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Anomalous phonon magnetic moments
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Circularly polarized phonons conventionally carry an angular momentum and a magnetic moment arising from
circular motions of the atoms. Here, we present three anomalous cases that lead to phonon magnetic moments,
which cannot be described in the conventional framework: rotationless axial phonons, which exhibit magnetic
responses despite only carrying pseudoangular momentum, divergent gyromagnetic ratios of phonons, in which
a magnetic moment is produced despite vanishing angular momentum, and anisotropic gyromagnetic ratios of
phonons, which make the phonon angular momentum and magnetic moment noncollinear. Our results shed light
on the origin and nature of phonon magnetism and suggest the existence of phononomagnetic hidden order.

DOI: 10.1103/xzgb-33w5

I. INTRODUCTION

Circularly polarized phonons carry angular momentum
that can be exchanged with other particles, such as photons
or electrons, on fundamental timescales [1–3]. These lattice
vibrations, appearing in the form of axial and chiral phonons
[4–7], produce magnetic moments and hence represent a fun-
damental degree of freedom in crystalline solids in addition to
electronic angular momentum [8–11]. The phonon magnetic
moment, mph, and angular momentum, lph, have so far been
considered to be collinear and proportional to each other by a
phonon gyromagnetic ratio, mph = γ phlph [8].

The origin of angular momentum of a (quasi)particle is
not always directly linked to circular motion, as is commonly
exemplified by the electron spin. An alternative definition of
the angular momentum can be formulated from the transfor-
mation of a wavefunction under rotation [12,13]. For example,
the variation of the phase of the electromagnetic field of
light with an azimuthal angle gives rise to a twisted wave
front and therefore orbital angular momentum even for linear
polarization [14]. The same principle also applies to elastic
deformations and lattice vibrations with azimuthal phase vari-
ation [15–17], as well as to twisted magnon beams [18]. On
the atomic length scale, phonon angular momentum can be
obtained by acting the n-fold rotation operator on the phonon
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displacement vector [12,19]. This form is known as phonon
pseudoangular momentum (PAM) and stems from a phase
difference between the motion of different atoms belonging to
the same unit cell (spin PAM) or different unit cells (orbital
PAM) [12]. The prototypical example of phonons carrying
PAM is found in the K/K ′ valleys of hexagonal lattices
[1,12,20–23]. There, the angular momentum from circular
motion and that from relative phase correlations between dif-
ferent atoms are intertwined. The literature to date has not
considered the case of phonon eigenmodes where angular
momentum arises purely from phase correlations at atomic
length scales without any circular motion of atoms.

In this work, we demonstrate three cases that defy the
conventional picture of the phonon magnetic moment: first,
rotationless axial phonons, which possess only pseudo, but
no real angular momentum, and which can generate effective
phonon magnetic moments; second, phonons with divergent
gyromagnetic ratios, in which a finite magnetic moment is
generated despite vanishing angular momentum; and third,
anisotropic gyromagnetic ratios that cause the phonon angu-
lar momentum and magnetic moment to be noncollinear. A
schematic overview is shown in Fig. 1. Because our analysis
will involve both chiral and achiral phonons carrying angular
momentum, we will in the following use the neutral term
“axial phonons” to indicate they can be represented by the
axial vector l [7].

II. PHONON ANGULAR MOMENTUM
AND MAGNETIC MOMENTS

We begin by reviewing the formalism of phonon angular
momentum. Real phonon angular momentum arises from cir-
cular motion of atoms around their equilibrium positions in a
crystal and, for a specific phonon mode ν at a wave vector q,
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FIG. 1. Anomalous phonon magnetic moments. (a) Rotationless
axial phonons can carry effective magnetic moments while contain-
ing only linear atomic motion. (b) Divergent gyromagnetic ratios
produce finite magnetic moments despite vanishing angular mo-
mentum. (c) Anisotropic gyromagnetic ratios produce noncollinear
phonon angular momentum and magnetic moments.

can be written as [24]

lph
νq = h̄

∑
α

lph
νqα =

∑
α

uνqα × u̇νqα, (1)

where uνqα is the phonon displacement vector for atom α. In
ionic crystals, these phonons further carry a magnetic moment
produced by a circular charge current of the ions that can be
written as [4,8,25,26]

mph
νq =

∑
α

mph
νqα = h̄

∑
α

Z∗
α

2Mα

lph
νqα, (2)

where Z∗
α is the Born effective charge tensor, Mα is the atomic

mass, and Z∗
α/(2Mα ) is the gyromagnetic ratio of atom α. This

magnetic moment arises from circular charge currents and
produces a Maxwellian magnetic field from the dynamical
multiferroic effect [27,28]. Its magnitude is typically on the
order of the nuclear magneton, μn [4,6,8,10,29], but can be
enhanced by up to 4 orders of magnitude through Maxwellian
or non-Maxwellian contributions from electron- and spin-
phonon coupling [9–11,30–35].

