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Protocols for intermodule two-qubit gates mediated by time-bin encoded photons

Z. M. Mclntyre ®" and W. A. Coish®"
Department of Physics, McGill University, 3600 rue University, Montreal, Quebec H3A 2T8, Canada

® (Received 5 March 2025; accepted 29 May 2025; published 12 June 2025)

As quantum devices scale to larger numbers of qubits, entangling gates between distant stationary qubits will
help provide flexible, long-range connectivity in modular architectures. In this work, we present protocols for
implementing long-range two-qubit gates mediated by either Fock-state or time-bin qubits—photonic encodings
that are both compatible with the coplanar waveguide resonators commonly used in circuit quantum electrody-
namics (QED). These protocols become deterministic in the limit of vanishing photon loss. Additionally, photon
loss can be heralded, signaling a failed two-qubit gate attempt. We model the loss of a time-bin qubit to a
dielectric environment consisting of an ensemble of two-level systems, which are believed to be the dominant
mechanism for dielectric loss in circuit QED architectures. The backaction (on the stationary qubits) associated
with the loss of the time-bin qubit is strongly suppressed in a non-Markovian regime where the temporal
separation of the time bins is short compared to the dielectric environment’s correlation time. This result suggests
strategies based on a combination of materials-fabrication and time-bin-qubit optimization for ensuring that the
loss of a time-bin qubit is not only heralded but also approximately backaction-free.

DOL: 10.1103/xwyt-1ck7

I. INTRODUCTION

A promising approach to large-scale quantum information
processing involves coupling stationary qubits to microwave
photons. The stationary qubits could be superconducting
qubits [1] or spins housed in semiconductor heterostructures
[2]. As these systems scale up, the complexities associated
with wiring and control will likely motivate the adoption of
modular architectures where distributed quantum processing
units (QPUs) are combined into a single device via classical
processing or quantum interconnects [3]. In the near term,
techniques like circuit cutting [4,5] and entanglement forging
[6] can be used to simulate the output of larger quantum cir-
cuits by classically combining the outputs of smaller circuits
run sequentially on a single QPU or in parallel across separate
QPUs. Along similar lines, the statistics of long-range entan-
glement can be replicated using virtual gates [7-9], which
simulate two-qubit gates from a quasiprobability decompo-
sition of single-qubit rotations and projective measurements.
The costs of simulating nonlocal virtual gates can be reduced
by allowing for the exchange of classical information between
QPUs [10], as was recently demonstrated experimentally [11].

Strategies like circuit cutting and entanglement forging are
best suited to computations where the structure of the problem
motivates a partition into weakly interacting subsystems, each
of which can be simulated individually before correlating the
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outcomes on a classical computer. Such a structure can be
exploited to simplify many relevant problems in quantum
computational chemistry [12], such as finding the ground
states of molecular Hamiltonians [6]. However, entanglement
between QPUs would enable a larger class of problems to be
tackled in the long term [3].

In a circuit-QED or spin-circuit QED architecture, en-
tanglement between modules housing distinct QPUs can be
established via photonic interconnects capable of transmit-
ting quantum information over distances far exceeding the
centimeter-scale wavelength of microwave radiation. Cryo-
genic meter-scale interconnects, combined with a protocol
for applying gates across the interconnects, would form the
architectural requirements for so-called /-type modularity
[3]. Significant effort has gone toward developing strategies
for quantum-state transfer and Bell-state generation between
qubits connected by such interconnects [13-22]. Bell pairs
generated using these strategies could be stored and consumed
on-demand as part of a gate-teleportation protocol [23,24],
enabling two-qubit gates between distant qubits. However,
a more qubit-efficient approach may be to apply long-range
gates directly to the code qubits themselves, bypassing the
need for ancillary Bell pairs, Bell-pair quantum memory,
possible entanglement-purification steps, and the additional
gates required by the teleportation protocol itself. Long-range
gates could also be used for performing parity checks of
distant qubits [25,26], implementing transversal encoded two-
qubit gates [27], reducing the impact of cosmic-ray events
on encoded information [28], or as a means of establishing
the nonplanar connectivity required for certain quantum error
correcting codes (quantum low-density parity check codes)
[29-32].

Two-qubit gates between atom-qubits in separate optical
cavities have been proposed [33] and realized experimentally
[34]. These schemes leverage selection rules to entangle a
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qubit encoded in a multilevel system with a photonic polariza-
tion qubit [35,36], which is then used to mediate the two-qubit
gate. Such selection rules exist in many systems featuring
optical transitions, including atoms [35] and excitons [37].
Polarization-dependent atomic transitions have also been con-
sidered as a way of implementing two-qubit gates between
photonic qubits themselves [38,39]. Although polarization
qubits can readily be transmitted through either free space or
optical fibers, their integration into circuit QED architectures
is not commonly considered due to the fixed polarization of
the electromagnetic field housed in the coplanar waveguide
resonators commonly used to manipulate, measure, and cou-
ple qubits [1,40].

Here, we describe fixed-polarization protocols for perform-
ing two-qubit gates across quantum-photonic interconnects. In
contrast to entangling gates like the cross-resonance [41,42]
and resonator-induced-phase gates [43,44], which require
common coupling of the two qubits to a single spectrally
isolated standing-wave mode, the approaches presented here
couple the stationary qubits to propagating quasimodes of
the interconnect—*“flying” qubits. The photonic degree-of-
freedom required for flying qubits is provided by either a
Fock-state encoding (whose basis states are defined by the
presence or absence of a photon in the interconnect) or a time-
bin encoding (whose basis states are the single-photon Fock
states of a pair of orthogonal spatiotemporal modes of the
interconnect). Time-bin encodings have been considered for
linear-optical quantum computing [45], quantum key distribu-
tion [46], Bell-state generation [17,47,48], and quantum-state
transfer [17]. The two-qubit gate protocols presented here
become deterministic (they succeed with unit probability) in
the limit of vanishing photon loss. The loss of a photon is
a heralded error; hence, rather than contribute to a gate infi-
delity, errors due to photon loss are instead converted into a
reduced probability of successfully executing the gate.

In the most common (Markovian) models of photon loss,
absorption of a photon by a dielectric medium occurs at a
single instant in time. This absorption time is an indelible
trace left in the environment that distinguishes between the
two computational basis states of a photonic time-bin qubit
immediately before it is absorbed. For the time-bin-qubit
mediated gate described in this work, absorption of the in-
termediary photon in a way that distinguishes between the
time-bin states leads to an error (backaction) on the stationary
qubits. However, in a more general (non-Markovian) model
of dielectric loss, there is room for a photon to be absorbed
without introducing backaction. Standard models of photon
loss do not account for details of the photon’s spatiotemporal
mode, but we fully account for this in the present work.
Moreover, we model the loss of a time-bin qubit to a bath of
two-level systems (TLSs), accounting for a structured spectral
density of the TLS environment to determine the backaction
of photon loss on the stationary qubits involved in the gate.
Such TLSs are believed to be responsible for the majority of
dielectric loss in circuit QED platforms [49-57]. We calculate
the distinguishability of the TLS bath states resulting from the
absorption of a photon from either the early or the late time
bin. This distinguishability controls the rate of dephasing er-
rors on stationary qubits resulting from the loss of the time-bin
qubit. We show that the distinguishability of the states of the

TLS ensemble (conditioned on the time-bin state absorbed)
can be tuned by modifying either the TLS spectral density
or the time-bin separation. This result suggests strategies for
improving the performance of the gate protocols presented
here in the context of a quantum error-correcting code, where
the rate of errors on stationary code qubits should be kept as
low as possible.

The structure of the rest of this article is as follows: In
Sec. II, we review how cavity-assisted Raman transitions can
be used to deterministically emit and absorb single photons. In
Sec. III, we present two protocols for applying a controlled-
Z (CZ) gate to two distantly separated qubits: The first is
appropriate for qubits separated by a distance exceeding the
size of the photonic wavepacket, while the second alleviates
this restriction at the cost of introducing an ancilla qudit used
for measurement of the photonic qubit. In Sec. IV, we present
the results of a numerical simulation of the gate infidelity ac-
counting for decoherence of the stationary qubits. We discuss
the backaction associated with the loss of a time-bin qubit in
Sec. V. We offer concluding remarks in Sec. VI.

II. PITCHING PHOTONS

The emission and subsequent reabsorption of single pho-
tons has long been recognized as a useful resource for
quantum state transfer and entanglement distribution in
quantum networks [58]. In this section, we review how a
cavity-assisted Raman transition can be used to controllably
emit a single photon into a designated spatiotemporal quasi-
mode of a transmission line coupled to the cavity.

