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We study the correlated ground states of twisted mono-bilayer graphene with and without proximity-
induced spin-orbit coupling (SOC) from a transition-metal dichalcogenide layer placed on top. We perform
self-consistent Hartree-Fock calculations that allow the variational space to include multi-Q translational-
symmetry-broken states for all integer and half-integer fillings of the conduction bands, where signatures of
correlated, topological states have been reported experimentally. We find interaction-induced insulators that
retain moiré translational symmetry at integer fillings, but that break this symmetry at half-integer fillings. We
argue that translational symmetry breaking arises from half-filled polarized bands, even when SOC is present.
Yet, we find that small SOC can already crucially affect the spin nature of correlated states. Generally, Ising SOC
favors out-of-plane spin polarization and spin-valley locking, while Rashba SOC favors in-plane spin order. If
only one of these two terms is present, we find that, depending on the type of SOC, it drives a transition from a
tetrahedal antiferromagnet to either a coplanar, noncoplanar, or collinear spin-density wave state for half-integer
fillings. The frustration associated with the simultaneous presence of both types of SOC can induce chiral,

1,2,§

noncoplanar order in parameter ranges where the ground state in the absence of SOC is collinear.

DOI: 10.1103/xr1t-173x

I. INTRODUCTION

Twisted moiré materials have recently become a versatile
platform for studying strongly correlated electron behavior.
Their properties can be controlled by various tuning knobs
such as the twist angle between the layers, external fields, or
substrate variation. These parameters facilitate the design of
flat or narrow-band dispersions that may possess nontrivial
topology and can give rise to strong interaction and correlation
effects, such as the appearance of correlated insulators, su-
perconductivity, and anomalous quantum Hall states [1-15].
Theoretically, it was also suggested that moiré materials can
mimic different model systems ranging, for example, from
one-dimensional (1D) helical network models, over Hubbard
models, to heavy-fermion models [16-31]. Given their ex-
treme versatility and tunability, moiré systems might therefore
even be thought of as a route for quantum simulation [32].

An interesting member of the graphene-based moiré ma-
terials family is twisted mono-bilayer graphene (TMBG) that
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goes beyond the high-symmetry configurations of alternately
twisted few-layer graphene. Here, we theoretically investigate
its correlated ground states with and without proximity-
induced spin-orbit coupling (SOC) from a transition-metal
dichalcogenide (TMD) layer such as WSe, (see Fig. 1). The
single-particle band structure of TMBG can be manipulated
via the displacement field. In particular, the minibands around
the Fermi level can become narrow and topological with
Chern numbers C = 2 and C = —1 for a given valley [33-35],
thereby creating a strongly correlated electron system prone to
interaction effects. Indeed, in TMBG without a TMD layer but
with an applied displacement field, experimental signatures
of correlated insulators were recently reported at integer
(v =1,2,3) and half-integer filling (v = 3/2,7/2) of the
conduction band [5-9]. The appearance of these correlated
insulators was accompanied by the quantum anomalous
Hall effect with quantized values corresponding to either
a Chern number of C =2 for integer fillings v =1 and
v =3 or a Chern number of C =1 for half-integer fillings.
This behavior is consistent with interaction-induced valley
polarization at integer filling and the emergence of a
topological charge density wave state [9] or a competing
tetrahedral antiferromagnetic state [36] at half-integer
fillings. It is natural to think of the states at the integer
fillings v = 1, 2, 3 as polarized so that v out of four originally
spin- and valley-degenerate bands are filled. Similarly, at
half-integer filling v =3/2,7/2 spontaneously breaking
translation symmetry is consistent with splitting the Chern
2 band into two Chern 1 bands. However, it is an open

Published by the American Physical Society
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question how these states evolve as a function of filling,
because a complete phase diagram for all these fillings is still
missing.

An interesting possibility is also to manipulate these cor-
related ground states by placing a proximitizing TMD layer
on top of the TMBG. The TMD layer induces Ising and
Rashba SOC, so that the spin degeneracy of the bands can be
lifted. For other graphene-based moiré materials, it has been
reported that adding a TMD layer can boost ferromagnetic
or superconducting behavior [37-42]. In TMBG, the effect of
SOC is still unclear.

Therefore, we address here the influence of SOC on
the correlated ground states of TMBG by performing self-
consistent Hartree-Fock calculations for half-integer and
integer fillings of the lowest conduction minibands. We com-
pare these results with calculations obtained in the absence
of proximity-induced SOC. We focus on a finite displacement
field. The reason is that, as stated above, previous experimen-
tal work has shown signatures of correlated Chern insulators
in TMBG that is not covered by a TMD layer when a finite
displacement field is applied [5-9]. Moreover, under these
conditions, single-particle band-structure calculations reveal
isolated conduction minibands with the narrowest width in the
presence of a finite displacement field [5-9,33—-35]. We allow
the Hartree-Fock (HF) ansitze to also capture translational-
symmetry-broken states on the scale of the moiré lattice.
Motivated by the aforementioned experimental and theoretical
works, we use the three M points in the moiré Brillouin zone
(mBZ) as the wave vectors for the states with broken transla-
tional symmetry; i.e., our calculation can describe single-Q
spin-density wave (SDW) and multi-Q SDW states with a
charge modulation in addition to a translation-invariant (TT)
state with flavor symmetry breaking (such as spin or valley
polarization). For TMBG, we find interaction-induced insula-
tors either due to TI polarized orders at integer fillings, or due
to states with broken translational symmetry at half-integer
fillings. Furthermore, we show that a multi-Q state is generally
favored over a single-Q state.

To systematically study how SOC affects the correlation
physics, we perform HF calculations for different combina-
tions of Ising and Rashba SOC parameters. We find that
SOC can change the nature of the ground states. Gener-
ally, Ising SOC induces additional spin-valley polarization,
while Rashba SOC suppresses it. The occurrence of transla-
tional symmetry breaking remains robust with the addition
of SOC for all considered half-integer fillings. In addition,
translational-symmetry-broken states also become energeti-
cally closer to TI states for some integer fillings and some
SOC parameters. However, SOC strongly affects the type of
multi-Q broken translational symmetry states. It influences
the emergence of in-plane or out-of-plane spin order and
changes the energetic competition between tetrahedral antifer-
romagnetic (TAF), coplanar, noncoplanar, and collinear SDW
states. As such, it can be used to tune transitions between a
noncoplanar, coplanar, and collinear order. Finally, we show
that including the valence bands into our HF analysis does not
qualitatively change our results. In addition, we see that band
hybridization enhances the indirect band gap between the con-
duction and valence bands, especially near charge neutrality.
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FIG. 1. Schematic cross section of SOC-TMBG: A van der
Waals heterostructure composed of a graphene monolayer (/ = 1)
and Bernal-stacked graphene bilayer (/ = 2 and / = 3) with arelative
twist angle of 0, as well as a TMD layer. The TMD layer, such as
WSe,, is located on top of the graphene monolayer. We study both
the case with and without the TMD layer. A displacement field is
applied along the z direction and the associated electrostatic potential
is designated as U, 0, —U for layer [ = 1, 2, 3, respectively.

This paper is organized as follows. In Sec. II, we introduce
the continuum model for TMBG including proximity-induced
SOC in the form of Ising and Rashba SOC. This yields
the noninteracting band structure visualized in Fig. 2. The
addition of Coulomb interaction and the Hartree-Fock approx-
imation are described in Sec. III. The resulting phase diagram
for translationally invariant and stripe phases is discussed in
Sec. IV. The more complicated multi-Q states are discussed
first using the Ginzburg-Landau theory in Sec. V, followed
by Hartree-Fock calculations in Sec. VI. We conclude with an
outlook in Sec. VII on the possible experimental detection of
the nontrivial phases we predict.

II. MODEL AND METHOD
A. Single-particle Hamiltonian of SOC-TMBG

To define the model we study in this work, let us start
from the single-particle Hamiltonian for SOC-TMBG with
the lattice geometry shown in Fig. 1. For the TMBG part, we
consider the case where a graphene monolayer is placed on
top of an AB-stacked graphene bilayer with a relative twist
angle of 6. In this configuration, only the graphene mono-
layer experiences the proximity-induced SOC effect, since
the TMD layer is located on top of TMBG. We also apply
a perpendicular displacement field to the SOC-TMBG. This
is modeled by applying an electrostatic potential of U to the
graphene monolayer, O to the top layer of the bilayer, and —U
to the bottom layer. To address the low-energy physics of this
system, we consider a continuum model. In momentum space,
it is written as

HY(k, k)
([ [Hyigk-0/2) + Hioc 10
(T ew

T,
[T7 ]k ) W
HE (ko 2)0p

with t = +1 for valley K and K’, respectively. Here, we
use the rotated momenta ky = R(6)k, where the matrix R(6)
describes a counterclockwise rotation of angle 6. The single-
particle Hamiltonian of the graphene monolayer and bilayer
near around the K (t = 1) and K’ (t = —1) points can be
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FIG. 2. The single-particle miniband dispersions, density of states (DOS), and Fermi surfaces for SOC-TMBG with different SOC
parameters. (a)—(c) Single-particle band dispersion for the lowest conduction and valence minibands as well as the corresponding DOS.
The dispersions and the DOS are for K valley only. These data were obtained by diagonalizing Eq. (1) for K valley. The different
panels are for different SOC parameters: (a) (A;, Ag) = (5,0), (b) (A, Ag) = (0, 5), and (c) (A7, Ag) = (5,5). The SOC parameters are in
units of meV. The dispersions are plotted along the momentum path depicted in the inset of panel (c) covering the high-symmetry points
(KL > Ky - I' > M — I' - K;). At each momentum, the miniband dispersion is color coded according to the spin expectation value (s;).
The color legend is shown on the right of panel (f). (d)—(f) Fermi contours for the same SOC parameter sets as in panels (a)—(c) at integer
fillings and near fillings where the Fermi surface topology changes due to the emergence of van Hove singularity (VHS). The color coding is

again based on the spin expectation value (s.) in the mBZ.

