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Generalized parity measurements are instrumental for the preparation of nontrivial quantum states and the
detection of errors in error-correction codes. However, realizing such measurements in current experimental
platforms becomes prohibitively difficult with growing system size. Here, using algorithmic methods of quantum
signal processing, we detail a simple and efficient control protocol for implementing generalized parity mea-
surements. Crucially, our measurement protocol does not depend on the size of the system and implements the
desired measurement in constant time. We benchmark the performance of the proposed measurement protocol
in preparing large multicomponent cat states on superconducting circuit quantum electrodynamics platforms.
We show that a 20-component cat state with 400 photons can be prepared with success probability >2% and
fidelity ~90% limited by the cavity decay rate and higher-order qubit-cavity coupling. Our results demonstrate
the feasibility of generalized parity measurements in current bosonic and spin systems, paving the way to
improvements in state-preparation and error-correction capabilities.
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I. INTRODUCTION

Measurements are of great importance for quantum tech-
nologies. On the one hand, measurements can be used to
generate [1-4] and verify [5,6] entanglement in quantum
systems. On the other hand, measurements allow experi-
mentalists to act on a quantum system conditionally on the
measurement outcomes. This feedback loop is at the heart of
efforts to control quantum mechanical systems [7,8], with ap-
plications ranging from system identification [9] to quantum
error correction [10,11], and universal information processing
paradigms such as measurement-based quantum computa-
tion [12-15].

A class of measurements that are particularly important
for a broad range of technological applications are general-
ized parity measurements (GPMs), whose binary outcomes
determine whether the number of excitations in the measured
system is an integer multiple of a modulus » € N up to a
remainder k € N. GPMs broaden the scope of conventional
parity measurements (i.e., »r = 2 [3]), which play a crucial
role in current efforts in resource state preparation and error
detection for quantum error correction [16-24]. Initial work in
Ref. [1] showed how GPMs can be used to prepare entangled
states such as the multiqubit Greenberger—Horne—Zeilinger
(GHZ) and W states, and other Dicke states, which are
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of interest for quantum communication applications [1,25],
metrology [26-29], and variational quantum optimization al-
gorithms [30,31]. GPMs were brought back into focus by new
and exciting applications in error-correcting codes encoded
in bosonic [32-35] and qubit systems [36], as well as ap-
plications in photon-number-resolved measurements [37], a
crucial ingredient in boson sampling [38] and quantum simu-
lation [39,40].

Despite promising use cases and recent developments in
the control theory of bosonic systems with so-called SNAP
gates and displacement operators [41,42], the realization of
GPMs on near-term platforms is hampered by the difficulty
of their implementation, especially in larger systems that hold
the most promise for technological applications. Current pro-
posals for implementing GPMs based on circuit or SNAP gate
constructions either require a frequency comb [1,32,43-46]
or utilize a single continuous-time control field, whose time
dependence should be optimized through a suitable cost func-
tion [37,47-51]. The former approach becomes technically
challenging with growing system size because the number
of frequency peaks over a fixed measurement bandwidth
increases with the system size. The latter optimal control
approach circumvents frequency crowding but, like most
open-loop control algorithms [50-52], suffers from two im-
portant limitations that become more severe for large systems:
(1) The classical computational cost of finding an optimal
control protocol becomes prohibitive as the system size and
the number of control parameters grow and (2) the optimized
control protocol lacks a discernible structure that yields itself
to generalization. For the particular example of GPMs, prob-
lem (1) entails that it becomes more difficult to implement
the desired measurement on a system with a large number
of excitations, and problem (2) entails that the optimization
of the control protocol should be repeated for each r and k
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independently [37]. Resolving these two limitations would
improve the scalability and feasibility of GPMs, dramatically
increasing their impact on near-term quantum technologies.