Phonons can further carry PAM arising from phase dif-
ferences between atomic motions under n-fold rotational
operations [12],

Cn(z)uνqeiRαl ·q = e−i 2π
n ẑ·lp

νq uνqeiRαl ·q, (3)

where lp
νq is the PAM along the rotation axis ẑ passing through

a n-fold symmetric point in the unit cell and can take values of
l p
νq = 0, . . . , (n − 1), and Rαl is the position vector for atom
α in unit cell l . The phase factor can arise from a rotation of
the displacement vector uνq directly (intracell, spin PAM), or
from a rotation of the nonlocal part, eiR j ·q (intercell, orbital
PAM), for which l p

νq = l p,s
νq + l p,o

νq . This quantized PAM arises
at points in the Brillouin zone that respect n-fold rotational
symmetry.

Real phonon angular momentum has been associated with
the generation of magnetic fields [3,25,27,36–40], whereas
PAM is important for selection rules in light- and electron-
phonon scattering [1,4,5,12,41,42]. In these and other studies,
the investigated phonons involve circular motions of atoms
and exhibit collinear phonon angular momentum and mag-
netic moments. PAM in turn arises from the action of the
rotational operator Cn and makes no assumptions about the
circularity of the atomic motion. Hence, also purely linear
motions of the atoms along the rotation axis should lead to
PAM as long as there is a phase difference between them.
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FIG. 2. Out-of-plane atomic displacements in monolayer h-BN.
(a) Atomic displacement associated with the transverse acoustic
modes, which correspond to the out-of-plane motion from phonons
at K/K ′ valleys with frequencies of 9.2 THz (top) and 17.9 THz
(bottom). While all eigenvectors point out of the plane, their relative
motion is phase delayed as shown in panel (b), resembling the motion
of an Euler disk. (b) K and K ′ valley phonons have an opposite
phase difference, resulting in an orbital PAM of ±1. Boron atoms
are shown in green and nitrogen atoms are shown in yellow.

III. ROTATIONLESS AXIAL PHONONS

We next introduce rotationless axial phonons in hexagonal
materials for the simple examples of honeycomb and kagome
lattices. We then derive the magnetic response for hexagonal
cerium trichloride (CeCl3) and show that they produce effec-
tive magnetic moments purely from PAM, despite vanishing
lph
νq and mph

νq. As we will be considering phonon modes of
specific branches and wave vectors, we will drop the indices
ν and q.

A. Rotationless axial phonons in honeycomb lattices

The three-fold rotation around the center of the hexagon
leads to orbital PAM that is opposite in sign for different
sublattices, A and B, l p,o(A) = −l p,o(B) = ±1 for all phonon
branches at q = K/K ′. Additionally, K/K ′-valley phonons
with in-plane circular motion also carry a spin PAM of l p,s =
±1, resulting in a total PAM of l p = l p,s(A) + l p,o(A) =
l p,s(B) + l p,o(B). The three-fold rotation symmetry enforces
a total PAM of l p = ±1, 0 modulo 3, which constrains the
in-plane valley phonons to have only one sublattice mov-
ing or to exhibit opposite circular motion for the A and B
sublattices. On the other hand, phonon modes with linear
out-of-plane motion cannot carry any spin PAM, imply-
ing a total PAM of l p = l p,o = ±1. Given that l p,o(A) =
−l p,o(B) = ±1, any nondegenerate valley phonon with linear
out-of-plane motion must have only one sublattice moving,
and the total PAM about the three-fold axis passing through
the center of the hexagon or through the stationary sublat-
tice would be ±1. This requires broken inversion symmetry
and is realized in hexagonal boron nitride (h-BN). We inves-
tigate out-of-plane nondegenerate transverse acoustic K/K ′
phonons in monolayer h-BN in Fig. 2(a), calculated for h-BN
from first principles [43–46]. (For computational details, see
Appendix A.) These phonon modes involve only the mo-
tion of one sublattice and pick up a phase of ±2π/3 after
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FIG. 3. Spin and orbital PAM in a kagome lattice. Phonons with
out-of-plane motion in a kagome lattice can carry PAM due to in-
tracell and intercell phase differences. A three-fold rotation of the
phonon mode around a C3 symmetric point in the lattice results in
a phase of ±2π/3. (a) Zone-centered phonon with intracell phase
difference, producing a 2π/3 phase difference between the three
atoms on a given lattice site, leading to a spin PAM of 1 with the
same sign for all sublattices under a three-fold rotation. (b) Valley
phonon with intercell phase difference, with a 2π/3 phase difference
between the three lattice sites from neighboring unit cells, resulting
in an orbital PAM under a three-fold rotation.

three-fold rotation around the center of honeycomb, as shown
in Fig. 2(b), resulting in an orbital PAM of ±1 arising from
the intercell phase difference.

B. Rotationless axial phonons in kagome lattices

In kagome lattices, each site contains three atoms related
by three-fold rotation about an axis passing through the center
of hexagon or through the center of the triangle in the kagome
structure. This implies equal orbital PAM for all sublattices
and allows spin PAM arising from the intracell phase differ-
ence for phonon modes with out-of-plane linear motion. Such
phonon modes can carry both spin PAM and orbital PAM, as
illustrated in Fig. 3. For K/K ′-valley phonons, a three-fold
rotation around the center of the hexagon results in an overall
phase of 2π/3 due to the phase difference between different
unit cells, as shown by different colors in Fig. 3(b).

