the
present noise correlations, the behavior of the scaling function
for qt1/z � 1 is characterized by an 1.80 exponent value, as
q−2q2α+2 = q2α = q1.80.

For the quench from T = ∞, and in analogy to the TDGL
case, the nonequilibrium behavior of the structure factor
for the integral model consists of an overgrowth regime,
followed by a long-time relaxation that does not satisfy
any dynamic scaling ansatz [see Fig. 14(b)]. As seen in
Fig. 15(b), the structure factor data within the overgrowth
regime do collapse using α ≈ 7/8 and z ≈ 2.19, but now dis-
playing an anomalous scaling behavior with spectral exponent

043192-12



NONCONSERVED CRITICAL DYNAMICS … PHYSICAL REVIEW RESEARCH 7, 043192 (2025)

FIG. 15. Collapse of the structure factor data shown in Fig. 14
for (a) the T = 0 critical quench (t < 104) for the integral GL model
(the dashed line represents power-law behavior as fS ∼ u1.80, while
the solid line corresponds to fS = cnst.) and (b) the T = ∞ critical
quench for the integral GL model, constrained to the overgrowth
regime (the dashed line represents power law as fS′ ∼ u1.80, while the
solid line corresponds to fS′ ∼ u−0.475). The time arrow goes from
blue to red (linearly spaced) for both panels. The exponent values
employed for the collapses are α = 7/8 and z = 2.19, as in Table I.

αs ≈ 1.1 corresponding to faceted anomalous roughening,
as α 
= αs > 1.

Overall, for both quenches the evolution of S(q, t ) for the
integral GL model follows the same temporal dynamics and
displays the same time regimes as for the TDGL equation,
ultimately because the mapping between them [Eq. (44)] only
involves the wave vector dependence, having no explicit effect
on the time dependence. Moreover, the collapse of the S(q, t )
data using the theoretical values of the kinetic roughening
exponents α and z for the integral model as in Table I suggests
that the deviations found in the value of β for the roughness
W (t ) may be attributed to stronger scaling corrections for the
latter in our finite-size simulations.

We have assessed scaling behavior for additional physical
quantities in the integral GL model. Thus, for the critical
quench from T = 0, the frequency power spectrum deviates
from a power law for small frequencies [see Fig. 16(a)], pos-
sibly due to the approximation used to compute the spatial
average of the field h. Nevertheless, the exponent value in
the �(ω) ∼ ω−1.805 power law measured coincides with that
found for the TDGL equation. This would, a priori, suggest
z 
= 2.19 for the integral model according to Eq. (29), since

FIG. 16. (a) Measurement of the dynamic exponent for the inte-
gral GL model after a critical quench from T = 0 through the power
spectrum method (the orange dashed line corresponds to �(ω) ∼
ω−1.805). (b) Measurement of the dynamic exponent for the integral
GL model after a critical quench from T = ∞ through the domain
size method (the orange dashed line represents

√
〈M2〉 ∼ t0.40).

the roughness exponent of the integral model differs from
the TDGL value. Nevertheless, the consistent dynamic scal-
ing ansatz demonstrated in Fig. 15(a) shows otherwise, and
suggests revision of Eq. (29). Analogously, for the quench
from T = ∞ the same exponent as in the TDGL equation is
also found by applying the domain size method to the integral
model, namely, nc ≈ 0.40 [see Fig. 16(b)]. This suggests a
similar inconsistency, this time through Eq. (32). We have
explicitly checked the validity of the theoretical expectation
of the dynamic exponent for the integral model by directly
measuring the dependence of the saturation time tsat ∼ Lz

with system size L (recall Sec. III B and see, e.g., Fig. 17
for the quench from T = 0). The resulting value z ≈ 2.2 is
again quite consistent with the data collapse of the structure
factor and with the theoretical estimate. All this reinforces
the straightforward inapplicability of Eqs. (29) and (32), lead-
ing us to expect corrections to be required for this type of
equations for z in terms of μ or nc. Such corrections possibly
arise from the mapping [Eq. (44)] between the TDGL and the
integral GL models, as those equations depend explicitly on
the value of the roughness exponent α.

We have also assessed the PDF of fluctuations of the inte-
gral GL model. In the nonequilibrium regime of the critical
quench from T = 0, the PDF is close to the equilibrium
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FIG. 17. Saturation time vs system size for the integral GL model
after a critical quench from T = ∞. The red points are the numerical
data while the blue line corresponds to tsat ∼ L2.22.

distribution, with the most important difference being the
value of the kurtosis (see Fig. 18). Indeed, the PDF is sym-
metric with a maximum at X = 0, away from which it decays
first exponentially fast, to then develop tails that widen ap-
proximately similar to those of a Gaussian. By applying the
PS formula with β ′ = 0.22, the PDF curves for different times
collapse onto a single master curve, reinforcing the accuracy
of this value of the growth exponent to describe the time
increase of the roughness in this case.

Regarding the critical quench from T = ∞, within the
overgrowth regime (see Fig. 19), the PDF curves for different
times collapse consistently onto a single one by directly ap-
plying the PS formula [Eq. (21)] in which the normalization
factor is the full roughness W (t ), rather than its dominant
tβ term only. For the relaxation regime, a consistent PS col-
lapse can be achieved using the effective exponent value β ′ =
−0.09, as can be seen in Fig. 20. In analogy to the TDGL
equation, the PDF in this relaxation regime differs from that
in the overgrowth regime by the kurtosis only. Indeed, while
both PDF functions are similar to a symmetric stretched ex-
ponential with a maximum at X = 0, the tails are relatively
shorter (wider) in the overgrowth (relaxation) regime.

VII. SUMMARY AND DISCUSSION

A. Ising critical quench from T = 0

The results obtained in Sec. IV for the critical quench from
the ordered state show a high degree of agreement between
the behaviors of the lattice Ising model and of its continuum
description through the TDGL equation. Consistent with the
most straightforward expectations, indeed both models ex-
hibit the same critical dynamics, characterized by numerical
values for the critical exponents α and z that agree with the
theoretical predictions collected in Table I. In particular, the
power spectrum method employed to independently measure
the dynamic exponent also reproduces previous results in the
literature [54].