Here, we resolve the above-mentioned limitations by
developing a useful formal connection between control
protocols that implement GPMs and parametrized circuits de-
veloped for the design of efficient quantum algorithms, often
referred to as quantum signal processing (QSP) [53-56]. We
utilize QSP as a methodological bridge between pulse-level
and circuit-level control approaches for designing binary-
outcome quantum measurements, to obtain a simple and
experimentally relevant control protocol whose efficiency is
comparable to the best quantum algorithms designed for an
all-to-all coupled universal quantum computer [30]. Most im-
portantly, the use of algorithmic circuits allows us to address
the difficulties associated with open-loop optimal control ap-
proaches. In particular, the parametrization of QSP circuits is
independent of the size of the measured system. Leveraging
this structure, we discover analytical expressions that describe
control protocols to implement any GPM in constant time,
independently of the system size, r, and k.

The proposed approach is applicable to bosonic or spin
systems, where the number of excitations is conserved and a
single ancillary qubit is coupled to the excitation-number op-
erator [57-64]. We numerically demonstrate the effectiveness
of our approach in preparing >90% fidelity multicompo-
nent cat states [32,65] of up to 400 photons on the current
superconducting circuit quantum electrodynamics (cQED)
platforms and discuss the main obstacles in front of preparing
states with even larger photon numbers. We thus demonstrate
how QSP methods can drastically reduce the difficulty of
designing quantum control protocols, paving the way to high-
fidelity nonclassical states with hundreds of excitations.

II. GENERALIZED PARITY MEASUREMENTS (GPMS)
FROM QSP PROTOCOLS

Formally, generalized parity measurements GP,; are pro-
jective measurements whose binary outcome projects the
system S onto or out of a subspace S, ; spanned by states with
m excitations, where m € N obeys the modular congruence
relation m = k mod r, with moduli » and remainder k. In the
following, we denote the two projective measurement opera-
tors associated with GP, as I1g,, and I1 S0 where S‘,,k is the
complement of S, ..

Naimark’s dilation theorem [66,67] implies that any
binary-outcome quantum measurement on S can be imple-
mented through a unitary that acts on the extended system
Q + S, where Q is a qubit, followed by a projective measure-
ment on Q. For GP,.;, the suitable unitary is

Uy=lo®T, +iX ® g . (D)
Here, I is the identity operator acting on Q and Pauli op-
erators X and Z also act on Q. Intuitively, Ur’k flips the state
of Q only for the component of S that is not in S, . Thus,
initiating Q in the state |0), applying U, ;, and measuring Q on
the computational basis implements a quantum channel with
the measurement operators [67—69]

Mo)(Uri) = (0] @ 1)Uk (10) @ Is) = T 5, (2)

where the subscripts 0 and 1 denote the relevant measurement
outcome of GP,, as desired. The main result of this work is
an analytical expression that describes a control protocol that
implements a good approximation of U,; (1) independently
of the size of S, (2) for any r and k, and (3) in constant time.

Let us elaborate on our approach to synthesizing U, .
Quantum signal processing has become a general frame-
work for designing optimal implementations of quantum
algorithms [53-56]. Despite its expressiveness, the core of
QSP can be understood by considering a composite pulse
sequence that acts on a single qubit [53,70]. To this end,
consider the following single-qubit parametrized unitary of
depth d [53,71,72]:

U&)(e) = ei<I>0XeiOZei<I>1XeiOZ L. eiazeicbdx (3)

where 6§ € R and ®; = (®); € R is a so-called processing
phase associated with the processing unitary ¢'®* [70]. Most
importantly for this work, the fundamental theorem of QSP
says that Ug () has the representation

iQg ()
P&)(é)e—lﬁ )) ’ (4)

. P (e?)
UEIS (9) - (l’Q;:(e—iG)
where P and Q are real Laurent polynomials whose coeffi-
cients can be directly related to ) [53,73,74].