Similarly, for the �-point phonon, the three-fold rotation
around the center of hexagon or triangle in the kagome unit
results in the same phase of 2π/3 when different sublattices
are moving out of plane with a phase difference of 2π/3, as
shown in Fig. 3(a). From group theoretical analysis, we expect
that such a scenario arises for the Eu modes in the kagome
magnet Co3Sn2S2 that involves the motion of Co ions along
the z axis of the crystal (see Appendix B for details). Previous
studies have already suggested that Eg and Eu modes carrying
real angular momentum in this material split in an applied
magnetic field and hence possess a magnetic moment [47,48].
Another example is the E2u modes in FeGe that should exhibit
similar properties. These phonons can become axial when
time-reversal symmetry is broken either due to an applied
magnetic field or magnetic ordering.

C. Magnetic response of rotationless axial phonons
in cerium trichloride

For rotationless zone-center phonons, spin PAM can arise
from an intracell phase difference, as we have shown for
kagome lattices above. We now show that these phonons
can carry effective magnetic moments and respond to applied
magnetic fields, despite carrying no real magnetic moments
according to Eq. (2). We use the example of the rare-earth
4 f -paramagnet CeCl3, for which giant phonomagnetic and
magnetophononic effects have been discovered due to its
strong orbit-lattice coupling [11,37,39,49,50]. The material
crystallizes in the hexagonal space group P63/m and exhibits
one E1g and one E2u symmetric phonon mode at the center
of the Brillouin zone that induces purely out-of-plane atomic
motions, as illustrated in Fig. 4. (For details on CeCl3, see
Appendix D.)

The phonon displacement vector of the E2u mode at
20.5 meV can be obtained from group theory [51],

ua
E2u

= Qa

2
√

6
(0, 0, 2ẑ,−ẑ,−ẑ, 2ẑ,−ẑ,−ẑ), (4)

ub
E2u

= Qb

2
√

2
(0, 0, 0, ẑ,−ẑ, 0, ẑ,−ẑ), (5)

with basis (Ce3+
A , Ce3+

B , Cl−1A, Cl−2A, Cl−3A, Cl−1B, Cl−2B, Cl−3B),
and where Qa/b are the normal mode coordinates (amplitudes)
of the two orthogonal components a and b in units of Å

√
amu,

where amu is the atomic mass unit. The circular superposition
of two components of the E2u mode, Q± = ua

E2u
± iub

E2u
, re-

sults in axial phonon given by

Q± = Q√
6

ẑ(0, 0, 1, e±i 2π
3 , e±i 4π

3 , 1, e±i 2π
3 , e±i 4π

3 ), (6)

which indicates that the three Cl− ions in a given xy plane
around the Ce3+ ions are moving in z direction but with a
relative phase difference of ±2π/3 as shown in Fig. 4(b). This
leads to spin PAM of l p,s = ±1 as evident by the three-fold
rotation on the phonon mode:

C3(z)Q± = e−i 2π
3 l p,s

Q±. (7)

It is known that in the presence of a magnetic field,
phonons with real angular momentum can exhibit the
Zeeman effect, which in turn can be used to define an effective
phonon magnetic moment. We now calculate the splitting of
these axial phonons in the presence of an applied magnetic
field along the direction of three-fold rotation axis. We use
the formalism developed in Ref. [11] to compute the phonon
frequency splitting arising from orbit-lattice coupling, which
depends on the polarization state of phonon eigenmodes. In
this mechanism, phonons hybridize with orbital excitations
on the magnetic ion that carry finite angular momentum, re-
sulting in a frequency splitting that depends on the phonon
angular momentum; see Appendixes C and D for details.
Here, we find that the phonon eigenmodes, Q±, which carry
opposite PAM, exhibit a frequency splitting that depends on
the magnetic field and temperature, as shown in Fig. 4(c). It
is linear for small B and saturates to a value of 0.3 meV for
increasing magnetic fields. In contrast to Eq. (2), we can use
this PAM-dependent phonon frequency splitting to define an
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FIG. 4. Axial E2u mode and its magnetic response. (a) Displacement associated with the two orthogonal components of the E2u mode.
(b) A circular superposition of the two components results in a relative phase difference between displacements of different atoms within the
same unit cell, leading to a phonon spin pseudoangular momentum. (c) Phonon Zeeman splitting, �ωph of the axial E2u mode in the presence
of an external magnetic field. (d) Temperature dependence of the effective phonon magnetic moment, mph

eff .

effective gyromagnetic ratio and phonon magnetic moment as

mph
eff = γ

ph
eff lph = 1

2

∂�ωph

∂B

∣∣∣∣
B=0

, (8)

where �ωph denotes the energy splitting (in meV) of axial
phonons with opposite PAM due to the applied magnetic
field. Using Eq. (8), we find an effective phonon magnetic
moment on the order of 1μB at a temperature of T = 2 K,
which decreases monotonically with temperature as shown
in Fig. 4(d). While the effective phonon magnetic moment
characterizes the phononic response to an applied magnetic
field, it also produces a real magnetic moment arising from
spin polarization in the paramagnetic material that is given
by mph

real = χmmph
eff , where χm is the magnetic susceptibility.