written as Hy(k) = vk - 0% + Ulyy, , with 0° = (70y, 0y) A =15 meV, wys = 80 meV, and wyp = 110 meV. These
and were taken from density functional theory (DFT) calculations
0 —— R —uat previously reported in the literature [7,9,19,33-35,44]. Unless

. A . stated otherwise, we have selected a twist angle 6 = 1.21°

Hig(k) = v ¢! U4 , and an electrostatic potential U = —40 meV, which leads to
—vgm’ "1 -U+A v two comparatively flat conduction minibands close to charge

—3 T —u” T U neutrality, with a finite indirect band gap separating them

with n* = vk, — ik,. Here, 0;, i = x, y, z, are the Pauli matri-

ces in sublattice space. T* in Eq. (1) describes the tunneling

between the graphene monolayer and the upper layer of the

graphene bilayer. In momentum space, it can be written as
WA

[T Nk = 2=y T} S kg,» With
0 0
7-.‘]"[ = . . 21 .
U)ABEN(J*I)T 0 0
Here, 77 is modeled such that only the upper layer of
the graphene bilayer, adjacent to the graphene monolayer
in Fig. 1, experiences the moiré potential. The inter-
layer tunneling processes are dominated by three momenta:
q =K9(O’_1)’ qZ_KO( 2 52) qS_KQ(_Tﬂ z) with
Ky = 8m sin(6/2)/3ap and graphene lattice constant ag
[19,43]. We have chosen the following values for the phys-

ical parameters in the above equations: v = 8.47 x 10° m/s,
v3 =9.19 x 10* m/s, vy = 4.48 x 10* m/s, y1 = 361 meV,

i 127
wABe—zr(j—l)T’

WAA

from the remote bands [34]. In this range of twist angles
and displacement fields, the anomalous Hall effect as well
as electrical switching of the magnetic order were observed
in experiments on TMBG [5-7,9]. Although not indicated
explicitly in Eq. (1), all bands of the Hamiltonian in Eq. (1)
are twofold spin degenerate.

This degeneracy is lifted once we take SOC into account
induced by the TMD layer located on top of the TMBG.
To this end, we add the following SOC Hamiltonian to the
graphene monolayer in Eq. (1):

2

where s, T; are Pauli matrices in spin and valley space, re-
spectively. Hsoc is described by two parameters—the strength
of the Ising (X;) and Rashba (Ag) SOC. The magnitude of the
proximity-induced SOC from the TMD is mainly determined
by the wavefunction overlap between the states of the TMD
layer and those of the graphene monolayer [38]. Previous DFT
studies have shown that these SOC parameters are sensitive to

Hsoc = Aps;T; + )VR(GxSyTz - O'ny),
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several factors of the system, such as the type of TMD layer,
the twist angle between the TMD layer and the graphene layer,
the applied displacement field, and strain. The absolute values
of A; and Xy in the literature are reported to vary by as much
as 2 meV [45-51]. For example, Ref. [48] reported the SOC
parameters as a function of twist angle between a graphene
layer and a tungsten diselenide layer, from 0° to 30°. The
strength of the Ising and Rashba SOC were found to increase
for twist angle up to 15°—20° and then decrease for larger
twist angle up to 30°. One experimental work reported much
larger values of Ag on the order of 10 meV, although this value
strongly depends on the twist angle as well as the asymmetry
of the dielectric environment [51].

TMBG has lower symmetry than other graphene-based
moiré systems composed of layers with symmetric stacking
order [38,39,41,52]. SOC-TMBG possesses spinful time-
reversal symmetry as well as Cs, rotational symmetry, but Cy,
symmetry is absent due to the geometry of the AB-stacked
graphene bilayer. Here, z refers to the axis perpendicular to
the graphene plane. For heterostructures composed of twisted
layers with symmetric stacking order and proximitized TMD
layer, the twist angle can be tuned to preserve the C,, sym-
metry [38,39,41], This is not possible in SOC-TMBG and,
hence, a nonzero Ising SOC is allowed. Its presence reduces
the SO(3) spin rotational symmetry down to SO(2). Rashba
SOC breaks both the spin SO(3) and C3, symmetries, but
it preserves the combination C3, = C3; ® S:7/3, where Sz,
denotes a spin rotation by an angle ¢ along 7. Finally, we
note that the Hamiltonian for SOC-TMBG is invariant under
a valley-U (1) rotation, since it is fully diagonal in the valley
index T = %1.

B. Band structure of SOC-TMBG

In this section, we discuss the dispersion of the lowest-
lying conduction and valence minibands, whose energies are
close to zero, the Fermi surfaces, and the density of state
(DOS) of SOC-TMBG. For a given band index b, flavor index
a and momentum k, the band energy €, (k) is obtained by
diagonalizing Eq. (1) with wavefunction |u, (k)), which satis-
fies HT (k)|upo (k)) = €po(k)|upy (k)). Note that when Rashba
SOC is present, spin and band degrees of freedom are mixed.
Therefore, the flavor o refers to both the spin and valley
degrees of freedom when Rashba SOC is absent, and only to
the valley degree of freedom when Rashba SOC is present.

Figures 2(a)-2(c) display the dispersion of the lowest-lying
conduction and valence minibands in the mBZ, as well as
the DOS, for three different sets of the SOC parameters
(A1, 2g) = (5,0), (0,5), (5,5)meV, respectively. In addi-
tion, Figs. 2(d)-2(f) display the Fermi surfaces for the K
valley (the K’ valley is related by time-reversal symmetry) for
the same set of SOC parameters at different fillings, including
integer fillings and fillings for which the Fermi energy is close
to a Van-Hove Singularity (VHS). The miniband dispersions
and the Fermi surfaces at momentum k are color coded ac-
cording to the spin expectation value (s,) and the color legend
shown on the right of Fig. 2(f).

As anticipated, SOC causes a momentum-dependent spin
splitting. Note that at the K; symmetry point of the mBZ, the
conduction miniband remains spin degenerate, irrespective

of the SOC parameters, because these states belong to
the lower graphene bilayer that does not experience SOC.
In the remainder, we will refer to the combined SOC-split
minibands lying above £ = 0 in Fig. 2 and coming from the
originally spin-degenerate lowest conduction minibands as
the conduction bands. Analogously, the combined SOC-split
highest minibands located below these conduction bands will
be referred to as the valence bands. The splitting of the bands
induced by Ising SOC is larger than that for Rashba SOC
of the same magnitude. To quantify this, we label the two
split conduction bands as ¢;, i = 1, 2, and define the splitting
Agc, @S

Aclc2 = kl\e/lll?]§(2|€(‘1 (k) - GCQ(k)|'

For (A;, Ag) =(0,5) meV, we obtain A, ., = 1.68 meV.
This value is smaller than that for (A;, Ag) = (5, 0) meV and
(A1, Ag) = (5,5) meV, where we obtain A, ., =2.85 meV
and A.,., = 3.08 meV, respectively.

Concerning the band topology [53], our choice of the
electrostatic potential (U = —40 meV) and twist angle noted
above lead for vanishing SOC to a conduction band with
Chern number 2 (for the K valley), while the valence band
has Chern number —1. For completeness, we further point
out that reversing the sign of the displacement field leads to
a conduction band with Chern number —1 and a valence band
with Chern number 2. For SOC values close to realistic DFT
parameters, we find that the composite Chern number of the
SOC-split conduction bands does not change [53], while the
Berry-curvature distribution becomes sensitive to which type
of SOC is present. The same applies to the valence bands.
In particular, we find that the Berry curvature of both split
conduction bands tends to be concentrated around the I point
in the mBZ when Rashba SOC becomes larger than Ising
SOC. This can be explained by finite Rashba-SOC-induced
band mixing and the small band splitting, especially at the I"
point in mBZ.

In addition, we observe that, depending on SOC, VHS can
emerge close to integer fillings, therefore enhancing inter-
action effects. To visualize how the Fermi surface topology
changes, we show the Fermi surface of the system around Van
Hove fillings in Fig. 2. For filling factor close to or smaller
than v = 1, three pockets of Fermi energy contours from the
lower conduction band start to touch each other, which leads
to a change of Fermi surface topology. Additional changes
of Fermi surface topology occur, when the triangular Fermi
surface of the lower or upper conduction band touches the K
point of the mBZ at larger v.

III. HARTREE-FOCK ANALYSIS FOR SOC-TMBG

Interaction effects play a crucial role for the low-energy
physics when the electrons are filled to bands whose band-
width is much smaller than the interaction strength. In
our model, the single-particle bandwidth of TMBG is of
the order of 20 meV, whereas the Coulomb interaction
strength is computed to be roughly of the order of 100 meV
(see below). Based on this estimation, we expect complex,
symmetry-broken phases to emerge in TMBG; indeed, there
are already multiple theoretical studies that report possible
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correlated states in TMBG for different parameter regimes
[9,33,35,36,54], although almost all of these works focus
on integer fillings with only a few exceptions [9,36,54].
In this section, we study the possible correlated states of
SOC-TMBG for all positive integer and half-integer fillings
and include the effect of SOC, by performing self-consistent
HF calculations. We allow our HF solutions to also cap-
ture the translation symmetry-broken states, which effectively
enlarges the unit cell. In particular, motivated by the exper-
imental result [9] and the exact diagonalization calculations
[36,54] (without SOC), we only consider momentum transfer
vectors corresponding to the three M points in the mBZ.