It is straightforward to establish the relationship between
Eq. (3) and the desired unitary U,,k in Eq. (1) . To this end,
we define the parametrized unitary U<T> that acts on Q + S and
has the same form as the single-qubit unitary in Eq. (3) except
the following replacements:

e <« V(i —k,r) =exp [—i£Z®(ﬁ1—k)], ®)
r

where 7 is the excitation-number operator for S. The coeffi-
cient 7 /r ensures that the circuit is invariant (up to an overall
sign) when the number of excitations is shifted by a mul-
tiple of r [i.e., 0&,(11% —k,r)y= U&,(n% —k 4+ r,r)], a feature
required by the modular equivalence relation defining S, 4.
Figure 1 depicts the schematic circuit of the control protocol
implementing Uy. Then, given an eigenstate |A,,) of /i with
an eigenvalue m, the following relation is easily verified:

Us (i — k, YA ® |An)) = Uz (0,5) ® |An), (6)

where 6;F = Z(m — k).
Thus, in order for the measurement operator Mo(Ué) [de-

fined as in Eq. (2) ] to approximate Ilg, , it is sufficient to find
QSP processing phases ®, that satisfy

Py¥(m) = (0| Uz, (6;%) 10)

], m—k=0 modr,
0, otherwise.

)

Yet, the phase sequence ®, does not immediately guaran-
tee that the measurement operator M, (Ué,-) approximates
[lg,,. Instead, unitarity of 0@ entails that in general
M, (U&)r) [Am) & € |A,,) form —k £ 0 mod r. However, it
is straightforward to cancel this excitation-number-dependent
phase factor ¢/, using two consecutive measurements with-
out requiring resetting or feedback [75,76] (see Supplemental
Material [74]).
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FIG. 1. (a) Schematic representation of the proposed implemen-
tation of GP, . The implementation requires only a single ancillary
qubit Q, which goes through repeated interactions with the mea-
sured system S. (b) The interaction Hamiltonian (in blue and green)
amounts to rotating Q along a given axis by an angle that depends on
the number of excitations in S. (c) The protocol also requires single-
qubit processing unitaries (in purple) along a direction orthogonal
to that induced by the interaction between S and Q. (d) The task
of designing an implementation of a GPM is then reduced to finding
the processing angles {¢;} such that at the end of the implementation,
measuring Q in |0) or |1) projects S onto S, or its complement §,.;,
respectively.

III. FINDING THE OPTIMAL QSP PROTOCOLS

Here, we use the mathematical results from the QSP lit-
erature to design constant-time control protocols that satisfy
the condition in Eq. (7). The real-valuedness condition in
Eq. (7) can be achieved by considering symmetric QSP phase
sequences Cfbsym = (¢o, P1, - - -, D1, P0) [73]. Then, it is easily
verified that U gs (6)=Us_ (9)and Q*(e"?) = Q(e"). Con-
sequently, the diggonal elements of the following single-qubit
unitary are real-valued:

U;} 6)=iXUs  (0) =Us, .5, (6), ®)
where &y = (1,0, ..., 0). We denote the control protocol ob-
tained through the replacement in Eq. (5) as UY .

An additional advantage of restricting ourselves to sym-
metric QSP protocols is that the optimization problem
associated with finding a symmetric ®,, see Supplemental
Material Ref. [74] is well conditioned around the initial con-
dition ®y = (0, ..., 0) [73,77]. By fitting the optimal phase
sequences ®, to trigonometric functions, we find simple an-
alytical expressions for @, that satisfy Eq. (7) . Denoting
B, = (¢, DK %) we find

. 4 | 4
(qDEulk)j — ¢lr)ulk(xj) = ;[1 + E cos <;xj)i|,

7

1| -
edge — | _ E q)bulk ) 9
¢r 2 2 j=1( r )] ’ ()
where x;=j — [5] with j € {l,...,7} and ¥=2 x [5]-1.