Because χm ∼ 10−4 [37], the real magnetic moment is on the
order of the nuclear magneton. The phonon Zeeman effect
has not yet been measured for infrared-active or silent modes
in CeCl3; however, the rotationless Raman-active E1g mode
was shown to exhibit a strong Zeeman splitting in early ex-
periments [50]. Our results demonstrate that circular atomic
motion and therefore real phonon angular momentum is a
necessary requirement neither for electron spin to phonon
angular momentum coupling nor for magnetic responses of
axial phonons.

Now that we have shown that effective phonon magnetic
moments can arise solely from PAM, we will consider two
more anomalous behaviors of phonon modes, in which the
magnetic moment is not directly proportional to the real an-
gular momentum.

IV. DIVERGENT GYROMAGNETIC RATIOS OF PHONONS

Axial phonons exhibit both circular and, as we have shown,
linear motions of the atoms [29]. If ionic sublattices revolve in
opposite directions, phonons without net angular momentum
can still produce phonon magnetism. For example, in a crystal
with one cation (+) and one anion (−) per unit cell, the
effective charges are equal in magnitude and opposite in sign,
Z∗

+ = −Z∗
−. For a phonon mode with lph

+ = −lph
− , the phonon

angular momentum in Eq. (1) vanishes, whereas the phonon
magnetic moment in Eq. (2) remains nonzero. Accordingly,
the phonon gyromagnetic ratio, defined as γ ph = |mph|

|lph| , di-
verges. This ideal case is approximated in monolayer h-BN.
Axial phonons have previously been studied in h-BN [52] and
in heterostructures containing h-BN [53,54], where they show
a phonon band structure similar to the noncentrosymmetric
transition metal dichalcogenides [12]. Here, we demonstrate
the existence of near-divergent gyromagnetic ratios in Fig. 5
using the calculated phononic properties of h-BN [43–46].

As shown in Fig. 5(a), the longitudinal acoustic (LA)
phonon branch is fully circularly polarized at q = K , corre-
sponding to circular motions of the B sublattice, while the fast
transverse acoustic (TA) branch has nearly vanishing phonon
angular momentum. However, the TA branch still possesses
a substantial phonon magnetic moment [Fig. 5(b)] due to

FIG. 5. (a) Phonon angular momentum, lph, and (b) phonon mag-
netic moment, mph, (in units of the nuclear magneton, μn) of the
LA and fast TA bands of monolayer h-BN, shown as a function of
wave vector along the M ( 1

2 0 0) − K ( 1
3

1
3 0) − � (0 0 0) trajectory

in reciprocal space. (c) Atomic displacements in the TA band at
the K point, where B and N atoms revolve in opposite directions
around their equilibrium positions (transparent spheres). This leads
to a near-vanishing net angular momentum, counteraligned for the
two sublattices, but a substantial net magnetic moment (blue arrows),
coaligned for the two sublattices due to their opposite effective
charges.
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FIG. 6. (a) The noncollinear nature of the atomic moments (blue
arrows) in GaAs, arising from the orbital motions of the atoms
(spheres) around their average positions (transparent spheres), is
shown schematically for a phonon halfway between L ( 1

2
1
2

1
2 ) and

W ( 1
2

1
4

3
4 ). This noncollinearity gives rise to a difference between the

spatial orientation of the phonon angular momentum, lph, and mag-
netic moment vectors, mph. (b) Magnitude of the cross product of the
unit vectors, l̂ph × m̂ph, for the highest energy optical branch along
the L–W trajectory, showing the effect of the anisotropic phonon
gyromagnetic ratio.

the clockwise motions of the B cations combined with the
counterclockwise motions of the N anions [Fig. 5(c)], leading
to a near divergence of the gyromagnetic ratio.

V. ANISOTROPIC GYROMAGNETIC RATIOS
OF PHONONS

Divergent gyromagnetic ratios of phonons can be expanded
to the more general phenomenon of anisotropic gyromag-
netic ratios of phonons. This phenomenon occurs when the
atomic phonon angular momentum vectors, lph

α , of the differ-
ent ionic sublattices are not aligned. We show here that this
misalignment occurs at arbitrary q even in a highly symmet-
ric crystal with only two independent atomic positions. The
misalignment leads to a noncollinear local arrangement of the
magnetic moments arising from circular atomic motions, mph

α ,
and a difference in spatial orientation between the phonon
angular momentum and phonon magnetic moment vectors.
Accordingly, both quantities are connected by a tensorial
phonon gyromagnetic ratio, mph = γ phlph, where mph ∦ lph.

