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Fundamental limits on polarization entanglement distribution in optical fiber
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Characterizing the ultimate rates of entanglement distribution is essential for both foundational research and
the practical deployment of quantum technologies. To investigate these limits, we introduce an erasure-Pauli
channel model describing the distribution of polarization entanglement in optical fiber. For this channel, we
derive bounds on the rates of entanglement distribution and related quantum resources under optimal local

operations and two-way classical communication (two-way assisted capacities). This framework allows us to
determine the optimal repeaterless performance achievable over realistic optical fibers affected by polarization
mode dispersion, thereby providing a rigorous benchmark for long-distance polarization-based quantum com-
munication. Finally, we show that both our model and capacity bounds remain robust under the inclusion of

detector dark counts.
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I. INTRODUCTION

The distribution of entanglement is a fundamental prim-
itive for a wide range of quantum technologies, including
quantum communication and security [1-5], quantum sensing
[6,7], and distributed quantum computing [8—13]. Among the
various physical implementations, polarization qubits trans-
mitted through optical fiber represent one of the most practical
and scalable platforms for long-distance entanglement dis-
tribution [14,15]. Here, an important open question is to
determine the ultimate rates at which polarization-based en-
tanglement can be distributed when the dominant decoherence
mechanisms introduced by the optical fiber and the detection
system are taken into account. This is the aim of this work.

We provide a general model for this type of distribution,
that we call “erasure-Pauli” channel. This is defined as a
flagged mixture of photon loss and a Pauli polarization chan-
nel. While erasure channels and Pauli channels have been
extensively studied [10], their explicit combination in this
form does not appear to have been previously analyzed in full
generality [16]. For this channel, we bound the ultimate rates
for distributing entanglement, transmitting quantum informa-
tion, and generating secret keys. In the specific case where the
model reduces to an erasure-dephasing channel, these bounds
provide the exact formula of the two-way assisted capacities.

We then apply our formulas to establish the ultimate rates
for distributing polarization in optical fiber, where Alice pre-
pares a Bell pair in polarization, keeps one optical qubit, and
sends the other to Bob through a standard optical fiber. In
this setting, polarization mode dispersion (PMD) is the main
cause of decoherence [22-24]. In this setting, we identify two
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main regimes: one that is depolarizing dominated, strongly
limited to short distances, and another one that is dephasing
dominated, enabled by active polarization control and able
to achieve much longer distances. For the latter, we study
the performance of the two-way entanglement distribution
capacity and show that this ultimate rate is very robust to the
presence of dark counts in the receiving setup.

II. ERASURE-PAULI CHANNEL

Let us discuss a general type of quantum channel that
models loss and noise in fiber-based distribution of entan-
glement with polarization qubits. Here, we need to account
for two main effects: (1) the loss of the optical carrier (with
a signal or loss event detectable by the receiver) and (2) the
errors induced on the polarization degrees of freedom of the
surviving carriers. This process can be modeled by an erasure-
Pauli channel. In this general model, the state p of an optical
polarization qubit undergoes the erasure-Pauli transformation:

Eep(p) = (1 —n)le)(el + nP(p), 6]

where 7 is the transmissivity (probability that the photon is
received), |e) is an orthogonal vacuum state (flagging a no
detection event at the receiver), and P is a Pauli channel acting
on the polarization of the transmitted qubits (see Fig. 1).
Recall that the Kraus representation of a qubit Pauli channel
‘P can be written as [10]

3
P(p) = _ pePipP,, )

k=0

where p := {pi} is a probability distribution over the Pauli
errors P, € {I,X,Y, Z}, with I the 2 x 2 identity.