The functions (0| Ug (0)10) for r = 8, 13, and 41 are shown
in Fig. 2(a). As indicated by the vertical dashed lines,
(0| Ug () 10) approaches 0 for & ~ 69 when m is not a mul-

tiple of r. The eigenvalues Pg’o(m) are depicted in Fig. 2(b) for
r = 12, 13 and as a function of the number of excitations m <
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FIG. 2. (a) The polynomial transformation (0] UX (6)10) for r =
8, 13, and 41 (indicated by green, orange, and blue lines) using
the approximate QSP angles in Eq. (9). The vertical dashed lines
in matching colors indicate the values of 6 corresponding to 6%,
Inset: The approximation error 8,y x 10* for 6 < r < 60 (see main
text). Ideally, P(;'k(m) should take the value 1 for m = kmod r and
0 for m # kmodr. (b) The eigenvalues P&O(m) [see Eq. (7)] for
m € [0, 160] and r = 12 (in blue) and r = 13 (in red). The eigen-
values Polz'0 and P(P‘O closely approximate 1 when the number m
of excitations is a multiple of 12 and 13, respectively. Both eigen-
values are approximately 1 when m = 156 = 12 x 13. (c) The QSP
phases Eﬁ?“"‘ that implement GP,;, given by the analytical function
in Eq. 9).

160. That Por’k (m) = 1form =k mod r can be understood as

a result of the sum condition @' = Z;ﬁ(@r) ;i =m/2 [see

Eq. (9)]. Because 7 is odd, this sum rule implies Ugy(@ €
{0, 7}) = I. That is, Q stays in its initial state for all 9,;'1*" =
0,7 mod 27, a condition satisfied for m = rn + k for all
integers n. Overall, the optimized phases o, approximate
the desired target function in Eq. (7) with very small trace
infidelity 6, , see Supplemental Material Ref. [74], as shown
in the inset of Fig. 2(a). Finally, we plot the phases CTDE““‘ in
Fig. 2(b) to display their regular and symmetric structure.

Crucially, given access to an evolution generated by xZ ®
7, the time required to implement the generalized parity mea-
surement GP,; does not scale with the number of excitations
or r. This result follows directly from the facts that (1) the
sum @' is independent of r and (2) the time required to
implement 7 repetitions of V(i1 — k, r) is also independent
of r. Thus, naively, the time to implement GP, ; scales only
as O(k) as a result of the time required to implement the
single-qubit rotations ¢'7*% in Eq. (5) . However, the desired
single-qubit rotations along the z axis can be implemented
virtually (i.e., without any time cost) by changing the phase of
the qubit drive [78]. As a result, the proposed implementation
of GPMs completes in constant time that is determined only
by the interaction strength x.

023208-3



SINA ZEYTINOGLU

PHYSICAL REVIEW RESEARCH 8, 023208 (2026)

A. Mitigating coherent control errors through sequential GPMs

The effect of coherent control errors on the implemented
measurement operators can be analyzed using the subaddi-
tivity of coherent errors [79]. In compliance with common
experiments, we consider multiplicative errors on the process-
ing phases of the form ¢p; < ¢;(1 + €4 ;) and additive timing
errors of the form At; <~ 7 /(rx) + ¢ ;/x due to the jitter
of the control clock [80]. Denoting the erroneous unitary U g
and introducing mp,, as the maximum number of excitations
relevant for a given application, see Supplemental Material
Ref. [74], it is straightforward to show that

|Ug, = U, | < mmax F+ 1) lerma| + 7 /2 g maxl, (10)
where | - | denotes the matrix norm [79], and €4 max and € max
are the maximum phase and timing errors, respectively. Thus,
our protocol is especially robust against errors in the pro-
cessing phases, while the timing errors become increasingly
important as we increase r and my,,x. However, the worsening
effect of ¢ ; with increasing » can be mitigated for certain
large r by using an adaptive sequence of s GPMs {GP,, .},
where r; and k; are informed by the Chinese remainder theo-
rem [81,82]. We emphasize that high-fidelity implementations
of sequential GP,; enable excitation-number measurements,
see Supplemental Material Ref. [74] and optimal Fock state
preparation [83] (see Supplementary Material [74] ).