A. Interacting Hamiltonian and HF

To outline the basic methodology, let us first define the
band creation operator c,tba, which creates an electron at mo-
mentum k, with band b, and of flavor «, with corresponding
single-particle energy €, (k). By construction, the single-
particle Hamiltonian Hy is already diagonal in this basis and
can be rewritten as

Hy= " €ak)c) ) Crp- 3)

kemBZ b,a

The normal-ordered density-density Coulomb interaction
reads

1
Hy =223 V@ : p(-)p(g) €
q

with total system size A and :: denoting normal ordering.
Here, we define the density operator p(gq) and the form factor
Ag(k) as p(g) = P gempz hAGHIC,,, and [Ag(O)]pyrap =
(up,o (k)|up,p(k 4 q)) for given band indices by, b, and flavor
indices «, B, respectively. In addition, we use the double-gate

screened Coulomb potential V(q) = #j‘qltanh(md ), with
screening length d and dielectric constant €. We have checked

that using a single-gate screened Coulomb potential [V (g) =

#zlql(l — ¢721419)] instead of a double-gate interaction, does
not qualitatively change the main result of our work. For the
interaction parameters, we set d = 20 nm and € = 10.

For computational efficiency, we project the interacting
Hamiltonian H;,, = Hg + Hy onto the small set of bands (ac-
tive bands) whose energies are close to zero. We consider the
cases with Fermi level inside the conduction bands because
they are very narrow and isolated for our choice of param-
eters and also this is where signatures of correlated states
were observed. In the main text, we project Hj, only onto
these conduction bands. In Appendix E, we then, as a second
step, generalize by including both the conduction and the
valence bands. We note that in the first projection scheme,
charge neutrality (v = 0) corresponds to an entirely empty
active band, while for the latter, it corresponds to fully filled
valence bands.

As usual in HF, we treat the four-fermion Coulomb
interaction Hy by performing all possible particle-number-
conserving mean-field decouplings. It then becomes an
effectively quadratic Hamiltonian,

He= Y cihulP(k, Q)le,_q, (5)
kemBZ,0,€Q

with Hamiltonian function hyg that depends on the correlator
matrix Pk, Q,) = (c;;ck+Ql_) (see Appendix A). Physically,
Q; corresponds to the momentum transfer vector describing
potential moiré translation symmetry breaking; we further
introduce Q as the set of possible momentum vectors Q; that
we allow in our HF calculation to develop. For later reference,
we also define the combined correlator matrix [P(k, Q)];; =
P(k + Q;, —Q;) for given momentum indices i, j.

B. Subtraction scheme

The above-mentioned model parameters we use, such as
Dirac velocity and tunneling strength, are taken from the Refs.
[7,9,19,33-35,44]; they are obtained from DFT calculations
and thus already contain some interaction effects. To prevent
the double counting of interactions, we subtract a reference
density matrix Py(k, Q) from the correlator P(k, Q), which
incorporates the interaction effects already included in DFT
parameters. In our work, we choose an “average” scheme,
where we set Py(k, Q) = 1/2 for active bands, Py(k, Q) = 1
for occupied remote bands, and Py(k, Q) = 0 for unoccupied
remote bands. We note that our results are expected to be qual-
itatively unaffected when other common reference schemes
are used [55].

Including both contributions, Hg and H¢ from Egs. (3) and
(5), respectively, the full HF Hamiltonian can be written as

Hyp= Y ¢ ohurlk, Q. Pik, Qleo.  (6)

kemBZg

with the spinor ¢xg = (¢k -+ cktg, ---)" and HF Hamil-
tonian functional hyr. The momentum summation of Eq. (6)
is performed over the folded moiré Brillouin zone (mBZyp),
which depends on the choice of Q (see also Sec. IIIC).
In addition, for R = 1,2, we define Pr(k, Q) = 3P (k, Q) —
Py(k, Q). From Eq. (6), the HF energy EHQF for given correla-
tor P(k, Q) can then be compactly written as

> TP, Dhfiplk, Q. Pr(k, Q1. (7)

kemBZo

Q _
EHF_

We start with several initial random ansitze of P(k, Q), re-
peat the iterative calculation until convergence is reached, and
pick the solution that gives the minimum value of E}% See
Appendix A for a detailed derivation of Egs. (5)-(7) with
different Q.

C. Choice of wave vector and SOC parameters

Motivated by the experimental signatures of translation
symmetry breaking at v = 7/2 and previous theoretical work
[9,36,54,56], we perform HF calculations for the following
three possible cases:

(1) @=({r}

(2) Q={T, My}

(3) @={I", My, My, M3},
where the variational space is being extended with respect
to the momentum vectors that are included. There are three
inequivalent M points in the mBZ. See the inset of Fig. 2 for

the location of one of them; the other two can be obtained
from it by a £2120° rotation. The first case can only capture TI
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solutions. Meanwhile, the second and third cases also contain
translation-symmetry-broken solutions with, respectively, at
most one pitch vector given by M, (referred to as “1Q states”
in the following) or up to a superposition of all three M points,
M, M;, and M3. When a superposition of all three of them is
found, we refer to such a state as a “3Q state.” Note that, as
a result of the variational principle, the optimal EHQF cannot
increase when additional vectors are included in Q.

In addition, we define mBZ,p (Q={I,M;}),
mBZsp (Q ={I",M, M, M3}) as the folded Brillouin
zone corresponding to 1Q and 3Q states, respectively. More
explicitly, mBZ ;o (mBZ3p) is the twofold (fourfold) reduced
mBZ associated with the momentum transfer given by single
(all three) M point(s). See Appendix A3 for details of the
numerical implementation of the mBZ g grids.

For the various HF solutions, we focus on the state with the
lowest energy for each integer and half-integer fillings in the
range 0 < v < 4. In addition, our discussions will focus on
how the SOC parameters affect the correlated physics of SOC-
TMBG, especially regarding the spin configurations. For the
SOC parameters, we consider four possible combinations

(A1, 2g) =(0,0), (1,0), (0,1), (1,1)meV.

They already have a strong impact on the correlated ground
states, as we will see in the following.

IV. HF ANALYSIS IN CONDUCTION BANDS: 10 STATE

As anticipated above, we begin our HF analysis by only
keeping the four conduction bands in total (including the
valley index) that cross the Fermi level. For the chosen model
parameters, the single-particle band structure of SOC-TMBG
shows that there is not only a finite indirect band gap between
the conduction and valence bands, but they are also separated
energetically from the upper and lower remote bands. As such,
our projection onto the conduction band is well defined and
will allow us to first develop a clearer physical picture. As
we show in Appendix E, including additional bands in the HF
analysis will not lead to any changes in the symmetries of the
stabilized ground states for v > 0.

A. Energy comparison between TI and 10 states

We first focus on TI and 1Q ansiitze, by setting Q = {T"}
and Q = {I', M,}, respectively, and study all possible integer
and half-integer fillings between v = 0 (completely empty
system) and v = 4 (all active bands are filled). To distinguish
between TI and 10 states qualitatively, we quantify the degree
of translational symmetry breaking on the moiré scale by
defining

1
Ovtss = ~— D VTP, MDP(k, M), (8)

10 kemBz)p

where Njg is the number of points of the mBZ,y grid. This
quantity extracts the weight of the off-diagonal components
of the entire correlator matrix P(k, Q = {I", M,}) with respect
to the electronic momenta k and k + M. Thus, it captures
spatial modulations on the moiré scale. We distinguish the TI
and 10 state by checking whether the state has zero or nonzero
Owmrtss-

Figure 3(a) shows the filling-factor dependence of the
energy difference per moiré unit cell between the two self-
consistent HF solutions obtained from the TI and 1Q ansitze
for different SOC parameters. In addition, Fig. 3(b) shows the
filling-factor dependence of Oyrsp for these ground states.
As anticipated, we first see that without SOC, both TI and
10 ansitze converge to TI states at integer fillings with zero
Owmrsg- This feature is qualitatively robust even in the pres-
ence of SOC, except at v=1 and (A7, Ag) = (0, 1) meV,
where a 10 state has lower energy per moiré unit cell than
the TI state (by approximately 0.11 meV). For v =1 and
(A1, Ag) = (0, 1) meV, we numerically checked that our HF
solution for a TI state is gapless, whereas the solution for a
1Q state is a gapped insulator. This motivates why the 1Q state
has lower energy than the TI state with this set of parameters.
However, we point out that 1Q state becomes unstable when
the valence band is also included for the HF calculation with
this set of parameters (see Appendix E). In contrast to ingeter
fillings, for all half-integer fillings, a 1Q state with nonzero
Owmrtss becomes energetically favored over TI states. We also
see that the presence of SOC quantitatively affects the energy
difference between TI and 1Q states. Finally, we note that
the HF ground states for all considered fillings and SOC
parameters are insulating phases with a finite band gap. We
show example band structures from HF for TI and 1Q states
in Appendix B.

