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One of the most promising applications of quantum computers is solving partial differential equa-
tions (PDEs). By using the Schrödingerization technique—which converts nonconservative PDEs into
Schrödinger equations—the problem can be reduced to Hamiltonian simulations. The particular class of
Hamiltonians we consider is shown to be sufficient for simulating almost any linear PDE. In particular,
these Hamiltonians consist of discretizations of polynomial products and sums of position and momentum
operators. This paper addresses an important gap by efficiently loading these Hamiltonians into the quantum
computer through block-encoding. The construction is explicit and efficient in terms of one- and two-qubit
operations, forming a fundamental building block for constructing the unitary evolution operator for that class
of Hamiltonians. The proposed algorithm demonstrates a squared logarithmic scaling with respect to the spatial
partitioning size, offering a polynomial speedup over classical finite-difference methods in the context of spatial
partitioning for solving PDEs. Furthermore, the algorithm is extended to the multidimensional case, achieving
an exponential acceleration with respect to the number of dimensions, alleviating the curse of dimensionality
problem. This work provides an essential foundation for developing explicit and efficient quantum circuits for
PDEs, Hamiltonian simulations, and ground state and thermal state preparation.
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I. INTRODUCTION

Quantum computation [1] is an emerging technology that
has the potential to tackle certain computational problems
intractable on classical devices. The most influential algo-
rithms include Shor’s factorization algorithm [2,3], Grover’s
search algorithm [4,5], simulation of quantum chemistry mod-
els [6], quantum algorithms based on random walks [7], and
the quantum linear systems (HHL) algorithm [8]. Other im-
portant applications include quantum simulation for partial
differential equations, which form the backbone of mathe-
matical modeling for various physical phenomena and often
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prove intractable for classical computers as the dimensionality
of the problem and the size of discretization increase [9].
Quantum algorithms have the potential to improve scaling in
both the dimension and the size of the discretization used.
Thus, these algorithms have the potential to improve diverse
areas in physics [10,11], engineering [12–15], and finance
[16,17].

Despite significant progress in quantum simulation and ad-
vancements in applying these techniques to partial differential
equations, few works demonstrate explicit gate construction.
This step is crucial for treating quantum computation as a
viable future tool and for implementation on fault-tolerant
quantum computers. Many algorithms rely on oracles—black
boxes that are simply assumed to exist, with no further inquiry.
However, measuring efficiency solely by the number of oracle
calls does not accurately reflect the total implementation cost,
as the construction cost of these black boxes often remains
unspecified. If the complexity of constructing these black
boxes scales nonpolynomially with the number of qubits, any
quantum advantage may be negated. This issue highlights a
significant gap in the current literature.
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In this paper, our key contribution is providing such
an efficient explicit gate construction for a block-encoding
of a particular class of multimode Hamiltonians with the
schematic form Ĥ = ∑

αx̂q p̂m + α∗ p̂mx̂q for positive integers
q, m, where x̂ and p̂ are, respectively, position and momen-
tum operators. The block-encoding of Ĥ can be used as a
fundamental building block for near-optimal quantum simula-
tion and provides a block-encoding of the evolution operator
exp(−iĤt ), with optimal scaling in time O(Nmt ) [18]. Using
the Schrödingerization technique [14,19–21], we demonstrate
that this class of Hamiltonians plays a pivotal role in simu-
lating any linear partial differential equation with polynomial
coefficient functions.

To benchmark our quantum method, we compare against a
standard classical numerical scheme; specifically, the forward
Euler method applied to the finite-difference discretization of
the target partial differential equation, followed by solving the
resulting system of linear equations at each time step. Relative
to this baseline, our approach achieves a small polynomial
improvement in terms of spatial partitioning, scaling as Nm

instead of Nm+1, where m is the maximum degree of the spa-
tial derivative. Furthermore, in the multidimensional case, we
attain an exponential acceleration with respect to the number
of dimensions d , alleviating the curse of dimensionality prob-
lem (see Sec. IV for details). It is also potentially important
for quantum problems like the quantum simulation of Ĥ , as
well as ground state and thermal state preparation.