We demonstrate anisotropic gyromagnetic ratios of
phonons for the example of noncentrosymmetric gallium ar-
senide (GaAs) in Fig. 6, using phonon data computed from
first principles [55,56]; for details, see Appendix A. The opti-
cal phonons between the L and W points involve noncoplanar
circular motions of the atoms. The magnetic moments of the
Ga ions are primarily aligned along the z axis of the crys-
tal, while those of the As ions are oriented in the xy plane
[Fig. 6(a)]. In combination with the differing gyromagnetic
ratios of the two ions, a phonon magnetic moment emerges
that is nearly orthogonal to the phonon angular momentum
along most of the L–W direction [Fig. 6(b)].

VI. DISCUSSION

The rotationless axial phonons presented here challenge
the conventional understanding that circular atomic motion is

required to induce spin PAM and phonon magnetic moments
and show that both can be achieved with only linear atomic
motion. The large effective magnetic moment of the rota-
tionless E2u mode in CeCl3 suggests that coherent excitation
with ultrashort midinfrared pulses can induce strong effective
magnetic fields, akin to those from conventional circularly po-
larized phonons [37,39,57]. These phonons may also couple
to intrinsic orders with atomic scale phase structures, such
as chiral charge-density waves [58–60] or spin-density waves
[61]. This opens possibilities of using phonons to detect and
manipulate generalized time-reversal symmetry-breaking or-
ders, enabling probes of otherwise hidden orders, as proposed
in recent work [62].

Phonons exhibiting anisotropic gyromagnetic ratios in the
simple and highly symmetric materials studied here suggest
similar phenomena may occur more broadly in noncentrosym-
metric crystals. We expect these phonons to produce unique
effects such as a planar Zeeman effect, in which the applied
magnetic field is perpendicular to the angular momentum.
Such anisotropic gyromagnetic ratios can also give rise to an
orthogonal phonon Barnett effect and to its reciprocal coun-
terpart, the orthogonal Einstein–de Haas effect, as recently
shown in Ref. [63]. Together with divergent gyromagnetic ra-
tios, these phonons raise the fundamental question of whether
angular momentum or the phonon magnetic moment is the key
quantity in spin-phonon coupling. Decoupling these quanti-
ties is anticipated to have profound implications for ultrafast
magnetism, spin transport [64,65], and phonon Hall effects
[12,66–68].

Anisotropic and divergent gyromagnetic ratios of phonons
further point toward hidden orders and multipolar degrees
of freedom encoded in lattice excitations [69]. For example,
the phonons in Fig. 6 clearly lead to a magnetization with
moments of higher order than the dipole, allowing them to
couple to magnetic-field gradients and electric fields [70].
The interactions between axial phonons and spin-polarized
electrons could be affected by such higher-order multipoles,
especially in cases where the magnetic ions themselves exhibit
multipolar order [69,71]. Such magnetic multipoles associated
with phonons could be detected experimentally in x-ray or
neutron scattering experiments [72,73].
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TABLE I. Basis functions for the Eu irreducible representation at
Wyckoff position 9d in R3m.

Co atom Position E 1
u (a) E 1

u (b) E 2
u (a) E 2

u (b) E 3
u (a) E 3

u (b)

X1 ( 1
2 , 0, 1

2 ) 1√
3

· 1√
12

√
3√

12
· ·

Y1 · 1√
3

−
√

3√
12

1√
12

· ·
Z1 · · · · 1√

6
1√
2

X2 (0, 1
2 , 1

2 ) 1√
3

· −2√
12

· · ·
Y2 · 1√

3
· −2√

12
· ·

Z2 · · · · −2√
6

·
X3 ( 1

2 , 1
2 , 1

2 ) 1√
3

· 1√
12

−
√

3√
12

· ·
Y3 · 1√

3

√
3√

12
1√
12

· ·
Z3 · · · · 1√

6
− 1√

2

APPENDIX A: COMPUTATIONAL DETAILS

The phonon energies and eigenvectors of monolayer
h-BN were obtained using density functional perturbation
theory with the ABINIT software package (v. 10) [43]. Norm-
conserving pseudopotentials were used as received from the
abinit library. The PBE GGA exchange-correlation functional
[44] was used with the vdw-DFT-D3(BJ) dispersion correc-
tion of Grimme [45]. A plane-wave basis set energy cutoff of
30 Ha and a 16 × 16 × 1 grid of k points were chosen fol-
lowing convergence studies. The structure was relaxed to an
internal pressure of −7 MPa, and an 8 × 8 × 1 grid of q points
was then used for the phonon calculations. Computational
data are publicly available from Ref. [46]. DFT-calculated
phonon energies and eigenvectors of GaAs were obtained
from the Materials Project database [55,56]. The phonon an-
gular momentum was obtained from the phonon eigenvectors
following Eq. (1); the phonon magnetic moments were ob-
tained following Eq. (2).

APPENDIX B: GROUP THEORETICAL ANALYSIS
OF PHONON MODES IN Co3Sn2S2

In this section, we present group theory-based arguments
for the existence of phonon modes with out-of-plane mo-
tion and finite PAM in kagome Weyl semimetal Co3Sn2S2.
This material crystallizes in the trigonal (rhombohedral) space
group R3m (No. 166), adopting a shandite-type structure. The
Wyckoff positions in the hexagonal setting are Sn1 (site 3a),
Sn2 (3b), S (6c), and Co (9d). Most interestingly, Co atoms,
which reside on the 9d Wyckoff position, are arranged on two-
dimensional kagome lattices stacked along the crystal c axis.
This structure gives rise to a total of 21 phonon modes with
three acoustic and 18 optical modes, which decompose into
A1g ⊕ Eg ⊕ A1u ⊕ 5A2u ⊕ 6Eu irreducible representations.