B. Spin and/or valley polarized states

To study the nature of the correlated states, we focus on the
converged correlator matrices Pri(k) = P(k, Q = {I'}) and
Pipk) =Pk, Q={I',M,}) of TI and 1Q states, respec-
tively, obtained from our self-consistent HF calculation. We
decompose Pry(k) into valley and spin degrees of freedom,
and Py (k) into valley, spin, and additional degrees of free-
dom from broken moiré translation symmetry. We denote the
associated Pauli matrices by t;, s;, and o;, respectively. In
particular, for each TI and 1Q states, we sum the correlator
over the momentum k € mBZ or k € mBZ,¢ and define its
average as

P,

1
D Pule), ©)

" kemBz,

with u € {TI, 10}, and N,, as the number of momentum points
on the mBZ,, grid. Here, we use mBZry to denote the original,
nonfolded mBZ. Equation (9) allows us to compactly write the
expectation values of arbitrary combinations of Pauli matrices
O as

(0), = Tr[P,O]. (10)

For each integer and half-integer filling, we pick the HF
ground state GS € {TI, 1Q} and define (O) = (O)gs.

Using Eq. (10), we compute the following expectation
values: ()2 = (s,)? + (s,)% + (5:)% (z.), (s.7;) for each pos-
itive integer and half-integer filling factor, which shows
whether the correlated states correspond to spin polarized
order (SP), valley polarized order (VP), spin-valley polarized
order (SVP), or nonpolarized order (NP). More explic-
itly, we use the following criteria to define SP, VP, SVP,
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FIG. 3. HF data for TI and 1Q states with different SOC parameters. (a) HF energy difference between 1Q and TI states per moiré unit
cell as a function of filling factor v with different SOC parameters. (b) Filling-factor dependence of moiré translation symmetry breaking order
parameter Oyrsp With different SOC parameters. (c) Filling-factor dependence of (s)> = (s,) + (s,)> + (5.)?, (z.), and {s,7,) with different
SOC parameters. See Eqgs. (8) and (10) for the definitions of order parameters. (d) Table showing which flavor polarized states emerge for each
HF ground state at different fillings v and SOC parameters. Here, VP, SP, and SVP stand for valley polarized, spin polarized, and spin-valley
polarized order, respectively. The gray (non)shaded sectors of the table denote 1Q (TI) states. The SOC parameters are in units of meV. The

system size is 12 x 12.

and NP:

(1) SP: (s)> #0,

(2) VP:(z;) #0,

(3) SVP: (s:1:) # 0,

#) NP: (s)* = () = (s,7.) = 0.

Note that we only consider out-of-plane SVP, which has the
same form as the spin-valley locking term of the Ising SOC
in Eq. (2). This implies that if Ising SOC is nonzero, (s.t,)
is no longer a symmetry-breaking order parameter, and any
additional interaction-induced SVP can only manifest as a
crossover rather than a true phase transition.

Figure 3(c) shows the filling-factor dependence of (s)?,
(t;), and (s.7,) for different values of SOC parameters. Based
on Fig. 3(c) and the criteria mentioned above, the table in
Fig. 3(d) shows which flavor degrees of freedom are polarized
or not for different fillings v and SOC parameters. We see
that Ising SOC induces SVP, while Rashba SOC suppresses
SVP. This shows that these SOC terms have rather different
consequences for the correlated physics.

The competition between Ising and Rashba SOC to induce
or suppress SVP in the correlated states can be understood
intuitively from their form in Eq. (2). The Ising term is pro-
portional to the SVP parameter s, t,, thus couples linearly to it,
and hence strongly favors SVP order in the ground state. How-
ever, Rashba SOC reduces the SVP of the correlated states,
since the ground-state expectation values of terms involving s,
and s, must be nonzero in order to couple to A in linear order.

C. Spin configuration

Let us next take a closer look at how the SOC affects the
spin configuration of the correlated states obtained within our
HF analysis. To make a quantitative statement of a spin con-
figuration for the HF ground state, we define the magnitudes

S2 of the different spin components (¢ € {x, y, z}) for TI and
1Q states, respectively, as

1
(Si)TI = Z(sottj)”zﬂ’ (S§)1Q = 5 Z(satjokﬁQ'

J Jk

QY

Note the additional factor of one-half for the 1Q spin order
parameter, which accounts for the two additional degrees
of freedom arising from broken moiré translation symmetry
associated with a single M point. In addition, we used the
shorteut 37,y =220 ik e

Figure 4(b) shows the filling-factor dependence of the in-
plane component of the spin order parameter Sfcy = (S,zcy )gs =
(S?)gs + (S?)s and of its out-of-plane analog S? = (S%)gs
for HF ground state GS € {TI, 10} with different SOC pa-
rameters. Our data clearly show that Ising SOC suppresses the
in-plane spin components, due to the spin-valley locking term
(~ Azs;7.), while Rashba SOC suppresses the out-of-plane
spin configuration, due to the sy, s, term in the Rashba SOC
Hamiltonian.

V. GINZBURG-LANDAU ANALYSIS

Before we go through the HF data for the 3Q ansatz, we
study the expected 3Q states of SOC-TMBG phenomenolog-
ically by performing a Ginzburg-Landau (GL) analysis from
the symmetry point of view, focusing on the spin order. More
specifically, this section serves two purposes: First, it intro-
duces nomenclature for the different possible states and their
symmetries in a simplified setting; and second, it provides
intuition about the fate of the TAF [36] when SOC is included.

A. Symmetry analysis

To start with, we define the three-component real-valued
order parameter ¢; = (¢7, ¢']V., ¢§)T, with j € {1, 2, 3} as the
index of the three M; points in the mBZ, and x, y, z as the
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FIG. 4. Spin order parameter of the HF ground-state. Filling-factor dependence of (a) in-plane Siv and (b) out-of-plane S? spin order
parameter for the HF ground state with different SOC parameters. The SOC parameters are in units of meV. The system size is N = 12 x 12.

components in spin space. The spin expectation value in moiré
unit cell R is then given by
3
SR) = ¢;cos(M, -R). (12)
j=1
For simplicity, we choose R = 0 to correspond to an AA site of
the moiré lattice. To classify the different states using simple
quantities, we define the scalar products m;; encoding the
angle between two order parameters and the normalized scalar
spin chirality xgL as a measure for the noncoplanarity of the
spin texture as

M = -9, _ 9, - (¢ X ¢3)
T Ieille,l 6,116 l1hs]

This allows us to classify the following five states, which
we refer to as collinear SDW (cISDW;p, cISDW3p),
noncoplanar SDW (ncpSDW), coplanar SDW (cpSDW), and
tetrahedral antiferromagnet (TAF), defined as follows:

(1) cISDWip : ¢, #0, ¢, = ¢3 =0, mij = XGL = 0.
(2) cISDW3g : @) = £, = ¢35 # 0, |m;5| = 1, xaL = 0.

(3) cpSDW : my,; = —%,m23 =m3 = %, xoL = 0.

(4) ncpSDW :m;; #0, 0 < xoL < 1.
(5) TAF :|¢,| = |§,| = |$3] # 0, xoL = 1.

See Fig. 5(d) for a schematic depiction. Three comments are
in order. First, among those states, cpSDW forms a vortex-
antivortex lattice, while ncpSDW and TAF correspond to a
skyrmion lattice; being coplanar, the first state is characterized
by a vanishing skyrmion density U(R) = |[S(R) - (3,:S(R) X
9,S(R))| = 0, while the latter two states have nonzero net
skyrmion density U = |, reuc d’RU(R) # 0 with the integral
going over a moiré unit cell. More specifically, for ncpSDW
and TAF states, U(R) becomes finite at every position R
except at AA sites (denoted as R44), which is the center of a
double vortex with winding number 2 of the x, y component of
S(R=Rp4) [0:S(R =Rys) = 3,S(R = Rys) = 0] and there-
fore leads to zero skyrmion density [U(R = Rs4) = 0]. We
further note that a spin-density modulation, as described by
cISDW ¢ and cISDW 3 states, automatically induces a charge
modulation in the presence of our SOC terms, as confirmed
in our HF analysis (see Sec. VIC). Third, we note that the
two different signs in the above list for cISDW3, and cpSDW
states simply correspond to symmetry-related spin configu-
rations and thus constitute representatives of the same state.
In detail, the configurations of two cISDW3,, states are related
by a moiré-scale translation, whereas the two types of cpSDW

13)

states are related by a moiré-scale translation combined with
a spin rotation.

The symmetries present in our system for zero SOC are
(1) 120° rotation symmetry Cs,, (2) translation symmetry 7T,
(3) time-reversal symmetry ®, and (4) SO(3) spin rotational
symmetry with S;, denoting a rotation by angle ¢ along 7
in spin space. The order parameter ¢; transforms for each
symmetry as follows:

(D) G2 ;> ¢y (P4 = ¢)),

@) Ty — (1),

(3) ©:¢; > —;,

4) Sﬁ(p : ¢j - Rr”upqu,
where R;, € SO(3) is the matrix representation of a rotation
by angle ¢ along 7.

When SOC is included, the Ising SOC reduces the SO(3)
symmetry group to SO(2). In addition, Rashba SOC breaks
C3; and Sj, as separate symmetries, but preserves the com-
bined C3, = C3; ® Sz25/3 symmetry, due to the hybridization
term between spin and orbital degrees of freedom.