There are many other approaches for Hamiltonian simu-
lations. For example, the quantum random walk combined
with quantum signal processing has been recently developed
to address sparse Hamiltonian simulations [22]; the algorithm
demonstrated optimal scaling on all parameters. However,
their direct application is hindered by the absence of a method
to construct a digital quantum oracle query access to the
Hamiltonian, which is a crucial component for constructing
the quantum walk isometry operator. Similarly, another ap-
proach exploiting fractional and continuous-query models for
efficient sparse Hamiltonian simulations [23] encounters the
same obstacle, as it too requires digital quantum oracle query
access to the Hamiltonian under consideration.

Others [15,24] attempt to construct optimal circuits via de-
composition of Ĥ into 2 × 2 ladder operators—an alternative
to the well-established Pauli basis [25]. These methods are
suited to toy models with separate terms for momentum and
coordinate quantum operators, not their multiplication.

In this paper, we introduce a general framework for
block-encoding construction, which accepts any Hamiltonian
composed of superpositions of terms x̂q p̂m and p̂mx̂q. Our
proposed algorithm exhibits (polylogarithmic) O(n2) scaling
in the number of finite-difference partitionings 2n for spatial
dimensions and enjoys linear scaling with time O(t ), as we
construct the evolution operator for extensive periods.

Inspired by the explicitness of Shor’s factoring algo-
rithm, which is the first to theoretically offer robust quantum
speedup, we present explicit quantum circuits and estimate
their complexity in terms of single-qubit operations and the
simplest entangling operations (C-NOT) [25], with all the
constants included. Furthermore, we provide a systematic
guide showing step-by-step the necessary quantum circuits.
One could think that the foundational role of the T gate

simplifies its usage in fault-tolerant quantum computing.
However, even a simple one-qubit Rz gate can require a
varying number of T gates, heavily dependent on the gate’s pa-
rameters, especially when using the Solovay-Kitaev algorithm
[26]. Thus, we rely on C-NOT and one-qubit gates as funda-
mental components, given their consistency and simplicity in
gate counting.

The organization of this paper is as follows. In Sec. II,
we begin by providing the main results and reviewing how
they are useful in Hamiltonian simulations. We also explain
in more detail why we choose to construct the block-encoding
of the Ĥ considered in this paper: explicit gate construction
for the block-encoding for arbitrary Ĥ simulation is an open
problem and too difficult for now. The areas of application
in quantum problems and the simulation of partial differen-
tial equations are considered. The overall algorithm contains
many relatively small steps. We provide a road map of our
algorithm in Fig. 2 in Sec. II A, making it easier to follow. This
can be consulted while reading the paper. The following sec-
tions then show definitions and step-by-step implementation
of each step in the road map. In Sec. II B, we introduce es-
sential mathematical objects. The main results are in Sec. III,
which details the process of how to implement nearly optimal
block-encoding for the single-mode Ĥ . This culminates with
the construction an efficient evolution operator for the Hamil-
tonian (Theorem 9), providing the exact number of required
gates. We then dedicate Sec. IV to an important generalization
to the multidimensional Ĥ . Section V concludes the paper.

To clarify our exposition, we include Tables I–IV. The
first and the third tables explain all the notation introduced
and indicate their usage for one- and multidimensional cases.
respectively. The second and fourth tables summarize all mile-
stones from Fig. 2 and detail the complexity of each step in the
implementation for both cases.

II. RESULTS, MOTIVATION, AND ROAD MAP

We begin with the following Hamiltonian as a sum of η

terms:

H =
η−1∑
k=0

(αkPqk (x)pmk + α∗
k pmk Pqk (x));

αk ∈ C; qk, mk ∈ N, (1)

where x and p denote coordinate and momentum operators,
respectively, and the symbol ∗ represents the complex conju-
gation operation; Pqk (x) is a degree-qk polynomial satisfying
that

(1) Pqk (x) has parity-(qk mod 2), which means that it has
only odd or even degrees of x;

(2) Pqk (x) is a real polynomial, which means that all the
coefficients are real; and

(3) for all x ∈ [−1, 1]: |Pqk | < 1.
We note that this Hamiltonian is just a more sophisticated

view of the already mentioned model

H =
η−1∑
k=0

(α′
kxqk pmk + α′∗

k pmk xqk );

α′
k ∈ C; qk, mk ∈ N. (2)
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To simulate this Hamiltonian numerically (on both clas-
sical and quantum devices), finite-difference schemes are
commonly employed [27,28].

