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Controlling emergent dynamical behavior via phase-engineered strong symmetries
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Symmetry constraints provide a powerful means to control the dynamics of open quantum systems. However,
the set of accessible control parameters is often limited. Here, we show that a tunable phase in the collective light-
matter coupling of a cavity QED system induces a phase-dependent strong symmetry of the Liouvillian, enabling
dynamical control of the open quantum system evolution. We demonstrate that tuning this phase substantially
reduces the critical driving strength for dissipative phase transitions between stationary and nonstationary phases.
We illustrate this mechanism in two experimentally relevant cavity QED settings: a two-species ensemble of
two-level atoms and a single-species ensemble of three-level atoms. Our results establish phase control as a
versatile tool for engineering dissipative phase transitions, with implications for quantum state preparation.
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I. INTRODUCTION

Symmetries play a central role in modern physics by con-
straining dynamics, enforcing conservation laws, and shaping
phases of matter and their transitions [1,2]. In open quan-
tum systems [3,4], where coherent and dissipative processes
coexist, symmetries impose stringent constraints on both
the structure of the dynamics and the stationary and non-
stationary states that they support [5,6]. In these systems,
when present, so-called strong symmetries remain preserved
under both coherent evolution and dissipation, enforcing
microscopic conservation laws in contrast to the ensemble-
averaged conservation laws associated with weak symmetries
[7]. Such symmetries can give rise to decoherence-free sub-
spaces [8—14] and enable rich nonequilibrium phenomena,
including nonstationary phases [15-18] with applications in
sensing [19,20], heat engines [21,22], and energy storage [23].

A complementary route to controlling open-system dy-
namics exploits phase-engineered interference, achievable
through geometric design [24] or reservoir engineering [25].
Such phases can be global, generating collective nonlinear
effects protected by symmetries [26], or appear as non-
gaugeable relative phases that enable nonreciprocal behavior
[27-29]. These mechanisms underpin applications ranging
from directional amplification [30-32] to the emergence of
novel dynamical phases [33-36]. Despite these advances, the
use of phase-dependent symmetries themselves as a resource
for controlling open-system dynamics has remained largely
unexplored.

In this work, we show that the interplay between strong
symmetries and tunable phases provides a powerful and

“Contact author: marc.nairn@unituebingen.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2026/8(3)/033166(14)

033166-1

systematic route to controlling dynamical phenomena in col-
lective light-matter systems. We consider a driven-dissipative
cavity QED platform that exhibits dissipative phase transitions
between stationary and nonstationary states, also known as
continuous-time crystals [15,17,23,37-54]. We demonstrate
that a tunable phase in the collective light-matter coupling
induces a phase-dependent strong symmetry that reshapes the
onset and character of the nonstationary dynamics, enabling
access to time-crystalline regimes at substantially reduced
driving strengths. We establish the generality of this mech-
anism by analyzing two variants of the Tavis-Cummings
model: a two-species ensemble of two-level atoms and a
single-species three-level atomic gas in a single-mode cavity.
Our results identify phase-controlled strong symmetries as a
versatile tool for engineering nonstationary phases and con-
trolling dissipative phase transitions in open quantum systems,
with potential applications in quantum state preparation.

II. STRONG SYMMETRIES IN OPEN QUANTUM SYSTEMS

Within the Born-Markov approximation, the time evolution
of the density matrix p of an open quantum system is gov-
erned by the Gorini-Kossakowski-Sudarshan-Lindblad master
equation,

[H,p]+ Y DlLlp, )

where H is the Hamiltonian, £ are the Lindblad jump oper-
ators, D[Lx1p = LipL) — (£ Ly, p}/2 denotes the dissipator,
and L is the Liouvillian superoperator.

A system exhibits a strong symmetry if there exists an
operator A that commutes with both the Hamiltonian and
all Lindblad jump operators, i.e., [A,H] =0 and [A, L] =
0 Vk [5-7]. This dual commutation relation partitions the
Hilbert space into invariant symmetry sectors, H = €D, H,
corresponding to the eigenspaces of A. As a result, the
dynamics generated by L is decoupled across sectors. De-
composing the initial state as p(0) = ZA,/\’ O (0), with
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FIG. 1. Schematic of setups. (a) Two species (A, B) of multilevel atoms with distinct ground states; transitions to far-detuned states |r, s)
are driven by Q,,, while the cavity mediates photon exchange between excited states via A,. (b) Setting Q,, = [Q|e’?, with ¢, = 0 and
@; = @, the low-energy dynamics reduce to a Tavis-Cummings model with species-dependent couplings g4 = g and gz = ge~. (c) Tracing
away the cavity field yields an effective model of spin-only interactions mediated by the common photonic mode. Equivalent configurations
for a shared ground-state system, where each atom is modeled as a three-level system: (d) the multilevel excitation scheme, (e) the resulting

state-dependent couplings, and (f) the effective atom-only description.

Pix (0) = I, p(O)IT,, and IT;, being the projector onto H,,, the
coherences between different symmetry sectors (A # 1') do
not contribute to the long-time dynamics [44]. Consequently,
the steady state of Eq. (1) assumes the block-diagonal form

p* = lim e“p(0) = ) wipy, @)
A

where the conserved sector weights (or overlaps) w; =
Tr([ [T, 0(0)] are fixed by the initial state.

In the following, we show that in collective cavity QED
systems, a tunable phase in the light-matter coupling mod-
ifies the underlying strong symmetry, thereby reshaping the
dynamical constraints imposed by Eq. (1) and controlling the
onset of dissipative phase transitions.