B. GL free energy

With these constraints at hand, we write the symmetry-
allowed GL free energy F = F(@;c(;23)) up to the fourth
order in ¢;, and find the solution of ¢ that minimizes F. Note
that, due to time-reversal symmetry, only terms of even order
in ¢; are allowed. As such, there are only quadratic (F3) and
quartic terms (F}) to be taken into account, F' = F, + F;. For
simplicity, we only include the impact of SOC on the level
of F, and take Fj to be fully symmetric under all symmetries
listed above. The general form of F; then reads

2
3
Fi=c| Y 67| +e) (-6, +c3 ) ¢, (14)
J=1 J#) JE]
with parameters cj, ¢z, c3 (chosen to guarantee stability).
Now, we write the symmetry-allowed F; for each case as

3
=0:F=a) ¢,

=0, (15)
=1
3
M#O, dx=0:F=)Y [ai(¢3)’ +a(e! - 9;)]. (15b)
J=1
3
=0, x#0:FB =) [as(¢9)’ +0lg0,] (150

j=1

033225-8



TUNING CORRELATED STATES OF TWISTED ... PHYSICAL REVIEW RESEARCH 8, 033225 (2026)

(a) (b) (c)

C3
1

a
0.8

TAF

-1 0 1

>
~

U
\

AN L o S WY
} H‘
=W A\
& .u\\
NS AN
||
o ©
= o
wv

Fa

A4

)
¥
A
/f/:ﬂ'
&

N L
@<+ Pre==@
v
’r
>
N7
N7

FaN
Fa
»

)
1

/

FIG. 5. GL phase diagram and the ground-state configuration. (a) GL phase diagram for zero SOC for different parameter sets (c;, ¢3). (b)
GL phase diagram for nonzero Ising SOC for different parameter sets (A;, @). (c) GL phase diagram for nonzero Rashba SOC for different
parameter sets (Ag, a). (d) Configuration of net spin expectation value S(R) for a collinear SDW (cISDW3y) state, coplanar SDW (cpSDW)
state, noncoplanar SDW (ncpSDW) state, and TAF state in moiré real space, which are obtained from a GL analysis. For the figures, we choose
(1) a cISDW3,, state with ¢; = ¢, = ¢; # 0, (2) a cpSDW state with m, = my3 = m3; = —%, and (3) a ncpSDW state with my, = —mp; =
—m3 = —%, xar = 0.38. Black arrows denote (S(R),, S(R),) at position R, red dots denote AA sites in moiré€ real space, and green arrows
denote the direction of (S(R = Raa)., S(R = Ry,),) at AA sites. For ncpSDW and TAF, we also show the z component of net spin expectation

value S(R), for each position R, which illustrates the noncoplanar nature of the spin configurations.

Here, we define the two-component vectors
(oj=(¢;?,¢§)T and the 2 x2 matrix g =aslanr +
(Ror(j—1)/30)(Rax(j—1)/3b)" , where Roq(ji—1y3 is a 2 x 2
rotation matrix by an angle 27 (j — 1)/3. We further
introduced the real-valued parameters (a,ay, a,as,ds)
and the two-component real-valued vector b. Without loss of
generality, we fix the direction of b to be along the x axis.
From the symmetry point of view, Ising SOC sets a; # a»,
while Rashba SOC sets a3 # a4 and b # 0. Therefore, we
parametrize the GL free-energy parameters (a, as, as, a4, b)
with respect to the SOC parameters (A;, Ag) as b = Agé, and

(ay, ap, as, aq) = (a — X%,a + Az,a +22,a— )%). (16)

Here, we absorbed the prefactors of the SOC parameters into
the GL coefficients (ai, az, as, as) by redefining X; and Ag.
The signs of the SOC corrections to a; in Eq. (16) are chosen
so that Ising and Rashba SOC favor out-of-plane and in-plane
orders, respectively, in line with our HF numerics. Note that
linear terms in Eq. (16) are prohibited, as can be seen by
performing S;, and S;, rotations, which switch the signs of
A and Ag, respectively.

C. Zero SOC

We start with the GL analysis for zero SOC. Our main
interest is the phase diagram with respect to the parameter
set (c2, c¢3) for fixed (a, c;), chosen as (a,c;) = (—1, 1) for
concreteness. We find the configurations ¢; that minimize
F for each (c;, c3). Figure 5(a) shows the resulting phase
diagram with respect to (cz, c3) in the range —1 < ¢, ¢3 < 1
for zero SOC. We see that depending on the values of (c», ¢3),

the TAF, cISDW g, or cISDW3, state can be ground state,
with all phase boundaries corresponding to first-order phase
transitions.

D. Ising SOC

Now, it is instructive to focus on how the Ising SOC
affects the TAF state. To start from the TAF state, we first
choose the parameter set (¢, ¢z, ¢3) = (1, 1, —1). Figure 5(b)
shows the GL phase diagram for nonzero Ising SOC with the
parameter set (a, A;) in the range —0.1 < a < 0.8. We find
a TAF — ncpSDW — cISDW3¢ continuous phase transition
driven by Ising SOC, where the two types of SDW3( states
(¢, = £¢, = ¢;) are energetically degenerate. We expect
that this degeneracy will be broken if the reduction of the
symmetry group SO(3) — SO(2) due to Ising SOC is also
considered in the fourth-order terms of the GL free energy.

E. Rashba SOC

‘We next discuss how the Rashba SOC affects the TAF state.
Similar to the previous section, to start from the TAF state,
we fix the parameters of the quartic terms to be (cy, ¢z, ¢3) =
(1, 1, —1). The phase diagram for nonzero Rashba SOC with
different values of (a, Ag) in a range of —0.1 < a < 0.8 is
shown in Fig. 5(c). We clearly see the TAF — ncpSDW —
cpSDW continuous phase transition induced by Rashba SOC.
Here, we point out again that we find two types of cpSDW
states [see also Fig. 5(d)] that are energetically degenerate in
our GL model. We expect that this degeneracy will be broken
if the modified symmetry (Cs;, S, — C3; ® S,)) due to Rashba
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FIG. 6. Single-band HF data of 3Q state. (a) HF energy difference between 1Q and 3Q states per moiré unit cell as a function of filling
factor v with different SOC parameters. (b) Filling-factor dependence of in-plane S)ZQ, and out-of-plane S? spin expectation values with different
SOC parameters. The SOC parameters are in units of meV. The system size is 12 x 12.

SOC is also considered in the fourth-order terms of the GL
free energy.

F. Broken time-reversal symmetry

So far, we focused on the case where time-reversal sym-
metry is preserved before the onset of finite ¢;, such that
the free-energy expansion is constrained by ®. However,
for specific filling factors (such as v = 1/2), time-reversal
symmetry is already broken due to spontaneous valley po-
larization, allowing a third-order term F3 = c[¢; - (¢, X ¢3)]
to appear. The key changes in the phase diagrams when re-
placing the GL free energy F with F 4+ F; for nonzero c¢ are
the following (setting ¢ = —1 in the numerical minimization
for concreteness). First, we find that the qualitative features
of the phase diagrams in Figs. 5(a) and 5(b) are robust. For
the phase diagram in Fig. 5(c), however, our GL analysis
shows that the phase transition between ncpSDW and cpSDW
actually becomes a smooth crossover; i.e., we find xgL > 0,
mypy = —%, my3 = m3; = :I:%, and hence formally a ncpSDW
phase for all parameters in Fig. 5(c).

VI. HF ANALYSIS IN CONDUCTION BANDS: 30 STATE
A. Energy comparison between 1Q and 30 states

With the intuition about possible 3Q solutions at hand, we
return to a HF analysis and extend the variational space to
include all three M-point momenta, @ = {I", My, M,, M3},
to capture possible 3Q states.

Similar to Sec. IV A, we first consider the differences of
the HF energy between the solution obtained from 1Q and
3Q variational spaces, shown in Fig. 6(a) for different filling
factors and SOC parameters. We clearly see that regardless of
the chosen SOC parameters, a 3Q state becomes energetically
favored over a 1Q state for all half-integer filling factors,
exceptatv = 7/2 and (A, Ag) = (1, 1) meV, where the varia-
tional 3Q ansatz converges to a 1Q state. The presence of SOC
still quantitatively affects the energy difference per moiré unit
cell between 3Q and 1Q states. We also point out that for
(A1, Ag) = (1, 1) meV and v = 3/2, a 3Q state becomes ener-
getically favored over the TI state [see Fig. 3(a)]. For integer
fillings, we see that our variational 3Q ansatz converges to a
TI state, except at v = 1 and (A;, Ag) = (0, 1) meV, where the
30 HF calculation converges to a 1Q state [cf. Fig. 3(a)]. For
all considered fillings and different SOC parameters, the HF
ground states are insulating; see Appendix B for an example

band structure of a 30 state and Appendix E2 for the band
gaps for different fillings.

Let us also briefly comment on the Chern number of
the 30 states at v = 1/2 for different SOC parameters. For
(A1, Ag) = (0,0), we get a Chern number |C| =1 with a
good convergence (numerical deviation less than 4%), which
agrees with the previous results [9,36]. For the case with
Ising SOC, we also obtain a well-converged numerical Chern
value of |C| =1 for (A, Ag) = (10, 0) meV, which is con-
tinuously connected without gap closing to (A7, Ag) = (1, 0)
meV. For (A;, Ag) = (1,0) meV, (1, 1) meV directly, we see
a relatively large numerical deviation (~15%) from |C| =1
because of a nonuniform Berry curvature distribution. Finally,
for »; = 0 and nonzero Ag, regardless of the magnitude of Ag,
we do not see convergence of the Chern number. This behav-
ior is expected because the Rashba SOC highly concentrates
the Berry curvature due to the band mixing and small band
splitting especially at the I" point as we have already pointed
out in Sec. I B.