III. CAPACITY BOUNDS

Let us bound the ultimate rates for entanglement dis-
tribution, quantum information transmission, and secret-key
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FIG. 1. Schematic of an erasure-Pauli channel in panel (a) and
an erasure-Pauli channel with dark counts in panel (b).

agreement over an erasure-Pauli channel with generic trans-
missivity n and error distribution p. These rates are provided
by the various two-way assisted capacities, i.e., the two-way
assisted entanglement distribution capacity D,, the two-way
assisted quantum capacity Q,, and the two-way assisted
secret-key capacity K, [25,26]. For simplicity, let us denote
by C, the generic two-way assisted capacity, which could
represent D,, O», or K;. While our capacity bounds apply
generally to all the considered communication tasks, in the
following sections, we focus on their application to entangle-
ment distribution over optical fiber.
For an erasure-Pauli channel Egp, we show the bounds

nll —H(p)] < C(&ep) < P, 3

where H (p) is the Shannon entropy over the Pauli error distri-
bution p := {p;} and

® = 1 - HZ(pmax)a ifpmax 2 %
' 0, otherwise,

“

where H, is the binary Shannon entropy computed over the
largest Pauli error ppax := maxg{pi}.

Proof. For the direct part (lower bound), we note that the
parties may implement the following entanglement distribu-
tion strategy based on backward classical communication.
Assume that Alice sends a total of N systems to Bob. When
Bob receives the flag state |e)(e|, Bob discards the system;
otherwise, he keeps it. This operation can be implemented by
Bob applying a dichotomic positive operator-valued measure
(POVM) {le)(e|,I — |e){e|} on each received system and in-
forming Alice that instances were correctly received. On the
remaining nN systems, each affected by the Pauli channel P,
Alice and Bob perform an optimal two-way assisted entangle-
ment distillation protocol. For large N, they can distil D,(P)
ebits per surviving system. Therefore, D,(Egp) = nD,(P).
From Ref. [25], we know that D,(P) > 1 — H(p), where
H(p) is the Shannon entropy over the Pauli probability dis-
tribution. Therefore,

K>(Eep) 2 02(Eep) = Da(Erp) 2 Il —H(P)].  (5)

For the converse part (upper bound), we note that we
can rewrite the erasure-Pauli channel as a channel ensem-
ble {m;, &}, so that the state undergoes the Pauli channel
& = P with probability 7y = n, and a complete erasure
(CE) channel & = Ecg with probability 7; = 1 — . This is

Ece(p) = |e){e| for any input state p. Because these two chan-
nels are teleportation stretchable with resource Choi states
o;, we can write the following upper bound for the two-way
assisted capacity of the ensemble [18,25]:

Co(lmi, &N < Y miEr(0)), 6)

where Ey is the relative entropy of entanglement [27-29]. Be-
cause for the CE channel we have Ex(o;) = 0 (entanglement
breaking) and for the Pauli cannel we have Ex(oy) = @ as in
Eq. (4) (see also Ref. [25]), we find

Co(&p) = Co({mi, &) < nd. @)

|
The bounds in Eq. (3) can be simplified for specific distri-
butions of the Pauli errors. In fact, for isotropic errors p =
{1 —3p/4, p/4, p/4, p/4}, we have an erasure-depolarizing
channel Egpp with probability p. This channel takes the form
as in Eq. (1) but where P simplifies to P(p) = (1 — p)p +
pl /2. Then, for Z errors only, i.e., for p= {1 — p,0,0, p},
we have an erasure-dephasing channel Egpy with probability
p. This is given by Eq. (1), with P reducing to P(p) =
(1 — p)p + pZpZ. For these specific channels, we easily
derive [30]

[1—-H,(3p/4)], ifp<2/3,

Co(Eepp) < {77 s np ./ (¥
0, otherwise,

C2(&epn) = nl1 — Hy(p)]. &)

It is important to identify the necessary and sufficient con-
dition for which the two-way assisted capacity is zero. For an
erasure-Pauli channel, we may write

CZ(gEP) =0 < n= 0 OR Pmax < 1/2 (10)

For the case of an erasure-depolarizing channel, we therefore
have C,(Egpp) = 0 if and only if n = 0 or p > 2/3. For the
erasure dephasing, C(Egpy) = 0 if and only if n =0 (no
transmission) or p = 1/2 (complete dephasing).