III. TWO-SPECIES MODEL

We first consider an ensemble of N atoms interacting with
a single-mode driven cavity. The constituents belong to two
different species, A and B, each comprising N/2 three-level
atoms with states [|)a/p and [1)4,p coupled via a Raman
transition to a far-detuned excited state [Fig. 1(a)]. As detailed
in Appendix A, after adiabatic elimination of the off-resonant
Raman channel, each species is described as a two-level sys-
tem collectively coupled to the cavity field with coupling
strengths

A S2F

r

28,
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84 = — 88 =
and atomic detunings As/p = S4/8 — |Q,/S|2/48,/S. Both the
magnitude and phase of the couplings, as well as the detun-
ings, can be controlled experimentally using external Raman
lasers. In the following, we focus on the situation in which

the two species differ only by a controllable phase ¢ and let
A = A4 = Ap. To achieve this, we set the cavity transitions
to be equal (A; = A,) and imprint a relative phase onto the
Raman lasers Q,; = |Q]e¥, with ¢, = 0 and ¢; = ¢. The
low-energy dynamics thus reduce to a Tavis-Cummings model
with species-dependent couplings g4 = gand gz = ge™¥ [see
Fig. 1(b)]. The resulting many-body Hamiltonian in the ap-
propriate rotating frame reads

B, =hAa'a+ ilW/Nn@' — a) + RAS

S, +a8), 4)

where & (a') annihilates (creates) a cavity photon, 1 is
the drive amplitude, A, is the cavity detuning, and S‘w =
S Y364+ €¥6p), with Gy = |1)(Mjm. is the phase-
dependent collective lowering operator. The associated z
component is Sé = %(3;5‘(;, - .%S‘;). Photon losses are de-
scribed by a Lindblad dissipator with decay rate «, and all
terms are scaled with N to ensure a well-defined thermody-
namic limit (N — oo). Throughout this work, we set A, =
0; qualitatively similar behavior persists for A, # 0 (see
Appendix F).

To understand the role of the phase ¢, we first ana-
lyze the mean-field dynamics in terms of the cavity field
o = (a) and the rescaled collective spin components s/, B =

(84 5)/(N/2), with 8t = 1 33 6% and 6/, the Pauli
matrices for m € {A, B}. To distinguish stationary from non-
stationary phases, we introduce the dominant frequency
@ extracted from the spectrum of the spin polarization
Fap(@) = ffooo si/B(t)e_i‘I”dt. In all cases considered, the

two species oscillate synchronously, so that ® = @4 = @p.

033166-2



CONTROLLING EMERGENT DYNAMICAL BEHAVIOR VIA ...

PHYSICAL REVIEW RESEARCH 8, 033166 (2026)

51

"I (a) &
1.0 H N £ 0.0
>
~
I —0.51

—7 0 m

¥

FIG. 2. Phase-enabled nonstationary states. (a) Mean-field phase
diagram showcasing the effect of tunable phase ¢ on the transition
between stationary (SS) and nonstationary states (NSS), and (b)
the corresponding weight distribution in the Dicke subspace, w”, R
and its complement, w*. Finite-size dynamics for highlighted pomts
in panel (a) illustrating the usual time-crystalline behavior and the
lowering of the threshold value [panels (c) and (d), respectively]. We
consider system sizes N € (10, 20, ...,60) (lines with increasing
color intensity). The results are benchmarked against the mean-field
values (dashed) with g/k = 0.1 and A = 0.

For ¢ =0 and A = 0, the system undergoes a transition
from a stationary state (@ = 0) to a nonstationary state (& >
0) at a critical driving strength n. = g, as shown in Fig. 2(a).
In contrast, for finite ¢ the critical driving strength becomes
phase dependent for any initial state with [sy | < 1. This
behavior is illustrated in Fig. 2(a) for the initial state condition
(o, sj/B, sf;/B, sj/B) = (0, 1, 0, 0). Remarkably, the threshold
for the onset of nonstationarity is progressively reduced with
increasing |¢| and vanishes in the limit ¢ — =+.

In the following section, we show that this phase-enabled
reduction of the critical drive originates from a modification of
an underlying strong symmetry, which reshapes the accessible
dynamical sectors of the system.

A. Symmetry characterization

In the limit of strong dissipation x > g, n, A, the cavity
field can be adiabatically eliminated, yielding an effective
spin-only description [see Appendix B and Fig. 1(c)]. The
reduced spin density matrix i, then evolves according to

. i r_ .
las = _ﬁ[HSr ,as] + gD[S(ﬂ]/:\L.H (5)
where S = N/2, T' = 4¢% /i, and the effective Hamiltonian
reads Hg = hAS'; + hQ(S’w + S‘;ﬂ), with Q = 2ng/k. Here,
collective dissipation D[S}p]ﬂs induces all-to-all interactions
between the spin ensembles. For A =0 and ¢ = 0, Eq. (5)
reduces to the boundary time crystal (BTC) model [15], which
undergoes a transition from a stationary to a time-crystalline
phase at €2/(I"/2) = 1. This directly accounts for the critical
driving strength . = g observed in the full cavity-spin model
and motivates our identification of the nonstationary phase as
a continuous time crystal.

To elucidate the role of the phase ¢, we analyze the sym-
metries of the spin-only dynamics. The operators S“p, S';, S’é
generate an su(2) algebra. The associated Casimir opera-
tor Si = %(S’,,,S’; + S’;’,S’w) + (S’;)2 commutes with both the
Hamiltonian Hg and the jump operators S‘(p, and therefore

constitutes a strong symmetry of the Liouvillian. This sym-
metry generalizes a total spin conservation in the ¢ = 0 case
to a phase-dependent setting. As a consequence, the dynamics
decomposes into invariant sectors labeled by the eigenvalues
S of Sf}. The system can thus be described in a generalized,
phase-dependent Dicke basis. For ¢ = 0, these sectors coin-
cide with the standard Dicke manifolds [55,56]; for ¢ # O,
they correspond to rotated collective modes encoding the rel-
ative phase between the two subensembles. The weight of
each sector is wg, = Tr[flgzﬂs], where f[gz projects onto the
corresponding eigenspace. In practice, the dynamics is gov-
erned by the competition between the fully symmetric sector,
wS2 , and its complement, w¥ =1 — wS2 , which collects
all contrlbutlons outside the permutatlonally invariant Dicke
manifold.

B. Dynamical phases in the two-species model

We now connect this symmetry structure to the dynam-
ical phase diagram shown in Fig. 2(a). We consider the
initial product state /1,(0) = &),,_4 5 ®N/ 240 (| jm» With
[+ =AM+ 1))/ /2, which corresponds to the mean-field
condition used in Fig. 2(a). While this choice is not unique,
it is particularly instructive because its decomposition into
symmetry sectors depends sensitively on ¢. For ¢ = 0, the
initial state lies entirely in the fully symmetric Dicke man-
ifold, w?zz 0 — 1, and the critical driving strength reaches
its maximal value, reproducing the BTC threshold [15,40].
As ¢ is tuned away from zero, weight is transferred into
nonsymmetric sectors, as shown in Fig. 2(b). Since different
symmetry sectors are dynamically decoupled, only the com-
ponent within the fully symmetric manifold undergoes the
collective instability responsible for time-crystalline dynam-
ics. The effective evolution is therefore governed by a Dicke
state with reduced effective spin length, leading to a corre-
sponding reduction of the critical driving strength [45,57]. We
stress that this effect is markedly different from what would
be observed in the case of coexisting fixed-point and limit-
cycle attractors [58-60] as here the initial-state dependence
arises from the permanent decoupling of symmetry sectors,
each hosting a unique attractor, rather than from competition
between distinct basins of attraction.

