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Emergent bifurcation and robust decision-making in neurodynamic swarms
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Collective motion is typically modeled by local velocity-alignment rules. However, these models do not
fully capture recent evidence for complex decision-making in biological swarms and are fragile to structured,
adversarial perturbations. Here, we introduce a neurodynamic swarm model where collective behavior emerges
not from alignment, but from nonlinear competition within Hopfield-type ring attractors. We show that this
mechanism naturally gives rise to emergent decision bifurcations that reproduce sophisticated animal behaviors.
Crucially, the inherent stability of the attractors provides the swarm with remarkable resilience, allowing it to
maintain coherence against adversarial perturbations that shatter alignment-based models.

DOI: 10.1103/xwdd-hjhn

I. INTRODUCTION

The emergence of large-scale coordination from local
interactions is a unifying principle in complex systems, un-
derlying phenomena from cellular migration to bird flocking
[1–6]. For decades, theoretical studies of such collective be-
havior have relied on self-propelled-particle (SPP) models,
which are idealized systems in which each individual is repre-
sented as a pointlike particle that moves at a constant speed
while updating its heading according to simple local rules,
pioneered by Vicsek and extended by Couzin and co-workers
[7–9]. In the Vicsek model, particles align their heading with
the average orientation of neighbors within a metric inter-
action radius, up to angular noise, and thereby undergo an
order-disorder transition as density or noise is varied [10].
Couzin and co-workers generalized this framework to multi-
zone models with short-range repulsion, mid-range alignment,
and long-range attraction, in which the effective interaction
depends on distance as well as relative heading [11–14]. In
addition to these canonical formulations, a broad family of
physics-based agent-based flocking models has been devel-
oped, including attraction-repulsion variants, metricfree and
topological interaction rules, and vision-cone-based models,
which have been extensively analyzed in terms of their phase
behavior and ordering transitions [15–18].

However, even for desert locust swarms, long regarded
as the canonical example of an SPP system, recent decisive
experiments have posed a serious challenge to this core as-
sumption [19–23]. Observations reveal that the motion of a
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single locust is not driven by simple velocity alignment, but
instead relies on a more complex internal cognitive decision
process [24]. This finding exposes a fundamental gap between
classical models and biological reality, and compels a reex-
amination of the physical mechanisms underlying collective
behavior.

Crucially, alignment-based (velocity-alignment) models
can lose coherence under modest stochastic disturbances and
are vulnerable to adversarial perturbations, here defined as
structured, targeted inputs from a subset of agents that misre-
port or bias their states to degrade group performance [25–27].
Similar vulnerabilities are observed in both biological and
engineered systems, motivating research into collective re-
silience mechanisms that enhance the robustness of collective
behavior beyond simple neighbor-averaging rules [28–33].

To address the dual challenges of biological realism and
adversarial robustness, we develop a deterministic framework
based on neural ring-attractor dynamics, in which each agent’s
heading is represented by a localized bump of activity that
moves continuously on a circular neural manifold. Unlike
the probabilistic Glauber (stochastic spin-flip) dynamics used
by Sayin, et al. to fit locust trajectories [24], our model
supplies a concrete dynamical substrate. Each agent’s head-
ing is encoded in a Hopfield-type network with an explicit
energy function, i.e., a symmetric recurrent circuit endowed
with an energy function that ensures convergence to attrac-
tor states representing candidate headings [34]. The attractor
architecture supports pattern completion and error correction,
allowing the swarm to converge on coherent decisions while
filtering noisy or misleading inputs [35,36]. Large-scale sim-
ulations show that, in contrast to alignment-based models that
readily collapse under modest noise or adversarial perturba-
tions, the attractor-driven swarm sustains robust global order
and reproduces the decision bifurcations observed in locust
experiments. These results establish ring-attractor dynamics
as a biologically plausible, physically grounded, and robust
substrate for collective decision-making.
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II. NEURODYNAMIC SWARM MODEL

We model each agent’s decision process by a Hopfield-type
recurrent network in which the heading is encoded as a stable
attractor state. The continuous-time dynamics for neuron n of
agent i is given by

dxi,n

dt
= −xi,n +

Nf∑
m=1

Tnm f (xi,m) + Ui,n, (1)

where xi,n denotes the membrane potential of the neuron n in
agent i, Tnm is the synaptic weight from neuron m to neuron
n within the same agent, f (xi,m) = tanh(xi,m) is the activation
function, and Ui,n denotes the external input to neuron n in
agent i.

For each agent i, we consider a Hopfield-type network
with Nf units. The recurrent couplings are collected in the

symmetric weight matrix T = [Tnm]Nf

n,m=1 and Tnm = Tmn. For
symmetric T , one can define the energy function for agent i as

Ei = − 1

2

Nf∑
n,m=1

Tnm f (xi,n) f (xi,m) −
Nf∑

n=1

f (xi,n)Ui,n

+
Nf∑

n=1

∫ f (xi,n )

f −1(z) dz. (2)

As shown in Appendix D, this energy satisfies dEi
dt � 0, and

hence the network reliably converges to a stable equilibrium
for any symmetric weight matrix T . A generic symmetric
matrix T typically yields a set of discrete, pointlike attractors,
which are well suited for classification or pattern-completion
tasks. In our setting, however, the heading is a continuous
angular variable, so we require an effectively one-dimensional
family of stable states rather than a small set of isolated fixed
points.

To approximate such a continuum, we discretize direc-
tional space into Nf units arranged on a circle in preferred-
direction space, each tuned to a preferred heading. Neighbors
on the ring are coupled by local excitation and longer-range
inhibition. This coupling pattern consolidates distributed sen-
sory inputs into a single-stable bump of activity on the ring.
The position of the bump encodes the chosen direction and
thus implements a collective neural consensus (see Fig. 1).
Although the network has a finite number of units, the bump
can shift smoothly across neighboring neurons, yielding an
effectively continuous representation of orientation.