The proof of Eq. (10) is easy. In fact, the necessary con-
dition (<) trivially comes from Eqgs. (3) and (4). For the
sufficient condition (=), note that the Choi state of the
erasure-Pauli channel is

Oty = (1 =m)Te + 0P, an

where 7, = (I/2) ® |e)(e| and op is the Choi state of the
Pauli channel. The state og,, is Alice and Bob’s joint output
state when Alice transmits one qubit of a Bell pair. Assum-
ing that Bob performs the POVM {|e)(e|, I — |e){e|} on his
qubit, he will project on op with probability 1. Condition-
ally on successful projection, they will then share distillable
entanglement Ep(op) > 0 for pna > 1/2. In fact, the Choi
state of a Pauli channel has nonpositive partial transposition
[31] for pmax > 1/2 and this is equivalent to distillability
in dimension 2 x 2. Therefore, on average, the parties will
share nEp(op) > 0 ebits. So if n > 0 and pyax > 1/2, we
have C;(Egp) = nEp(op) > 0. This statement is equivalent to
showing the direct implication in Eq. (10).
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IV. POLARIZATION NOISE MODELING

The dominant noise mechanism affecting polarization-
based entanglement distribution in optical fiber is PMD. This
originates from random birefringence caused by structural im-
perfections and environmental fluctuations along the fiber. It
induces stochastic unitary polarization rotations and, for pho-
tons with finite spectral bandwidth, leads to effective phase
decoherence due to differential group delay between polariza-
tion modes [24].

In general, this noise mechanism can be modeled as a
Pauli channel acting on the polarization degrees of freedom,
with a probability distribution that depends on the length and
features of the fiber. Including the loss mechanism associated
with the propagation of the carrier, the overall channel is
therefore an erasure-Pauli channel.

The basic type of PMD is a depolarizing-dominated Pauli
model, with an isotropic error distribution in X, Z, and Y.
This regime corresponds to considering an overall erasure-
depolarizing channel, where the transmissivity is given by the
usual formula n(d) = 1074/19, where d is the fiber distance
in km and o is the loss rate in dB/km. The depolarizing
probability can be expressed as [32]

p(d) = poo(l — e™/h), (12)

where po, is the floor value (equal to 1 for complete de-
polarization) and L is the polarization decoherence length.
Distribution is not possible for p(d) > 2/3, correspond-
ing to a maximum fibre distance of dp,x = LIn3. In the
depolarizing-dominated Pauli model, L has a characteristic
scale of 10-100 m, so the range for entanglement distribution
is very limited.

Luckily, the effect of PMD can be mitigated with active po-
larization control [33]. Active polarization control suppresses
the random unitary rotations, leaving PMD-induced phase
decoherence as the dominant mechanism. This is a dephasing-
dominated Pauli model that is characterized by a much larger
value of the decoherence length L = Lpy. We can write [34]

272

Lpy = , (13)

Dy
where T ~ (2 Av)~! is the photon coherence time (with Av
being the bandwidth) and Dpyp is the PMD coefficient in
ps/+/km. In telecom fibers, Dpyp ~ 0.01-10 ps/~/km [24].
So, for a bandwidth Av = 100GHz (r ~ 1.6 ps), we have
arange Lpy ~ 0.05—5 x 10* km. The dephasing probability
can be written as in Eq. (12) but with the different floor
value po, = 1/2 (equivalent to complete dephasing). In prin-
ciple, this model would allow for entanglement distribution at
any distance, since the threshold p(d) = 1/2 corresponds to
LB = oc.

Given a fiber with transmissivity n(d) and PMD probabil-
ity p(d), we can express the previous bounds in terms of the
distance d. Here, we are interested in the best performance,
so we consider the dephasing-dominated regime. In Fig. 2, we
plot the two-way assisted capacity of the erasure-dephasing
channel. For typical parameters, we can see that the distribu-
tion of polarization entanglement is indeed feasible with high
rates at long distances. For example, with a clock of 1 GHz
and the parameters considered in Fig. 2, we see that Alice and
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FIG. 2. We plot the capacity C,(Egpy ) in ebits/use of the erasure-
dephasing channel vs fiber distance in km (solid line). Egpy describes
entanglement distribution in fiber with active polarization control
(dephasing-dominated regime). We also plot an upper bound for
SECDH, which accounts for dark counts, with pg. = 1072 (dashed line)
and py. = 1073 (dotted line). Fiber parameters are @ = 0.2 dB/km,
Av = 100 GHz, and Dpyp = 0.1 ps/~/km.