As is well known from the study of atomic ensembles with
A-type level structures [59-61], one way to emit and absorb
single photons is via cavity-assisted Raman transitions. This
process can be described by a Hamiltonian of the form

H[Q(1)] =iQt)|g, 1){f, 0] +H.c., (1)

where |0) and |1) are zero- and one-photon Fock states of the
cavity. The paradigmatic setup for realizing an interaction of
this form [Eq. (1)] is one where a cavity mode is coupled off-
resonantly with detuning A and strength gy to the |g) <> |e)
transition of a A system having states |g), |e), and |f), while
the atom’s |f) <> |e) transition is driven off-resonantly by a
classical drive with envelope Aq(#). Adiabatically eliminating
the |e) state then yields an interaction of the form H[2(z)]
with Q(#) = goAra(t)/A [59], where we have here assumed
degeneracy of the |f) and |g) levels. In the dispersive regime
of cavity QED (where the difference between the qubit and
cavity frequencies far exceeds the strength of the transverse
qubit-cavity coupling go), an interaction of the form of Eq. (1)
can be realized for superconducting transmon qubits by co-
herently driving the cavity [62] or qubit [13,17,20,63,64]
at the frequency of the dressed |f,0) <> |g, 1) transition.
In this case, Q1) = gora(t)a/(v2A(A + @)), where Aq(t)
again denotes the drive envelope and « is the transmon
anharmonicity [64].

The interaction H[2(¢)] can be used to emit a photon,
conditioned on the atom being in state |f), into some quasi-
mode u [with a waveform u(z) normalized according to
f dt lu(t))*> = 1] of a transmission-line resonator coupled to
the cavity (Fig. 1). The resulting single-photon state can be
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FIG. 1. A cavity-assisted Raman process with tunable strength
() can be used to emit a photon into a chosen quasimode u of a
transmission-line resonator coupled to the cavity.

expressed as |1,) = r,I |vac), where |vac) is the vacuum state
of the transmission line and

rh= / dr u(t)rl (o). )

Here, rou(t) = (27)~! [ dwe™'r,, is an output-field oper-
ator written in terms of annihilation operators r, acting
on frequency modes of the transmission line and satisfying
[0, VI),] = §(w — @) [65]. Photon emission conditioned on
the atomic state |f) can be realized in superposition to map
(ale) + B 1f)) ® |vac) — ale, vac) + B g, 1.).

To relate the populated quasimode u to the envelope
Q(t) = Q. (t) required for emitting a photon into mode u, we
consider evolution described by the master equation (setting
h=1).

p = —ilH, p] + «Dlalp, (3

where H = H[2:(?)], k is the rate of cavity decay into the
transmission line, and a is an annihilation operator that re-
moves one photon from the cavity mode: a|1) = |0). The
damping superoperator Dla] acts according to Dlalp =
apa’ — {a'a, p}/2.

For « > |Q2(t)|, the waveform u(z) of the emitted pho-
ton can be related to the output field via the input-output
relation (see Ref. [66] and the supplement of Ref. [67] for
details): (rou)s = v/ (@) = u(t)(zr)o, where 7o = Ig)(f].
and where the average is defined as (O), = Tr{Op(¢)} for
operator O. With the density operator p(¢) written as p(t) =

Y wp Pap®la)(B] for |a) € {lg, 0), |g, 1), |f, 0)}, we there-
fore have

u(t) = Jx (a); =\/Epgl,g0(t). @
(Ter)o £r0,20(0)

To determine the dynamics of the relevant matrix element
Pql,00(t), we consider the following set of coupled differential
equations obtained from Eq. (3):

peteo(t) = Qe()pro.00(t) — %pgl,gom,

P70,0(t) = =2 () pg1,00(t). ()

A simple expression for p, q0(f) can be derived in the regime
where Q.(z) varies slowly on a timescale ! and « far ex-
ceeds the strength of the driving, « > |Q2.(¢)|. In this regime,
the dynamics of the cavity field (a); = pg1,,0(¢) follows that
of the instantaneous (equal time) atomic coherence (T,r); =
Proe0(t), and we can adiabatically eliminate the cavity field
by approximating pg1 40 > 0. Solving the above system of

equations then gives [cf. Eq. (4)]
2Q.(t :
u(t) ~ %eifwdsmew_ )

Under the assumption that 2. () varies slowly on a timescale
«~1, this expression [Eq. (6)] indicates that u(¢) varies on
a timescale ~« /|Q.|>, which self-consistently exceeds the
timescale «~! provided x > |Q.(¢)| [as initially assumed
when solving the system of coupled differential equations in
Eq. (5)].

To express 2.(¢) in terms of u(¢), we note that lu()|* ~
—%e‘é [ ds12:0F [of. Bq. (6)], which can be integrated to
obtain the relation

4t 2
e i fiwdslﬂe(s)\ ~1 _/

—00

t

ds |u(s)|>. (7

Using Eq. (7) in conjunction with Eq. (6) allows us to solve
for Q.(¢) in terms of u(t), giving [60,61]

J_E u(t)

2 i dsuesr

Here, we have made use of the normalization condition
f dr |u(?)]? = 1 to rewrite the range of the integral in the de-
nominator. Absorption of an incident photon in mode u(t) can
be realized by shaping the envelope for the absorption pulse
Q(t) = Q,(¢) so that its time reverse 2} (—¢) would lead to the
emission of a photon into the time-reversed quasimode having
waveform u*(—t) [60]. The pulse required for absorption of a
photon with waveform u(z) into a cavity having linewidth «
can then be found from Eq. (8) and is given by

\/_E u(t)

2 Jr dslus)P

The combination of complex conjugation and mapping of
t — —t in the waveform u*(—t) of the time-reversed quasi-
mode can be understood in a plane-wave basis by noting that
r! [cf. Eq. (2)] populates the plane-wave mode (x|rl')|vac) X
e~ @=x/Y) (assuming a linear dispersion and propagation at
speed v). Reversing the propagation direction of this plane
wave can be accomplished through complex conjugation and
a mapping of t — —t, giving e *“*+*/¥)_ This can be gen-
eralized from plane waves to quasimodes: For a photon in
the quasimode u, (x|r}|vac) o [ dw u(w)e /"), where
ulw) = f dt ¢“'u(t) is the Fourier transform of the waveform
u(t). In this case, complex conjugation and a mapping of
t — —t leads to an expression involving u*(w), corresponding
to the Fourier transform of u*(—t)—the waveform of the
time-reversed mode.

While the model assumed here [Eq. (1)] leads to the emis-
sion of a photon with unit efficiency, a finite lifetime of the
| f) state will generally reduce the emission efficiency due to
quantum jumps |f, 0) — |e, 0) during the emission process.
This reduction in efficiency can be estimated as the ratio of
the duration ~1 / Q. of the photon-emission process relative
to the lifetime Tlf ¢ of the | f) state, where here, Qumay is the
maximal value of Q(z). For transmon qubits, achievable val-
ues of Q¢ are typically limited by the transmon anharmonic-
itly o [64], which tends to be on the order of a few hundred

Q. (t) ~ [€2:(1)] < k. (3

Q1) = [Q.0)] <Kk 9
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MHz. A value of Q. /27 ~ 10 MHz has been achieved with
o /2w = —421 MHz, corresponding to photon emission on a
timescale ~m /Qm.x &~ 50ns [63]. Although the |f) state in
Ref. [63] had a lifetime of only 550 ns, Tlf ¢ times in excess
of 40 us have been measured [68], and emission of photons
on faster timescales could likely be achieved by replacing
the transmon with a more anharmonic qubit like the flux-
onium [63]. An additional source of inefficiency affecting
the eventual reabsorption of the photon is the possibility of
unintentional waveform distortion u(t) — u/(¢) due to, e.g.,
dispersion. In this scenario, driving with the pulse ,(7)
[Eq. (9)] tailored for reabsorption of a photon with waveform
u(t) will lead to an imperfect recapture. Since the photon-
absorption process is the time-reverse of the emission process
[60], the probability of absorbing a photon in quasimode
u'(t) with driving designed to absorb a photon in quasimode
u(t) is simply given by the probability of emitting a photon
into /(t) with a pulse ©.(¢) designed to emit a photon into
u(t). This probability is itself given by the quasimode overlap
[ dt w* (o) (¢).