Each neuron n is assigned the preferred heading

αn = −π + 2π (n − 1)

Nf
, n = 1, 2, . . . , Nf . (3)

The symmetric weights between neurons n and m is then
defined as

Tnm = cos

[
π

(
αn − αm

π

)v]
, (4)

with ring sharpness v ∈ (0, 1] and Tnn = 0. By construction
Tnm = Tmn, ensuring symmetry of the weight matrix, which
is required for a well-defined Hopfield energy function. Pos-
itive couplings (Tnm > 0) mediate local excitation, whereas

FIG. 1. Ring-attractor decision circuit. Neurons are arranged on
a ring according to their preferred heading direction αn. The yellow
neuron and its neighbors form the active bump of activity encoding
the current chosen direction. Red arcs indicate local recurrent exci-
tation between neurons with similar preferred directions (Tnm > 0),
whereas blue lines indicate long-range inhibition from the bump to
more distant neurons (shown in black, Tnm < 0). The curve on top il-
lustrates the cosine-shaped recurrent weight profile Tnm as a function
of the angular difference |αn − αm|, which stabilizes a single bump
and endows the network with a continuous attractor over heading
angle.

negative couplings implement long-range inhibition. The ex-
ponent v acts as a shape parameter that controls the tuning
width of this excitation-inhibition profile without changing its
symmetry or peak location. For v = 1, Eq. (4) reduces to the
cosine connectivity used in the original locust ring-attractor
model [37]. Smaller values of v broaden the effective excita-
tory region and extend the range of distal inhibition, whereas
larger values sharpen the central lobe and suppress long-range
interactions. A detailed analysis of how v shapes the recurrent
profile and affects the swarm dynamics is given in Sec. III
(“ring sharpness”) and Appendix F.

The external input Ui encodes information from all neigh-
bors of agent i. Each agent receives inputs from neighbors
through the Hopfield-type neural network. The neighbor set is
defined as Ni = { j | ‖p j − pi‖ < R }, where pi and p j denote
the positions of agent i and neighbor j, and R is the alignment
range.

To construct the network input, each neighbor heading is
projected onto a Gaussian tuning curve on the agent’s angular
grid, and the influence of each neighbor is weighted by dis-
tance. The input to neuron n of agent i is

Ui,n =
∑
j∈Ni

wi j × η j,n =
∑
j∈N

wi j × e

(
− (θn−θ in

j )2

2σ2
in

)
, (5)

where η j,n = e
(− (θn−θ in

j )2

2σ2
in

)
, θn = −π + 2π (n−1)

Nf
∈ [−π, π ) (n =

1, 2, . . . , Nf ) is the heading of agent i, θ in
j ∈ [−π, π ) is the

heading of neighbor j, σin is the width of the Gaussian tuning
curve, controlling the directional selectivity, and wi j is the
weight of the neighbor j for agent i, which is described as
follows:

wi j (t ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

e

⎛
⎝−

d2
i j (t )

2σ2
d

⎞
⎠

∑
j∈Ni

e

⎛
⎝−

d2
i j (t )

2σ2
d

⎞
⎠ , ‖di j‖ � R,

0, otherwise,

(6)
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where di j = pi − p j , σd is a scaling parameter that determines
the distance at which the interaction strength is maximized,
and R is the maximum communication radius.

Based on Eq. (5), the compact form of input Ui is

Ui =
∑
j∈Ni

wi j × η j =
∑
j∈Ni

wi j × e

(
− (θ̃−θ̃ in

j )2

2σ2
in

)
, (7)

where θ̃ in
j = θ in

j × eNf ×1, η j = col(η j,1, . . . , η j,Nf ), and θ̃ =
col(θ1, . . . , θNf ).

Combining Eqs. (1), (4), and (5), the neuronal dynamics
can be obtained as follows:

dxi

dt
= − xi +

Nf∑
j=1

cos

[
π

(
αn − αm

π

)v]
tanh(x j )

+
∑
j∈Ni

wi j × e

(
− (θn−θ in

j )2

2σ2
in

)
. (8)

Based on Eq. (8), the decision-making dynamics of agent i
can be written as follows:

dx̃i

dt
= − x̃i + T tanh(x̃i ) +

∑
j∈Ni

wi j × η j, (9)

where x̃i = [xi1 · · · xin]T and

T =

⎡
⎢⎢⎢⎣

0 T12 . . . T1Nf

T21 0 . . . T2Nf
...

...
. . .

...

TNf 1 TNf 2 . . . 0

⎤
⎥⎥⎥⎦.

The compact form of the decision model (9) can be written
as

dx̃

dt
= − x̃ + (I ⊗ T ) tanh(x̃) + (W ⊗ I ) × η, (10)

where η = col(η1, . . . , ηN ) and

W =

⎡
⎢⎢⎣

0 w12 . . . w1N

w21 0 . . . w2N
...

...
. . .

...

wN1 wN2 . . . 0

⎤
⎥⎥⎦.

The decided orientation θout
i of agent i is obtained by iden-

tifying the index of the most active neuron n̂i as follows:

n̂i = argmax
n=1,...,Nf

xi,n, (11)

which is then mapped to the corresponding angle in the en-
coded directional space as follows:

θout
i = αn̂i . (12)

The stability of the collective dynamics, determined by the
orientation states θout

i , is analyzed in Appendix E. Throughout
the dynamical equations, all angular variables (such as θi and
the ring-coordinate phases) are expressed in radians. For ease
of interpretation, however, all quoted numerical angle values
and plotted axis labels are reported in degrees.

Equations (11) and (12) implement a winner-take-all
(WTA) readout: The decoded heading is given by the pre-
ferred direction of the maximally active neuron on the ring.

This strongly nonlinear decoder is chosen deliberately, since
the role of the ring-attractor circuit in our framework is to
support categorical decisions between competing directions
rather than to perform a linear average of neighbor headings.
Alternative readout schemes could be considered, but they
tend to revert to an averaginglike behavior when multiple
bumps coexist and thus weaken the winner-take-all character
that is essential for the symmetry-breaking decisions studied
here.

Having defined how each agent selects its orientation
from the attractor network, we next embed these agents in
a collective-motion framework. We consider a swarm of N
agents moving in a two-dimensional plane. The motion of
each agent i is governed by its neural decision state, which de-
termines its heading θout

i and is subject to random fluctuations.
The dynamics of the agent i(t ) are given by an overdamped
Langevin equation:

ṙi(t ) = v0

[
cos θout

i (t )

sin θout
i (t )

]
+ δi(t ), (13)

where ri = [xi, yi]T ∈ R2 is the position of the agent i, v0 is
the constant self-propulsion speed, and δi(t ) represents Gaus-
sian white noise.

Compared with conventional direction-averaging models,
the Hopfield attractor enables nonlinear competition between
candidate headings, yielding sharper and more decisive ori-
entation outcomes. This feature is particularly useful for
modeling abrupt switching and multimodal decision land-
scapes. An extended hybrid version that augments this
model with explicit attraction-repulsion zones is presented in
Appendix B.