We calculate the basis functions for Eu modes using Spec-
tral Active Modes (SAM) on Bilbao crystallographic server
[51] and found that three Eu mode basis functions involve the
motion of Co ion as depicted in Table I. The chiral superpo-
sition of Eu(a) and Eu(b) modes results in in-plane circular
motion for the first two basis vectors shown in the table.
On the other hand, the third basis vector E3

u involves only
out-of-plane motion. The chiral superposition of E3

u (a) and

E3
u (b) modes would result in a relative phase difference on Co

atoms Co1, Co2, and Co3 located at three positions ( 1
2 , 0, 1

2 ),
(0, 1

2 , 1
2 ), and ( 1

2 , 1
2 , 1

2 ), respectively, which are related by
three-fold rotation about z axis passing through (0, 0, 0). It
can be seen explicitly by writing the basis vectors E3

u in the
basis of (Co1, Co2, Co3):

Q± = E3
u (a) ± iE3

u (b) = −
√

2

3
(e−i2π/3 ẑ, ẑ, ei2π/3 ẑ) (B1)

and under three-fold rotation C3(z) (Co1, Co2, Co3) = (Co2,
Co3, Co1), which results in

C3(z)(Q±) = −e±i2π/3

√
2

3
(e−i2π/3ẑ, ẑ, ei2π/3ẑ)

= e±i2π/3Qpm. (B2)

This shows how the out-of-plane basis vectors of Eu modes in
Co3Sn2S2 can carry PAM.

APPENDIX C: GENERAL DERIVATION OF EFFECTIVE
PHONON MAGNETIC MOMENTS

FROM ORBIT-LATTICE COUPLING

In this section, we follow Ref. [11] to calculate the split-
ting of axial phonons. We begin by considering a degenerate
phonon mode with two components that is described by the
Hamiltonian

Hph = ω0(a†a + b†b). (C1)

We only consider phonon modes near the Brillouin-zone cen-
ter and can accordingly drop the momentum dependence in
the phonon operators and energies. In order to account for
the effect of orbital-lattice coupling on the phonon spectrum,
we use a Green’s function formalism. For the noninteracting
system, the Green’s function matrix is given by

D0(ω) =
(

Daa
0 (ω) 0

0 Dbb
0 (ω)

)
, (C2)

where the components are given by

Daa
0 (ω) = Dbb

0 (ω) = 2ω0

ω2 − ω2
0

. (C3)

The phonon frequency, ω0, can be trivially retrieved by solv-
ing Det(D−1

0 (ω)) = 0.
We next consider the electronic Hamiltonian

Hel =
4∑

i=1

εic
†
i ci, (C4)

where c†
i and ci are the creation and annihilation operators for

electrons in state i on the magnetic ion. We focus on the case
where these states are two Kramers doublets represented by
states (|1〉 , |2〉) and (|3〉 , |4〉).

Next, we consider an orbit-lattice interaction of this form:

Hel-ph = V a + V b, (C5)
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where

V a =
∑
i, j

g(a† + a)�a
i j = g(a† + a)(c†

3c1 + c†
1c3) − g(a† + a)(c†

4c2 + c†
2c3), (C6)

V b =
∑
i, j

g(a† + a)�a
i j = ig(b† + b)(c†

3c1 − c†
1c3) + ig(b† + b)(c†

4c2 − c†
4c2). (C7)

The phonon Green’s function after including these interactions is

D−1 =
⎛
⎝ω2−ω2

0
2ω0

− g̃2
( f1�1

ω2−�2
1
+ f2�2

ω2−�2
2

)
ig̃2

( − f1ω

ω2−�2
1
+ f2ω

ω2−�2
2

)
−ig̃2

( − f1ω

ω2−�2
1
+ f2ω

ω2−�2
2

) ω2−ω2
0

2ω0
− g̃2

( f1�1

ω2−�2
1
+ f2�2

ω2−�2
2

)
⎞
⎠, (C8)

where g̃2 = 2g2, �1 = ε31, �2 = ε42, fi is the occupation of ithelectronic band, and we assume the excited state to be unoccupied,
f3 = f4 = 0. The modified energies can then be obtained by solving Det(D−1) = 0.