In the limit of ¢ — =, the contribution of the fully sym-
metric Dicke manifold vanishes, wS2 — 0. In this regime,
arbitrarily weak driving induces time- -crystalline dynamics
[44,45], consistent with the vanishing threshold observed in
Fig. 2(a). At the exact antisymmetric point (exactly ¢ = +£m),
the initial state becomes a dark state, remaining unaffected by
the dissipative dynamics. Within the time-crystalline phase,
both species exhibit frequency-locked oscillations that con-
verge to the mean-field behavior as N increases [Figs. 2(c) and
2(d)]. The oscillation frequency & increases with the weight
w¥, reflecting the contribution of dressed modes originating
outside the fully symmetric manifold [44].

C. Decoherence-free subspaces in the two-species model

We now turn to the role of finite spin detuning, A #
0, which qualitatively alters the dynamics and induces
decoherence-free subspaces (DFS).
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FIG. 3. Role of spin detuning and relative phase on spin-1/2 Liouvillian spectrum. Liouvillian eigenvalue (A ) spectrum for Ny = Ny = 3
for equal spin detunings Ay = Ap = A, for A =0 [panel (a)] and A = 0.1g [panel (b)]. Enlarged regions close to the Re(Az) = 0 line
highlight the nature of the long-time behavior. Besides the unique Re(Az) = Im(A,-) = O steady state, we find purely decaying modes
(Re(Az) < 0) in panel (c) and the existence of purely imaginary eigenvalues Im(A.) = +A in panel (d), indicators of a decoherence-free
subspace. The phase ¢ does not contribute to the eigenvalue spectrum, but it can be used to rotate the eigenvectors of the Liouvillian. In panels
(e) and (f), we plot the Wigner function of the eigenvector |v..) for Ny = N = 1, corresponding to the A, = iA mode, for two choices of ¢. In
panels (g) and (h), we map out the resulting mean-field phase diagram for nonzero detunings A = 0.1g, showing both the total magnetization
and the dominant normalized frequency @, used to discern between aDFS and NSS. Other parameters: n/k = 0.025, A, =0, g/« = 0.1.

Since £ is a non-Hermitian superoperator, it exhibits dis-
tinct left and right eigenvectors; we denote these as v, and g,
respectively, defined by

Lva = AqVq, ETMO{ = )\’ZMOM (6)
satisfying the biorthogonality condition Tr(u vg) = 844. The
dynamical map then admits the expansion [61]

o] = Ze’\“’vaTr(p,:;o), @)

where the real part of 1, sets the decay rate and its imaginary
part sets the oscillation frequency of mode v, .

For A = 0, the spectrum of L lies entirely on the negative
real axis at finite N, so all oscillations are damped. Persistent
oscillations (nonstationary states) emerge only in the ther-
modynamic limit N — oo when the driving is sufficiently
strong, as discussed above. When an equal and finite detuning
A = Ay = Ap # 0 is introduced, a pair of purely imaginary
eigenvalues A, = £iA appears even at finite N, as shown in
Figs. 3(a)-3(d). The associated eigenmodes are unaffected by
the dissipators and form a decoherence-free subspace. Conse-
quently, for n < 5, the system does not relax to a stationary
state but instead exhibits persistent oscillations at frequency
A. For 1 > n., the oscillation frequencies are modified in a
manner analogous to the resonant case.

The phase ¢ does not affect the eigenvalue spectrum, but
it rotates the eigenvectors of the Liouvillian. To see this, note
that the contribution of the DFS pair to the expectation value

of any observable O is
(0)2(t) = e Ao (), ®)

where

Ao(p) = cx(p) Tr(Ova(p)),
c1(p) = Tr(pns (@) p(0)). )

Consequently, A fixes the oscillation frequency, while the
amplitude Ap(¢) depends explicitly on ¢ through the left and
right eigenmodes. Changing ¢ rotates the decoherence-free
eigenvectors in Liouville space, modifying the overlaps and
thereby enabling or suppressing oscillatory behavior without
changing the frequency. This mode rotation is directly visible
in the Wigner function plots of v, (¢), shown in Figs. 3(e)
and 3(f) for Ny = Ng = 1. The mean-field phase diagram for
A # 0 is shown in Figs. 3(g) and 3(h), where DFS regions
are identified by extended @4 = const # 0 regions that persist
across the driving axis, with their frequency fixed by A. As the
driving amplitude is increased, the system transitions into the
nonstationary regimes discussed in Sec. III B.

IV. SINGLE-SPECIES THREE-LEVEL SYSTEM

To illustrate the generality of phase-controlled strong sym-
metries, we now consider a single species of N atoms, each
with a common ground state |0) and two excited states |A)
and |B), coupled to the same single-mode driven cavity [see
Fig. 1(d)]. This configuration is the single-species analog of
the two-species setup: The same Raman scheme applies, with
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FIG. 4. Three-level system frequency response. (a) Phase-dependent steady-state phase diagram showcasing frequency response for a
chosen initial state with c. = (1 £ +/2)/2+/2, ¢o = /1 — & — ¢2, far from the eigenstates [v%,). The order parameter @y, is the normalized
dominant Fourier component of the excited state B. (b) Initial state visualization of threshold contours in (c,, c_) parameter space for ¢ = 0.
States are defined as nonstationary if @y, > 0.01 and shaded orange. This threshold is chosen to exceed the numerical noise floor, and the phase
boundaries remain qualitatively unchanged for variations within an order of magnitude. On the 1/g = 0 plane, we highlight the eigenstates of
f_f mentioned in the main text. (c) Parameter space map taken at the n/g = 0.5 slice from panel (b). (d) Threshold contours for ¢ = 27 /3, and
the equivalent parameter space map [panel (e)]. The white and green markers correspond to the initial state used in panel (a), falling inside the
nonstationary regime as g is tuned. Other parameters used are g/« = 0.1, A = 0, for a simulation time of gt = 2 x 10*.