III. PARAMETER SENSITIVITY AND PERFORMANCE
METRICS

In this section, we analyze how the dynamics depend on
key model parameters. To describe the performance of the
model, we define the following global measures:

Order parameter: The degree of directional alignment
among all agents, i.e.,

Pord = 1

Nv0

∥∥∥∥∥
N∑

i=1

vi

∥∥∥∥∥.

Convergence time: The time required for swarm alignment,
i.e.,

Tord = {t |Pord(t ) > 0.95}.
With these performance measures in place, we now de-

scribe how the main model parameters affect the collective
dynamics.

Ring sharpness v: The exponent v sets the sharpness of
the excitation-inhibition profile in the ring attractor. Small
v leads to global inhibition, while larger v produces local-
ized excitation with distal inhibition (see Fig. 2). Simulations
show that an intermediate range v ∈ [0.3, 0.7] achieves fast
convergence, smooth transitions, and robust alignment. Full-
parameter sweeps are reported in Appendix F.

Communication radius R: The agents’ interaction network
is well approximated by a random geometric graph [38,39].
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FIG. 2. Synaptic weight profiles Tnm for different sharpness ex-
ponents v. For v � 0.1, all connections are inhibitory (Tnm < 0).
Increasing v induces a transition from global inhibition to a mixed
excitation-inhibition regime. Smaller values of v yield broader cou-
pling, whereas larger values produce sharper, more localized activity
bumps. The curves are symmetric around 180◦ because Tnm depends
only on the angular separation |αn − αm| and is an even function of
this difference [see Eq. (4)].

On an L × L domain, a classical sufficient condition for high-
probability connectivity is

R > L

√
ln N

πN
.

This bound provides a conservative estimate of the minimum
communication radius needed to sustain connectivity and en-
able global consensus. See Appendix C for a brief derivation
and its extension to open-space conditions.

Input width σin: The width σin of the directional input
strongly affects performance. Narrow inputs make the swarm
sensitive to local fluctuations and increase directional vari-
ability, whereas very broad inputs blur directional selectivity
and slow down convergence. Simulations indicate an optimal
operating range σin ∈ [50◦, 150◦]. Parameter sweeps are re-
ported in Appendix F.

Neighbor weighting scale σd : The spatial weighting scale
σd sets the strength and range of neighbor influence and thus
controls the balance between information pooling and locality.
Parameter sweeps identify an optimal band σd ∈ [0.6L, 0.9L].
When σd is too small, neighbor information is localized
and fragmented, which increases convergence time. When
σd is too large, inputs are oversmoothed, and the activity
bump broadens. The full-parameter sweeps are reported in
Appendix F.

Number of neurons Nf : The parameter Nf controls the
directional discretization of the ring-attractor circuit, i.e., the
number of discrete heading channels available for the winner-
take-all readout. To assess whether this discretization affects
the macroscopic flocking behavior, we repeated the noise-
robustness sweep for Nf = 90, 180, 360, while keeping all
other parameters fixed. Figure 3 shows the stationary order
parameter Pord as a function of the noise amplitude δi for

FIG. 3. Noise-robustness curves for different directional resolu-
tions Nf . The overlap indicates that the stationary order parameter
Pord is essentially independent of Nf .

these three cases, with each data point averaged over 20 in-
dependent realizations and all other parameters identical to
those used in other parameters sweep. The curves essentially
overlap, indicating that the noise-robustness properties of the
neural decision model are insensitive to Nf once it is suf-
ficiently large. Increasing Nf mainly refines the directional
resolution of the internal representation, without materially
changing the macroscopic order-noise relationship.

IV. EMERGENT DECISION BIFURCATION

To validate the neurodynamic framework against behav-
ioral data, we reproduce the paradigm of Sayin et al. [24], in
which a focal locust is placed between two fixed targets while
the lateral separation D is varied. For each D, we estimate the
steady-state marginal distribution of the focal agent’s lateral
coordinate y from an ensemble of 200 independent trials.
Figure 4 shows a behavioral transition as D is increased. For
small D, the distribution is unimodal and concentrated near
y ≈ 0, consistent with an averaging strategy. For D � 2.7 cm,
the central peak loses stability and two symmetric off-axis
peaks emerge, consistent with a winner-take-all choice. This
bifurcation reproduces the behavior reported for locusts and
is emergent in the sense that the left/right choice is not pre-
scribed by an explicit rule but arises from the interaction
between the internal ring-attractor circuit and the externally
controlled geometric parameter D.

Mechanistically, the transition corresponds to a bifurca-
tion in the agent’s internal energy landscape. Beyond Dc,
the symmetric central attractor loses stability and a pair of
asymmetric stable attractors appears. The eventual selection
of one branch is driven by small perturbations such as intrin-
sic neural noise or variability in initial conditions, reflecting
spontaneous symmetry breaking and the stochastic nature of
biological decisions.

In standard velocity-averaging models, two symmetric
targets generate an effective input whose mean direction re-
mains close to the spatial midline. Thus, the focal agent
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FIG. 4. Decision bifurcation in the neurodynamic model.
(a) Schematic of the two-choice assay: a focal locust chooses its lat-
eral position relative to two fixed targets separated by a controllable
lateral distance D, which acts as the external control parameter. (b)
Bifurcation diagram of the model. The colormap shows the steady-
state probability density of the focal agent’s lateral position y as a
function of D (200 trials per value). The transition from a single-
central band to two symmetric off-axis bands beyond Dc ≈ 2.7 cm
reflects a bifurcation in the stability of the internal attractors as D is
varied.

tends to follow an averaged trajectory, and a robust bi-
modal choice distribution does not emerge. Compared with
probabilistic Glauber dynamics [24] that reproduce the bifur-
cation at the level of trajectory statistics but lack an explicit
low-dimensional energy landscape, the present ring-attractor
makes the underlying symmetry-breaking mechanism and the
associated bifurcation structure more transparent.

V. ROBUSTNESS TO STOCHASTIC NOISE

We compare the noise robustness of the attractor-
driven model to three baselines: (1) an alignment-only
Vicsek model, (2) a full-interaction Couzin model (re-
pulsion/orientation/attraction zones), and (3) a probabilistic
Glauber-type rule from Ref. [24]. The precise update rules for
all three models are summarized in Appendix A. To isolate

interaction effects, we simulate two variants of the neural
model. The first omits short-range repulsion and long-range
attraction and is used for comparisons with the Vicsek model.
The second augments the neural model with Couzin-style
repulsion and attraction applied to the velocity command for
comparisons with the Couzin model (see Appendix B). For
fair comparisons, the numerical parameter choices for all
models are summarized in Appendix G. Figures 5(a)–5(c)
show ensemble means over 50 realizations. Across these con-
ditions, the attractor-driven swarm maintains a higher order
parameter under noise, whereas other models lose coherence.