When a magnetic field B = B ẑ is applied, electronic transition energies are modified as follows:

�1 = � − γ B, �2 = � + γ B, (C9)

where γ = μel
ex − μel

gs depends on the magnetic moment of the ground- and excited-state doublets. Lifting the degeneracy of
the ground-state doublet leads to asymmetric populations of the ground-state energy levels, f12 �= 0. Accordingly, the secular
equation, Det(D−1(ω)) = 0 for D−1 given by Eq. (C8) becomes(

ω2 − ω2
0

)
(ω2 − �2) − 2g̃2 f0ω0� + 2ω

(
Bγ

(
ω2 − ω2

0

) + g̃2ω0 f21
) + γ B

(
γ B

(
ω2 − ω2

0

) + 2g̃2ω0 f21
) = 0, (C10)(

ω2 − ω2
0

)
(ω2 − �2) − 2g̃2 f0ω0� − 2ω

(
Bγ

(
ω2 − ω2

0

) + g̃2ω0 f21
) + γ B

(
γ B

(
ω2 − ω2

0

) + 2g̃2ω0 f21
) = 0. (C11)

These two equations are not equivalent and there is a term linear in ω that indicates a frequency splitting of phonon and electronic
excitations. Given that the orbit-lattice coupling is weak and the electronic excitations are off-resonant from phonons, we can
assume that phonon energies are modified only slightly and have the form w±

ph = �ph(1 ∓ η), which gives

�phη =γ B
(
�2

+ − ω2
0

) + g̃2ω0 f21

�2
ph − �2

el + γ 2B2
= γ B

(
�2

+ − ω2
0

) + g̃2ω0 tanh
(μel

gsB

kBT

)
√(

ω2
0 − �2

)2 + 8g̃2 f0ω0� + γ 2B2
, (C12)

where f21 was replaced by − tanh(
μel

gsB

kBT ) with μel
gs representing

the magnetic moment of ground state manifold as the system
is paramagnetic. For the off-resonant case, we can assume
|� − ω0| 
 γ B and therefore neglect the linear B term in
the numerator and the quadratic one in the denominator.
The off-resonant case is a reasonable assumption, as γ B ∼
0.5 meV in strong magnetic fields of B = 10 T, whereas often
|� − ω0| > 10 meV. As a result, the splitting of the phonon
frequencies can be written as

ω+
ph − ω−

ph

ωph(B = 0)
≈ 2g̃2√(

ω2
0 − �2

)2 + 8g̃2 f0ω0�

tanh

(
μel

gsB

kBT

)
,

(C13)
which is the main expression used to evaluate the splitting
shown in Fig. 4.

APPENDIX D: SYMMETRY PROPERTIES
AND E2u MODES OF CeCl3

The rare-earth trihalide CeCl3, shown in Fig. 7(a), crys-
tallizes in the space group no. 176 (point group 6/m) and
its primitive unit cell contains eight atoms. The two Ce3+

ions are located at the 2c Wyckoff positions and the six Cl−

ions are located at the 6h Wyckoff positions. Each Ce3+

ion has nine nearest neighbors arranged in three different

planes. In each plane, the three Cl− atoms are related by
a three-fold rotation along a z axis passing through Ce3+

ion or the center of the hexagon. This structure leads to
21 optical phonon modes out of which two modes (E1g

and E2u) have purely out-of-plane motion [51] consist-
ing of the irreducible representations 2Ag ⊕ 1Au2Bg ⊕ 2Bu ⊕
1E1g ⊕ 3E2g ⊕ 2E1u ⊕ 1E2u [39]. Using SAM on Bilbao crys-
tallographic server [51], we found that out of these seven
doubly degenerate phonons, two modes (E1g and E2u) have
purely out-of-plane motion.

The ground-state configuration of the Ce3+ (4 f 1) ion is
given by a nearly free-ion configuration of a L = 3, S = 1/2
state in accordance with Hund’s rule. The spin-orbit coupling
splits this 14-dimensional space into J = 5/2 and J = 7/2
total angular momentum sectors and the ground state is given
by the six-dimensional J = 5/2 (2F5/2) state as shown in
Fig. 7(b). Since there is only one electron in the 4 f orbitals,
the wavefunctions of different states in this multiplet can be
written as

|J = 5/2, mj = ±5/2〉 = −
√

1

7
|ml = ±2, ms = ±1/2〉

+
√

6

7
|ml = ±3, ms = ∓1/2〉 ,

(D1)
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meV

meV

meV

meV

FIG. 7. (a) CeCl3 crystal structure along two directions. (b) Electronic energy levels of the Ce3+ ion. The energy levels compared to the
free ion are split by spin-orbit coupling and by the crystal electric field, resulting in three Kramers doublets, of which ±5/2 is the ground state.

|J = 5/2, mj = ±3/2〉 = −
√

2

7
|ml = ±1, ms = ±1/2〉

+
√

5

7
|ml = ±2, ms = ∓1/2〉 ,

(D2)

|J = 5/2, mj = ±1/2〉 = −
√

3

7
|ml = ±0, ms = ±1/2〉

+
√

4

7
|ml = ±1, ms = ∓1/2〉 ,

(D3)

where |ml , ms〉 is a 4 f orbital state with orbital quantum num-
ber ml and spin quantum number ms. The crystal-electric field
(CEF) further splits the states into three Kramers doublets
|±5/2〉, |±1/2〉, and |±3/2〉 with energies 0, 5.82, 14.38 meV,
respectively [50].