While the equilibrium state of the discrete and continuous
models displays the predicted power law for the two-point

FIG. 18. PDF of height fluctuations for the integral GL model
after a critical quench from T = 0, in the nonequilibrium regime
(t < 104). (a) PDF curves prior to normalization by the roughness.
(b) Time-averaged PDF in log scale. The data have been normalized
to zero mean and unit variance. The dashed blue line corresponds to a
Gaussian distribution, for comparison. Inset: PS collapse of the data
in panel (a) using β ′ = 0.22. Different colors correspond to different
(linearly spaced) times.

correlation function, the nonequilibrium (or growth, in the
kinetic roughening context) regime follows in both systems
a standard FV dynamic scaling ansatz, qualitatively similar
to that satisfied, e.g., by the EW and the KPZ equations.
The roughness displays corrections to scaling, possibly as a
consequence of α < 0: In this case, subdominant terms in the
asymptotic expansion of W (t ) are not negligible as compared
to the tβ contribution. This was further stressed by the PDF
curves collapsed through the PS formula, suggesting domi-
nant contributions with β ′ = 0 > β = α/z.

Regarding fluctuation statistics, the nonequilibrium PDF
is biased toward the direction given by the magnetization
of the initial condition, displaying an asymmetry (nonzero
skewness) that approaches zero with increasing time, finally
reaching a symmetric configuration at equilibrium, indeed
consistent with the model symmetries. The kurtosis decays
over time until saturation, yielding shorter tails than those
of the Gaussian distribution, and consistent with those of
an stretched exponential P(X ) ∝ e−X 4

, similar to previous
results in the literature [7].
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FIG. 19. PDF of height fluctuations for the integral GL model
after a critical quench from T = ∞, within the overgrowth regime.
(a) PDF curves for different times without normalizing by the rough-
ness. (b) Time-averaged PDF in log scale. The data have been
normalized to zero mean and unit variance. The dashed blue line
corresponds to a stretched exponential distribution P(X ) ∝ e−X 4

,
for comparison. Inset: PS collapse of the data in panel (a) through
normalization by the roughness W (t ). Different colors correspond to
different (linearly spaced) times.

FIG. 20. PDF of height fluctuations for the integral GL model
after a critical quench from T = ∞, within the relaxation regime,
without normalizing by the roughness. Inset: PS collapse of the data
in the main panel, using β ′ = −0.09. Different colors correspond to
different (linearly spaced) times.

B. Ising critical quench from T = ∞
For the critical quench from the disordered state, the lattice

Ising model and the TDGL equation are also found in Sec. V
to exhibit the same critical dynamics, with critical exponents
α and z that are consistent with the theoretical predictions
in Table I. The domain size method applied to measure the
dynamic exponent for this case also reproduces the results
found in the literature [55].

The equilibrium behavior is the same as for the criti-
cal quench from T = 0, yielding the same structure factor
and PDF since, as expected for a system verifying detailed
balance, the equilibrium state should not depend on the ini-
tial condition. In contrast, the nonequilibrium dynamics of
the critical quench from T = ∞ is structured into two time
regimes, namely, an initial overgrowth of the roughness fol-
lowed by a long-time relaxation to equilibrium. As seen in
Fig. 8, the structure factor curves for different times during
the overgrowth regime do not overlap at intermediate values
of q as in the standard FV behavior but, rather, shift up-
ward systematically with increasing time. This behavior is
accounted for by an intrinsically anomalous dynamic scaling
ansatz with spectral exponent values αs = 0.15 and 0.10 for
Glauber dynamics and the TDGL equation, respectively, as
assessed by the data collapse discussed in Sec. V.

Intrinsic anomalous roughening is very frequently found
in the context of morphologically unstable surfaces (see, e.g.,
Refs. [32,33,38] and other therein) and we believe this is also
the case here. To understand the source of this behavior, recall
that, at the critical point, the TDGL equation [Eq. (3)] fea-
tures r < 0 as obtained from the DRG computation and hence
becomes, within a linear approximation such that |φ| � 1,

∂tφ = |r|φ + ν∇2φ + ζ . (46)

Equation (46) is expected to be valid for short times after the
critical quench from T = ∞ is performed, and implies that
the homogeneous solution φ(r) = 0 is actually unstable to pe-
riodic perturbations φper (r, t ) ∝ eω(q)t eiq·r, whose amplitude
evolves with the linear dispersion relation

ω(q) = ν

( |r|
ν

− q2

)
, (47)

where a characteristic, time-independent wave vector is
identified as qcorr = √

r/ν, or equivalently, a characteristic
time-independent wavelength ξcorr = 2π/qcorr. With the pa-
rameter values used in our numerical simulations, qcorr = 1. In
view of Eq. (47), a Type III pattern forming instability takes
place in the general classification of pattern formation [62].
The presence of noise in Eq. (46) is not expected to alter this
interpretation.

The morphological instability introduced by the linear term
|r|φ in Eq. (46) is due to its positive coefficient, which phys-
ically induces exponential growth of perturbations around the
φ(r, t = 0) = 0 initial condition. The overgrowth regime is a
consequence of such an instability. In Fig. 21, we compare
the structure factor of the linear approximation [Eq. (46)]
with that of the full TDGL equation [Eq. (3)]. At very short
times prior to the overgrowth regime, both equations indeed
display the same behavior with respect to S(q, t ) and also in
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FIG. 21. Comparison of the structure factors, as functions of q,
for the full TDGL equation (solid lines) and its linear approximation
[Eq. (46)], for a critical quench from T = ∞ and times prior to and
at the beginning of the overgrowth regime. The time arrow goes from
blue to red. (a) For an initial short time interval, the structure factor
and the fluctuation PDF (inset) of the full TDGL equation and its
linear approximation coincide. (b) For times where the correlation
length of the full TDGL equation is larger than 2π/qcorr (qcorr = 1
is marked by the dashed vertical line), its structure factor no longer
coincides with that of the linear approximation. The black solid line
represents asymptotic behavior as S(q) ∼ 1/q1.8.

terms of the fluctuation PDF, which is Gaussian to a good
approximation [see Fig. 21(a)].