the two legs A and B now corresponding to distinct excited
states of the same atom rather than two separate species.
Imprinting a relative phase ¢ onto the Raman drives as before
yields g4 = g and gz = ge™ [see Fig. 1(e)], and the full
many-body Hamiltonian takes the form

Hyr =hA&'a+iiW/Nn@ —a)+ 1y A
k

(10)

where A, = As + ¢ Ap, with Ap =37, [0)(k|;, is the
phase-dependent collective lowering operator, Ny = AjA
counts the population in excited leg k, and A are the atomic
detunings (see Appendix A for the full derivation). After adi-
abatic elimination of the photonic field in the bad-cavity limit
Kk > g, n [see Fig. 1(f)], the atomic dynamics is governed by

5 LA L.
MU3s = _g[H3s’ f3s] + N,D[Ago],u'f&s: 1)
where I' = 4¢?/«, and the effective Hamiltonian reads
Ay =hY AA[A+REA, + A)), (12)

k
with & = 2ng/k.

A. Symmetries in three-level system

For equal detunings, Ay = Ap = A, the dynamics admits
a phase-dependent strong symmetry that can be written as
a sum of single-atom operators, T = szy:l 1?;/’, with fj‘f’ =
[0)(0|; + €|A)(B|; + e "*|B)(A|;. To elucidate the structure
of the dynamically invariant subspaces, we examine the eigen-
states of the single-atom operators %}0, which split according
to their eigenvalues +1:

) ={10),, 14}, [v2); = 1-);, (13)

where |£); = (|B); £ € |A)‘,~)/«/§. For A = 0, the states in
|vﬁ1) ; form a doubly degenerate subspace in which excita-

tions can cycle between |0); and [+); under the combined
action of Hamiltonian and dissipative dynamics. We therefore
identify this as the bright subspace. In contrast, [v¥ ); is
a dark state, decoupled from both coherent and dissipative
dynamics. Extending this structure to N atoms suggests that
the population of dark states strongly influences the long-time
dynamics. In particular, the fraction of atoms occupying the
dark subspace, together with the driving rate 1, determines
whether the system evolves toward a stationary or nonstation-
ary phase.

B. State-space-dependent dynamics

To illustrate the dynamical role of the bright and
dark subspaces, we consider a family of pure ini-
tial states [3,(0) = [¥3;)(Y3,] with [¥3,) = ey [+)®N +
c_|—=)®N 4 ¢4|0Y®N | where ¢y =
with ci + ¢? < 1. We quantify the support of a state on the
symmetry sectors via the weights w$ = Tr[I1% ft3,], where
the projectors onto the bright and dark subspaces are 1% =
®] 1vL) (vl

Nonstationary dynamics can arise either from sufficiently
strong driving or from finite overlap with the freely evolving
bright subspace (w¥ > 0). The competition between drive and
sector weight determines the long-time behavior, such that
the critical driving strength 1. depends on the effective spin
length that can be actively controlled by tuning the phase
¢. To characterize the nonstationary phase, we analyze the
mean-field dynamics with initial conditions determined by
expectation values in |yr3,). As an order parameter, we use the
normalized dominant frequency @y, of the Fourier transform
of the B-excited-state population. The choice of observable is
not essential, and other choices yield equivalent results [62].

For initial states with 0 < w¥ < 1, the behavior closely
parallels the spin-1/2 case: The critical drive 7, decreases
monotonically as ¢ — £m [see Fig. 4(a)]. The full mean-
field phase diagram at ¢ = 0 in (cy, c—, n) space is shown
in Fig. 4(b). Purely bright states appear at (c4,c_,0) =

1—c% —c* and ¢y €R,
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FIG. 5. Finite and emergent DFS in the three-level system.
Liouvillian spectra for (a) equal detunings Ay = Ag = A and
(b) opposing detunings Ay, = —Ap = A, where red dots denote the
smallest real gap. (c) Scaling of the Liouvillian gap § vs system size
1/N. The real gap & decreases with system size N € {1,2,...,7}
(crosses) and can be seen to vanish as N — oo (dashed line). The
imaginary spectral gap is set by the atomic detuning A, which re-
mains constant. Parameters: n/k = 0.025, A/x = 0.27, g/k = 0.1.

1/N

(£1, 0, 0) and (0, 0, 0), while the many-body dark state |—)®N
lies at (0, =1, 0). As n increases, oscillatory regions expand
from the bright subspace, forming contours with @y, # 0,
as shown in Figs. 4(b) and 4(c). Introducing ¢ # O rotates
the bright and dark subspaces in parameter space without
changing their measure, as shown in Figs. 4(d) and 4(e), re-
distributing the initial state weight between symmetry sectors
at fixed n. This rotation induces transitions between stationary
and time-crystalline phases and explains the phase-dependent
reduction of the threshold in this three-level model. For suf-
ficiently strong drive ( > g/+/2), oscillations occur for all
initial states. Although we focus on pure initial states, an
extension to mixed states follows by convexity.

C. Decoherence-free subspaces in the three-level system

We now examine the effect of finite detuning for the
three-level system. Unlike the A =0 case, finite detuning
introduces qualitatively distinct nonstationary phenomena that
are independent of the driving strength 7.

When equal detunings are introduced (A4 = Ap = A), the
energy splitting between the ground and excited states drives
unitary evolution within the bright manifold, generating a
DFS marked by Liouvillian eigenmodes with purely imagi-
nary eigenvalues A, = £iA. These correspond to oscillations
in the single-particle picture between the |0); and |+); eigen-
states at frequency A, and they are clearly visible at finite
system sizes, as shown in Fig. 5(a). With equal and opposite
detunings (A4 = —Ap = A), the strong symmetry generator
identified above no longer applies, as the detuning pattern
creates a new symmetry structure. The effective Hamiltonian
now contains terms hA([\; ]\A — f\;f\ p) that distinguish be-
tween the A and B excited states. At the single-particle level,
this leads to the formation of dressed states |+£); with energy
splitting 2A. The jump operator [\q, couples predominantly to
one combination of these dressed states, while the orthogonal

combination becomes increasingly protected as system size
grows. The nonzero real part of the near-zero Liouvillian
eigenvalues at finite N arises from weak residual coupling
between the protected manifold and the dissipative sector,
causing slow decay at rate ~O(1/N). As N — o0, this cou-
pling vanishes and the real part of the gap closes, revealing
a true DFS in the thermodynamic limit—an emergent DFS.
Meanwhile, the imaginary gap of size A persists because it
stems from the inherent energy splitting between the dressed
states, which remains finite regardless of system size. Both
features are clearly visible from the Liouvillian spectrum at
increasing system sizes, as shown in Figs. 5(b) and 5(c).