The main contribution in this paper is to provide explicit
circuit constructions for the block-encoding of the discretized
form of the Hamiltonian in Eq. (1). It is now a 2n × 2n matrix
of the form

Ĥ =
η−1∑
k=0

(αkPqk (x̂) p̂mk + α∗
k p̂mk Pqk (x̂));

αk ∈ C; qk, mk ∈ N, (3)

with x̂ and p̂ being finite difference matrices for the coordinate
and momentum operators. For example, we can introduce
the central symmetrical finite-difference scheme for derivative
∂U
∂x → Uh+1−Uh−1

2�x ; and we impose periodic spatial boundary
conditions over the interval (a, b):

x̂ =

⎛
⎜⎜⎜⎜⎝

a 0 · · · 0 0
0 a + �x · · · 0 0
...

. . .
...

0 0 · · · b − �x 0
0 0 · · · 0 b

⎞
⎟⎟⎟⎟⎠;

p̂ = − i

2�x

⎛
⎜⎜⎜⎜⎝

0 1 0 · · · 0 0 −1
−1 0 1 · · · 0 0 0
...

. . .
...

0 0 0 · · · −1 0 1
1 0 0 · · · 0 −1 0

⎞
⎟⎟⎟⎟⎠. (4)

Without loss of generality, we can impose that −1 � a <

b� 1. We use this condition later on in the paper. More-
over, we impose that

∑2n−1
κ=0 (a + κ�x)2 = 1. Both those

assumption are introduced to simplify normalization con-
stants, making important parts more vivid.

Block-encoding of an operator is defined in the following
way.

Definition 1 (Block-encoding, modified Definition 43 from
[18]). Suppose that A is an n-qubit operator, α, ε ∈ R+; a, s ∈
Z+, and let U be an (a + s + n)-qubit unitary such that for any
quantum state |ψ〉n,

U |0〉a|0〉s|ψ〉n = |0〉a|φ〉n+s;

(〈0|s ⊗ I⊗n)|φ〉n+s = Ã|ψ〉n,

then we say that U is an (α, s, ε)-block-encoding of A, if

||A − αÃ|| � ε.

Here we underline that the unitary U can exploit some auxil-
iary qubits setting them back to zero state. Later we call such
qubits "pure ancillas." The general scheme of block-encoding
is presented in Fig. 1.

This paper’s central contributions are encapsulated in the
following two Theorems, which establish a framework for
efficient quantum simulation methods and demonstrate the
scalability of the proposed approach. Later in the paper, we
provide the detailed version of them (see Theorems 8 and 10).

Theorem 1 (Hamiltonian block-encoding). Let H be a
Hamiltonian as in Eq. (1) with the number of terms η = 2γ ,
m = maxk mk , 2l = 2m + 1, q = max

k
qk , and with matrix rep-

resentation Ĥ as in Eq. (3) with normalization constant NH

FIG. 1. The general scheme of block-encoding for matrix A. The
latest operation for the second register indicates measurement of
zero, which project main n-qubit register onto the desired state.

(see Corollary 2), then we can implement a (
√

2lNH , l + γ +
4, 0)-block-encoding of 2n × 2n matrix Ĥ

UH |0〉l+4|φ〉n = 1√
2lNH

∑
i=0,...,2n−1

j∈F H
i

(Ĥi jσ j |0〉l+4|i〉n

+ JU
Ĥi j

|⊥0〉n+l+4);

|φ〉n : =
2n−1∑
j=0

σ j | j〉n,

with resources no greater than:
(1) O(ηqn2 + ηmn) quantum gates;
(2) 3n + γ − l − 1 pure ancillas.
Remark 1. The normalization constant, NH ∼ 2mnηxq

max,
should not be considered related to the probability of suc-
cessfully applying the block-encoded matrix. Instead, it serves
solely as a normalization factor for the resulting wave function
after applying UH .