However, the unstable amplitude growth of φ renders the
linear approximation |φ| � 1 eventually invalid, and the φ3

nonlinearity of the full TDGL equation can no longer be
neglected. This implies the departure of the structure factor
of the full system from its linear approximation, with the
value of S(q, t ) at intermediate q overshooting the asymptotic
behavior [see the yellow to red curves in Fig. 21(b)]. This is
the beginning of the overgrowth regime.

The structure factor during the overgrowth regime is con-
sidered in detail in Fig. 22, which repeats a subset of the
curves earlier presented in Fig. 8(a). Figure 22 identifies two
relevant length scales. One is the correlation length ξanom(t ) =
2π/qanom(t ), where qanom(t ) is the wave vector value that
separates q-independent from q-dependent behavior of the
structure factor for a fixed t . This length scale grows [equiv-
alently, qanom(t ) decreases] with increasing time, as indicated

FIG. 22. Structure factor of the TDGL equation after a critical
quench from T = ∞ from numerical simulations, for several times
within the overgrowth regime, increasing from blue to dark red. For
the first three times shown, the vertical red lines indicate the approx-
imate inverse value of the correlation length. Once the correlation
length has increased past the (inverse) cutoff wave vector (black), the
relaxation regime starts and the instability is suppressed. The dashed
line indicates the asymptotic S(q) ∼ q−1.80 behavior.

in the figure. A different, time-independent, scale is ξcutoff . As
seen in Fig. 22, once ξanom(t ) > ξcutoff , the overgrowth regime
finishes and the system enters the relaxation regime toward
equilibrium, as reflected in the behavior of the roughness
[recall Fig. 7(a)]. To verify whether this cutoff length scale is
a finite-size effect, we have analyzed the relation between the
cutoff wavevector qcutoff = 2π/ξcutoff and the lateral system
size L [see Fig. 23(a)]. The numerical data are consistent with
qcutoff ∼ L−0.94, i.e., ξcutoff ∼ L0.94. Hence, the cutoff corre-
lation length would never be reached in the thermodynamic
limit, where overgrowth fluctuations would grow indefinitely.
On the other hand, qanom(t ) = 2π/ξanom(t ) ∼ t−1/2 according
to Fig. 23(b), hence ξanom(t ) ∼ t1/2 grows diffusively so that
this length scale can be associated with the linear behavior.

All this suggests the competition between several different
length scales in the system, namely, the correlation length
ξ (t ) ∼ t1/z, the anomalous growth length scale ξanom(t ), and
the cutoff length scale ξcutoff , which are not equivalent. Thus,
during the initial time evolution, the nonlinear term in the
TDGL equation is negligible as compared with the linear
term. Later on, the nonequilibrium regime is a result of
the competition between the linear and the nonlinear terms
in the TDGL equation: The former drives unstable growth
of fluctuations, while the latter penalizes such growth and
stabilizes it. This competition allows one to understand the
nonequilibrium regimes: (1) During the overgrowth regime,
the linear term still competes with the nonlinear term, increas-
ing the amplitude of fluctuations. As the local magnetization
field becomes increasingly correlated in space, the nonlinear
contribution grows. The correlation length ξ (t ) ∼ t1/z con-
trols the data collapse of the time-dependent S(q, t ) curves,
while ξanom(t ) ∼ t1/2 < ξcutoff within the overgrowth regime.
(2) Once ξanom(t ) > ξcutoff , the nonlinear term completely
dominates over the linear instability, inducing decay to the
equilibrium state in the form of a long-time relaxation. Over-
all, one can associate the overgrowth regime of the TDGL
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FIG. 23. (a) Cutoff wave vector vs system lateral size from sim-
ulations of the TDGL equation after a critical quench from T = ∞,
in the overgrowth regime. Red dots correspond to numerical data
and the blue line to the power-law fit qcutoff ∼ L−0.94. (b) Anomalous
wave vector vs time. Red points correspond to numerical data, blue
line to fit qanom ∼ t−1/2.

equation after a critical quench from T = ∞ with the transient
time during which the nonlinear term stabilizes a Type III
morphological instability. Let us note again the occurrence
of anomalous scaling in other kinetic roughening systems
that similarly undergo morphological instabilities (see, e.g.,
Refs. [32,33,38] and other therein).

The mechanism just described is consistent with previous
literature and aligns with previous qualitative theoretical pre-
dictions of such unstable growth by, e.g., Binder [63] and
Huse [64]. It moreover also allows us to understand why the
dynamics are different for the two critical quenches we have
studied. In terms of the local magnetization field, we find two
different cases at t = 0:

completely ordered state: |φ| ≈ 1 ⇒ |φ|3 ≈ |φ|,
completely disordered state: |φ| ≈ 0 ⇒ |φ|3 � |φ|. (48)

Thus, in the quench from T = 0 the nonlinear term in the
TDGL equation competes with and stabilizes the linear insta-
bility already from t = 0, eventually avoiding the anomalous
overgrowth while, for the quench from T = ∞, the linear term
competes with the nonlinear term for a finite time interval
until ξanom(t ) reaches the cutoff length scale, which is fixed by
parameter conditions. Qualitatively, and according to the sim-
ulations, a similar behavior seems to hold for the discrete Ising

model with Glauber dynamics. Note that the present depen-
dence of the dynamics with the value of the initial condition is
consistent with the system symmetries, since, e.g., the TDGL
equation is not invariant under arbitrary shifts in the value
of the local magnetization, φ → φ + K . This contrasts with
many important models of surface kinetic roughening, like,
e.g., the KPZ, EW, or CKPZ equations, Eqs. (24), (B2), or
(C1), respectively, which do remain invariant under arbitrary
global shifts in the value of the surface height, h → h + H
[3,12].

C. Integral GL model

The integral GL model follows qualitatively the same be-
havior as the TDGL equation, displaying its expected values
for the critical exponents α and z, as reflected in Table I. As in
the TDGL equation, the dynamic scaling ansatz is of a simple
FV type for the critical quench from T = 0, but it changes to
an anomalous form in the overgrowth regime of the critical
quench from T = ∞. Due to the increase by one unit in the
value of the roughness exponent with respect to the TDGL
case, now the dynamic scaling ansatz is faceted instead of
intrinsic anomalous roughening. At any rate, the relation in
terms of the α, αs, and z exponent values between the integral
and the TDGL models is similar to the analogous relation
between exponent values for the KPZ and the noisy Burgers
equations, for the space-time properties of a field and those of
its space derivative [52].