B. Spin configuration
As before in Sec. IV B, we study the correlator matrix
P3Q(k) =Pk, Q = {I", My, M,, M3}) averaged over momen-
tum: Pyg = N%Q Y kempzs, P30(K). The expectation value of

general combinations of Pauli matrices O can then be
obtained as

(0)39 = Tr[P3q0]. (17)

In addition, we study how the SOC affects the spin configura-
tions of the 3Q states by investigating the in-plane, (Sﬁy)3Q =

(830 + (S§)3Q, and out-of-plane spin order, (S?);0. Here,
we use the definition

1
(Si):),Q = Z Z(sottj)\'kl>27

Jk,1

(18)

where Ay = o ® o7 is used to parametrize a matrix basis on
the four-dimensional space associated with {I", M, M;, M3}.
We sum over all 16 basis matrices in order to extract the spin
components in all momentum sectors.

Figure 6(b) shows the filling-factor dependence of the
in- and out-of-plane components for different SOC parame-
ters. Similar to Fig. 4(b), we observe that the in-plane spin
order parameter S)zcv is mostly suppressed throughout the en-
tire filling-factor range for (i, Ag) = (1, 0) meV due to the
spin-valley locking term from the Ising SOC Hamiltonian.
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FIG. 7. Spin chirality and inner product of spin magnetization for 3Q states. (a) Spin chirality yur as a function of ws, /wap at filling factor
v = 1/2 with fixed wap = 110 meV and different SOC parameters. (b) Spin chirality yur and scalar products My, M,3, M3, as a function of
Ising SOC X; up to 10 meV for filling factor v = 1/2, waa/wap = 0 and Az = 0. (c) Same quantities as in panel (b) as a function of Rashba
SOC Ag up to 15 meV for filling factor v = 1/2, was/wap = 0, and A; = 0. The SOC parameters are in units of meV. The system size is
12 x 12. See Fig. 5 and Appendix D for schematics and plots of the spin configuration for TAF, ncpSDW, and cISDW3,.

Meanwhile, S is suppressed throughout the entire filling-
factor range for (A1, Ag) = (0, 1) meV, resulting from the
Sy, Sy couplings in the Rashba SOC Hamiltonian.

C. Spin chirality and product

In this section, we focus on how the SOC parameters affect
the HF analogues of spin chirality and spin scalar products
defined in Eq. (13). To this end, we focus on a filling factor of
v = 1/2, where a valley polarized 3Q state becomes the HF
ground state, and compare it to our GL analysis results from
Sec. V.

For a gauge invariant, numerical evaluation within our HF
theory, we first compute the net spin expectation value in real
space S, (r) for given spin component a, sublattice 3, layer
[, and valley 7 indices, which can be written as

Sap1(r) = Z Z Z Ck+M by Ch+M; bye)
kemB23Q i,je G,G
{0,1,2,3} by,by

X [uGblr (k + Mi)]ﬁ” [sa]ss’ [uG’bzr (k + Mj)]ﬁlx’

7i(M,<7M,+GfG’)-r (19)

with system size N3p, spin Pauli matrix vector s,
ac{0,1,2,3} and so=1 , band indices by, b,, three
My, M, M5 points and My = I". Here, for given momen-
tum k,k' € mBZ3p, we have already used the relation
(c}; My e CH+M;byt) ™ O i In addition, for given moiré recip-
rocal vector G, we define ugp,. (k) as the G component of
BM wavefunction uy, . (k) (see Sec. I B), which is written in
sublattice B8, layer /, and spin s basis We use four AA sites
Ry =(0,0),R, =L(0,1),R, = (2,2)R3 (2,2)1n
the enlarged (2 x 2) moiré unit cell, along with the three
M points M; = Ky(~/3/2,0), M, = Kg(—ﬁ/4, —3/4), and
M; = Ky(+/3/4, —=3/4). Here, L = ay/(2sin[6/2]) is the
moiré unit cell length, a( is the graphene lattice constant,
and 0 is the twist angle. The spin magnetization ® ;.5 (j €
{1,2, 3}) and ferromagnetic contribution ®g,g; [not included
in Eq. (12)] can then be extracted by solving the following
four equations for j € {0, 1, 2, 3},

X e

3

Sapi(R;) = Poapr + Z cos(M; - R;)D jup:.
i=1

(20)

For chosen B and /, by writing the spin magnetization vector

D5 = (Pjupr, Pjypr, i) (7 € {1, 2, 3}), we define the
normahzed scalar spin chirality xyr and product M;; in our
HF analysis as

[@1p; - (Pop1 X P3py)l
[ @111 Popi || P3gi

[®igs - @il

| D11 1D s |
21

XHF = ij =

Since we are interested in the effect of SOC that comes from
the TMD on top of TMBG (see Fig. 1), we show here the
result for sublattice 8 = A and layer [ = 1, which is closest
to the TMD, in Fig. 7. We refer to Fig. 9 in Appendix C
for how the choice of sublattice and layer degrees of freedom
changes xur and M;;. We also note that the numerical values
of |®g], |®24/| and | P3| are found to be not too small for
the parameters we study here. Consequently, the numerical
evaluation of Eq. (21) is not unstable.

We first show yxpr as a function of waa/wap with dif-
ferent SOC parameters in Fig. 7(a). Our HF data clearly
show the suppression of yyp from 1 to O upon increasing
the ratio was/wap up to around 0.5 for zero SOC (ex-
cept at was/wap = 0.6, where we see suppressed but finite
xur ~ 0.1). Up to numerical precision, this qualitatively
matches well with our GL phase diagram [see Fig. 5(a)],
where wga /wap Will change the value of (c;, c3) and we can
extract from the comparison that it will induce the TAF —
cISDW3 phase transition.

When a small SOC is present, we see that xyp re-
mains almost unchanged in the region 0 < waa/wap < 0.4,
where xgr = 1 without SOC. In detail, for (A7, Ag) =
(1,0), (0,1), (1,1)meV, xgr changes only by around 2%,
0.1%, 2% compared to ygr = 1 without SOC, respectively.
We expect that 1 meV of Ising or Rashba SOC strength is
not large enough to clearly induce the TAF — ncpSDW phase
transition.

In addition, for the range 0.5 < was/wap < 1, where xyr
without SOC is suppressed to approximately zero, our HF
data show that yyp stays at zero, when only one form of
SOC is present [(A;, Ag) = (1,0), (0, 1) meV]. From our GL
analysis, we also checked that (not shown) Ising SOC leaves
cISDW3 as the ground state, while Rashba SOC induces a
continuous cISDW3p — ncpSDW (my = 2, mMy3 = Mz =
j:%) phase transition when time-reversal-symmetry is broken
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due to spontaneous valley polarization and the extra GL free-
energy term Fj3 is present. Assuming that Ag = 1 meV is not
large enough to clearly induce a cISDW3y — ncpSDW phase
transition within HF, our GL analysis and HF data agree qual-
itatively. Therefore, going back to the behavior as function of
waa/wag, our HF data also show the TAF — cISDW3( phase
transition up to numerical precision driven by tuning w4 /wap
for (A;, Ag) = (1,0), (0,1) meV as in the case without
SOC.

Similar to the previous cases, we also clearly see
the TAF — cISDW3, transition when both Ising and
Rashba SOC are present [(A;, Ag) = (1, 1) meV]. However,
in contrast to the previous cases, where the phase
transition occured around wus/wap = 0.5, we see that
for (A;, Ag) = (1,1) meV, the TAF — cISDW3, transition
occurs around wgu/wap =~ 0.8. We expect this to happen,
because Ising and Rashba SOC favor out-of-plane and
in-plane spin order, respectively, such that their combination
induces frustration, which reintroduces or extends the regime
of noncoplanar order.

Next, we compare our HF data with Figs. 5(b) and 5(c) in
more detail, which describe how the TAF state evolves when
increasing Ising and Rashba SOC. To do so, we focus on
waa/wap = 0, which allows the TAF state to be the ground
state when SOC is absent, and plot yxup, M2, My, Ms
as a function of ; (Ag = 0) up to 10 meV and Az (A; = 0)
up to 15 meV in Figs. 7(b) and 7(c), respectively. We first
clearly see the TAF — ncpSDW — cISDW3( phase transi-
tion driven by tuning A; in Fig. 7(b), where yur decreases
from 1 to 0 and My,, M3, M3, increase from O to 1. We also
see the qualitative agreement between Figs. 7(c) and 5(c),
which shows the TAF — ncpSDW phase transition driven by
tuning Ag. Since our HF data shows that the 3Q states for
v=1/2,1; =0,and 0 < Agx < 15 meV are valley polarized,
we expect these signatures of Fig. 7(c) to be connected to the
ncpSDW — cpSDW crossover induced by the extra GL free-
energy term F3;. This term changes the phase transition
between ncpSDW and cpSDW in Fig. 5(c) to a smooth
crossover (see Sec. VF). We point out that the behavior of
xur and M;; with Ar depends significantly on which layer and
sublattice we consider: as detailed in Appendix C, the transi-
tion and crossover mentioned above is most clearly visible in
the sublattice and layer we chose in Fig. 7(c), while the change
is much less prominent or even absent for the other choices. A
potential reason for these differences lies in the explicit sub-
lattice dependence of Rashba SOC together with the effective
layer dependence from the distance to the topmost TMD layer.
Interestingly, in contrast, when Ising SOC is only present, the
transition is clearly visible not only in both sublattices but also
in the layers further away from the TMD.