V. DISCUSSION AND OUTLOOK

In summary, we have shown that a tunable phase provides a
practical and efficient control parameter for dissipative phase
transitions and long-time dynamics in open quantum systems.
Its effect can be understood in terms of a phase-dependent
strong symmetry that effectively rotates the invariant symme-
try sectors of the Liouvillian, in turn controlling the overlap
with symmetry subspaces and substantially reducing the driv-
ing threshold for nonstationary dynamics.

We demonstrated the generality of this mechanism in
two cavity QED realizations of the Tavis-Cummings model,
namely, a two-spin-species system and a single-species three-
level atomic gas. Beyond enabling controlled access to
emergent dynamical phases, an important consequence of
phase-controlled symmetries is that tuning ¢ redistributes the
initial-state population across dynamically decoupled sectors,
providing a practical route to symmetry-sector engineer-
ing without physical repreparation of the atomic sample.
This identifies laser phase imprinting as a versatile tool
for controlling strong-symmetry decompositions in driven-
dissipative many-body systems, with direct implications for
the preparation and manipulation of symmetry-protected
states across a broad class of cavity QED and reservoir-
engineered platforms. Overall, we envision phase-engineered
strong symmetries as a broadly applicable design principle
for open quantum systems, where selective switching between
protected dark and driven bright states via a single experi-
mental knob opens promising avenues for quantum memories,
precision timekeeping, and sensing.
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APPENDIX A: MICROSCOPIC DERIVATION OF THE MODELS

In this Appendix, we outline all the necessary steps to derive the Hamiltonians introduced in the main text. We start with
multilevel atoms that have either two independent ground states or a common ground state, generating the two-species system
of two-level atoms or the three-level system, respectively.

1. Two-species spin-1/2 system

First, we consider the two-species two-level atom system. The single-particle Hamiltonian for each atomic species coupled
to a shared cavity mode with annihilation operator @ can be written as

ﬁzﬁ0+ﬁat+ﬁac+ﬁd' (A1)
The free Hamiltonian is
Hy = hoed' @+ ho r)(rla + hols)(sls + Y hon|t) (M, (A2)
m=A,B

where o, is the cavity angular frequency, Zw,, iw, are the excited-state energies (for the two Raman intermediate states), and
hw,, denotes the bare energy of the |1),, level for species m. Without loss of generality, we have put the energies of the |]),,
levels to zero. The Raman lasers couple off-resonantly the |1)4 and |1)p states to |r)4 and |s)p, respectively. Their frequencies
are given by w;, and wyy, respectively, and the corresponding Hamiltonian describing their action reads

A he, s

—iwy,t hQ —iwt
A= 5 ) (M + 52 5) (s + He., (A3)

where Q,/, are the corresponding laser Rabi frequencies, which are in general complex-valued (we will keep magnitudes and
phases implicit). The atom-cavity dipole coupling is described by the Hamiltonian

Hye = ROIr) (L1ad + Agls) (L lpa + Hee), (A4)

with A,/; being the respective cavity coupling constants. Finally, the cavity is externally driven with drive strength n and drive
frequency w4, and the Hamiltonian describing this reads

Hy; = ihn(e”™'a" — &”'a). (A5)

We remove explicit time dependence of the Hamiltonian by applying the unitary transformation
O@) = ek, (A6)
where K is the diagonal energy operator
K = hwga'a + hwy|r) (rla + hols) (s + Ao — o)1) (Ma + Ao — o)1) (M. (A7)
The resulting time-independent Hamiltonian becomes

H' = hAa"a+ 1S, |r)(r|a + hds|s)(sls + hidal 1) (T]a + hdp| 1) (s

+ ﬁ<7|r)(T|A + 7|S)(T|B + A (L lad + Agls) (L |sa + H-C-) +inn(a’ — a), (A8)

where we have introduced the detunings
Ac=wc —wu, 8 =0, —wu, & =w;— oy,
84 = (w4 — wia) + wir, O = (W — W1a) + Wys. (A9)
We now eliminate |r) and |s) perturbatively under the large single-photon detuning assumptions
18,1 > 1821 1AL, 18] >> €21, |Asl. (A10)

Decomposing A’ into the slow-evolving subspace S, spanned by the cavity field and the low-lying electronic states (|1),,, |4 )m).
and the fast-evolving subspace F, spanned by the far-detuned intermediate states (|7), |s)), the effective Hamiltonian to leading
order in (8,.,)”" is given by the Feshbach-Schur map

I'?eff = pSH/PS — Isgﬁ,pf(f’]:ﬁ,p]:)ilpfﬁ,pg,

with Ps and Pr being the projection operators on each subspace. The resulting Hamiltonian (dropping constant energy terms)
reads

He = hA4 G+ Z[(%m + V) (Mo + iUpa’al ) (L + Algnal 1) (Lm + Hee)] + ifin@" — a). (ALT)
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Here, the single atom-cavity couplings are g4 >~ — kﬁ?: ,88 > —'\‘2"—??, and the leading ac Stark and dispersive shifts are given by
12,1* A, I*
Vy >~ — , ~— ,
4 46, 4 5,
Q Al?
VB ~ Q , UB ~ i X
46 ds

To obtain the Hamiltonian used in the main text, we discard the U,, contributions, assuming operation in the bad-cavity regime
where dispersive effects are negligible [65]. Moreover, we choose a relative phase between the Raman lasers,

Q=12 Q=2 (A12)

such that g4 = |g4| = g gs = ge~*. Extending this approach to an atomic ensemble via the rescaling & — a/+/N (which scales
the per-atom coupling to g/+/N and enhances the drive by v/N), we arrive at

B, = hAaTa+ in/Nn@" —a)+ i Z AnSE + Tgﬁ(a*sw +aS}), (A13)

with A, ~ §,, + V,,. Here, we have used the collective spin operators

| N2 N/2 N/2
oz _ - AT A . AL AT o A ip A
S, = > E (aj‘moj.m a],moqu) and S, = E Gja+e E Gjg,

with 6, = || ){1|;n. Letting both species have equal detuning Ay = Ap = A, we arrive at the form shown in Eq. (4).