IV. MULTI-COMPONENT CAT-STATE PREPARATION

We evaluate the performance of the proposed QSP-based
implementation of GP; ; to prepare 71-excitation /-component
cat states |¢"X"), defined as [65,84,85]

cat

Mg, lo = /@)
\% p(s)ucc

where |a = +/71) is a coherent state of a spin or a bosonic
system with an average of 7 excitations. Note that the nor-
malization constant is related to the probability pg, of
successfully preparing a cat state given that we can implement
I1s,, as a measurement operator, see Supplemental Material
Ref. [74].

We study a concrete implementation of the cat state prepa-
ration protocol on a superconducting circuit QED device. In
order to implement the unitary U 31:, in Eq. (8), we can use

|pen™) (11)

the native qubit-cavity coupling Hamiltonian H, = xZ ® n¢
in the highly dispersive regime [46,86] with nc denoting
the cavity-photon-number operator. For each state-preparation
trial, we reduce the unwanted effects of errors on the ancilla
qubit Q@ by accepting the result only if three consecutive
GPMs succeed.

Although realizing implementation of GPMs seems
straightforward at first sight, when the number of photons is
large, realizing the desired dynamics becomes difficult due to
multiple sources of unwanted coherent processes. A crucial
obstacle to the implementation of the unitary U&)/ is the re-
quirement to cancel the always-on qubit-cavity interactions
during the implementation of the QSP processing unitaries.
While H, can be switched off using additional drives [87],

—o— Full Sim. Hg #0
Full Sim. Hg =0

i Best perturb. :
0.90 Naive Guess =
.,F r40 »
o)
0.851 ~
30
0.801 00
0.751 10
0 100 200 300 400 500

FIG. 3. The fidelity F and the inverse success probability
1/psuce> for a successful three-times repeated 7 photon [/7i]-
component cat state-preparation protocol. The full lines correspond
to full master equation simulations, with red and pink (blue and light
blue) full disks representing the data resulting from simulations with
Hy # 0 and Hg = 0, respectively. By repeating the state-preparation
protocol three times, we obtain a fidelity that closely approximates
the perturbative result that takes into account only cavity decay (pink
dashed line). For 7 < 300, substantially improving the naive guess
for the fidelity of a one-time repeated state-preparation protocol
(pink dashed-dotted line). The maximal inverse success probability
1/p°,.. for preparing a [+/7]-component 7i-photon cat state (blue
dotted-dashed line) scales with the square root of the number of legs
(see main text). Repeating the state preparation three times reduces
P for i = 378 by half.

our numerical results indicate that the adverse effects of
always-on H, can be drastically reduced through the follow-
ing replacement of the single-qubit processing unitary:

X fGX Tty Z) (12)

where 14, is the time required to implement ¢/*. In our
simulations, we observe that this replacement does not result
in a significant error for nonclassical photonic states with at
least up to 500 photons (see the pink full line in Fig. 3). The
replacement in Eq. (12) is especially effective because the
photon-number variance of the initial coherent state is o 7.

Another source of coherent errors is the presence of
the always-on qubit-state-dependent Kerr nonlinearity Hgz o
Kon2, where K < x [58,74,88]. The effects of this nonlinear
coupling can also be reduced by modifying the single-qubit
rotation in the same way as in Eq. (12). However, Hg also
introduces coherent errors in the implementation of V in
Eq. (5) . These errors are the main limitation of our QSP-based
cat-state-preparation protocol. We find that, for the parameters
we chose, the effect of the always-on Hg becomes relevant
for n > 350 (see Fig. 3). Finally, we note that the effective
Kerr nonlinearity Hx o« n2 commutes with all components of
the QSP-based GPM. Therefore, the evolution due to Kerr
nonlinearity can be canceled before or after implementing
GP, ;. [88].

In Fig. 3, we present the inverse success probability pyl.

and the fidelity F = +/(®des| Ofinal |Pdes) Of the heralded state

Ofinal, 10 the presence of all relevant decoherence channels

023208-4



GENERALIZED PARITY MEASUREMENTS AND ...