Regarding the statistics of fluctuations, for the quench
from T = ∞ both the TDGL and the integral GL models
display symmetric PDF. However, for the quench from T =
0, the TDGL equation yields an asymmetric PDF for the
nonequilibrium regime while the integral GL model displays
a symmetric PDF. Hence, in this case space integration is
inducing a symmetry in the field fluctuations. Moreover, nor-
malizing the fluctuation histogram by the roughness W (t )
yields universal fluctuation PDF curves, as for the TDGL
equation.

VIII. CONCLUSIONS AND OUTLOOK

The first conclusion that can be drawn from our results is
that, in spite of the mathematical difficulties with the con-
tinuum limit of the TDGL equation [43,44], finite numerical
simulations of this system do still provide an accurate approx-
imation of the nonconserved critical dynamics of the lattice
Ising model [7,45], underscoring the universality of the criti-
cal behavior which is found.

By further interpreting the behavior of the model from
an interfacial perspective, the critical dynamics of the Ising
system displays a morphological instability that is stabi-
lized by the nonlinear interaction in ways that do depend
on the initial condition. Thus, while a T = 0 initial condi-
tion leads to nonequilibrium dynamics satisfying a standard
FV scaling ansatz that reaches saturation into equilibrium, a
critical quench from T = ∞ presents a much more complex
nonequilibrium dynamics toward the same equilibrium state.
In spite of the fact that the values of η (and, equivalently,
the roughness exponent α) and the dynamic exponent z are,
as expected, shared with those found in the simpler critical
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quench, now the dynamic scaling ansatz that ensues is in-
trinsically anomalous, being characterized by an additional
independent roughness exponent, αs. This peculiar scaling
behavior thus characterizes the space-time correlations of the
nonconserved critical dynamics of the Ising universality class,
restricted to an intermediate time (overgrowth) regime, and
is fully analogous to observations in models and experiments
of kinetically rough surfaces (see, e.g., Ref. [32] and other
therein). In that context, intrinsic anomalous roughening is
frequently associated with transient behavior related with,
e.g., morphological instabilities and/or quenched noise [65],
although recently a continuous model (namely, the tensionless
KPZ equation [34,66,67]) has been found that, while featuring
simple time-dependent noise, asymptotically displays intrin-
sic anomalous roughening [34]. From the RG point of view,
one would expect an additional scaling field to account for
the spectral roughness exponent; within current understand-
ing, the derivative field having an independent dynamics is
expected to play some role in this aspect [13,28,29,68].

Another bonus of the reinterpretation of the critical dynam-
ics of the Ising model in terms of surface kinetic roughening
is the assessment of universal forms of the fluctuation PDF
along the nonequilibrium dynamics, which become time
independent once suitably rescaled by the time-dependent
roughness, in full analogy with results recently undercovered
for paradigms of kinetic roughening like, e.g., the KPZ [18]
and CKPZ [48] equations. According to our present results,
for the nonconserved critical dynamics of the Ising model
these PDF functions depend on the initial condition but, in
analogy with the kinetic roughening case, one could con-
ceive of additional dependencies like additional dynamical
constraints [18] and/or the source of randomness in the system
[37]. In analogy to the equilibrium case [39,40], the assess-
ment of these probability distribution functions is becoming
increasingly useful to obtain the critical properties of statis-
tical mechanical systems far from equilibrium too, where, as
discussed in Sec. III and Appendix C, they are becoming im-
portant even to identify universality classes nonambiguously.
Moreover, bearing in mind that we are considering strongly
correlated (critical) systems, the study of these PDF provides
an interesting context for stochastic behavior beyond the cen-
tral limit theorem [52,69].

The formulation and study of the integral GL model has
allowed us to confirm the above picture on a system that by
construction has a positive roughness exponent. The critical
exponents are found to be consistent with the expectations,
while the type of dynamic scaling ansatz depends on the initial
condition in full parallel to the case of the TDGL equation,
although for the critical quench from T = ∞ the anomalous
scaling within the overgrowth regime is faceted, rather than
intrinsic, due to the increase in the value of the roughness
exponents implied by the definition of the integral GL model.
Likewise, a nontrivial symmetry emerges in the fluctuation
statistics due to the space integration. This is the opposite
behavior with respect to the KPZ-Burgers case [52], where
space integration leads instead to nontrivial breaking of the
symmetry of the fluctuation PDF.

A natural extension of the present work would be to the
critical dynamics of the 3D Ising model. Indeed, a recent
numerical study [70] of nth-order time correlation functions,

Mn(t ), for a critical quench from T = ∞, reports similar
behavior to our present findings under such type of initial
condition. Namely, the time evolution does not follow simple
scaling with the dynamic exponent z, while it involves an early
time rise followed by late stage relaxation. We expect that
the argument discussed in Sec. VII also applies to 3D, since
the required conditions are satisfied. Indeed, the system also
exhibits a critical point with long-range correlations while the
linear term is unstable, i.e., r < 0. Huse provides a criterion
for the overgrowth dynamics based on a nonequilibrium crit-
ical exponent λc together with data that support the validity
of this picture for 3D [64], while Binder’s argument [63] does
not rely on a specific dimension but, rather, on the existence
of a critical point where correlations are long ranged.

Additional extensions of our present work include the case
of conserved (model B) critical dynamics and, on a more
technical side, improved interpretations of the time power
spectrum and domain size methods that circumvent limita-
tions like those found in Sec. VI.
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APPENDIX A: DETERMINATION OF THE EFFECTIVE
CRITICAL POINT

Finite-size effects induce size-dependent corrections to the
critical temperature; hence, we need to determine the precise
critical point for the each one of the systems addressed in our
numerical simulations.