In the next section, we describe two protocols for perform-
ing CZ gates between distantly separated stationary qubits.
Both protocols require the emission and subsequent reabsorp-
tion of a photonic qubit, encoded in either a Fock basis or in
a time-bin basis. In the notation established above, a photon
encoding a time-bin qubit has a waveform ug(¢) if the photon
is emitted at the early time, or up (t) = ug(t — Typ) if it is
emitted at the late time. Here, 7y, is a temporal offset chosen
to be sufficiently large for the two time-bin states to be treated
as orthogonal [ f dt uf(t)u(t) = 0]. Since these CZ gates
are heralded, imperfect photon emission and reabsorption as
described in the preceding paragraph will contribute to the
probability of gate failure due to photon loss, rather than to
the infidelity of the gate conditioned on a successful heralding
outcome.

III. CZ GATES MEDIATED BY FOCK-STATE
OR TIME-BIN QUBITS

We consider a setup where two stationary qubits (described
by two-level subspaces of three-level qudits Q; and Q;) are
each coupled to their own cavity. The cavities are themselves
coupled by a transmission line, allowing the radiation emitted
from one cavity to be channeled into the other. In cases where
there is no ambiguity, we also denote by Q; the qubit encoded
in the three-level system Q;.

A summary of this section is as follows: In Sec. III A, we
first give steps for realizing an entangling operation between a
stationary, cavity-coupled qubit and a photonic qubit encoded
in either a Fock-state or time-bin basis. This operation is used
as a primitive in constructing the long-range gates presented
in Secs. IIIB and IIIC. The two CZ-gate protocols differ
mainly in whether or not they require a measurement of the
flying qubit, which, as we later explain, could be realized
by mapping the photonic-qubit basis states onto the states
of an ancilla. The “measurement-free” protocol, described
in Sec. III B, does not require measurement of the flying
qubit but does require a minimum spatial separation of Q;
and Q, set by the size of the photonic wavepacket. The
“ancilla-assisted” protocol, described in Sec. III C, alleviates

this requirement by introducing a measurement of the flying
qubit. Both protocols take advantage of the multilevel struc-
ture of A-type emitters to herald the loss of the flying qubit.
The ancilla-assisted CZ-gate protocol could be mediated by
a Fock-state encoded photon in principle, but we choose to
present the protocol with a time-bin encoding for the single
photon. This is due to the possibility—explored in Sec. V—of
combining this gate protocol with engineering of the trans-
mission line’s dielectric environment to achieve a situation
where, despite the orthogonality of the time-bin basis states,
the loss of the time-bin qubit is not only heralded but also
approximately backaction-free.

A. CZ gate between flying and stationary qubits

A crucial ingredient for realizing the long-range gate pro-
tocol of Sec. III B is an entangling operation of the form

U = ™l lugl (10)

This CZ gate acts on a stationary qubit having basis states |e)
and |g) and a Fock-state encoded photonic qubit having basis
states |1,) and |vac). The gate protocol presented in Sec. II1 C,
below, relies on the same operation for a time-bin encoded
photon:

U = ¢7Ik-a)ilsgl (11)

In this case, the photon encodes a time-bin qubit having ba-
sis states |E) and |L), where |E) (|L)) is a transmission-line
state containing one photon in the spatiotemporal mode with
waveform ug (¢) [ug (t)]. There are several ways these CZ gates
could be realized using phase shifts of the photonic waveform
conditioned on the state of a stationary qubit.

Given a three-level system having states |g), |e), |f), a
qubit-conditioned phase shift can be realized by resonantly
coupling the system’s |e) <> |f) transition to a single-sided
cavity [Fig. 2(a)]. This cavity-qubit interaction leads to hy-
bridization of the bare qubit and cavity states into states of
the form |+, 1) o< | f, 0) & |e, 1). These states have eigenen-
ergies wy + go, where here w, is the bare cavity frequency
and go is the strength of the cavity-qubit coupling. For a
qubit in state |g), an incoming photon resonant with the bare
cavity frequency will undergo a m phase shift provided the
photon bandwidth is narrow relative to the cavity linewidth
k [69-71]. (This bandwidth condition can be achieved if the
photon wavepacket duration 7 satisfies ™' « «.) However,
for a qubit in state |e), the cavity density of states at wq is
significantly suppressed by the cavity-qubit hybridization pro-
vided go > k. An incoming photon will therefore be reflected
without a w phase shift for a qubit in state |e) [Fig. 2(a)].
For a Fock-state encoded photonic qubit, this 7 phase shift
implemented conditioned on the stationary qubit being in |g)
provides a direct realization of the CZ gate given in Eq. (10).
Similarly, provided only a photon in state |L) is allowed to
interact with the stationary qubit, the same mechanism could
be used to realize a CZ gate between a stationary qubit and
a time-bin qubit [Eq. (11)]. The time-bin conditioned inter-
action with the stationary qubit could be realized using a
fast switch [72,73] or tunable coupling to the transmission
line [21].
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FIG. 2. Two ways of realizing qubit-state-conditioned phase
shifts on the photonic waveform: (a) Strong resonant coupling of
the |e) and |f) states suppresses the cavity density-of-states at the
bare cavity frequency wy for a qubit in state |e), while for a qubit in
state |g), it remains peaked at wy. For an incoming photon (dashed
wavepacket) that is resonant with w, and has a narrow bandwidth
compared to k, the result is a w phase shift incurred upon reflection,
conditioned on state |g) (red and blue wavepackets). This mechanism
has been demonstrated experimentally in Refs. [69-71]. (b) Disper-
sive coupling with strength | x| = « /2 can be used to realize a £m /2
phase shift conditioned on the qubit state, where the sign depends
on the sign of y. This operation is locally equivalent to the 7 phase
shift described in (a) and has been demonstrated experimentally in
Refs. [74,75].

We give an alternate mechanism for realizing the operation
U with a time-bin qubit [Eq. (11)]: For a stationary qubit
which is instead dispersively coupled to a cavity, an entangling
operation locally equivalent to U could be realized by dynam-
ically switching the cavity susceptibility so that it differs for
a photon in state |E) versus |L) [Fig. 2(b)]. In this scenario,
the cavity-qubit coupling can be modeled by a time-dependent
dispersive interaction of the form

H({t) = x(t)o.d'a, (12)
where

X (1) = §®(t —T)2). (13)

Here, o, is a Pauli-Z operator acting on the qubit, @ is an
annihilation operator that removes one photon from the cavity,
and ® is a Heaviside step function with 7' chosen so that
O —T/2)=0[O( — T/2) = 1] for an early (late) photon.
With this choice of x(¢), and for a photon waveform ug 1 (¢)
having a bandwidth narrow compared to x (7! < «), a pho-
ton in state |L) will ideally undergo a 4+ /2 (—m/2) phase
shift when the stationary qubit is in state |g) (|e)), while a
photon in state |E) will undergo a 7 phase shift independent of
the state of the stationary qubit. In terms of elementary gates
and up to a global phase of m, this operation can be described

()2 @]

(b)

Q —
|vac) —4 : —
Q. ——

FIG. 3. (a) Two qubits Q; and Q,, each coupled to their own
cavity mode, are connected by a long transmission line. A CZ gate
between Q; and Q, can be realized by sending a Fock-state qubit,
encoded in the presence or absence of a photon having a waveform
of duration 7, from Q; to Q, and back. The spatial extent of the
photonic waveform is set by vz, where v is the speed of light in the
transmission line. (b) Circuit for applying a CZ gate to Q; and Q,
using controlled-NOT (CNOT) operations with an auxiliary degree
of freedom. These CNOT gates schematically represent conditional
photon emission and absorption [cf. Eq. (15)].

as the combined action of (i) the required CZ gate U [Eq. (11)]
between the time-bin qubit and the stationary qubit and (ii) an
ST gate on the time-bin qubit, where in the basis {|E) , |L)}, S
has matrix elements 1 and i along the diagonal.

Since the quasimode waveforms ug 1 (¢) are temporally
well separated (to ensure orthogonality), the stepwise behav-
ior of x(¢) [Eq. (13)] could be smoothed out in practice
provided the timescale for turning x on or off is short
compared to the time-bin separation, and consequently, the
operation of this CZ gate could be made largely insensitive
to the temporal details of the x (¢) ramp-up provided it takes
place well before the arrival of a photon in state |L). For
circuit QED systems, tuning of the dispersive shift from zero
to nonzero values can be achieved on nanosecond timescales
using SQUID-based tunable couplers [76,77].