To quantitatively characterize the robustness of our model,
we analyze the system’s phase transition as a function of noise
intensity. The order parameter Pord is plotted as a function of
the noise amplitude (in degrees) in Fig. 6. Noise is modeled as
an additive perturbation to the decoded heading of each agent
at every time step, drawn from a zero-mean Gaussian distribu-
tion with standard deviation a. The curve shows the ensemble
mean of Pord averaged over 30 independent experiments for
a swarm of N = 20 agents, with the shaded band indicating
standard error of the mean (s.e.m.). As the angular noise a
increases, the system undergoes a continuous transition from
a highly ordered state (Pord ≈1) to disorder. A robust ordered
phase, defined here as Pord � 0.85, persists up to a ≈ 35◦; be-
yond this point, the collective coherence decays steadily. Over
the same noise sweep, the neural decision model substantially
outperforms the Vicsek, Couzin, and Glauber-based baselines,
which lose global order at markedly lower noise. These results
demonstrate that the neural decision model is highly robust to
stochastic noise.

VI. RESILIENCE TO ADVERSARIAL PERTURBATIONS

In collective-motion studies, controlled manipulations
of communicated states have long been used to probe
swarm robustness, decision-making thresholds, and effective-
temperature-like responses, typically through contrarian or
biased agents and related fault models [25–29]. Motivated by
this line of work, we examine the resilience of our model to
targeted informational attacks by introducing a fraction ρ of
adversarial agents that follow the nominal-motion dynamics
but deliberately falsify the state information they broadcast to
neighbors (e.g., reporting an incorrect heading or velocity).

Rather than adding unstructured random fluctuations,
these perturbations selectively corrupt the interaction signals
exchanged between agents. They directly degrade the infor-
mation integrity on which the distributed decision rules rely
and can be viewed as a flocking analog of Byzantine faults in
distributed systems [40].

We focus on two representative adversarial perturbation
protocols that are used throughout the paper:

(1) Onset orthogonal misreporting. A fraction ρ = 0.30
of agents are adversarial from t = 0 and consistently report
headings rotated by 90◦ from their true directions. This proto-
col delivers a strong, persistent informational perturbation to
the swarm. Unless stated otherwise, simulations use periodic
boundaries with N = 20, v0 = 2, L = 10, rr = 0.1, ro = 2.9,
ra = 3.0, and R = 3. A small amount of background angular
noise (standard deviation 0.1◦) is applied to all models.
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FIG. 5. Noise-robustness comparison. (a) Alignment-only baseline (Vicsek without repulsion) vs attractor-driven model (no repulsion).
(b) Full-interaction comparison: Couzin model (zone radii rr = 0.4, ro = 2.6, ra = 3) vs attractor-driven model augmented with equivalent
short-range repulsion and long-range attraction. (c) Probabilistic Glauber dynamics vs attractor-driven model. Curves are ensemble means
over 50 independent realizations; all simulations use identical additive noise (uniform in [0,0.8]).

(2) Postconsensus drift (stealth) perturbation. A coherent
swarm of N = 50 agents is first allowed to reach consensus.
At time t = tinj = 20 s, a small fraction ρsmall = 0.05 of agents
switch to adversarial mode and each reports a slight, constant
bias 	θ = 2◦ while maintaining nominal kinematics. This
protocol probes the system’s ability to suppress subtle, cu-
mulative manipulation designed to evade immediate detection
with v0 = 2, L = 10, R = 3, (rr, ro, ra) = (0.1, 2.9, 3.0), and
the same background noise.

Figure 7(a) compares the three models under the onset
attack. The attractor-driven swarm self-organizes into a coher-
ent state despite the strong adversarial fraction, although the
collective heading is biased by the attackers. In contrast, the
Vicsek and Couzin baselines fail to establish stable consensus
and instead devolve into disordered millinglike states. Figures
7(b) and 7(c) summarize the postconsensus experiment. All
models maintain cohesion, with order parameter near unity,
yet the attractor-driven model suppresses cumulative drift,

FIG. 6. Noise-order relation in the neural decision model. Sta-
tionary order parameter Pord vs noise amplitude δi(t ), illustrating
the transition from a highly ordered to a disordered regime as noise
increases.

keeping the final deviation below 1◦. At t = 100 s, the Vicsek
and Couzin models amplify the small bias into large runaway
deviations: Under the conditions shown, the Couzin deviation
reaches about 120◦ and the Vicsek deviation about 170◦. The
corresponding swarm dynamics are provided in the Supple-
mental Material [41].

To quantify our model’s resistance to such perturbations,
we examine the steady-state order parameter and collective
heading deviation as functions of the adversarial fraction. The
sweep results are summarized in Fig. 8.

We first probe the swarm’s tolerance to adversaries present
from t = 0. In this protocol, a fraction ρ of agents are des-
ignated adversarial and persistently report headings rotated
by 90◦ relative to the true emergent consensus direction.
Figure 8(a) shows the steady-state order parameter Pord as
a function of ρ. The neurodynamic swarm displays the pro-
nounced resilience: Pord > 0.9 up to the critical fraction ρc ≈
0.35. For ρ > ρc, the collective order declines but the de-
cline is gradual rather than an abrupt collapse. This behavior
indicates that the attractor readout substantially attenu-
ates strongly conflicting neighbor reports during consensus
formation.

We next probe a subtler, experimentally relevant threat:
a postconsensus perturbation in which a coherent swarm is
infiltrated by a minority of stealthy adversaries. The swarm is
allowed to converge before t = 20 s. At t = 20 s, a fraction
ρ of agents begins to report a small, persistent bias 	θ = 2◦
while otherwise behaving normally. Figure 8(b) shows that the
swarm’s internal coherence, measured by the order parameter,
remains effectively unchanged across the tested range of ρ,
with Pord ≈ 1. In other words, the attractor readout preserves
high internal alignment even when a minority continuously
injects a subtle bias.