In the case of the discrete Ising model with Glauber dy-
namics, for maximum accuracy the effective Tc was computed
by setting the reference system size (N = 128 × 128), and
computing the dependence of the fluctuations amplitude with
temperature. Then, a narrow range of temperatures enclosing
the divergence that indicates criticality is scanned in δT =
0.001 steps. For each temperature, all the observables are
measured, and the value that yields critical or power-law be-
havior in all of its observables is selected as the effective criti-
cal temperature. The structure factor has been seen to be most
sensitive to temperature deviations from the effective critical
value. As an example, the temperature dependence of the
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FIG. 24. Magnetic susceptibility vs temperature for the Ising
model with Glauber dynamics on an N = 128 × 128 square lattice.
The peak in the susceptibility indicates the location of the phase
transition. The dashed line is a guide to the eye.

magnetic susceptibility obtained following this methodology
is shown in Fig. 24. Fine tuning over a narrow temperature
range was performed, yielding the effective temperature Tc =
2.277 on a square lattice of size N = 128 × 128.

With respect to the critical temperature for the TDGL
equation, note that the temperature dependence is contained in
the coefficients appearing in the continuous model [Eq. (3)].
Hence, it is convenient to rescale coordinates and fields to
render the equation nondimensional, grouping all parameter
dependencies into the noise amplitude; thus [7],

∂φ(r, t )

∂t
= 1

2
(φ(r, t ) − φ3(r, t ) + ∇2φ(r, t )) + Dη(r, t ),

(A1)

where the nondimensional variables t, r, φ in terms of the
original ones (identified with tildes here), are defined as

t = 2|r|t̃, r =
√

|r|
ν

r̃, φ =
√

u

|r| φ̃. (A2)

Then, the critical point is determined by the noise ampli-
tude Dc. Note the sign of the linear nonderivative term, in
accordance with the DRG study described in Sec. III E and
Appendix D, which predicts a negative sign for the coefficient
of that term at the critical point, i.e., r∗ < 0 [see Eq. (37)].

Following the same methodology as for the Glauber dy-
namics, the dependence of the magnetic susceptibility on the
noise amplitude is given in Fig. 25. Accordingly, the critical
noise amplitude is given by Dc = 0.835 for the nondimen-
sional TDGL equation.

The critical quenches are thus simulated by setting Tc =
2.277 and Dc = 0.835 for the lattice and continuum Ising
model, respectively. Furthermore, simulations of TDGL were
performed setting the time and spatial steps δt = 0.1 and δx =
δy = 1. For Glauber dynamics, J = J/kB = 1 was set for
simulations. Observables were averaged over 1000 noise real-
izations, and the numerical scheme was benchmarked against
the linear model presented in Appendix B. The uncertainty in
the fitted critical exponents is indicated by the last reported
digit (e.g., z = 2.17 ± 0.01).

FIG. 25. Susceptibility vs noise amplitude for the TDGL equa-
tion [Eq. (A1)]. The peak in the susceptibility indicates the critical
noise amplitude. The dashed line is a guide to the eye.

APPENDIX B: EDWARDS-WILKINSON EQUATION

The Gaussian approximation of the TDGL equation
[Eq. (3)] is [3]

∂tφ(x, t ) = −rφ(x, t ) + ν∇2φ(x, t ) + ζ (x, t ), (B1)

where ζ (x, t ) is delta-correlated Gaussian noise, as in Eq. (4).
This system is critical for r = 0 [3], where it simply becomes

∂tφ(x, t ) = ν∇2φ(x, t ) + ζ (x, t ). (B2)

In the surface kinetic roughening context, Eq. (B2) is known
as the EW equation, and it defines an important universality
class of its own [12,13]. Being linear, its solution can be
readily found analytically by Fourier transforms [3]. Thus,
e.g., the structure factor reads, for a null initial condition
φ(r, t = 0) = 0,

SEW(q, t ) = (2π )2	

ν

1 − e−2νtq2

q2
, (B3)

wherefrom, comparing with Eq. (11), the kinetic roughening
exponents are αEW = (2 − d )/2 and zEW = 2. As a graphical
illustration to be compared with, e.g., the results discussed in
Sec. IV for a critical quench of the 2D Ising model from the
ordered phase, we collect in Fig. 26 numerical results for the
time evolution of the 2D EW model using φ(r, t = 0) = 0.
Qualitative agreement can be observed with the full TDGL
dynamics for the critical quench from T = 0. In both cases,
a standard FV dynamic scaling ansatz is satisfied, although
naturally with different values for the kinetic roughening
exponents.

APPENDIX C: SCALING EXPONENTS VERSUS
HEIGHT STATISTICS: AN EXAMPLE

The CKPZ equation of kinetically rough interfaces reads
[12,13]

∂tφ(x, t ) = −ν4∇4φ(x, t ) + λ4

2
∇2(∇φ(x, t ))2 + ζ (x, t ),

(C1)

where ζ (x, t ) is zero-mean, delta-correlated Gaussian noise,
as in Eqs. (4) and (5), and ν4 > 0 and λ4 are parameters
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FIG. 26. Time evolution of the 2D EW equation from numerical
simulations of Eq. (B2) for a φ(r, t = 0) = 0 flat initial condition.
(a) Structure factor as a function of q for different times, with time
increasing from blue to red (log spaced). The dashed line corresponds
to the asymptotic S(q) ∼ q−2 behavior [Eq. (B3)] for qt1/2 � 1.
(b) Collapse of the data in panel (a) following the FV scaling ansatz
[Eqs. (11) and (12)], for α = 0 and z = 2. The dashed line corre-
sponds to fS ∼ u2. (c) Surface roughness as a function of time. Note
the slow growth rate, as βEW = 0 (log) for d = 2 [12].

quantifying linear and nonlinear surface diffusion, respec-
tively. The CKPZ universality class applies to a wide range
of systems [12,13] for which interfacial dynamics are con-
served (namely, the total amount of material at the interface
is time independent) and noise is not, as, e.g., for ultrathin
film deposition by Molecular Beam Epitaxy [71]. To sim-

plify this discussion, we henceforth consider Eq. (C1) for
one-dimensional interfaces. Our argument can readily be gen-
eralized to higher-dimensional interfaces for which d > 1.