B. Measurement-free gate

The first long-range gate we present does not require mea-
surement of the photonic qubit, but does require that the size
of the photonic wavepacket [set by the spatial extent of its
waveform u(z)] be less than the distance separating the two
qubits Q; and Q, [Fig. 3(a)]. We begin by summarizing the
steps involved in performing the gate [Fig. 3(b)], before giving
details of how each can be realized in practice. We assume an
initial state of the two stationary qubits and transmission line
of the form

|Wo) [vac) = (a [gg) + B |ge) + v leg) 4 8 |ee)) |vac), (14)

where [s15,) = |s1) ® |s2) denotes Q; in state |s;), |vac) is the
vacuum state of the transmission line, and where «, 8, y, 8
are coefficients satisfying the normalization condition [|o|? +
|81 + |y |> + 18/*1"/? = 1. The gate begins by entangling Q,
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with a Fock-state encoded photonic qubit (having basis states
[1,) and |vac)) via the mapping

le) [vac) — le) [vac),
g) [vac) — |g) [Lu). s)

The photon is then sent to Q,, where the photonic qubit and Q;
undergo a CZ gate described by U [Eq. (10)]. The photon is
then sent back to and reabsorbed by Q,, reversing the mapping
of Eq. (15). As indicated via the circuit identity shown in
Fig. 3(b), these steps realize a CZ gate between Q; and Q;.

Having given this overview, we now provide a more de-
tailed sequence of steps for realizing the measurement-free
gate. Starting from Eq. (14), the mapping of Eq. (15) can be
realized by first applying to Q; a 7, pulse followed by a 7,
pulse followed by another 7, pulse. Here, 7, denotes a 7
pulse that exchanges amplitude between levels |a) and |b).
These 7 pulses applied to Q; produce the state

(a|fg) +Blfe) + v leg) + 8 |ee)) [vac). (16)

At this point, a photon can be emitted into the quasimode u
(thereby populating the state |1,)) via a cavity-assisted Raman
transition, conditioned on Q; having a nonzero amplitude for
the state |f). This completes the mapping of Eq. (15). The
photon is sent to Q,, after which the photonic qubit and Q;
undergo a CZ gate [Eq. (11)]. Following this CZ gate, the state
of Qi, Qz, and the transmission line is given by

(—algg) + Blge)) |1u) + (v leg) + 6 |ee))|vac). — (17)

Next, the photon is sent back to and reabsorbed by Q;, sending
lg) [1,) — |f) |vac) and disentangling the state of Q; and Q;
from the state of the transmission line. Applying a m,, pulse,
followed by a 7y, pulse, followed by another 7., pulse to Q
will then yield the final state

(—algg) + Blge) + v leg) + 8 |ee)) |vac), (18)

consistent with the application of a CZ gate ¢80l to the
initial state of Q; and Q,. If the photon was lost in transit, then
the drive used to reabsorb the photon will act trivially [since
the Hamiltonian in Eq. (1) does not have a finite matrix ele-
ment linking |g, 0) and | f, 0)]. The final three v pulses used to
produce Eq. (18) will then lead to a finite amplitude of having
Q in state | f) conditioned on a photon having been emitted.
This enables heralding of photon loss through a binary mea-
surement described by the POVM {| f)(f], 1 — | f){f|} [78].
Since the photonic qubit is emitted and ultimately reab-
sorbed by the same qubit (Q), the drives used to emit and
absorb the photon cannot overlap in time. The spatial extent
of the quasimode u must therefore be comparable to or shorter
than the distance separating Q; and Q,. As an example,
this requirement sets a minimum distance of approximately
vt ~ 0.1 m for a 7 =~ 1-ns photonic pulse traveling at a speed
of v >~ 0.5 ¢, where c is the speed of light in vacuum. A more
precise estimate for v is [21] v = c¢//(1 +€,)/2 &~ 0.43c,
assuming a dielectric constant €, = 10 (for sapphire). The
minimum distance vt must in turn be balanced against the
requirement that 7 > k!, which, as explained in Sec. Il A, is
required for realizing the operation U [Eq. (10)]. For /27 =
50 MHz [21], for instance, a pulse duration T > 3.2 ns would

be required, corresponding to a pulse length >0.41 m (assum-
ing the value for v given above).

In the next section, we present a second protocol for ap-
plying a CZ gate to Q; and Q,. This second protocol makes
use of an ancilla that can be used to reabsorb the photon and
therefore does not require the photon emission and absorption
to be temporally separated. The protocol is thus compatible
with qubits that are separated by a distance smaller than the
spatial extent of the photon waveform.

C. Ancilla-assisted gate

In this subsection, we present a second protocol for ap-
plying a CZ gate to Q; and Q; (Fig. 4). In contrast to the
measurement-free protocol presented in Sec. III B, the pho-
tonic qubit mediating the gate presented here only travels
from Q; to Q,, rather than there and back. After interacting
with Q,, the photonic qubit is measured with the help of
an ancilla, Q3. This measurement projects Q; and Q; into a
state consistent with the application of a CZ gate, /™188)(s!,
up to a potential single-qubit rotation (conditioned on the
measurement outcome). Although this gate could be mediated
by a Fock-state encoded photonic qubit in principle, we con-
sider a time-bin encoding as it offers the additional possibility
of “erasing” the backaction associated with photon loss—a
possibility explored in Sec. V. The time-bin qubit mediating
the CZ gate presented in this section plays a role analogous
to that of the photonic polarization qubit in the proposal of
Ref. [33], where a similar protocol for performing a long-
range CZ gate was suggested. In the protocol of Ref. [33], a
photon encoding a polarization qubit is successively reflected
off two distant cavities containing qubits, becoming entangled
with both qubits in the process. A final measurement of the
photon in an appropriate polarization basis then completes
the gate. This protocol has been experimentally implemented
between trapped-atom stationary qubits with a polarization-
qubit intermediary [34].

Much like the measurement-free gate of Sec. III B, the
ancilla-assisted gate is realized by entangling Q; with a pho-
tonic qubit, here taken to be a time-bin qubit:

le) [vac) — |e) |E),
g) [vac) — |g) IL). 19)

The time-bin qubit can then be entangled with Q, using the
unitary operation U [cf. Eq. (11)]. The gate is completed
by measuring the state of the time-bin qubit in the X basis
|[E) & |L). In an optical implementation, the required time-
bin Hadamard could be realized using delays and switches
[79,80], or by mapping the time-bin qubit to a polarization
degree-of-freedom and applying the Hadamard to the polar-
ization qubit [81]. In the event that a time-bin Hadamard is
unavailable or impractical, as would likely be the case in a
circuit QED setup, the required X-basis measurement could
be performed by mapping the state of the time-bin qubit onto
the state of an ancillary three-level system Q3 initialized in its
ground state [Fig. 4(a)] using the mapping [17]

1g) [E) — le) |vac),

lg) IL) — 1g) |vac),
|g) [vac) — |f) |vac). (20)
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FIG. 4. (a) Schematic of the imagined setup for the ancilla-assisted CZ gate: A two-qubit gate can be applied to cavity-coupled qubits Q,
and Q, by emitting and reabsorbing a time-bin qubit. Qubit Q; plays the role of the quantum emitter that pitches the time-bin qubit, which is
subsequently reabsorbed by the ancilla Q;. While in transit, the photon encoding the time-bin qubit imparts a time-bin conditioned phase to
Q., enabled by a dispersive shift x(¢) that can be toggled on during the interaction with either the early (ug) or late (u,) time-bin waveforms
[Eq. (13)]. (b) Quantum-circuit description of the suggested protocol for applying a CZ gate to Q, and Q, using a time-bin intermediary, with
the ancilla Qj initially prepared in its ground state |g). The entangling operation given in Eq. (19) is represented schematically as an initial
preparation of the time-bin qubit in state |L), followed by a CNOT gate acting on Q, and the time-bin qubit.

The mappings of Eqgs. (19) and (20) have been demonstrated
experimentally with superconducting transmon qubits for the
purpose of Bell-state generation [17] and can be realized us-
ing 7 pulses together with cavity-assisted Raman transitions.
The X-basis measurement of the time-bin qubit can then be
realized by applying a Hadamard to Q3 (mapping |e) — |+)
and |g) — |—)) and measuring Qs in the basis {|g) , le), [f)}-
In the absence of errors, a measurement of |g) or |e) heralds
success: If the measurement outcome is |e), then the postmea-
surement state of Q; and Q; corresponds to the state obtained
by applying the CZ gate Ucz = /™188)%8 to the initial state of
Q; and Q; [Eq. (14)]. If the outcome is |g), then the applied
operation can be transformed to Ucz by applying a Z gate
to Q; [Fig. 4(b)]. We quantify the backaction resulting from
photon loss, heralded by a measurement of Q3 in state |f), in
Sec. V.