Figure 8(c) shows the steady-state heading deviation rel-
ative to the preattack baseline. We observe a nonlinear
response: For small adversary fractions ρ � 0.15, the swarm
effectively ignores the bias and the drift is negligible. Above
this threshold, the persistent bias accumulates and the group
is progressively steered away from its original course. These
results reveal a trade-off. The attractor architecture robustly
preserves internal cohesion through error correction at the
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FIG. 7. Resilience to adversarial perturbations. (a) Onset attack. Adversaries comprising 30% of the population are present from t = 0 s and
report headings rotated by 90◦. Shown are ensemble means of the order parameter Pord for the attractor-driven model, the Vicsek baseline, and
the Couzin baseline over 50 realizations. (b) Postconsensus order. After a coherent swarm is established, 5% stealthy adversaries are injected
at t = 20 s reporting a 2◦ bias. Shown is the order parameter Pord. (c) Heading shift. Time evolution of the collective heading deviation, defined
as the angle between the instantaneous mean heading and the preattack baseline.

readout level. However, when a coherent minority exerts a sus-
tained bias, the collective heading can be gradually corrupted.

VII. CONCLUSIONS

We have introduced a deterministic neurodynamic frame-
work in which each agent’s heading decision emerges from a
Hopfield-type ring-attractor network that implements compet-
itive dynamics and pattern completion. Extensive numerical
simulations have reproduced the decision bifurcation ob-
served in locust experiments. Crucially, unlike conventional
alignment rules, the model has maintained global coherence
and suppressed bias under both stochastic noise and targeted
informational perturbations. These findings suggest that ring-
attractor dynamics can provide a physically realizable basis
for more resilient collective decision- making and may offer
useful insights for understanding biological group behavior
and for designing fault tolerant multiagent systems.

DATA AVAILABILITY

No external datasets were used. The raw experimental data
supporting the findings of this study are available from the
corresponding author upon reasonable request.

APPENDIX A: BASELINE MODEL DEFINITIONS

1. Vicsek model

The Vicsek model [7] is described as follows:

θi(t + 	t ) = 〈θ j (t )〉|r j−ri|<R + ξi(t ),

vi(t ) =
[
v0 cos θi(t )
v0 sin θi(t )

]
,

ri(t + 	t ) = ri(t ) + vi(t )	t, (A1)

where θi is the orientation angle of the ith particle,

〈θ j (t )〉|r j−ri|<R = arctan(
∑

j∈Ni (t ) sin θ j (t )∑
j∈Ni (t ) cos θ j (t ) ) is the average within

FIG. 8. Quantitative characterization of resilience to adversarial perturbations. (a) Onset perturbation. The plot shows the steady-state order
parameter Pord vs adversary fraction ρ when a fraction ρ of agents are adversarial from t = 0 and consistently report headings rotated by 90◦.
The neurodynamic swarm preserves high coherence (Pord � 0.9) up to a critical fraction ρ ≈ 0.35; for ρ > ρc, the order decreases continuously
rather than collapsing catastrophically. (b), (c) Postconsensus (stealth) perturbation. A coherent swarm is allowed to converge; at t = 20 s a
fraction ρ of agents begin reporting a small persistent bias 	θ = 2◦. Panel (b) shows the steady-state order, which remains approximately unity
for tested ρ up to 0.5. Panel (c) shows the steady-state heading deviation (mean angular difference from the preattack baseline) as a function
of ρ: for ρ � 0.15, the drift is negligible, while for larger ρ the persistent bias accumulates and the group is progressively steered away from
its original heading. All curves are ensemble means over 30 independent realizations; shaded bands denote ±s.e.m.
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FIG. 9. A schematic of the three concentric sensory zones for
an individual agent (centered at the origin): the ZOR, the zone of
orientation (ZOO), and the zone of attraction (ZOA). A potential
blind volume behind the agent, characterized by the angle α, is also
shown.

radius R neighborhood, and uniform random noise in [−π, π ].
v0 is the constant speed and is the position vector of the
particle.

2. Couzin model

The Couzin model [8] describes the collective behavior of a
swarm through a set of biologically inspired, local interaction
rules. Each agent i is governed by its interactions with neigh-
boring agents, which are categorized into three concentric
zones based on their distance from agent i, as depicted in
Fig. 9. The decision-making process for agent i at each time
step t follows a strict priority hierarchy. First, agent i assesses
the zone of repulsion (ZOR), defined by a radius rr . If any
neighbors j are detected within this zone (0 < ‖ri j (t )‖ � rr),
the agent’s primary imperative is to move away from them,
where ri j is the distance between agent i and agent j. The
desired direction vector due to repulsion dr is computed as
the sum of unit vectors pointing away from each of the nr

neighbors in the ZOR:

dr (t + τ ) = −
nr∑
j 	=i

ri j (t )

‖ri j (t )‖ . (A2)

If the ZOR is empty, agent i then considers neighbors
within the ZOO (defined by rr < ‖ri j (t )‖ � ro) and the ZOA
(defined by ro < ‖ri j (t )‖ � ra). The desired direction of ori-
entation do is the average direction of motion of the no

neighbors within the ZOO:

do(t + τ ) =
nr∑
j 	=i

v j (t )

‖v j (t )‖ , (A3)

and the desired direction of attraction da is the vector pointing
toward the center of mass of the na neighbors within the ZOA,
which is computed by averaging the unit vectors:

da(t + τ ) =
nr∑
j 	=i

ri j (t )

‖ri j (t )‖ , (A4)

where v j is the speed of agent j.
If neighbors are present within the ZOR, the individual

moves to avoid collisions and the direction is set as di(t +
τ ) = dr (t + τ ). If no neighbors are in the ZOR but are found
exclusively within the ZOO, then di(t + τ ) = do(t + τ ). If
neighbors are found exclusively within the ZOA, the direction
becomes di(t + τ ) = da(t + τ ). In cases where neighbors are
simultaneously located in both the ZOA and ZOO, the desired
direction is computed as the average of the attraction and ori-
entation components: di(t + τ ) = 1

2 (da(t + τ ) + do(t + τ )).
If no neighbors are detected in any zone, then di(t + τ ) =
di(t ).

The velocity of agent i is described as follows:

vi(t ) = s
di(t )

‖di(t )‖ , (A5)

where s is the speed of the agent i.

3. Glauber-based neurodynamic swarm model

For direct comparison, we implemented the neurodynamic
swarm model introduced in Ref. [24]. In this model, the
decision-making process of each agent is governed by a ring
attractor composed of Ns binary neurons σn ∈ {−1,+1}. The
network state evolves to minimize the Hamiltonian

H = − 1

Ns

(∑
n,m

Jnmσnσm +
∑

n

hnσn

)
, (A6)

where Jnm = cos[π ( |αn−αm|
π

)v], αn = 2πn
Ns

, and hn represents
the external input. When an agent perceives stimuli at angles
{θt }, the external field is given by a superposition of Gaussian
bumps,

hn = h0√
2πσ 2

e
αi−θt√

2πσ2 . (A7)

The Glauber dynamics [42] is used to simulate the net-
work’s dynamics. The spin-flip probability is

p(	E ) =
{

1, 	E � 0,

e−	E/T , 	E > 0,
(A8)

where T is the temperature. This procedure is repeated un-
til the network reaches statistical equilibrium (typically after
50Ns updates).