The scaling exponents of the CKPZ equation are analyti-
cally known from a two-loop DRG calculation to be [72]

αCKPZ,1D = 1 − δ, zCKPZ,1D = 3 − 2δ, (C2)

where δCKPZ,1D � 0.03 is a small correction to the one-loop
result (note, alternative analytical approaches like the self-
consistent expansion of Ref. [73] suggest that the one-loop
values might actually hold, in which case δ = 0; nevertheless,
our argument does not require δ 
= 0). The following scaling
relation, termed hyperscaling, is believed to hold exactly [72],

2αCKPZ + d = zCKPZ, (C3)

with d = 1 for the exponents in Eq. (C2), due to the
known fact that, for conserved interface equations like CKPZ,
nonconserved noise does not renormalize [12,72]. The (ap-
proximate) analytical exponent values of Eq. (C2) compare
moreover very well with numerical estimates [48]. Now, con-
sider the following linear equation for a different height field
h(x, t ),

∂t ĥ(q, t ) = −ν̃4|q|zCKPZ,1D ĥ(q, t ) + ζ̂ (q, t ), (C4)

where hat denotes space Fourier transform, q is 1D wave vec-
tor, and ν̃4 > 0 may or may not equal ν4 because the scaling
behaviors of Eqs. (C1) and (C4) do not depend on the precise
numerical values of these coefficients. Notably, one can solve
Eq. (C4) analytically [13,47]. In particular, the structure factor
reads

S(C4)(q, t ) ∝ 1 − e−2ν̃4t |q|zCKPZ,1D

|q|zCKPZ,1D
, (C5)

wherefrom, comparing again with Eq. (11), z(C4) = zCKPZ,1D

and α(C4) = (zCKPZ,1D − 1)/2, so that hyperscaling holds
again [47], namely,

2α(C4) + d = z(C4), (C6)

where d = 1. Hence, α(C4) = αCKPZ,1D, so that the linear
Eq. (C4) shares the exact same set of exponent values as the
nonlinear 1D CKPZ equation [Eq. (C1)]! For this reason, one
can consider the former to be a Gaussian approximation of the
latter [47,52,53]. Further analogous cases exist in which, e.g.,
the dynamic exponent of a nonlinear model is exactly the same
as in the corresponding linear theory [74,75], as confirmed by
simulations, yet the nonlinear model differs in other respects.

Does the previous discussion imply that the Gaussian ap-
proximation [Eq. (C4)] is in the same universality class as
the 1D CKPZ equation? Of course not. Here is where the
statistics of height fluctuations becomes crucial. For the linear
equation, the PDF of height fluctuations is exactly Gaussian
[12,13], in particular with zero skewness, while for the 1D
CKPZ equation it is numerically known not to be Gaussian, in
particular with a nonzero skewness [48].

APPENDIX D: DYNAMIC RENORMALIZATION GROUP

Although the DRG was successfully applied to the study
of the stochastic TDGL equation [6], in the main text the RG
flow equations for this model are presented in the context of
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surface kinetic roughening (see Sec. III E). The original RG
flow equations are fully reproduced in this Appendix, from
which the flow equations in the interfacial context [Eq. (34)]
are finally obtained. The roughness and dynamic exponents
α and z are then obtained from the DRG flow, leading to the
results collected in Table I. As the full details of this derivation
spread over a number of different references in the literature,
here we collect them together for the reader’s convenience.
This calculation is also reviewed in general sources like, e.g.,
Refs. [3,7–10] and many other. However, here we intend to
make a detailed, while compact, presentation that fills in some
gaps in presentation and/or results. Readers with previous
familiarity with the DRG in the context of kinetic roughening
[12,57] may readily appreciate the similarities and the differ-
ences in the method for the present model, in particular with
respect to the renormalization of the noise.

The original convention [6] writes down the mobility 	

explicitly in the TDGL equation so that, by applying the
Fluctuation-Dissipation theorem, is equivalent to the noise
amplitude (setting kBT = 1), the bare model reading

∂tφ = −	{rφ + uφ3 − ν∇2φ} + ζ , (D1)

〈ζ (r, t )ζ (r′, t ′)〉 = 2	δ(r − r′)δ(t − t ′). (D2)

The DRG operates in wave vector and time frequency space.
Recall that, through the coarse graining of the lattice Ising
model, an upper cutoff � = 1/a is introduced, where a is the
lattice spacing. Hence, after multiplication by G0(q, ω), the
Fourier transform of Eq. (D1) becomes

φ̂(q, ω) = G0(q, ω)ζ̂ (q, ω) − uG0(q, ω)
∫∫

q1,ω1
q2,ω2

φ̂(q1, ω1)

× φ̂(q2, ω2)φ̂(q − q1 − q2, ω − ω1 − ω2), (D3)

where hats denote space-time Fourier transform, the integral
shorthand notation stands for∫∫

q1,ω1
q2,ω2

=
∫∫ ∞

−∞

dω1

2π

dω2

2π

∫∫ �

0

dq1

(2π )d

dq2

(2π )d
, (D4)

and G0 stands for the linear or free bare propagator,

G0(q, ω) = 1

r + νq2 − iω/	
. (D5)

For convenience, the equation is further shortened to

φ̂(q, ω) = φ̂0(q, ω) − uG0(q, ω)N [φ̂(q, ω)], (D6)

where N [φ̂(q, ω)] stands for the nonlinear term, and

φ̂0(q, ω) = G0(q, ω)ζ̂ (q, ω) (D7)

is the zeroth-order approximation (in powers of u) of the field.

1. Coarse graining

The next step involves a coarse graining by separating
Fourier modes into slow (φ̂<(q) = φ̂(q) for 0 < q < �/b)
and fast (φ̂>(q) = φ̂(q) for �/b < q < �) modes for the φ̂

and ζ̂ fields, where b > 0 is an arbitrary constant. At this
point, it is very convenient to introduce the diagrammatic
notation, to simplify further steps:

(1) A thick line stands for the field φ̂.

FIG. 27. Top: Diagrammatic representation of Eq. (D3) for the
slow modes. Bottom: Same as top, but for the fast modes.

(2) A thin line stands for the zeroth-order approximation
φ̂0. According to Eq. (D7), this contribution is proportional to
a noise term.

(3) A thin line with an arrow represents a free propagator
G0(q, ω).

(4) A vertex stands for the double integral and the param-
eter (−u). Wave vector q must be conserved at every vertex.

(5) Fast (slow) modes are represented by slashed (un-
slashed) lines.

Hence, the equations for the slow and fast modes can be
represented diagrammatically as in Fig. 27. Next, fast modes
are expanded in a perturbation series in powers of the nonlin-
ear coupling parameter u as

φ̂> = φ̂>
0 + uφ̂>

1 + O(u2), (D8)

which can be readily implemented by iteration of its diagram-
matic expression shown in Fig. 27. At first order in u, the
result takes the form depicted in Fig. 28.