The method considered here for coherently mapping the
state of a stationary qubit onto a time-bin degree-of-freedom
[Eq. (19)] requires the availability of an auxiliary level or
degree-of-freedom beyond the two states |e) and |g) spanning
the computational subspace. Although we here assume the
availability of an auxiliary level | f) (Fig. 1), the required aux-
iliary system could alternatively consist of, e.g., a long-lived
nuclear spin as described in Ref. [82].

As with the measurement-free gate, we now give a more
detailed sequence of steps for realizing the ancilla-assisted
gate protocol: Starting again from the initial state given in
Eq. (14), the amplitude for the state |g) (Je)) of Q is first
transferred to |e) (|f)) using a 77, pulse followed by a m,,
pulse. Using a cavity-assisted Raman transition, a photon can
be transferred into the cavity coupled to Q;, conditioned on
Q; starting in the state |f). This photon will leak into the
transmission line and populate the state |E), leaving the cavity
in its vacuum state independent of the state of Q. The state
of Qi, Q2, Q3 (initialized in |g)) and the transmission line is

then

(o |leg) + B lee)) |g) Ivac) + (v |gg) + & |ge)) |g) |E).

The basis ordering for the stationary qubits in Eq. (21) is
|Q1, Q2) 1Q3). We assume a switch [72,73], a tunable coupler
[21], or a time-dependent dispersive shift x (¢) [Fig. 4(b)] is
used to ensure that a photon in state |E) does not interact
with Q,. This action results in an |E)-conditioned identity
operation on Q, [cf. Eq. (11)], up to a phase in the case of
x(¢) (see Sec. III A). A photon in state |E) is then reabsorbed

by Qs, giving
(o leg) + B lee)) |g) [vac) + (v Igg) + & 1ge)) | f) vac). (22)

Next, a my, pulse is applied to Qq, followed by a m,, pulse.
A 7y, pulse is concurrently applied to Qs, so that the state
of Q3 is |e) conditioned on the photon having been in state
|E) [cf. Eq. (20)]. Driving the | f, 0) <> |g, 1) transition of Q,
[Eq. (1)] will again transfer a photon into the transmission
line, conditioned on Q; being in state | f). However, a photon
emitted at this stage will instead populate the state |L), leading
to the state

(algg) + Blge)) 1g) IL) + (v leg) + 8 |ee)) |e) [vac).  (23)

During the time that |L) is populated, the switch, tunable
coupler, or dispersive shift x (¢) is instead configured so that a
photon in state |L) does interact with Q,, picking up a phase
shift of w conditioned on Q, being in state |g) [cf. Eq. (11)].
This interaction sends ¢ — —a« in Eq. (23), above.

Finally, a photon in state |L) is reabsorbed by Q3, at which
point the transmission line (in state |vac)) becomes disentan-
gled from Qq, Q,, and Q3, whose state is now given by

(—algg) + Blge) If) + (v leg) + 8 lee)) |e).

A m-pulse sequence consisting of back-to-back m,,, 7f., and
7, pulses applied to Q3 can be used to transfer population

@1
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in state | f) of Qs to |g). The final state of Q3 is therefore |g)
(Je)) conditioned on the time-bin qubit having been in state

IL) (IE)) [Eq. (20)]:
(—algg) + Blge)) 1g) + (v leg) + 8 lee)) fe).  (25)

If the photon was lost in transit, then the drives [leading to
Q(t)] applied to Qs as part of the time-bin-qubit reabsorption
both act trivially [since there is no matrix element linking
|g, 0) and |f, 0) in Eq. (1)]. The ancilla Q5 therefore remains
in state |g) until the final three 7 pulses, which ultimately
leave Q3 in state |f) [Eq. (20)].

As explained above, an X -basis measurement of the time-
bin qubit can then be realized by applying a Hadamard to
Q3 and measuring Q3 in the computational basis [Fig. 4(b)].
Photon loss is heralded by a measurement of Q3 in state |f).

IV. GATE INFIDELITY
In this section, we report estimates for the gate infidelity
e=1—-F (26)

of the ancilla-assisted gate, postselected on not having lost the
photon encoding the time-bin qubit (a.k.a. postselected on a
measurement of Qs in |g) or |e)). Here,

F =/d1p (WIULMAY) (G DUzl 27

is the postselected gate fidelity, where di is the two-qubit
Haar measure, Ucy = ¢™188)88l is a unitary describing the ac-
tion of an ideal CZ gate, and M(|y)(y/]) is the two-qubit state
obtained in the presence of errors in the CZ-gate protocol,
modeled in the manner we now describe. We focus on the
ancilla-assisted gate for this analysis due to its compatibility
with photon wavepackets longer than the distance separating
the qubits. This compatibility yields better flexibility for op-
timizing the duration 7 of the photonic waveform given fixed
values of the qubit and cavity parameters.

Given some initial state |{) ® |g) of Q;, Q,, and Q3, we
numerically evaluate M(|y)(y|) by solving the master equa-
tion

p = —ilHa(), pl+ Y DILilp = Lop  (28)
j=0

for the joint state p(T) of Q; (i =1,2,3) prior to the fi-
nal X-basis measurement of Q3 at time 7. Here, D[L]p =
LpL" — %{LTL, p} is the usual damping superoperator. The
state M|y )(¥|) of Q; and Q, entering Eq. (27) corresponds
to the state obtained following the measurement of Qs, includ-
ing the Z gate applied to Q; conditioned on a measurement of
Qs in state |g) [Fig. 4(b)]. The Hamiltonian H () includes
H[2(2)] [cf. Eq. (1)] and 7 pulses (here treated as ideal and
instantaneous) applied to Q; and Qs as part of the time-bin-
qubit emission and absorption, as well as a time-dependent
dispersive coupling x (¢) to Q, [Eq. (13)]. The unidirectional
propagation of radiation from one cavity to the next is mod-
eled via the SLH formalism [83]. The specific terms entering
Hy (t) are defined in the Appendix.

We denote by 71.4; the operator
acting on Q;. To account for
ence, we include damping processes

Tap = |a) (Bl
qubit  decoher-
generated by

Lj € (VT tegi, T /2(Teesi — Tggi)iz1,23 U {vVT tseis VT /2
(Trf,i — Teei)}i=1,3- These generators describe relaxation
of the |f) states of Q; and Qs into the qubits’ respective
le) states, as well as relaxation |e) — |g) for each of Q;,
i =1,2,3.(The | f) level of Q, is not populated at any point.)
Qubit dephasing is assumed to be relaxation-limited, leading
to a factor-of-2 difference between the rates associated
with relaxation and dephasing. For simplicity, we take all
relaxation rates to be equal. The linewidths «; of the cavities
coupled to Q; (i =1, 2,3) are taken to be equal as well:
Ki =K.

The measurement of Q3 is treated as ideal in simulation.
We provide an estimate of the gate infidelity due to measure-
ment errors at the end of this section. Evaluating the gate
infidelity ¢ = 1 — F [cf. Eq. (27)] in the manner described
above yields the results shown in Fig. 5 for x /2mr = 50 MHz.
The quality of the “slowly varying” approximation made in
deriving the drive envelopes €2 ,(f) [Egs. (8) and (9)] is ex-
pected to increase with « T as the dynamics of the cavity mode
coupled to Q; (Q3) become more instantaneously related to
those of Q; (Q3). As described in Sec. III A, the quality of the
CZ gate between Q, and the time-bin qubit will also increase
with increasing x T since realizing a well-defined phase ¢ on
a photonic waveform (sending, e.g., |E) — €'® |E)) requires
that the bandwidth ~t~! of the waveform be narrow com-
pared to the cavity linewidth «. For a Gaussian u(z) with
standard deviation 7, and in the absence of other sources of
error, we expect these finite-bandwidth effects to control the
gate infidelity (¢ = &,.) according to [26]

KT > 1,

Exr =

A r=7"'"-0 (29)
G = — U,
(kT)? '
where A is a numerical prefactor related to the slope of the
T — oo line in Fig. 5(a). For a finite 77, however, increas-
ing T results in a longer gate duration and consequently an
increased contribution e7, to the gate infidelity due to qubit
decoherence, which we expect to scale as

T <Th. (30)

Here, B is again a numerical prefactor. The competition be-
tween &, and e7; leads to a minimum in e(k7) (Fig. 5),
implying the existence of an optimal T = 7,p. This minimum
occurs at the value of t for which d(g,; + ¢7,)/dt = 0, lead-
ing to a predicted scaling for 7o, given by