PHYSICAL REVIEW RESEARCH 8, 023208 (2026)

in the superconducting cQED setting. For simplicity, we
consider only the preparation of [+/7]-component cat states
with average photon number 7. The most important system
parameters for understanding our results are the cavity life-
time 7. and the qubit-cavity coupling parameter x. For the
results presented here, we chose 7. =25 ms [89] and x =
27 x 41kHz [46] (see Supplemental Material Ref. [74] for
all system parameters). Because the clock jitter of arbitrary
waveform generators can be reduced down to 50 ps [80], we
neglect the timing errors in our simulations up to 500 photons.

We find that when the proposed state-preparation scheme is
repeated three times, it allows us to prepare 20-component cat
states of 7 = 378 photons with F & 92% and pgye. = 2.4%.
Our numerical results also show that the fidelity of the state
preparation does not change substantially when the number
of cat state components is increased, even in the presence
of coherent and incoherent errors. In particular, we show
that the photon-number state with 7 = 376 photons can be
prepared with ~94% fidelity and ~1.1% success probability
by applying our protocol for GP,; with r =94 and k =0
to an initial coherent state with # = 378 photons, see Sup-
plemental Material Ref. [74]. We emphasize that the success
probability of the Fock state-preparation protocol scales only
as 1/+/f1, see Supplemental Material Ref. [74], and the time
required to implement the GPM is constant with respect to 7.
As a result, assuming that the time required to initialize the
cavity field to a coherent state with the desired 7 scales as
/i, the total time to prepare the Fock state scales as O(n),
matching the optimum scaling conjectured for an all-to-all
coupled quantum computer in Ref. [90], and is consistent with
the constant excitation ground-state-preparation protocol in
Ref. [91].

Interestingly, the state-preparation infidelities obtained by
applying the proposed GPM three times are about half the
naive guess using the cavity decay rate. To explain this obser-
vation, we develop a perturbative expansion of the stochastic
wavefunction trajectories [74,92]. Our scheme tracks the
modification of the dissipation channels as a result of the
time-dependent QSP protocol used to implement the GPM in
a similar way to the input-state-dependent error probability
introduced in Ref. [93]. As we further detail in the Supple-
mentary Material, the perturbative analysis shows that the
state-preparation protocol is more likely to fail when a single
error occurs. Thus, the increase in fidelity comes at the cost of
a small decrease in the success probability. Our analysis shows

that the observed error robustness of the state-preparation
protocol can be understood as a trade-off between fidelity and
success probability.

V. CONCLUSIONS AND OUTLOOK

In this article, we presented a way of leveraging the
efficient resource usage of the algorithmic framework of
QSP to (1) prescribe concrete control protocols to efficiently
implement generalized parity measurements and (2) nondeter-
ministically prepare large multicomponent cat states with high
fidelity. Further developments in reducing the cavity decay
rate [94] and canceling unwanted coherent terms can greatly
improve the state-preparation results in the superconducting
cQED setting. Our results demonstrate the potential of using
algorithmic frameworks like QSP to design concrete control
protocols for near-term experimental setups that allow access
to constant-time implementations of e~##®fs _gsuch as circuit
acoustodynamics [57], and other cavity QED settings [59,95],
spin systems consisting of neutral atoms [60-62,96], trapped
ions [63], and nitrogen vacancy centers [64]. Implementation
of the proposed methods in these platforms will require the
mitigation of a wide range of system-specific error mecha-
nisms (e.g., the inhomogeneous broadening in the spin-based
systems), and thus will benefit greatly from insights into filter
design [71,97] and closed-loop optimal control [98]. Exten-
sions of our approach to systems where Q and S are coupled
through Jaynes-Cummings [56,99] and Rabi interactions can
shorten the measurement time and allow better control of GKP
error-correcting codes [100,101], respectively.
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