The equation for the fast modes represented in Fig. 28 can
then be substituted into the equation for the slow modes, since
now the only unknown is φ̂<. This procedure yields a large
number of diagrams, with those contributing non-negligibly to
the slow modes equation being sketched in Fig. 29. Additional
diagrams are neglected because they are of higher orders in u
and for other reasons that will be justified later. For the full
diagrammatic expansion at one-loop order, see Ref. [9].

The last step to obtain the coarse-grained equation is to av-
erage out fast modes over noise realizations and integrate short
length scales, denoted as

∫ >. The key tool for this is Wick’s
theorem, which states [3,10] that, for a Gaussian-distributed
variable φ̂,

〈φ̂1 · · · φ̂n〉 =
{

0, n odd,

sum of all pairwise contractions, n even.

Accordingly, diagrams that are odd in powers of φ̂0 = G0ζ̂

are neglected, since the noise is Gaussian. Furthermore, by
denoting pairwise contractions over the noise as a crossed
vertex (⊗), the final coarse-grained equation takes the form
represented in Fig. 30. Analytically, this equation reads

φ̂ = φ̂0 − uG0N [φ̂] + �1 + �2 + �3. (D9)

To compute the diagram contributions {�i}3
i=1, assumptions

are made:

FIG. 28. Diagrammatic expansion of the equation for the fast
modes, to first order in the perturbative expansion.
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FIG. 29. Relevant contributions to the diagrammatic expansion
of the equation for the slow modes.

(1) Computations are for d � 4, to first perturbative order
in a ε expansion around the upper critical dimension (dc =
4) of the Ising universality class, with ε = 4 − d; hence, we
assume r ∼ u ∼ ε.

(2) Wave vectors verify q< � q>.
(3) For fast modes �/b < q < �, where b = el , � is ar-

bitrary, and l → 0; thus [3],∫ �

�/b
I (q)

dq
(2π )d

≈ I (�)(1 − e−l )�
∫

q

d�

(2π )d

≈ I (� = 1)lKd , (D10)

FIG. 30. Coarse-grained equation for slow modes [Eq. (D3)] up
to order u2.

where � = 1 without loss of generality, and Kd is a geometric
factor,

Kd =
∫

q

d�

(2π )d
= 21−d

πd/2
	(d/2). (D11)

To shorten the calculations, it is also worth computing
the pairwise contraction when averaging over fast modes,
corresponding to loops. By applying the noise correlation
properties,

∫∫
q1,ω1
q2,ω2

〈φ̂>
0 (q1, ω1)φ̂>

0 (q − q1 − q2, ω − ω1 − ω2)〉 =
∫∫

q1,ω1
q2,ω2

G>
0 G>′

0 〈ζ̂ >(q1, ω1)ζ̂ >(q − q1 − q2, ω − ω1 − ω2)〉

= 2	

∫
q1,ω1

G>
0 (q1, ω1)G>

0 (−q1,−ω1). (D12)

Using this result and with the various approximations in view, the first diagram, �1, yields

�1 = 3(−u)G<
0 φ̂<2	

∫ >

q1,ω1

G>
0 (q1, ω1)G>

0 (−q1,−ω1)

= −3uG<
0 φ̂<

∫ >

q1,ω1

2	(
r + νq2

1

)2 + ω2
1/	

2
. (D13)

The frequency integral has simple pole ω∗
± = ±i(r + νq2

1 )	. Using also Eq. (D10), one finally obtains

�1 = −3uG<
0 φ̂<

∫ >

q1

1

r + νq2
1

≈ −3u

ν

K4l

1 + r/ν
G<

0 φ̂<, (D14)

which renormalizes the linear nonderivative term in the TDGL equation.
Likewise the second diagram, �2, which renormalizes the nonlinearity in the TDGL equation, corresponds to

�2 = 18(−u)2G<
0 N [φ̂<]2	

∫ >

q3,ω3

G>
0 (q3, ω3)G>

0 (−q3,−ω3)G>
0 (q − q1 − q3, ω − ω1 − ω3)

= 18u2G<
0 N [φ̂<]

∫ >

q3,ω3

2	(
r + νq2

3

)2 + ω2
3

/
	2

1

r + ν(q − q1 − q3)2 − i(ω − ω1 − ω3)/	
. (D15)

Proceeding as for �1 and using that the fast mode q3 � q − q1, q2
3 � q3,

�2 = 18u2G<
0 N [φ̂<]

∫ >

q3

1 + O(q − q1)

2
(
r + νq2

3

)2 + O(q3)

≈ 9
u2

ν2

K4l

(1 + r/ν)2
G<

0 N [φ̂<] ≈ 9
u2

ν2
K4l G<

0 N [φ̂<]. (D16)
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Finally, the third diagram, �3, reads

�3 = 18u2G<
0 φ̂<

∫ >

q1,ω1

2	G>
0 (q1, ω1)G>

0 (−q1,−ω1)
∫ >

q2,ω2

2	G>
0 (q2, ω2)G>

0 (−q2,−ω2)G>
0 (q − q1 − q2, ω − ω1 − ω2)

= 18u2G<
0 φ̂<

∫ >

q1,ω1

∫ >

q2,ω2

2	(
r + νq2

1

)2 + ω2
1

/
	2

2	(
r + νq2

2

)2 + ω2
2

/
	2

1

r + ν(q − q1 − q2)2 − i(ω − ω1 − ω2)/	
. (D17)

The solution to this integral can be found in Ref. [76],

�3 = u2
0 l

{
iω

	

6(n + 2)

8π4
ln(4/3) − q2 (n + 2)

8π4

}
G<

0 φ̂<,

(D18)

where n = 1 is the rank of the order parameter and u0 =
u/(4ν2). Thus,

�3 = u2

ν4
K2

4 l

{
iω

	
9 ln(4/3) − νq2 3

2

}
G<

0 φ̂<, (D19)

which can be verified comparing with Ref. [9] (for the term
proportional to ω), and Ref. [8] (for the term proportional
to q2), hence this diagram renormalizes the mobility and the
linear diffusion term in the TDGL equation.