K
Topt = ;(KTI) , &=1/3, 31

where K = (2A/B)'/3. The minimum &(k Top) = inf,&(k7) =
(ecr + &1 )|,0p‘ is therefore predicted to scale according to

e(kTop) = DT, & =—=2/3, (32)

where D = 3(AB?/2)!/3. The predicted scaling exponents &
and ¢ [Eqgs. (31) and (32)] resulting from this simple analysis
are relatively consistent with the numerical results shown in
Fig. 5(b), where the slopes of the lines of best fit (correspond-
ing to the scaling exponents) are

Eest = 0.341 £ 0.004,
Cest = —0.6628 £ 0.0008, (33)
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FIG. 5. (a) Gate infidelity ¢ = 1 — F evaluated as a function of
T for a fixed value of x/27 = 50 MHz and a total gate duration
T = 167. In the absence of qubit decoherence (7} — 00), the gate
infidelity is proportional to (k7)™ for xt > 10, while for a finite
T, competition between the errors due to the finite pulse bandwidth
and the errors due to decoherence leads to a minimum in &(x 7 ), and
consequently to an optimal time-bin duration z.y. Points indicate
values of «t used in simulation, while solid lines are intended to
provide a guide to the eye. (b) Top panel: The minimum error & (k Top)
as a function of 7; for the same values of 77 as considered in (a).
The dotted line is a least-squares fit whose slope m = —0.663 gives
a numerical estimate of the scaling exponent ¢ in Eq. (32). Bottom
panel: The optimal time-bin duration 7y, also as a function of T
for the same values of 77 as shown in (a). The slope m = 0.341
of the line of best fit gives a numerical estimate of the scaling
exponent &.

and where the prefactors K and D extracted from the same fits
are K = 0.89 £ 0.04 and D = 30.3 &£ 0.3. The deviation from
the predicted scaling exponents of £ = 1/3 and { = —2/3
can most likely be attributed to a more sophisticated interplay
between finite-bandwidth effects and qubit decoherence than
what was assumed in deriving Eqs. (31) and (32).

The simulation results displayed in Fig. 5 were obtained
under the assumption that the measurement of Qs was
ideal. Measurement errors occurring with probability p,, will

instead lead to a fidelity
F(pm) = (1 = pw)F(0) + pmF’, (34

where an expression for F = F(0) was given in Eq. (27), and
where F’ is the gate fidelity obtained in the presence of a
measurement error. Such a measurement error simply leads
to the wrong correction operator being applied: a Z gate is
applied to Q; when the measurement outcome is |e), or not
applied when the outcome is |g). In the absence of other
sources of error (e.g., qubit decoherence), we therefore have
the following simple expression for the gate fidelity condi-
tioned on a measurement error:

F = f v (W 1UL, 2 Ul ) = 0. (35)

In the presence of measurement errors, the gate fidelity is
therefore given by

F(pm) = (1 = pm)F(0). (36)

A finite p;, can therefore be accounted for through a simple
transformation of the ¢ = ¢(0) axis of Fig. 5 according to

e(pm) = (1 — pm)e(0) + pm.

V. TIME-BIN QUBIT ERASURE

Dielectric loss due to TLSs has been identified as a key
limitation in current solid-state quantum-computing platforms
[49-57]. These TLSs may interact with electric fields via a
charge dipole and thus limit the lifetimes of superconducting
qubits and microwave resonators. In this section, we esti-
mate the size of the errors introduced due to the loss of a
time-bin encoded photonic qubit during the ancilla-assisted
gate. Photon loss can be heralded by measuring Q3 as de-
scribed in Sec. IIIC. We identify a regime where the loss
of the photon encoding the time-bin qubit is approximately
backaction-free, leading to a reduction in the occurrence of
photon-loss-related errors on stationary qubits. The avenues
given here for reducing backaction-induced errors are only
relevant to the ancilla-assisted gate: Since the photonic qubit
mediating the measurement-free gate of Sec. III B travels from
Q) to Q; and back, simply heralding the loss of the photon
would not provide any information about whether the photon
was lost before or after interacting with Q,. By contrast, in the
case of the ancilla-assisted gate, we can reasonably assume
that a photon lost in transit is lost before reaching Q,.

To quantify the backaction caused by photon loss during
the ancilla-assisted gate, we model the interaction of the time-
bin encoded photon with an ensemble of TLSs located along
the transmission line. We take the initial state of Qq, Q,, the
time-bin qubit, and the TLS bath to be of the form |¥) |&),
where |&p) is the initial state of the TLS bath, and where | W)
is the state resulting from the mapping of Eq. (19) applied to
an initial state |Wy) [vac) [Eq. (14)]. We can express |¥) as a
state of the form

W)= D VPr ¥ 12), (37)

A=E,L

where pg = |y|* + |8|> and pp. = |a|*> + |B|* are the proba-
bilities of emitting the photon in the early (E) and late (L)
time bins, respectively, and where |W; ) = (A|V)/./Px.
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For both the early and late time bins (A = E, L), we as-
sume that the photon is lost with probability ¢ while traveling
between Q; and Q»:

I)‘w gO) - V 1 —q p“v g()) + \/a |VaC, g}\) (38)

In Eq. (38), |£,) is the state of the environment conditioned
on having lost a photon from time-bin A.

As explained in Sec. III C, the loss of the time-bin qubit
is heralded by a measurement of Qs in state |f). The post-
measurement state oy of Q; and Q», conditioned on such a
measurement outcome |f), is obtained by tracing over the
state of the environment and is given by

pf= ZP/\N’A)(‘I’M + /PepL(CIVL) (el + H.c.), (39)
x

where the coherence factor C depends on the overlap

C=(&l&) =ICle¥, ¢ =argC. (40)

In the ideal case, C =1 and the original two-qubit state
[Wo)(Wo| = py remains pure despite the loss of the photon:
Tr p2 = 2|C)> — 1 = 1. In general, however, it may be the
case that C # 1. For C # 1, the distinguishability of the envi-
ronmental states |£, ) [cf. Eq. (40)] leads to a loss of coherence
in an effective two-dimensional subspace spanned by |V;).
Since |, ) are product states with Q; in state |e) (|g)) for |Wg)
(JWL)), the state oy with C # 1 can be expressed as the output
of a single-qubit dephasing channel applied to the original
state |Wy) [Eq. (14)]:

e p et A = (1 — ) |Wo) (Vo + nZi |Wo) (¥olZ1, (41)

where 1 = (1 —|C|)/2. In the event that C has a phase
(¢ # 0) which is known, it can be compensated deterministi-
cally through a rotation of Q; as shown above. The backaction
of photon loss therefore amounts to a phase flip on Q; occur-
ring with probability n. Such a phase flip could be detected
and corrected via an error-correcting code prior to reattempt-
ing the failed gate.

To estimate the size of C, which sets the strength of the
dephasing channel [Eq. (41)], we model the absorption of the
photon by a dielectric medium. We assume the dielectric is
composed of many TLSs located at positions x; along the
transmission line housing the time-bin qubit, and that these
TLSs couple to photons in the waveguide with a linear interac-
tion. We therefore take the total laboratory-frame Hamiltonian
H of the transmission line and TLS environment to be of the
form

H = Hy + Hipy, (42)
where

Hy =Y wxrirc+Y_ wjlt;)(1)l 43)
k J

generates the decoupled evolution of the transmission-line
modes r; (having frequency w; = v|k|) and TLS environment.
Here, the annihilation operators 7y satisfy [ry, rg,] = 8.1, and
[1;)(1;] is a projector onto the excited state of TLS j with
frequency splitting w;. The Hamiltonian Hj, describing the
interaction between the transmission-line modes and TLS

environment is of the form

Hin = V0T ) gi[¥(x)) + ¥ (xp)lo7, (44)
J

where o = oj+ + 0, is a Pauli-X operator for TLS j with
o; = (1l = (oj*)*. The operator ¥ (x) in Eq. (44) is
a field operator for the transmission line, given by ¥ (x) =
L7123 e*r for a transmission line of length L, while
/T is a prefactor with dimensions of [length]'/? required by
dimensional considerations. For this choice, g; is the single-
photon coupling strength between TLS j and a photon in
quasimode u having an effective mode volume o vt. The
only essential restrictions on Eq. (44) are that the coupling
is linear in the (electric or magnetic) field of the transmission
line and that the interaction between the field and TLS is short-
ranged and local at each site x;. The form given in Eq. (44) is
consistent, e.g., with electric-dipole coupling, in which case
g; would be proportional to the transition dipole of TLS j,
but this form could equally well describe coupling between
the magnetic field in the transmission line and the magnetic
dipoles of environmental spins. In Eq. (44), we have neglected
longitudinal coupling terms Gf’ which are also generically
present but average out in a rotating-wave approximation [84].