The agent’s velocity is updated according to the equilib-
rium state of its neural network as

vi = v0

Ns

∑
spins

αi,n, (A9)

where αi,n denotes the preferred direction of spin n. In addi-
tion, each agent can perceive the orientation of all agents.

APPENDIX B: HYBRID ATTRACTION-REPULSION
NEURODYNAMIC MODEL

To compare with the Couzin model, we add repulsion
and attraction in the neurodynamics. Consider a multiagent
system composed of N followers. The dynamics of follower
i ∈ {1, . . . , N} is

ṗi(t ) = vi(t ), vi(t ) = ui(t ), (B1)
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where pi = [xi, yi]T ∈ R2 denotes the position of agent i and
vi = [vix, viy]T ∈ R2 denotes the speed of agent i.

The control law ui for each agent is constructed from three
components.

1. Velocity alignment

The alignment behavior encourages the agent to move in
the direction determined by its neural decision-making sys-
tem. The velocity alignment can be written as follows:

vali
i (t ) = v0

[
cos θout

i (t )

sin θout
i (t )

]
, (B2)

where v0 is a constant number.

2. Repulsion speed

To avoid collisions, a repulsive velocity is generated when
neighboring agents are within a critical distance:

v
rep
i (t ) =

{
Krep

∑
j∈Nnei

(rr − |di j |) di j

‖di j‖ , ‖di j‖ < rr,

0, otherwise,
(B3)

where Krep is the proportional gain parameter and rr is the
maximum interaction range for the repulsion.

3. Attraction speed

To avoid collisions, a repulsive velocity is generated when
neighboring agents are within a critical distance,

vatt
i (t ) =

{
Katt

∑
j∈Nnei

(ro − |di j |) di j

‖di j‖ , ro < ‖di j‖ � ra,

0, otherwise,

(B4)

where Katt is the proportional gain parameter and ra is the
maximum interaction range for the attraction.

Combining Eqs. (B2)–(B4), the desired controller can be
written as follows:

ũi(t ) = vali
i (t ) + v

rep
i (t ) + vatt

i (t ). (B5)

Based on Eq. (B5), we also introduced a cutoff at vmax,
keeping the direction of the desired velocity but reducing its
magnitude if it is over the limit. Therefore, the controller can
be described as follows:

ui(t ) = vi

‖vi‖min{ũi, vmax}. (B6)

APPENDIX C: CONNECTIVITY ANALYSIS
OF THE HYBRID SWARM MODEL

The communication radius R is a critical parameter that de-
termines the connectivity of the agent interaction network and
thus the possibility of global consensus. In this Appendix, we
analyze the requirements on R under open-space conditions.

While the bound in Eq. (C1) applies to periodic domains
with fixed system size L, the situation is more intricate in
open space. In this case, L(t ) is not externally prescribed but
emerges as the swarm’s spatial diameter, which evolves dy-
namically over time. Accordingly, the connectivity condition

FIG. 10. The agents are arranged in the hexagonal pattern.

generalizes to

R(t ) > L(t )

√
lnN

Nπ
, (C1)

where L(t ) denotes the swarm’s spatial diameter at time t .
Since L(t ) varies dynamically during swarm evolution, we
seek an upper bound L̃ such that L̃ � L(t ), to derive a con-
servative estimate for the minimal communication radius.

To determine L̃, we model the swarm as a planar packing
of N nonoverlapping discs, each with radius rr imposed by the
short-range repulsion mechanism. The total occupied area is
approximately NπR2

rej, which corresponds to a square of side
length as follows:

L2 ≈ N π r2
r �⇒ L ≈ rr

√
π N .

However, this assumes idealized full coverage. To account
for realistic spatial gaps, we consider the hexagonal lattice,
which represents the densest known two-dimensional packing
and has a maximum packing fraction of φmax ≈ 0.9069 (see
Fig. 10). Accounting for this yields a tighter bound:

L̃ ≈ rr

√
π N

φmax
= rr

√
π N

0.9069
. (C2)

Substituting Eq. (C3) into Eq. (C1), we obtain the lower
bound for the communication radius as follows:

R(t ) > rr

√
lnN

0.9069
. (C3)

This bound captures the expected spatial footprint of a
swarm subject to local repulsion, ensuring high-probability
connectivity without excessive communication range
provisioning.

APPENDIX D: STABILITY ANALYSIS
OF THE NEURODYNAMIC DECISION CORE

The energy function of the ring-attractor Hopfield-type
dynamics can be written as follows:

Ei = −
Nf∑

n=1

Nf∑
m=1

1

2
Tnm f (xi,m) f (xi,n) −

Nf∑
n=1

f (xi,n)Ui,n

+
Nf∑

n=1

∫ f (xi,n )

0
f −1(z)dz
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= −
Nf∑

n=1

Nf∑
m=1

1

2
Tnmtanh(xi,m)tanh(xi,n)

−
Nf∑

n=1

tanh(xi,n)Ui,n +
Nf∑

n=1

∫ tanh(xi,n )

0
f −1(z)dz,

where Ui,n = ∑
j∈N wi j × e

(− (θn−θ in
j )2

2σ2
in

)
. The derivation of the

energy function can be deduced as follows:

Ėi =
Nf∑

n=1

∂Ei

∂xi,n
ẋi,n

=
Nf∑

n=1

[
− (1 − tanh2(xi,n))

Nf∑
m=1

Tnmtanh(xi,m)

− Ui,n(1 − tanh2(xi,n)) + xi,n(1 − tanh2(xi,n))

]
ẋi,n

= −
Nf∑

n=1

[
− xi,n +

Nf∑
m=1

Tnmtanh(xi,m) + Ui,n

]

× (1 − tanh2(xi,n))ẋi,n

= −
Nf∑

n=1

ẋ2
i,n(1 − tanh2(xi,n)) � 0,

where ẋi,n = −xi,n + ∑Nf

m=1 Tnmtanh(xi,m) + Ui,n. According
to LaSalle’s invariance principle, this guarantees that for
any given external input Ui, the neural activity of agent
i will always converge to a stable equilibrium (an at-
tractor state) where the energy Ei is at a local min-
imum. This ensures the reliability and robustness of
the decision-making core in producing stable orientation
outputs.