Bob can share about 5 x 10° ebits per second at 100 km of
fiber.

V. ERASURE PAULI WITH DARK COUNTS

We can extend the previous model to incorporate receiver-
side imperfections, most notably detector dark counts. In this
more realistic setting, a no-photon (erasure) event may trigger
a spurious detection click, which is then assigned a random
polarization outcome. Operationally, this converts part of the
erasure component into an effective depolarizing contribution,
thereby increasing the overall Pauli error probability.

In the presence of dark counts with probability pg. > 0, the
erasure-Pauli channel becomes (see also Fig. 1)

EL(p) = (1 — )W+ nP(p), (14)

V= (1 = pac)le) (el + pacl /2. s)

This channel induces a postselected (click-conditioned) effec-
tive qubit channel
nPp) + (1 —n)pacl/2

Sc ic = 5 16
k() n+ 0 =npa (1o

which closely resembles the formula of the quantum bit error
rate in quantum key distribution [5].

It is important to note that we may rewrite Eq. (15) as an
equivalent erasure-Pauli cannel as follows:

Egp(p) = (1 = n)le)el +n'P'(p), a7
where we have defined the effective transmissivity
n =0+ 0 -mpe=1-0-n1— pa) (18)

and the effective Pauli channel P’ with distribution

p=rpe+ (=14, ri= % (19)

It is clear that Egs. (3), (4), and (10) are extended to dark
counts by replacing n — 1’ and p = {p;} — p' = {p,}.
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In the depolarizing regime, we derive Eq. (17), where P’
is a depolarizing channel with probability p’ = 1 — r(1 — p),
so we extend Eq. (8), and the associated threshold, up to
replacing n — n’ and p — p’. However, in the dephasing
regime, the original dephasing channel is transformed into a
Pauli channel P’ with probability distribution as in the form
of Eq. (19). As a result, instead of Eq. (9), we apply the more
general Egs. (3), (4), and (10). These equations will govern
the performance of the erasure-dephasing channel with dark
counts E .

It is interesting to study the effect that dark counts have
on the long-distance entanglement distribution. In Fig. 2, we
see that the upper bound for £, is not far from the capacity
in the absence of dark counts. In fact, the deviation becomes
evident for longer distances and high values for the dark count
probability, such as 1072, as in the figure. For smaller values
of dark counts, on the order of 1073 or less, the deviation
becomes negligible.

VI. CONCLUSIONS

We have introduced the model of erasure-Pauli channel,
including some specific forms it may take when the noise has
symmetry (depolarizing or dephasing). For this general chan-
nel, we have established fundamental bounds for the tasks of
entanglement distribution, quantum information transmission,
and secret-key distribution. We have then applied the model to
the distribution of polarization entanglement in optical fiber,
discussing two main regimes of operation, depolarizing dom-
inated and dephasing dominated.

A key novelty of our work is the formulation of
a unified information-theoretical model that combines
photon loss, polarization decoherence, and detector dark

counts within a single quantum-channel description. This
enables a capacity-based treatment of realistic polarization
entanglement distribution in optical fiber, going beyond
previous analyses that considered these impairments
separately or only at the level of detection statistics.

In the presence of active polarization control, where the
PMD regime is dephasing dominated, we found that high
rates can be achieved over long fiber lengths. We also ver-
ify that this result is robust to the presence of dark counts
in the receiving station by suitably modifying the erasure-
Pauli model to account for these extra imperfections. Overall,
our results provide an information-theoretical framework to
quantify ultimate distance and rate limits for polarization
entanglement distribution in optical fiber, clarifying when re-
peaterless architectures remain viable or need to be assisted
by repeaters.

As future work, it would be interesting to explore the limits
of entanglement distribution in free-space paths, where the
performance is much more limited due to geometric diffrac-
tion, pointing errors, and turbulence.
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