In an interaction picture defined with respect to Hy, H(t) =
UyH UOI — iU{ Uy = Hin(t) + counter-rot. with

~ vT . .
Hin() = |7 Y gl ™0 nof +Hel,  (45)
J.k

where we have neglected counter-rotating terms in a rotating-
wave approximation valid for |g;| < |w;|. For the purpose of
the calculation presented in this section, it will be helpful to
introduce an orthonormal set {u'} of quasimodes associated
with bosonic operators r, satisfying the usual commutation
relation [r,, rZ,,] = 8, . For u' = u, the operator r, annihi-
lates the quasimode u introduced in Eq. (2). We can write
¥ (x) in terms of these operators as ¥ (x) =), ¢u(X)ry,
where ¢, (x) = L™12Y", e® ¢, for ¢y = (k|u'). Using the
relation

=Y burru, (46)

we can then rewrite Eq. (45) as

Hi (1) = V0T Y _ il (x; — v1)e ' ryo + Heel, (47)
Ju
where we have used the fact that
L7123 ekximen g, with oy = vlk|.

To calculate the coherence factor C, we consider the evo-
lution of the initial state |1,, &), where |1,) = r,j |vac) [cf.
Eq. 2)] and |&) = |4 -+ |). When the evolution is domi-
nated by a single action of Hin(t) (Born approximation) the
state will approximately take the form

1L(0)) = ao(t) 14, E0) + Y at;(t) [vac, j),  (48)

J

¢u’(-xj —vt) =

where «(t) are coefficients and the state | j) is given by |j) =
a;r &) =1} ---1;--- ). Knowing how a photon decays
out of a specific quasimode u will allow us to calculate the
postmeasurement states |£;) of the TLS bath conditioned on
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a measurement of Qs in state | f). Recall that the state |£,) is
obtained due to decay out of the quasimode u = u; defining
the time-bin qubit [cf. Eq. (38)].

We calculate the leading-order transition amplitude «;(t)
associated with the loss of a photon initially in quasimode
u due to absorption by TLS j, «;(¢) = (vac, j| U@) |1, &),
where

0() = Te I ~ | _ /

—00

t

dt' Hy (t).  (49)
This gives

O[j(l) ~ —i\/ﬁg‘j‘/‘

—0Q

t

dt’ ¢u(xj —vt)e . (50)

Since the wavepacket ¢,(x — vt) propagates without disper-
sion, the quasimode u can equivalently be described by a
function of time at a single point in space, given by the
waveform u(t) = /ve,(—vt)e", where the factor /v is re-
quired to satisfy the normalization condition f dx | (x)|*> =
[ dt |u(t)|* = 1, and where the phase factor "’ results from
the relationship between the laboratory-frame wavepacket
¢.(x — vt) and an interaction-picture waveform u(¢). Insert-
ing this relationship into Eq. (50) gives

t
o)) = —ig;/T / dt' u(t' —x;/v)e® | (51)
—00

where we have introduced the detuning dw; between TLS j
and the central frequency wy of the photon:

80)_,‘ = w; — @o. (52)

For times satisfying t — x;/v > 7, the integral in Eq. (51)
no longer picks up any weight since the propagating single-
photon pulse is no longer interacting with the TLS at position
xj. We can therefore extend the upper integration limit in
Eq. (51) to +o0, yielding the steady-state amplitudes

aj(t) > a; = —ig;\/T e u(Sw;). (53)

Note that u(w) has dimensions of [time]'/?, following from

the normalization condition (27)~! f dw |u(w)|*> = 1. The
quantity |&;|* gives the excited-state population of TLS j
resulting from its interaction with a photon in quasimode
u. Rather intuitively, this population is proportional to the
spectral weight o< [u(éw j)l2 of the photon at the detuning dw;
of TLS j from the central frequency of the photon.

To relate this result back to the map of Eq. (38), we substi-
tute Eq. (53) into Eq. (48) for times ¢ satisfying t — x;/v > 7,
giving

1, (0) = VT = q 12, &) + alvae) S 22 1), (54)
— V4

where &, is given by Eq. (53) with u(w) = u,(w). Under
the assumption that uy (f — Tep) = ug(t) = u(t), we have the
simple relation up (w) = e~ “»ru(w) between the frequency-
domain waveform of a photon occupying |E) or |L). In terms
of quantities characterizing the quasimode and TLS’s, the
probability ¢ of losing the photon is given by

_ _ 2 do )
q—21:|a,| —r/znﬂwnu(wn, (55)

where J(w) = 27 Zj |gj|26(a) — dwj) is the spectral density
of the TLS bath. In terms of the amplitudes &;;, we can
therefore write the environmental states |£,) conditioned on
having lost a photon from time bin A = E, L as

1
E,) = 7 ;am 17)- (56)

Using Eq. (56), we can then reexpress the coherence factor C
as

[ do J(@)|u(w)[Pe” %
C =
[ do J(w)|u(w)|?

(57)

As expected, the loss of qubit coherence (C # 1) results from
the temporal separation 7y, of the quasimodes defining the
early and late time-bin states. However, it is interesting to note
that the orthogonality of the time bin states |E) and |L) does
not imply orthogonality of the environmental states |Eg) , |EL).
This in turn implies that there are conditions under which
photon loss can have zero backaction on the stationary qubits.
In other words, for an appropriate environment spectral den-
sity, time-bin waveform, and time-bin separation, the time-bin
information can be erased with the loss of the time-bin photon.

One regime where photon loss does lead to significant
backaction is the regime where the spectral density J(w) is
approximately flat over the support of a Gaussian u(w) having
standard deviation ', for which

lu(@)* = 2/mre ™. (58)
In that case, setting J(w) = Jy in Eq. (57) gives

C=e 2 J) =, (59)
which in turn gives n ~ 1/2 [cf. Eq. (41)] since Tep > T is
needed to ensure orthogonality of the time-bin states. The
loss of a photon into an environment having a bandwidth that
is wide compared to ng; therefore gives rise to significant
dephasing of the stationary qubits [Eq. (41)].

The form of C [Eq. (57)] suggests that if J(w) is instead
narrow in frequency compared to the photon bandwidth, then
it—rather than u(w)—will determine the qualitative features
of C. For simplicity, we consider a Gaussian spectral density,

_ (@=t@)?

J() = «/ngze e (60)

where A sets the bandwidth of the environment, & gives
the average of dw; = w; — wp, and where ¢ = Y |g;|*. For
the same Gaussian u(w) as in Eq. (58), this choice of J(w)
[Eq. (60)] gives

ar)?

_ e e
. v @

where the phase ¢ = arg C depending on é& could be cor-
rected via a single-qubit rotation provided d@ is known [cf.
Eq. (41)]. As expected, the photon-loss probability g de-
creases as the average @ of the TLS frequency distribution
moves further off resonance from the central frequency wy
of the photon. Notably, however, there is no corresponding
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decrease in C with @ since C is postselected on hav-
ing already lost the photon. In the wide-bandwidth regime

A > rsgg, we recover the exponential suppression of C in the

ratio of timescales (Tsep/ 7)? > 1 already given in Eq. (59). In
the opposite, narrow-bandwidth regime A < 1'5;;, we instead
find that

IC] =1 — 3(ATep)” + O((ATiep) ™). (63)

yielding dephasing errors occurring with probability n =~
(ATsep )?/4 < 1. In this regime, the backaction due to photon
loss, as quantified by the rate of dephasing errors, is strongly
suppressed relative to the wide-bandwidth (Markovian) case.
This is a consequence of the TLS bath having a correlation
time 7. ~ A~! that is long compared to the time-bin separa-
tion Tgep.