2. Multilevel system with common ground state

We now focus on deriving the effective Hamiltonian for the collective three-level case. We consider a five-level system as
shown in Fig. 1(d), which can be seen as a combination of both two-level atomic species sharing a common ground state |0),
which maps to an effective spin-1 system. In analogy with the two spin-1/2 systems, the Hamiltonian reads

I-? ZﬁO +ﬂat+ﬁac +I_7d7 (A14)
with the free Hamiltonian
Hy = hoa'a + h(w|r)(r| + wls) (s| + wg|B) (B| + walA)(A]), (A15)

internal laser coupling of the excited states |A), |B) off-resonantly to the intermediate states |r), |s),

H, = %e—mwr)w + %e‘i“”ﬂs)(Bl +Hc., where ,, €, ¢eC, (A16)
atom-cavity transitions coupling the intermediate states back to the common ground state |0),
Hye = h(r,|r)(0la + Asls)(0la + H.c.), (A17)
and the external cavity driving term
H; = ihn(e @' q" — e/ ), (A18)

We remove the explicit time dependence by moving to the rotating frame via U (t) = ¢/K!/", with
K = hwqd’a + hoy|r) (r| + fiwg|s) (s| + hwa — )| A)(A] + fi(wg — or)|1B) (B, (A19)
yielding the time-independent Hamiltonian
H' = hAa a + B, \r) (r| + 1ss|s) (s| + hd4|A)(A| + hSp|B) (B|

Q, Qs N A At A
+ h(7|r)(A| + 7|s)(B| + A |r){0la + Agls)(0la + H.c.) + ihin(a' — a), (A20)

with detunings

Ar=w.—wy, & =0 —wqy, & =uw;—wy,

04 = (w4 — wig) + wyr, g = (W — wig) + wis. (A21)
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Following the same adiabatic elimination as in the two-species case under |6, | >> |25, |Ars|, We arrive at the effective

Hamiltonian for the low-lying manifold {|0), |A), |B)},

Her = A a'a + ifin(a’ — &) + hUsa'al0) (0] + Z (A mlm) (m] + Fi(gmétlm) (O] + gya*|0) (ml)], (A22)
m=A,B

where the effective cavity-mediated coupling constants are

A, S (A23)
A= BB T T s
the dispersive shift now acts on the common ground state,
AP AP
Uoz———(s—, (A24)
and the dressed detunings are
Ap 8 2.1° Ap >~ 8 2.7 (A25)
ATy, b= 45,

Discarding Uy, choosing Q, = |2,|, Q, = |]e" so that g4 = |g4| = g and gp

a/~/N, we recover the Hamiltonian reported in Eq. (10),

= ge~#, and extending to N particles via & —

A N hig A
Hir = iA G a+ in/Nn@' —a) + i ApNy + —=(@" A, +ahl). (A26)
v ! m§3 W ¢
Here, we have introduced the collective operators
N, 1 M
Ka=>" ?’ +23+ 7)3‘ Z 2 —3x§, Ay = Z(/\f +ik)), Ag=> (G+ik), (A27)
j=1 j=1 j=1

with the relation fU

A, = N, labeling the populations in the mth excited leg and the operators A, responsible for the transition

matrix elements |0)(m| expressed in terms of the Gell-Mann matrices A,, as defined in Eq. (E1) with the phase-dependent

collective lowering operator A

APPENDIX B: EFFECTIVE ATOM-ONLY DESCRIPTION

In this Appendix, we detail the steps required to obtain the
effective master equation for the atomic degrees of freedom
alone [66].

In the following, we consider the cavity mode & with detun-
ing A., which couples to a collective atomic operator J of N
atoms via a Tavis-Cummings-type interaction with coupling
constant g/~/N. The cavity is driven with strength ~/N7 and
decays at rate «. For the spin-1/2 model J = Sw’ while for the
spin-1 case it is just replaced by J = Aw

Note that we keep the free atomic evolution H, out of
this description as it already lives in the reduced atom-only
subspace. The full Liouvillian reads

b= (Lo+ L1)p, (B1)
where

Lop = —i[Add'a+ivN®ma' —n*a), pl + «kDlalp,
. —ig . PN
Lip=—=[Fa" +Ja,pl. (B2)
FTUN

Here, £, describes the cavity degrees of freedom (free
cavity Hamiltonian, coherent drive and decay) and describes
the fast dynamics, while £, contains the atom-cavity coupling
and acts as a slow perturbation. Adiabatic elimination of the
cavity is justified when the cavity relaxes much faster than the
atomic degrees of freedom, i.e., when the perturbation is small

= A4 + ¢ A (as introduced in the main text).

(

compared to the cavity Liouvillian:

L1011 < I ol (B3)
A convenient explicit condition is
8
Ky [ A > —=. (B4)
JN

In the near-resonant case (|A.| <), this reduces to
k being the dominant rate. Under these conditions, the
cavity reaches a quasisteady state on a timescale 7, ~
1/max(k, |A.]) and can be adiabatically eliminated by
projecting onto the cavity steady state and performing a per-
turbative expansion in L;.