Finally, as already mentioned above, in the presence of
SOC, a spin modulation is expected to also induce a fi-
nite charge modulation based on symmetry. To demonstrate
that this is also the case within our HF numerics, we com-
puted the following charge-modulation order parameter A;; =
| Zﬂe{A,B},le{1.2,3}(50ﬁl (R;) — Sogi(R;))I, for two neighboring
AA sites R; and R (see Appendix D). We checked that for the
TAF state, A;; is numerically zero, while for the other states
(cISDW g, cISDW3p, ncpSDW), A;; becomes finite.

VII. CONCLUSION

We performed self-consistent HF calculations for the con-
duction bands of SOC-TMBG for all integer and half-integer
fillings 0 < v < 4 with different SOC parameters, allowing
the HF solutions to also capture translational-symmetry-
broken states on the moiré scale. We found that, when SOC is
absent, 1Q and 30 states are the HF ground states for all half-
integer fillings, whereas TI states are the HF ground states
for all integer fillings. This energetic competition between
TI and translational-symmetry-broken states remains mostly
robust upon the addition of proximitized SOC. However, the
spin and valley nature of the ground states is very sensitive
to the presence of SOC, even to small SOC parameters on
the order of ~1 meV. Generally, we observe that when only
Ising SOC is present, in-plane spin order becomes suppressed
and SVP is induced due to the spin-valley locking term of the
Ising SOC Hamiltonian. In contrast, when only Rashba SOC
is present, out-of-plane spin order and SVP are suppressed
due to the sy, s, terms from the Rashba SOC Hamiltonian. In
addition, our combined GL and HF analysis for different 3Q
states showed that Ising SOC drives a TAF — ncpSDW —
cISDW3( phase transition, whereas Rashba SOC drives a
TAF — ncpSDW — cpSDW phase transition. We identified
these states by their spin chirality xyr and the angle be-
tween spin magnetizations, quantified by the scalar products
My, My, M3, [see Eq. (21) for their definition]. Finally, we
performed HF calculations taking the valence bands into ac-
count (see Appendix E). They confirm our findings from the
HF calculations in the conduction band for fillings 0 < v < 4.
In addition, we observe a strong band hybridization, which,
in particular, induces a nonzero indirect band gap between
conduction and valence bands for v = 0.

Our results clearly demonstrate the interesting effects
of SOC on the correlated ground states of TMBG for
all integer and half-integer fillings. The spin nature of
translational-symmetry-broken states at half-integer fillings
varies significantly, ranging from collinear or coplanar states
to noncoplanar states with finite spin chirality. In particular,
when both Rashba and Ising SOC are present, as is generally
the case in an inversion-asymmetric moiré structure like SOC-
TMBG, the resulting frustration can change the ground state
from a collinear state to a chiral, noncoplanar state.

The effect of induced SOC on TMBG is therefore most
pronounced away from integer fillings. Complete valley po-
larization at integer fillings in TMBG can be observed via
the quantum anomalous Hall effect [7]. Furthermore, the val-
ley Chern numbers imply that the partially valley-polarized
states at half-integer fillings also display a nonzero anomalous
Hall effect. Such anomalous Hall features indicating a Chern
number C = 1 were already observed in TMBG without SOC
at v =3/2 and v = 7/2 [5-8]. Similar states were recently
suggested for other graphene structures [57-59]. Our predic-
tion adds the complexity of noncoplanar spin order to such
topologically nontrivial charge-ordered states. As we showed,
ncpSDW is intertwined with charge order, where the intersite
density modulations can be observed using scanning tunneling
microscopy [60]. In addition, the spin order can, in princi-
ple, be probed using local magnetometry techniques, such as
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SQUID-on-tip measurements or a spin-resolved scanning tun-
neling microscope. Therefore, detection of the exotic phases
of SOC-TMBG predicted in this paper requires a combina-
tion of transport measurements and local probes of spin and
charge.

When comparing to experiments, strain may also be an im-
portant effect to consider. For example, it was demonstrated to
have a strong impact on the phase diagram of twisted bilayer
graphene [61-64]. Strain breaks the Cs, rotation symmetry
of twisted bilayer graphene and increases the bandwidth of
its flat bands. We note, however, that the conduction band of
TMBG has already a comparatively large bandwidth so that
the effect of strain remains a priori unclear.

Finally, it will be interesting to investigate SOC-TMBG
beyond HF theory, which is a variational mean-field approach
that neglects order parameter fluctuations. Even though the
HF theory was demonstrated to correctly capture insulating
states in several moiré materials [65], it is an open question
how robust HF ground states are for orders that do not describe
product states, which may arise, e.g., in an intermediate-
coupling regime. It is also known that it cannot be used
to study (the absence of) symmetry breaking at finite tem-
perature in systems with continuous symmetries. Therefore,

J

many-body methods that take order parameter fluctuations
into account are desirable for future calculations.
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APPENDIX A: HF HAMILTONIAN

In this Appendix, we provide details of our HF procedure. We start with the normal-ordered Coulomb interaction [55]

1
Hy =223 D0 V@UA- gl Agh)]pyCh oy yhqy k.-

q kk'emBZ

where the momentum summation over ¢ is not restricted to the mBZ. The form factor A, (k) is defined as [Ag(k)lop =

(Ug,o|U+q,p) With flavor/band quantum numbers labeled by o, 8. By fixing the gauge to be periodic in mBZ such that C; 6= c}:,
the form factor satisfies A, (k) = A4(k + G), with moiré reciprocal vector G [67].

For the fermions, there are four possible contractions, (c}; «Cltq.y)s (C,L(,(Cqu,a), (c; 5CK gyl (C};,, ﬂck,q,g). By imposing

translation symmetry breaking ansatz with momentum vector Q as (c,t wC+q.y) = [Pk, Q)lay Ok kr+g+0 and <C£.aCk_q,5> =

[Pk, Q))uwsOk k—q+0, We get the following Hartree and Fock Hamiltonian as Viarree(Fock) (@) = D jcmpz thHMee(Fock) (k, Q)cr+g;

with

1
e, @) = = 3 V(G + Q) Ac0k)
G

1 B
heock(k, @) = —KVqu(k)PT([k +0+4q], DAk +0),

Z Tr(P(k’, Q)A?H_Q(k' -0 -G)), (Ala)

k'eBZ

(Alb)

where [k] = k — G is the backfolded momentum into the mBZ with a corresponding moiré reciprocal vector G. By defining
hk, Q) = hyarree (k, Q) + hrock (k, Q), we get the following relation: h(k, Q) = hk + 0, Q) due to the periodic gauge.

1. 10 ansatz
Let us first consider the 10 ansatz, where the moiré translation symmetry is broken only along a single momentum of the
three M points in the mBZ. Since the three M points are related by symmetry, we can set Q to be any single M point without loss
of generality. For Q = {I", Q}, by defining the spinor cox = (cx cx+g)", we can write the full HF Hamiltonian, including the
contributions from the noninteracting part /y(k) [in diagonalized form given by Eq. (3)] as Hyr = ZkemBZIQ cTQthF(k, Q)cor,
where momentum k summation is restricted to the mBZ;, and

ho(k) + h(k, I') (A2)

hyr(k, Q) = ( W (k. 0)

h(k, Q)
hotk +Q) +htk+0Q,T) |
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2. 3Q ansatz

Now, we consider the 3Q ansatz, in which the moiré translation symmetry is broken along all three M points in the mBZ.
By denoting three M points as @, Q,, Q3 and Q = {I", Q,, @,, O3}, we define the spinor cox = (Ck Ck+0, Ck+0, Ck+0s)" » Which
allows the full HF Hamiltonian to be written as Hyg = ZkemBZw cTQthp(k, Q)cox, with

ho(k) + h(k,T) h(k, Q) hk, Q) h(k, Q3)
ik, ho(k h(ky, T h(kq, h(kq,
hup (k. Q) — (k, Q) o(k1) + h(ky, T) (k1, Q3) (k1, @) ’ (A3)
h'(k, @,) h' kv, Q3) ho(ka) + h(kz, T') h(ka, Q)
h(k, Q3) h k1, Q,) h'(ka, Qy) ho(k3) + h(ks, T")

and k; = k 4 Q;. Here, the momentum summation over k is also restricted to the appropriately adjusted mBZ3,.

3. Folded Brillouin zone

In this section, we discuss the folded Brillouin zones (mBZg) for the numerical implementation. We first choose the
momentum grid set for the original mBZ as mBZ = {{G1 + 5G2| 0 < n,m < N — 1}, where we set G| = Ky(v/3,0), G, =

Kg(—%, —“/7§), with Ky = 8 sin(6/2)/3ay, twist angle 6, and graphene lattice constant ay. Then, we define the mBZ;y (Q =
{I', M,}) and mBZ3p (Q = (", My, M>, M5}) for the 1Q and 3Q ansiitze, respectively, as

n m
BZip=1{—-G —G
mbZig {N 1+N 2

n m
mBZ3p = {—G —G
30 {N 1+ I, 2

0<n<5—1,0<m<N—

Oénéa—l,()ém\

N

1},
N N
< =

)

Numerically, we choose N to be an even number to make N/2 an integer and also to be a multiple of 3 to ensure that the chosen

momentum grid includes the K point in the mBZ.