Substituting Eqs. (D14), (D16), and (D19) into Eq. (D9)
after dividing both sides by G0, leads to(

r + νq2 − iω

	

)
φ̂<

= ζ̂ < − uN [φ̂<] − 3u

ν

K4l

1 + r/ν
φ̂< + 9

u2

ν2
K4l N [φ̂<]

+ u2

ν4
K2

4 l

{
iω

	
9 ln(4/3) − νq2 3

2

}
φ̂<, (D20)

which can be finally rewritten as a coarse-grained equation as(
r̃ + ν̃q2 − iω

	̃

)
φ̂<(q, ω) = ζ̂ <(q, ω) − ũN [φ̂<(q, ω)],

(D21)

provided the coarse-grained parameters are defined as

r̃ = r + 3
u

ν

K4l

1 + r/ν
,

ũ = u − 9
u2

ν2
K4l,

	̃−1 = 	−1

{
1 + 9 ln(4/3)

u2

ν4
K2

4 l

}
,

ν̃ = ν

{
1 + 3

2

u2

ν4
K2

4 l

}
. (D22)

Note that in contrast with, e.g., the KPZ equation for which
the DRG renormalization of the noise requires an additional
perturbative expansion of the two-point function [12,57], this
is not needed in our present case [9].

2. Rescaling

To recover the same wave vector cutoff as in the bare
system, we need to rescale wave vector as q′ = bq, which

implies rescaling for other variables and fields as in Eq. (33)
[9]:

r′ = r/b, t ′ = b−zt, φ′ = b−αφ(br′, bzt ′). (D23)

Then,

∂t ′φ′ = −	̃bz(r̃φ′ + ũb2αφ′3 − ν̃b−2∇2φ′) + ζ ′, (D24)

where ζ ′(r′, t ′) = bz−αζ (r, t ), with noise amplitude

〈ζ ′(r′
1, t ′

1)ζ ′(r′
2, t ′

2)〉 = 2	′δ(r′
1 − r′

2)δ(t ′
1 − t ′

2)

= 2	̃bz−d−2αδ(r′
1 − r′

2)δ(t ′
1 − t ′

2),

resulting into the rescaled equation

∂t ′φ′ = −	′(r′φ′ + u′φ′3 − ν ′∇2φ′) + ζ ′, (D25)

with the exact same shape as the original (bare) TDGL
equation. Gathering the coarse-grained and rescaled coupling
constants [9], the recursion relations for the renormalized
couplings finally become

r′ = b2α+d r̃,

u′ = b4α+d ũ,

ν ′ = b2α+d−2ν̃,

	′ = bz−2α−d 	̃. (D26)

3. Differential flow equations

To obtain differential equations for the RG parameter flow,
we take b = el in the l → 0 limit; thus, e.g.,

r′ = el (2α+d )

{
r + 3u

ν

K4l

1 + r/ν

}

≈ r + l

{
(2α + d )r + 3u

ν

K4

1 + r/ν

}
+ O(l2),

dr

dl
= lim

l→0

r′ − r

l
= (2α + d )r + 3u

ν

K4

1 + r/ν
. (D27)

In the same fashion,

du

dl
= lim

l→0

u′ − u

l
= (4α + d )u − 9

u2

ν2
K4,

dν

dl
= lim

l→0

ν ′ − ν

l
= ν

{
(2α + d − 2) + 3

2

u2

ν4
K2

4

}
. (D28)
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FIG. 31. Dynamics of the structure factor from simulations of the
Ising model with Metropolis-Hastings dynamics for a critical quench
from (a) T = 0 and (b) T = ∞. For both panels, the dashed line
corresponds to asymptotic behavior as S(q) ∼ q−1.75 and the time
arrow goes from blue to red (log spaced).

Note (1 + x)−1 ≈ 1 − x + O(x2); hence,

	̃ ≈ 	

[
1 − 9 ln(4/3)

u2

ν4
K2

4 l

]
,

d	

dl
= lim

l→0

	′ − 	

l
= 	

{
(z − 2α − d ) − 9 ln(4/3)

u2

ν4
K2

4

}
.

(D29)

4. Mapping to the kinetic roughening convention

Our ultimate goal is to obtain the DRG flow for the cou-
pling constants corresponding to Eq. (3) of the main text.
Comparing it with Eq. (D1), whose couplings are now denoted
with a 0 subscript, we can make the following identification,

r = 	0r0,

u = 	0u0,

ν = 	0ν0,

	 = 	0. (D30)

The differential flow is computed by application of the chain
rule, dr/dl = 	0dr0/dl + r0d	0/dl , and similarly for du/dl ,
dν/dl , finally yielding the DRG flow equations for the TDGL
equation [Eq. (3)], provided by Eq. (34) in Sec. III E.

FIG. 32. Collapse of the structure factor data shown in Fig. 31 for
the critical quench from (a) T = 0, using α = −1/8 and z = 2.19
[the dashed (solid) line corresponds to fS ∼ u1.75 ( fS ∼ csnt)] and
from (b) T = ∞, using α = −0.15 and z = 2.30 [the dashed (solid)
line corresponds to fS′ ∼ u1.70 ( fS′ ∼ u−0.6)]. The time arrow goes
from blue to red (linearly spaced) for both panels.

APPENDIX E: METROPOLIS-HASTINGS ALGORITHM

In addition to Glauber’s rule, the same methodology for
the evolution of the discrete Ising model has been applied
using the Metropolis-Hastings algorithm [41,42]. The dynam-
ics of the structure factor for both critical quenches is shown
in Fig. 31, and the corresponding data collapses appear in
Fig. 32.

For the critical quench from T = 0, the qualitative be-
havior is analogous to that of Glauber dynamics, namely, a
standard FV dynamic scaling ansatz characterized by α ≈
−0.125 and z ≈ 2.19, close to the theoretical expectations in
Table I.

For the critical quench from T = ∞, both overgrowth
and relaxation regimes can be identified, the former being
characterized by intrinsic anomalous scaling with α ≈ −0.15,
αs ≈ 0.15, and z ≈ 2.30. Thus, the critical dynamics of the
Metropolis-Hastings algorithm seems to be more affected
by corrections to scaling than the Glauber update rule (see
Sec. V).
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