To proceed with the elimination and isolate the slow atomic
dynamics, we move to a displaced frame defined by

' =D'(@)pD(er), with D(a)=e* 4 (BS)
In this frame, Df(a)aD(a) = @ + o = 8a. Choosing
N
— L (B6)
A+ K/2

removes the linear drive term and simplifies the Liouvillian to

Lop = —i[A.8a'8a, pl + kDlsalp,

1p = —ignlJ(a* + 8a") + T (a + 8a), pl, (B7)
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where we have defined gy = g/+/N. We separate the interac-
tion part into a coherent drive and a fluctuation term:

L= L0 4o, (B8)
where
(drive) A __ . ~
£1 0 = —i[Huive, £1,
LYp = —igylisa’ +J'sa, p] (B9)

for  Hgve = gN(a*f +af ). To discern between the rele-
vant subspaces, we define the projector P, where

Pp = Tr[p] ®0)(0],

and its complement Q = I —P. The cavity steady state in
the displaced frame is the vacuum |0) of da. The projector
properties imply

Pﬁ(ldrive)P — L:Edrive)fp’

PLYP =0. (B10)

Now using the standard Nakajima-Zwanzig expansion up
to second order [3], we obtain the dynamics for the reduced
density matrix it = Pp:

oo
fo=PLIOPp 4 / dt PLY S LOPp. (Bl
0

We now evaluate the terms appearing in this equation.
Noting that

~

LY = —igy[V,pl, withV = Jsa' +J'sa, (B12)
we can find
LY LY D = (—igy) [V, €X'V, pl]
= -y [V. V). p11. (B13)
where V(1) = e0'V.
Expanding the double commutator gives
VV@Op —=VpV @)= V()pV + pV)V. (B14)
Expanding V and V (1) gives
VVt)p = (Jsa + JTsa)Jsa’ () + JTsa@))p,
VoV () = (Jsa' + JTsa)pJsa’ () + JTsa(r)),
V()pV = (Jsa' (1) + JTsa@))p(Jsa’ + J'sa),
PV (W = p(Jsa’ (t) + Jsa())(Jsa" + JTsa).  (B1S)

Multiplying out gives 16 terms; we only keep those that
survive the trace over the cavity vacuum:

(018a(r)8a’|0) = e iAte/2t

(0184 (1)8a|0) = 0. (B16)
After tracing,
Tr [VV ()] — JJ e (Acte/Dip
Tr,[VRV (1)] — JjuJ e (/2
Tro[V()pV] — JT pugfelBer/20
Tra[pV (0)V] = o J T Je@Ae /2, (B17)

Plugging into the master equation:

fis=— gy / di (IJ, J* () us)(8a(r)sa’)
0

+ 7T, J@0)ps)sa’ ()sa) + Hee), (B18)
only the first term survives:
. o0 .
/:Ls — _ g%]/ dt [gf(lAfH(/Z)I
0
x (L, T ) + s, D1 (B19)
Defining the cavity response function
< 1
X = / e A gy = — (B20)
0 K/2 + ZAC
the final expression reduces to
: : R S,
//:L = —i[Hy + Harive + His, /’L] + ]v D[]]/,L, (B21)
where
Hyrive = gﬁ(yj + Y*JAT)v
& o
His = = A 327,
LS N X1
T =gklxl. (B22)

The first term represents the coherent drive from the cavity
field amplitude, the second term is the cavity-induced Lamb
shift, and the last term describes the effective decay rate I" of
the spin subsystems through the lossy cavity.

The validity of this effective description rests on a clear
separation of timescales. In particular, the cavity must relax
much faster than the atomic dynamics it induces. Once the
effective model is obtained, it further demands that all induced
atomic rates remain slow compared with the eliminated cavity
mode, namely,

{lgn %1, 1€ AF|/N, T} < max(k, |A.]).

Under these conditions, the cavity adiabatically follows its
steady state, and the reduced atomic master equation above
provides an accurate description of the dynamics. Substitut-
ing Hy = hAS';; and J = Sso recovers Eq. (5), and similarly
H, = Dk RAN, and J = [\w for Eq. (12).

(B23)

APPENDIX C: SEMICLASSICAL EQUATIONS OF MOTION
FOR THE TWO-SPECIES MODEL

As stated in the main text, to map out the phase diagram we
solve the semiclassical equations of motion obtained under
a mean-field ansatz, which become exact in the thermody-
namic limit N — oo. Using g4 = |ga| = g, gg = ge™ ¢, they
become

53 = —Aasy + igsi(a —a¥),

5y = —Apsy +igss(e Yo — ea®),
$) = Aasy — gsi (@ + ),

§p = Apsy — 5ot + e Ya),

5 = —igsy(a — o) + g5y (a* + ),
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o
max

52

m.=—1 -5, t

FIG. 6. Total spin angular momentum eigenstates. (a) For a
generic two spin-1/2 system, the combined state decomposes into
a symmetric triplet manifold, S?> = 1, and an antisymmetric singlet
state, S> = 0. Within the m, = 0 subspace, the phase ¢ parametrizes
rotations between the symmetric (green) and antisymmetric (orange)
eigenstates (b). When generalizing to higher system sizes > 1, the
Hilbert space decomposes into a family of permutation invariant
states parametrized by S? and m. (c). For Ny = N, the rightmost
ladder (shaded yellow) corresponds to the fully symmetric (Dicke)
subspace, S? = N/2, and the fully antisymmetric subspace corre-
sponds to the unique S? = 0 = m, state.

55 = —igsy(e Yo — e¥a*) + gsp(eVat + e ),
. . K
o= —(lAC + 5)0{

(155 +¢755) + (s + ) 4+, (CD)

NSRS

with @ = (a)/+/N and s = (S*)/(N/2) for m = A, B, where
S = ZIIV/ 2 6;" =%22) are the Pauli operators for the collective
spins.

APPENDIX D: STRONG-SYMMETRY EIGENSTATES FOR
THE TWO-SPECIES MODEL

In this Appendix, we expand on the discussion of strong
symmetries in the two-species model to further highlight the
role of the tunable phase parameter.

With Ny = Np = 1, the strong symmetry operator S?ﬂ is
trivially diagonalized into the eigenbasis

o 114) + e[ 1) }
IT%) = {IH% 5 It (s
M) —e¥[L1)
oy — v~ v/ 1
1S¥) 7 , (D1)

which, for ¢ = 0, correspond to the usual triplet and singlet
angular momentum eigenstates for a system of two qubits
[67] [see Fig. 6(a)]. Varying ¢, there exists within the m, = 0
manifold a continuous family of singlet states with orthogonal
projection to the symmetric triplet state [see Fig. 6(b)]. The
states with m, = £1 remain unchanged. Since the dynamics
cannot mix distinct sectors, the weights of the initial state in
the singlet and triplet manifolds dictate the accessible dynam-
ical pathways and steady states.