We use a point-charge model to describe the crystal electric
field of the system, in which the potential energy of an electron
at position r from Ce3+ nucleus due to the nth Cl− ion is given
by

V (Rn, r) = e2

4πε0

1

|Rn − r| , (D4)

where Rn = R0,n + un is the displacement of the nth ligand
ion from Ce3+ nucleus, which depends on the equilibrium
displacement, R0,n, and the relative lattice displacement, un,
arising from the phonon.

The perturbation introduced by a given phonon mode can
be obtained by a Taylor expansion of the potential in the lattice
displacement un to linear order, which is done in Mathematica
using the built-in series expansion function, which evaluates

∂uα
n
∂rβ ∂rγ

(
1

|Rn − r|
)∣∣∣∣

Rn=R0,n,r=0

. (D5)

The E2u phonon lowers the symmetry around the magnetic
ion and for the lattice distortion induced by this phonon, the

first-order term for the change in Coulomb potential is given
by

V (E1g(a)) = [−0.1xz + 0.066yz]Qa
eV

Å3
√

amu
, (D6)

V (E1g(b)) = [0.066xz + 0.1yz]Qb
eV

Å3
√

amu
. (D7)

Now, we can express xz = r2 sin θ cos θ cos φ and yz =
r2 sin θ cos θ cos φ in spherical coordinates. The elec-
tronic states on Ce3+ ion can be written in terms of
|L = 3, m = ml〉, which have wavefunction 〈r|L = 3, m =
ml〉 = R(r)Y ml

3 (θ, φ). This allows us to calculate the matrix
elements between different 4 f states and the only nonzero
terms are given by

〈m = ±3|xz|m = ±2〉 = ∓〈r2〉 1

3
√

6
, (D8)

〈m = ±2|xz|m = ±1〉 = ∓〈r2〉 1

3
√

10
, (D9)

〈m = ±1|xz|m = ±0〉 = ∓〈r2〉 1

3
√

75
, (D10)

〈m = ±3|yz|m = ±2〉 = 〈r2〉 i

3
√

6
, (D11)

〈m = ±2|yz|m = ±1〉 = 〈r2〉 i

3
√

10
, (D12)

〈m = ±1|yz|m = 0〉 = 〈r2〉 i

3
√

75
. (D13)

Using these values for states given in Eqs. (D1)–(D3), we
obtain the matrices for xz and yz operators

H1(xz) = − 2

7
√

5
〈r2〉

⎛
⎜⎜⎝

∣∣ 5
2 ,± 5

2

〉 ∣∣ 5
2 ,± 3

2

〉
∣∣ 5

2 ± 5
2

〉
0 ±1∣∣ 5

2 ,± 3
2

〉 ±1 0

⎞
⎟⎟⎠,

(D14)

H1(yz) = 2

7
√

5
〈r2〉

⎛
⎜⎜⎝

∣∣ 5
2 ,± 5

2

〉 ∣∣ 5
2 ,± 3

2

〉
∣∣ 5

2 ,± 5
2

〉
0 i∣∣ 5

2 ,± 3
2

〉 −i 0

⎞
⎟⎟⎠, (D15)

023053-8



ANOMALOUS PHONON MAGNETIC MOMENTS PHYSICAL REVIEW RESEARCH 8, 023053 (2026)

where 〈r2〉 = ∫ ∞
0 r2|R(r)|2r2dr is the mean-square 4 f -

electron radius. We can write the phonon displacements
as

Qa = h̄√
h̄ω0

(a + a†) = 0.06 Å
√

eV amu√
h̄ω0

(a + a†), (D16)

Qb = h̄√
h̄ω0

(b + b†) = 0.06 Å
√

eV amu√
h̄ω0

(b + b†), (D17)

where we restored h̄ and h̄ω0 is the energy of phonon mode.
As a result, the orbit-lattice coupling operators now take the
following form:

Hel-ph = (a† + a)Ôa + (b† + b)Ôb, (D18)

where

Ôa = geiθ
∣∣ + 5

2

〉〈 + 3
2

∣∣ − ge−iθ
∣∣ − 5

2

〉〈 − 3
2

∣∣ + H.c., (D19)

Ôb = igeiθ
∣∣ + 5

2

〉〈 + 3
2

∣∣ + ige−iθ
∣∣ − 5

2

〉〈 − 3
2

∣∣ + H.c. (D20)

Here, we combined Eqs. (D7), (D15), and (D17) in or-
der to obtain g = −√

0.12 + 0.0662 2
7
√

5
〈r2〉 0.06√

ω0
eV3/2/Å2 and

tan(θ ) = 0.66/0.1. This analysis shows that E2u mode (ω0 =
20.5 meV) couples with CEF excitation between |±3/2〉 and
|±5/2〉, which has energy � = 14 meV. Using the value of g,
we can now evaluate the splitting of two axial phonons using
Eq. (C13) and with μel

gs = 2μB which is the magnetic moment
for J = 5/2, mj = ±5/2, which comes out to be

ω+
ph − ω−

ph ≈ 0.3 tanh

(
2μBB

kBT

)
meV, (D21)

which indicates a saturation splitting close to 0.3 meV, as
shown in Fig. 4(c).
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