APPENDIX E: STABILITY ANALYSIS
OF THE MULTIAGENT SYSTEM

1. Timescale separation and quasistationary approximation

We assume that the internal neurodynamics governed by
Eq. (1) operate on a much faster timescale than the agents’
dynamics. Therefore, at each instant of the slow-motion
dynamics, the Hopfield network has effectively equili-
brated to the attractor set anchored by the current sensory
drive Ui.

In this quasisteady regime, while the recurrent connections
sharpen the neural activity, the peak position (encoded head-
ing) of the neural state xi is effectively locked to the peak
of the external input Ui. This approximation permits us to
analyze the readout dynamics by focusing on the aggregate
input profile:

xi ≈ Ui =
∑
j∈Ni

wi j × η j .

2. Linear approximation of the neural readout

Under the quasistationary assumption (the Hopfield core
equilibrates much faster than agent motion), the nonlinear
softmax readout of agent i can be analyzed in a continuous
feature limit. First, we write the input to the network as a
continuous function of the angle α:

xi(α) =
∑
j∈Ni

wi j g(α − θ j ),

where g(u) = e−u2/(2σ 2
in ). Invoking the soft-argmax method, we

can obtain an approximation of θout
i as θout

i ≈ ∑Nf

n=1 pi,nαn,

where pi,n = eβxi,n∑N f
m=1 eβxi,m

(β > 0). The softmax readout

gives

θout
i =

∫ π

−π
α eβxi (α) dα∫ π

−π
eβxi (α) dα

.

In the strong-competition regime (β is sufficiently large),
the integrals are dominated by the global maximizer α∗
of xi(α). According to Laplace’s method, vmax can be
approximated as

θout
i = α∗ + O(1/β ).

Thus, the problem reduces to finding the peak position α∗ of
the summed input signal. The peak position α∗ is found by
setting the first derivative of xi(α) to zero:

dxi

dα

∣∣∣
α=α∗

=
∑
j∈Ni

wi j g′(α∗ − θ j ) = 0,

where g′(u) = −(u/σ 2
in)e−u2/(2σ 2

in ). Then, it can be deduced
that ∑

j∈Ni

wi j (α∗ − θ j ) e−(α∗−θ j )2/(2σ 2
in ) = 0.

If the neighbor headings {θ j} lie within the kernel
width (|α∗ − θ j | � σin for all j), then e−(α∗−θ j )2/(2σ 2

in ) ≈ 1 +
O((α∗ − θ j )2/σ 2

in ). Combining this with the Laplace estimate
gives the leading-order approximation as∑

j∈Ni

wi j (α
∗ − θ j ) ≈ 0.

Since
∑

j wi j = 1, we can deduce that α∗ ≈ ∑
j wi jθ j . Com-

bining with the Laplace result yields

θout
i =

∑
j

wi jθ j + O(1/β ) + O((	θ/σin )2) + O(1/Nf ),

where 	θ denotes the neighbor heading spread and O(1/Nf )
is the discretization error from replacing the finite feature set
with the continuum. Combining the previous results, we can
conclude that

θout
i =

Nf∑
n=1

pi,nαn ≈
∑
j∈Ni

wi jθ j .

3. Stability of the dynamics

We next low-pass filter the readout to obtain a smooth agent
heading φi. Let φ̇i = τ (−φi + θout

i ). Using the approximation
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FIG. 11. Order parameter and convergence time of the swarm.

above and replacing θi by the continuous state φi yields the
following closed form:

φ̇i = τ
( − φi + θout

i

)
≈ τ

(
− φi +

∑
j∈Ni

wi j × θ j

)

≈ τ

(
− φi +

∑
j∈Ni

wi j × φ j

)

= τ
∑
j∈Ni

wi j (−φi + φ j ),

where, in the last step, we replace the instantaneous headings
θ j by the smooth states φ j , which coincide in the quasistatic
regime. Moreover, the weights satisfy

∑N
j=1 wi j = 1. The

compact form can be written as φ̇ = −τLφ, where L = I − W
is the Laplacian matrix and W = [wi j].

Although L is generally asymmetric, standard results in
consensus control theory [43] guarantee that if the directed
interaction graph contains a directed spanning tree, then L
has a simple eigenvalue at zero with right eigenvector 1, and
all other eigenvalues have positive real parts. As a result,
the consensus subspace {φ ∈ RN : φ1 = · · · = φN } is globally
asymptotically stable for φ̇ = −τLφ, and the agent head-
ings converge to a common value (a consensus heading)
determined by the left eigenvector associated with the zero
eigenvalue.

APPENDIX F: PARAMETER SWEEPS
AND PERFORMANCE METRICS

1. Standard deviation of the final order parameter

We define the final order parameter in run k as the
time-average of Pord over the last 100 time steps and de-
note it by P(k)

ord . The mean and standard deviation are P̄ord =
1
M

∑M
k=1 P(k)

ord and σPord =
√

1
M−1

∑M
k=1(P(k)

ord − P̄ord )
2
.

FIG. 12. Standard deviation of the final order parameter and rate
of jump of the swarm.

2. Average jump rate of the swarm

A “jump” is counted when the minimal angular difference
between an agent’s headings at two consecutive steps exceeds
30◦. For simulation k, let J (k) denote the total number of such
events over all agents and time steps. We define the jump rate
as J̄ = 1

M

∑M
k=1

J (k)

N (T −1) .

3. Sharpness v

The exponent v modulates the sharpness of the excitation-
inhibition profile in the ring-attractor network. To determine
an appropriate range for the exponent v, we conducted exten-
sive simulations by varying v over the interval [0.2, 1.0]. Each
configuration was repeated 200 times under the following
fixed parameters: N = 50, v0 = 2, L = 10, and R = 3. The
results are summarized in Figs. 11 and 12.

As shown in Fig. 11, the final order parameter Pord re-
mains consistently high across all values of v, with Pord >

0.99, indicating reliable consensus formation. The average

FIG. 13. Order parameter and convergence time of the swarm.
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FIG. 14. Standard deviation of the final order parameter and rate
of jump of the swarm.

convergence time Tconv exhibits a nonmonotonic trend: It
increases with v in the range v ∈ [0.2, 0.6], remains rela-
tively stable for v ∈ [0.6, 0.9], and slightly increases again at
v = 1.0.

In Fig. 12, we observe that the standard deviation of the
final order parameter remains low (generally below 0.02) for
most values of v, with particularly stable alignment at v =
0.1, 0.3, and 1.0. However, a notable increase in variability
is seen at v = 0.5, where the standard deviation peaks at
approximately 0.0505.