The tunable phase ¢ directly shapes this sector decom-
position. Consider the initial superposition |+,) = (|1{) +

[L1))/+/2. Its overlap with the phase-dependent singlet is
_y
2

For ¢ = 0, this overlap vanishes and |+,) lies entirely in the
symmetric manifold. Tuning ¢ to 7 yields |S7) = [+,), so
the same initial state becomes purely antisymmetric. Thus,
control of ¢ provides a simple mechanism to steer population
between symmetric and antisymmetric sectors.

For a composite system of N = Ny + Ng > 1 spin-1/2
particles, the Hilbert space decomposes into sectors of well-
defined total spin $2, ranging from Srznin = [Ny — N3|/2 to
Sim = |Nj + Np|/2 [67]. The maximum sector corresponds
to the fully permutationally invariant subspace spanned by
Dicke states [56,68] [see Fig. 6(c)]. The strong symmetry
operator Sé continues to distinguish these sectors, and the
phase ¢ controls the physical basis states within each by
coherently redistributing the overlap of a given initial state
among the symmetry sectors. By varying ¢, one can steer the
initial state’s overlap toward sectors with lower effective spin
§2, thereby reducing the system’s susceptibility to collective
dissipation while keeping the external driving rate unchanged.

ey

($% 1 +x) (D2)

APPENDIX E: THREE-LEVEL SYSTEM DYNAMICS: GELL-MANN BASIS AND EQUATIONS OF MOTION

Since the atomic level scheme shares a common level |0), we describe the system in terms of the Gell-Mann matrices:

o1t 0] Jo -io0
ii==|1 0 o, i,==|i 0o o,
210 0 0 2lo0 0 o0
) 1_00—1' ) 1000‘
is==10 0 0], Ag==|0 0 1],
2li 0 o0 210 1 0

JJr oo o] (Jo o0 1
3==|0 —1 0|, As==[0 0 O,
2lo 0 0 2l1 0 o0
(Jo o o [0 oo
7==10 0 —i|, Ag=—=|0 1 0 (El)
2o i o0 230 0 —2

These matrices are traceless and Hermitian and are the generators of the SU(3) group. They obey commutation relations
[Ags Ap] = ifapche, With the nonzero structure constants fio3 = 1, fla7 = foae = fas7 = faas = 1/2, fis¢ = f367 = —1/2, and

fass = feors = V/3/2.
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The equations of motion of each Gell-Mann matrix obtained from Eq. (A26) and including cavity dissipation are

ioat

= —Ash + ig[%(& —ah+

twaT

Ay = Aaky + ig[iis(fﬂ +a)+ (ihg + hs) +

i0qt

: A at A A at Ay €
lg|:—l)»2(a +a)+ i@ —a)+

AT A
A~ a IS ~ a .
)\4 = —(AA — AB))\.S + ig|:—(ik7 + )\6) + E(i)w

AT

At

~ a A~
)\6 = AB)W + l.g|:?(l')\5

3 .. . ~ N ~
Ag = —i%g[&'e”ﬁ(i)q — Ag) + ae " (ir7 + o],

K ~ ~ PPN A
i= <iAC - 5)(1 —igl(y — i) + € G — id7)] + 1.

The populations in each level are given by

Ry=toi+ 2L
3 V3
Ro=s—ia+ 2%,
3 V3
1\73—{—%. (E3)
33

SU(3) Casimir operators

For a collective spin-1 system defined by the Gell-Mann
matrices, the quadratic Casimir operator is

(E4)

8
s =3 Ak
a=1

with (C,) = 1/3 for any pure state in the fundamental repre-
sentation. Because s1(3) is a rank-2 algebra, there also exists
a cubic Casimir

C3 = Z dabciaibic’

a,b,c

1 Aoaon
dabc = ZTr({)‘as )\b})hc): (ES)

with <é3> =10/(9 x 2%). Both Casimirs commute with all
generators and are conserved under the dynamics.

IS A~ e
(—irs + Ag) +

(ih7 —

a
As = (Ax — Ap)ig + lg[—(—l)vs + i)+ 2(_1)%

—ip A

a .
(—iks — A4) |,

T,

(i5\4 - ;\5)1|,

~ e7%q . ~
)\.6) + (l)“7 + )\6)i| )
~ et ~ ~ e g o o
—Ae) + (—idy — A+ (_i)\2+)\l)i|’
R evar —iwa . .
A7) + (ihy — ho) + (iAy +)»2):|,

~ a A A . . ~ ~
— M)+ E(i)»s + Ag) + 5(67”‘0& — elw&T)(«/g)ug — )\3)i| ,

A-}— A
n a N N a ~ N 1 . - N ~
A= —Aphe + ig[;(—m —hs)+ S (—iha+hs) + S(ea+ eva’)(in/3hg — im],

(E2)

(
APPENDIX F: EFFECT OF FINITE CAVITY DETUNING

In the main text, we assumed A, < « so that coherent
Lamb shifts are suppressed. For completeness, Fig. 7 confirms
that the inclusion of finite cavity detuning does not alter our
findings: The frequency peaks and frequency-matched oscil-
lations remain even at sizable cavity detunings. Importantly,
the sectors that the strong symmetry generator partitions the
dynamics into are independent of A,.

—
N
—
(=%
)

05f(a)

(c)

A=0 (S (Ka) ; 0.1

| o oz g <JvB =

Al | N e
o iyt H'i:'l;l:l"": l|' 0= 205 2
i TR u: 3= = 3

N ||| |ml| 'l'l' 'l \ = 'S

= ey = &
—01% ‘V,V Z {01

—0.5 0

1 1.2 I4107110"
Time (1/g) x 10> F(w)

1 1107110
Tlmo (l/g) x 105 F(w)
FIG. 7. Effect of finite cavity detuning. (a) Semiclassical dy-
namics of the total magnetization s3 + s3 deep into the steady-state
window for the Ay = A =0, ¢ =4 /5, n=0.8¢g point from
Fig. 2, with and without cavity detuning, and (b) Fourier-domain
comparison for each spin species (blue and red) with (dashed) and
without (solid) cavity detuning. (c) Dynamics for the excited-state
populations of the three-level system (N, = [\z[\k), for an initial
state parametrized with ¢, = 0.9/4/2 and c_ = 0.7/+/2, and ¢ =
27 /3. (d) Fourier domain of population dynamics; dashed lines show
data with cavity detuning (A./g = 0.25), solid lines for A. = 0. The
dynamical features and frequency peaks remain largely unchanged
with finite A.. In both cases, g/« = 0.1.
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