APPENDIX B: HF BAND STRUCTURE

In Fig. 8, we show examples of the HF band structures
for the insulating TI, 1Q, and 3Q states with different SOC
parameters along the momentum path in mBZ (M3 — M, —
r—-M 1 — M3)

APPENDIX C: ADDITIONAL DATA OF SPIN
CHIRALITY AND PRODUCT

In this section, we show the additional spin chirality yyr
and product M;; data for different choices of sublattice 8 and
layer [ degrees of freedom based on Eq. (21) (see Fig. 9).
Figures 9(a) and 9(b) show that for small SOC strength (=
1 meV), or the presence of Ising SOC only, the qualitative
features of xur and M;; do not change for different choices of

() (i, 2g) = (0,0),v =1 (b)

-20

M, M, r

A Ag) = (1,0),v =1/2

(

sublattice and layer degrees of freedom. In contrast, Fig. 9(c)
shows that the presence of large Rashba SOC makes xyp and
M;; much more sensitive to the choice of sublattice and layer
degrees of freedom. We expect this behavior to arise, due to
the sublattice-dependent term of Rashba SOC Hamiltonian
[see Eq. (2)].

APPENDIX D: SPIN CONFIGURATION AND CHARGE
DISTRIBUTION IN MOIRE REAL SPACE

In this section, we show the spin configuration and
charge distribution for HF states in real space in Fig. 10.
Based on our results (see, e.g., Fig. 7), we focus on TAF,
cISDW3p, and ncpSDW states and choose (waa, Ar, Ag) =
0,0,0), (110,1,0), (0,2,0) meV as parameters to get

M) = (1), v =1/2

(d)

My

T AT A

M, My

3

FIG. 8. HF band structure. (a) HF band structure of TI state with (X;, Ag) = (0, 0) meV and filling v = 1. (b) HF band structure of 1Q
state with (A, Ag) = (1, 0) meV and filling v = 1/2. (c) HF band structure of 3Q state with (A;, Ag) = (1, 1) meV and filling v = 1/2. The
chemical potential for corresponding band structure is located at E = 0. (d) Momentum path (M3 — M, — I' — M| — Mj3) in mBZ for the

band structure. The system size is N = 12 x 12.
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FIG. 9. Spin chirality and inner product of spin magnetization for 3Q states with different choices of sublattice and layer degrees of
freedom. (a) Spin chirality yyr as a function of wa, /wap with different SOC parameters and sublattice 8, layer [ degrees of freedom. The SOC
parameters are in units of meV. (b) Spin chirality ypr and inner products M,, M,3, M3, as a function of A; for fixed was/wap =0, Ag =0
with different sublattice, layer degrees of freedom. (c) Spin chirality xgr and inner products Mj,, M,3, M3, as a function of Ax for fixed
waa/wap = 0, A; = 0 with different sublattice, layer degrees of freedom. The system size is N = 12 x 12.
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FIG. 10. Spin configuration and charge distribution in moiré real space. (a)-(c) Spin configuration S4; (R) — ®4; of TAF, cISDW3(, and
ncpSDW state, respectively, in moiré€ real space with sublattice A and layer 1. Black arrows denote (Sy41(R), Sya1(R)) and color corresponds
to S;41(R) at position R. Note that in panel (b), we numerically checked S.4; >~ (0, 0) and therefore did not include the color. For panels (a)
and (c), we have also plotted the three-dimensional spin vector configuration at four neighboring AA sites with each site corresponding to a
different color. (d)—(f) Charge distribution So(R) of TAF, cISDW3, and ncpSDW state, respectively, in moiré real space. The red dots denote
the AA site. See Appendix D for the parameters we used for each state. The system size is N = 12 x 12.
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FIG. 11. Two-band HF data. Filling-factor dependence of two-band HF energy difference per moiré unit cell (a) between the solution
obtained from TI and 1Q ansitze and (b) 1Q and 3Q ansitze with different SOC parameters. The SOC parameters are in units of meV. The

system size is N = 12 x 12.

the corresponding ground state, respectively. First, for the
spin configuration, we plot the spin vector Sa;(R) — ®ga; =
(Sxa1(R) — @orat, Sya1(R) — Poyar, Sea1(R) — Poea1) defined
in Eq. (19) in real space on sublattice A and layer 1. We sub-
tract a spin ferromagnetic contribution ®4; always present in
our HF solution for clarity. In addition, for the charge distribu-
tion, we plot So(R) = Zﬂe{A,B},le{1,2,3} Sopi(R) in real space.

We numerically checked that the spin modulation of all of
these 3Q states corresponds to a 2 x 2 enlarged moiré unit
cell. For TAF and ncpSDW states, we additionally show the
three-dimensional spin vector configuration at four neighbor-
ing AA sites with each color corresponding to a different site.
This clearly shows the spin geometry of the two different
states. In particular, for the TAF state the four spins form
a tetrahedron. We numerically checked this by calculating
the angle between two neighboring spin vectors and obtain
6 = cos™! (%), which corresponds to the symmetrical tetrahe-
dron. In the ncpSDW state, the four spin orientations deviate
from the tetrahedral configuration. Finally, as pointed out in
the main text, we see a charge modulation in cISDW3, and
ncpSDW states with 2 x 2 enlarged moiré unit cell, whereas
we do not see a charge modulation in the TAF state.

APPENDIX E: INCLUDING THE VALENCE BANDS

Finally, we extend our previous HF calculations, by includ-
ing the valence bands (i.e., one more band per spin and valley).
This involves projecting the interacting Hamiltonian onto both
conduction and valence bands, and perform an analogous HF
calculation. As mentioned in Sec. III, compared to the HF cal-
culation with interaction projected onto the conduction bands
only, including valence bands additionally gives information

about correlated states at charge neutrality (v = 0), where the
valence bands are fully occupied.

Here, we point out that hybridization between conduction
and valence bands will be facilitated by the small single-
particle band gap of SOC-TMBG (~1 meV), compared to the
Coulomb interaction energy scale (~100 meV).

1. Competition between TI, 10, and 30 states

Similar to Secs. IVA and VIA, we first compare the
two-bands HF energy per moiré unit cell for the HF solu-
tions obtained from TI, 1Q, and 3Q ansitze with different
filling factors and SOC parameters. The results are shown in
Figs. 11(a) and 11(b). Compared to single-band HF, we first
clearly see that regardless of SOC, a 1(Q state is energetically
favored over a TI state for all half-integer fillings, where a
finite SOC only quantitatively affects the energy difference
between 1Q and TI states. For the integer fillings, we see
that the HF solutions of the 1Q ansatz also converge to TI
states, except at (A;, Ag) = (1,0), (1,1) meV and v =2,
where a 1Q state is energetically favored over a TI state. In
detail, for v = 2, our HF calculation determines the energy
difference per moiré unit cell between 1Q and TI states to
be 0.07 meV for (A;, Ag) = (1,0) meV and 0.04 meV for
(A7, Ag) = (1, 1) meV. We do not take this as a contradiction
to the single-band HF data because we cannot conclude that
a change in the ground state occurs based on such a small
numerical energy difference.

In addition, we see that for half-integer fillings, the HF
solutions with 3Q ansatz converge to either 3Q or 1Q states
depending on SOC parameters. For example, our HF data
show that at v =1/2, the HF solution with 3Q ansatz

(a) (b) (c)

1 5 0.4 @0, - 00)

2 . 2 = @00 = (1,0)

£ EB S o, W i) = 01)

g4 2 1;) AU = (D)
1 2 3 4 1 2 3 4 1 2 3 4

FIG. 12. Band gap and band hybridization order parameter of HF ground-state. Filling-factor dependence of indirect energy band gap for
HF ground state obtained from (a) single-band HF and (b) two-band HF with different SOC parameters. The SOC parameters are in units of
meV. (c) Filling-factor dependence of band hybridization order parameter Ogy with different SOC parameters. The system size N = 12 x 12.
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converges to a 1Q state when SOC is absent, while it con-
verges to a 3Q state when SOC is present. However, for
all integer fillings, we see that the HF solution with 3Q
ansatz converges to a TI state, also except at (A;, Ag) =
(1,0), (1, 1) meV and v = 2, where it converges to a 1Q state.

2. Band gap and band hybridization order parameter
of HF ground state

In this section, we show the filling-factor dependence of
the indirect band gap A, and A, for the HF ground states ob-
tained from a single-band HF and two-bands HF in Figs. 12(a)
and 12(b), respectively, with different SOC parameters. For
nonzero half-integer fillings, we see that the band gap of a
HF ground state obtained from an two-band HF calculation
becomes larger than that from a single-band HF. We expect
this to happen because of the finite band hybridization.

To see this, we plot the band hybridization order pa-
rameter Opyg of the HF ground state obtained from a

two-band HF calculation in Fig. 12(c). For given ground state
GS € {TI, 1Q, 3Q} with its correlator Pgs(k), momentum
k € mBZgs and band indices b, b’ (other spin, valley, and
additional indices from the translation symmetry breaking are
omitted for simplicity), we define the band-off diagonal ma-
trix Pgg(k) = Pgs(k)(I — 85y) with identity matrix I . The
band hybridization order parameter Ogy can be then defined
as the Frobeniusnorm of Py (k),

Opy = — Pl (k)P (K), (E1)

S kemBZgs

where Ngs is the system size of momentum grid correspond-
ing to the HF ground state. We clearly see the nonzero Oy for
all considered integer and half-integer fillings, which will lead
to enhancement of a band gap compared to our single-band
HF band structure.
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