The total probability of success for this operation is
O(1/m). This implies that with probability O(1/m), we
achieve the action of:

H |ψ〉
||H |ψ〉|| .

However, the normalization constant NH becomes sig-
nificant in Theorem 3, where it plays an essential role.
Consequently, the total gate count will necessarily include a
factor of 2mn, limiting the quantum advantage in the number
of partitions N to a polynomial scale, as the forward Euler
method has complexity 2(m+1)n.

We also extend our construction from Eq. (1) to multimode
Hamiltonians of the form

H (d ) =
ηd −1∑
k=0

αk

d−1∏
y=0

⊗R
(
Lky, Pq(y)

k
(xy), p

m(y)
k

y
)
;

R
(
0, Pq(y)

k
(xy), p

m(y)
k

y
) = Pq(y)

k
(xy)p

m(y)
k

y ;

R
(
1, Pq(y)

k
(xy), p

m(y)
k

y
) = p

m(y)
k

y Pq(y)
k

(xy), (5)

where Lky is a binary number indicating the ordering of the
operators; we show how to construct the block-encoding of
the discretization of this d-mode Hamiltonian (see Sec. IV).

Theorem 2 (Multidimensional block-encoding). Let H (d )

be a Hamiltonian as in Eq. (5) with the number of terms ηd =
2γ , sparsity 2l , n = ∑

y ny-qubit matrix representation Ĥ (d ),
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and normalization constant N (d )
H (see Corollary 3), then we

can implement a (
√

2lN (d )
H , l + γ + 3d, 0)-block-encoding

of Ĥ with
(1) O(

∑ηd −1
k=0

∑d−1
y=0 (q(y)

k n2
y + m(y)

k ny)) quantum gates;

(2) O(
∑d

y=0 ny + log(η)) pure ancillas.
Classically, solving such partial differential equations with

partitioning N = 2n requires at least O(2n) operations, while
our quantum approach achieves O(n2) scaling for the same
setup. This remarkable difference opens the door to quantum
speedup, enabling the handling of complex problems that are
beyond the reach of classical computing.

Main motivating questions. For those not familiar with this
area, we must address two questions that motivate our work:

(1) What is block-encoding, and why is its explicit circuit
construction for a Hamiltonian important?

(2) Why is our particular Hamiltonian Ĥ in Eq. (3) rele-
vant to many problems?

From this definition, it is clear that if the block-encoding
of a matrix can be constructed, the matrix itself can be re-
covered. The main advantage of dilating the matrix to its
block-encoding is so that, given access to the block-encoding,
sums of matrices and polynomial approximations of positive
and negative power functions of matrices can often be effi-
ciently constructed. Thus, block-encoding can be considered
a fundamental building block from which more complex func-
tions of a matrix can be constructed.

There is one particular function of Ĥ that is of particu-
lar interest, and this is the unitary exp(iĤt ). This is exactly
the unitary evolution operator required for Hamiltonian sim-
ulation with respect to a time-independent Hamiltonian Ĥ .
It turns out (Theorem 3) that by having access to the
block-encoding of Ĥ , one can construct a near-optimal im-
plementation of exp(iĤt ) with respect to time t (linear in
t) and has an additive logarithmic dependence on inverse
error ε.

Theorem 3 (Optimal block-Hamiltonian simulation; Theo-
rem 58 from Ref. [18]). Let t ∈ R/{0}, ε ∈ (0, 1) and let UH

be an (α, a, 0)-block-encoding of the 2n × 2n Hamiltonian H.
Then we can implement an ε-precise Hamiltonian simulation
unitary V , which is a (2, a + 2, ε)-block-encoding of e−itH ,
with resources no greater than

(1) �(t, ε) uses of UH or its inverse;
(2) 1 uses of controlled-U or its inverse;
(3) �(αt, ε)(16a + 50) + 4 one-qubit gates;
(4) �(αt, ε)(12a + 38) C-NOTs;
(5) O(n) ancilla qubits.
�(αt, ε) is implicitly defined through inequality for the

truncation parameter g � �(αt, ε)

1.07√
g

(
αet

2g

)g

� ε.