For a time-bin separation of 7, ~ 100 ns, consistent with
the optimal values of T = 7,y shown in Fig. 5(c), we have
Aty, =1 for A/(2m) ~ 1.6 MHz, corresponding to a bath
correlation time of 7. ~ 0.1 us. For this choice of 7, a
correlation time >> 0.1 us would therefore be required to
ensure that the loss of the time-bin qubit is approximately
backaction-free. Realistic values for the correlation time will
depend on the nature of the coupling g; between the quasi-
mode field ¥ (x) and the environmental TLSs, the amount
of inhomogeneous broadening experienced by the TLSs, and
the lifetime of the TLSs. Charge-like two-level systems with
lifetimes on the order of milliseconds have been measured
[55,56]. Although the spectral characteristics of charge-like
TLSs would likely be difficult to control, naturally occurring
narrow-band mechanisms associated with, e.g., well-defined
transitions between hyperfine-split spin sublevels [51] in sur-
face hydrogen may eventually become the limiting source of
photon loss as materials-fabrication techniques continue to
yield improvements in the densities of charge-like TLSs in
materials commonly used for circuit QED. Given a certain
dielectric material, a simple measurement exists to determine
whether it enables backaction-free loss of time-bin encoded
photons: After entangling a time-bin qubit with a stationary
qubit according to Eq. (19), the photon is sent directly to a
single-photon detector. If no click is registered (signaling the
loss of the photon), then the qubit is measured in the X or Y
basis to yield information about the real and imaginary parts
of C = <EE|5L>

VI. CONCLUSION

In this work, we have presented two possible strategies for
realizing entangling gates between qubits connected by meter-
scale photonic interconnects. Such interconnects, equipped
with a two-qubit entangling gate protocol, would provide
the quantum links required for so-called /-type modular ar-
chitectures [3]. Both CZ gate protocols presented here are
compatible with a transmission-line free spectral range of zero
and could be used to implement gates over arbitrarily long
distances in principle. The gates are deterministic with her-
alded photon loss, and notably, they do not rely on the use of a
polarization degree-of-freedom for the photonic qubit encod-
ing. This ensures compatibility with the coplanar waveguide
resonators commonly used in circuit QED architectures. The
measurement-free gate requires that the distance between the

two qubits exceed the size of the photonic wavepacket and
does not require measurement of the photonic qubit. The
ancilla-assisted gate lifts this requirement on the minimum
qubit separation at the cost of introducing a measurement
of the photonic (time-bin) qubit, which could be realized
straightforwardly with the help of an ancilla.

We have also analyzed the dephasing channel associated
with the loss of a time-bin qubit, which cannot be treated
using existing loss models since the details of the spatiotem-
poral modes defining the time-bin qubit must be taken into
account. We show that in spite of the orthogonality of the
time-bin states, there are conditions under which the loss of
the photon causes only minimal dephasing of the stationary
qubits. Whether or not these conditions are met depends on
the bandwidth (and consequently, correlation time) of the
dielectric environment that absorbs the photon, relative to
the temporal separation of the time-bin states. This result
highlights the role that materials fabrication could potentially
play in reducing errors on stationary qubits connected by
photonic time-bin qubits. An investigation of whether current
dielectric materials could be made to satisfy the requirements
for backaction-free loss of time-bin encoded photons would
provide an interesting line of future inquiry, beyond the scope
of the present work.
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APPENDIX: MASTER-EQUATION SIMULATION

In this Appendix, we provide details concerning the
master-equation simulation of the gate infidelity ¢ [Eq. (27)]
presented in Sec. IV. For simplicity, we implement the simu-
lation using Gaussian time-bin waveforms having a width set
by t:

Oty )?

e 272
u(t, tpeak) = 7T]/4ﬁ .
We also take the total duration of the gate to be fixed at
T = 167.

Given some initial state |¢) of Q; and Q,, we evaluate
the joint final state py (T') of Qi, Qy, and Q3 (prepared in the
ground state) by solving the master equation given in Eq. (28).
The formal solution of Eq. (28) can be written as

(AD)

T
IOR/f(T) — Te*lfo dt Lig(t) pw(o)’
=Aw(T)

(A2)

where  py(0) = 71 Y)W |Tre1 ® 1g)(gl, T is a time-
ordering operator, and 7w, ; is a w pulse between levels |a)
and |b) of qubit Q;. Concretely, the simulation proceeds by
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evaluating A (7)) as

Aot(T)= AT, T/2)L,A(T/2,0). (A3)

Here, L, describes the action of (ideal) 7y, 1, 7eg 1, and 7wy, 3
pulses applied to Q; and Qs as part of the time-bin photon
emission and absorption processes. The superoperator A de-
scribing evolution before and after the & pulses is given by

Aty ) = Te I 420, (A4)
where L(t) generates evolution according to
p=~ilHa(t), pl+ ) DILjlp=~iLp.  (AS)

J=0

Here, the damping superoperator D[L] acts according to
DIL]p = LpL" — ${L'L, p}, and the sum over L; describes
the contribution of various dissipative processes (explained
in the main text). We model the directed routing of photons
via the SLH formalism [83], which eliminates the need to ex-
plicitly simulate the field propagating between cavities. This
simplification can be justified provided the propagation time
is short compared to the timescale set by the cavity linewidth
k; [83]. Following the SLH approach, we therefore include the
dissipator

3
Ly=)_ /K (A6)

j=1

in the sum over D[L;], together with the following bilinear
terms o ,/k;k; in the Hamiltonian H (t) governing the coher-
ent evolution of the qubits and cavities:

3 .
Hio() = Y Hy(0) + 5 Y (JRiala; — He). (A7)
j=1 i=1
j>i

The particular combination of coherent terms o ,/k;k; and
dissipator D[Ly] ensures a master-equation description that is
consistent with the unidirectional propagation of photons [83].
We have also assumed in writing Eq. (A7) that all cavities are
resonant.

In addition to the terms  ,/kik;, the Hamiltonian H(¢)
also includes terms H;(¢) describing cavity-qubit coupling for
qubits Q; (i =1,2,3). The Hamiltonians H;(¢) and H;(t)
describe the emission (by Q;) and subsequent reabsorption
(by Q3) of a photon with waveform u(t, fycak ), conditioned on
Q; being in the | f) state:

Hi(t) = iQ(t)(tre 0} —He), j=1.3. (A8)

Here, 74, ; denotes the pseudospin operator ., = |a)(b| for
qubit Q;, and a; is a bosonic annihilation operator that
removes one photon from the cavity mode coupled to Q;. The
drives 2; are defined piecewise according to

Qi)=Y Qu(Oa),
a=E,L

where [1g(t) = ©@)O(T/2 —t)isequalto 1 forr € (0,7T/2)
and 0 otherwise. Similarly, 1. (#) = ©( — T/2)O(T —1t) is
equalto 1 fort € (T/2, T) and O otherwise. The drive Q4 1(¢)
acting on Q; is given by Eq. (8) with u(¢) = u,(¢), while the
drive €2, 3(¢) acting on Q3 is given by Eq. (9) with u(?) =
uy(t). In both cases, ug(t) and uy (t) are given by Eq. (Al)
with fyeqx = T/4 and tyeqc = 37 /4, respectively. Finally, the
Hamiltonian H(¢) includes a term describing the dispersive
coupling of Q, to its cavity, given by

(A9)

Hy(t) = 5 (t)(Teo — Tgg2)dbatr, (A10)

where x (¢) is given by Eq. (13).

Given py (T'), we apply an S gate to Q; and measure Q3 in
the X basis [Fig. 4(b)]. The S gate ensures that in the absence
of errors, the final state of Q; and Q; is given by Ucyz ) with
Ucz = e™188)%8l The need for such an S gate is a consequence
of the mechanism [Eq. (A10)] used to realize an entangling
gate between the time-bin qubit and Q,. As discussed in
Sec. IIl A, the mechanism of Eq. (A10) produces an operation
equal to the product of U = ¢™!--& {8l [Eq. (11)] and an ST
gate on the time-bin qubit. Since the state of Q, is correlated
with that of the time-bin qubit via the mapping of Eq. (19),
the ST gate on the time-bin qubit can be canceled by applying
an S gate to Q. Such a gate would not be required in practice
(it can be tracked in software) but is included in Eq. (All),
below, to allow for comparison to an ideal operation of the
form Ugy = o' lg8) (gsl

The postmeasurement state py +(7) of Q; and Q,, con-
ditioned on a measurement of Q3 in state |+) o |e) & |g), is
then given by

Trs{|£) (£[Spy (T)S}
Py

where Trs denotes a partial trace over the state of Qs and
Py = Tr{|&)(%|py (T)} gives the probability of obtaining a
measurement outcome |£). Conditioned on a measurement of
Qs in state |—), a Z gate is applied to Q; [Fig. 4(b)]. Both
the measurement and the Z gate are treated as ideal. This
procedure yields the state M (|1)(y/|) entering the expression
for F [Eq. (27)]:

MUY D = py+ = Zipy,-Zi.

Py.x = , (ALD)

(A12)
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