Regarding the average number of direction jumps, the sys-
tem exhibits a clear downward trend as v increases from 0.2
to 0.5. This suggests that higher values of v lead to smoother
directional transitions and less frequent abrupt changes in
agent headings. However, beyond v = 0.5, the jump count
stabilizes within a narrow range around 39, showing limited
sensitivity to further increases in v.

Based on these observations, we conclude that the range
v ∈ [0.3, 0.7] achieves a desirable trade-off between conver-
gence speed, directional smoothness, and network stability.

4. Input width σin

To evaluate the impact of the directional input width σin

on the performance of the Hopfield-based swarm model, a
series of simulations were conducted by varying σin from 10°
to 360°, with each configuration repeated 50 times. The results
are summarized in Figs. 13 and 14.

As shown in Fig. 13, the average final alignment Pord

increases rapidly from approximately 0.81 at σin = 10◦ to
values exceeding 0.99 within the range σin ∈ [50◦, 150◦], in-
dicating a critical input bandwidth threshold for effective
alignment. Beyond σin > 200◦, a slight decline in Pord indi-
cates reduced directional selectivity due to input dispersion.

The convergence time Tconv follows a U-shaped trend,
reaching a minimum of 5 s around σin = 60◦, then increasing
steadily for larger values. This highlights a trade-off: Narrow
inputs lack robustness, while broad inputs slow convergence.

FIG. 15. Order parameter and convergence time of the swarm.

Figure 14 shows that the standard deviation of Pord drops
sharply near σin = 40◦ and remains below 0.005 for σin �
50◦, confirming alignment stability. The jump rate declines
rapidly within [10◦, 50◦] and stabilizes near 3.3%, reflecting
smoother neural dynamics under moderate σin.

In summary, σin ∈ [50◦, 150◦] yields the best bal-
ance between convergence speed and alignment reliabil-
ity, underlining the importance of input encoding width
in swarm decision-making based on continuous attractor
networks.

5. Neighbor weighting scale σd

We investigate the effect of the neighbor weighting scale
σd on swarm alignment using the same protocol. Consistent
with the main text, Figs. 15 and 16 show that the range σd ∈
[0.6L, 0.9L] achieves the best trade-off between convergence
speed and alignment reliability.

FIG. 16. Standard deviation of the final order parameter and rate
of jump of the swarm.
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FIG. 17. Noise-robustness comparison with the Vicsek model. (a) At low noise (a = 0.2), both models attain high global order, but the
neural decision model converges faster and displays smaller trial-to-trial variability. (b) At a = 0.5, the performance of the Vicsek model
begins to degrade significantly, showing large fluctuations and a lower mean order. (c) At a = 1.1, the Vicsek model’s coherence effectively
collapses to near-disordered levels, whereas the neurodynamic model continues to sustain a high degree of global alignment.

APPENDIX G: ROBUSTNESS AGAINST STOCHASTIC
NOISE: METHODS AND DETAILED RESULTS

1. Numerical protocol and baseline models

All noise-robustness experiments reported here use peri-
odic toroidal boundary conditions. Unless stated otherwise,
simulations employ the following parameters: v0 = 2, interac-
tion radius R = 3, time step 	t = 0.01, total simulation time
Tsim = 200, and M = 50 independent realizations per parame-
ter point. Initial positions are randomly sampled on the L × L
domain and initial headings are drawn from θi(0) ∈ [0, 2π ).

For fair comparison, we consider three baseline implemen-
tations: (1) a Vicsek model with alignment-only interactions,
with parameters N = 20 and L = 10; (2) a Couzin model
with full-interaction zones (repulsion/orientation/attraction),
with parameters rr = 0.4, ro = 2.6, ra = 3.0, N = 20, and
L = 15; for comparison with this baseline, the neural model is
augmented with Couzin-style repulsion and attraction applied
at the velocity-command stage; and (3) a Glauber-type neuro-
dynamic rule following Ref. [24], with parameters v = 0.5,
N = 20, L = 100, Ns = 100, v0 = 2, σ = 2π/Ns, β = 10,
and h0 = 0.008.

2. Discrete-time implementation

For numerical simulations, the agent kinematics are imple-
mented in discrete time with step 	t as follows:

ri(t + 	t ) = ri(t ) + v0 	t

[
cos θout

i (t )

sin θout
i (t )

]
+ δi(t ), (G1)

where δi(t ) is the additive per-step noise vector drawn inde-
pendently at each time step from Unif([−a, a]2).

This discrete-time scheme puts the Vicsek, Couzin, and
neural models on the same numerical footing and al-
lows us to apply identical perstep noise statistics to all
of them.

3. Comparative performance under different noise levels

Figure 5 reports ensemble time series for the neural
decision model and three baselines (Vicsek, Couzin, and
Glauber-based neurodynamic rule) under translational noise
(uniform in [−0.8, 0.8]2). Here, we further compare model re-
sponses across three representative noise amplitudes, a = 0.2,

FIG. 18. Noise-robustness comparison with Couzin model. (a) At low noise (a = 0.2), both models converge to a highly ordered state,
but the neurodynamic model reaches near-perfect alignment more rapidly and with smaller trial-to-trial variability. (b) At a = 0.5, the Couzin
baseline begins to degrade: Its mean order decreases and temporal fluctuations increase. (c) At a = 1.1, the Couzin model exhibits large,
persistent fluctuations and fails to maintain global coherence, whereas the neurodynamic swarm continues to sustain a high degree of alignment.

013003-13



REN, ZHAO, CHI, AND WANG PHYSICAL REVIEW RESEARCH 8, 013003 (2026)

FIG. 19. Noise-robustness comparison with Glauber-based neurodynamic model. (a) Even at low noise (a = 0.2), the neural decision
model converges to near-perfect alignment much faster and attains a more stable steady state. By contrast, the probabilistic Glauber model
shows slower convergence and settles at a lower mean order with persistent trial-to-trial fluctuations. (b) At a = 0.5, the performance of the
Glauber model further degrades, showing larger fluctuations. (c) At a = 1.1, the Glauber model is unable to establish robust global coherence,
with its order parameter exhibiting large, persistent oscillations around a low mean. By comparison, the deterministic attractor readout preserves
a high degree of alignment.

0.5, and 1.1. Figures 17–19 show the results. The neural deci-
sion model preserves near-perfect alignment across all tested

noise scales, whereas alignment-based rules lose coherence
progressively as a increases.
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