The inequality determines the scaling of the algorithm
(Lemma 59 from Ref. [18])

�(αt, ε) = O
(

αt + ln(1/ε)

ln(e + ln(1/ε)
αt )

)
.

Since all Hamiltonian simulation problems are concerned
with simulating the unitary evolution operator for a given

Hamiltonian Ĥ , having the block-encoding of Ĥ is a necessary
starting point if we choose to use the block-encoding formal-
ism for Hamiltonian simulation. Often, in most applications
of block-encoding, this is assumed to be provided, like a black
box, and the total cost for an algorithm only counts the total
number of queries to this black box. However, for a real imple-
mentation of the quantum simulation scheme, it is absolutely
necessary to explicitly construct this black box. The total
number of queries of this black box for an algorithm, even
if efficient, is not a meaningful measure when considering the
total cost for real implementation, unless we know that this
black box itself is also efficient to construct.

However, explicitly constructing this block-encoding for
arbitrary Ĥ is very difficult and is an open problem. In this
paper, we focus on a particular class of Ĥ—the discretizations
of Eqs. (1) and (5). We briefly discuss some examples of appli-
cations including (a) time-independent and time-independent
Hamiltonian simulation, (b) the quantum simulation of all
linear partial differential equations (and some nonlinear prob-
lems too), and (c) ground state and thermal state preparation
of Ĥ . The detailed implementation of these schemes we leave
for future work.

Hamiltonian simulation. Schrödinger’s equation for η par-
ticles in d = 3 dimensions with time-independent interacting
potential V (x̂0, · · · , x̂η−1, ŷ0, · · · , ŷη−1, ẑ0, · · · , ẑη−1) has the
corresponding Hamiltonian

Ĥ =
η−1∑
k=0

p̂2
xk

2mk
+ p̂2

yk

2mk
+ p̂2

zk

2mk

+ V (x̂0, · · · , x̂η−1, ŷ0, · · · , ŷη−1, ẑ0, · · · , ẑη−1). (6)

Clearly the kinetic term is of the form in Eq. (5). The po-
tential belongs to Eq. (5) only if it is polynomial in x, y, z,
for instance, a sum of harmonic wells. Polynomial potential
functions can also be approximate representations in Taylor
expansions of more complex potentials.

We can also easily extend to the case of time-dependent
potentials V . We can use a simple transformation [21], turning
a time-dependent Hamiltonian H (t ) into a time-independent
Hamiltonian Ĥ with one extra mode labeled s

H (t ) → Ĥ = p̂s ⊗ 1 + H (x̂s), (7)

where [x̂s, p̂s] = i1s. From the method in Ref. [21], if time-
independent quantum simulation of Ĥ is performed, one can
easily and efficiently recover the evolution with respect to
H (t ). Thus, for almost any H (t ), we can claim that Eq. (7)
is also of the form in Eq. (5).

Quantum simulation of partial differential equations. It
is known that for any d-dimensional linear partial differen-
tial equation for u(x, t ), x = x1, ..., xd , can be written in the
form [20]

du(t )

dt
= −iA(t, x̂, p̂)u(t ), u0 = u(0),

x̂ = x̂1, ..., x̂d , p̂ = p̂1, ..., p̂d , (8)

where u(t ) = ∫ ∞
−∞ u(t, x)|x〉dx. Here, A(t, x̂, p̂) is a linear

operator consisting of factors of x̂, p̂ depending on the form
of the original partial differential equation. Each factor of x
in the original partial differential equation gives rise to x̂, and
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each derivative ∂ l/∂xl
j in the partial differential equation gives

a contribution of (i p̂ j )l . However, here, A(t ) 
= A†(t ) is
not generally Hermitian, so cannot be seen directly as a
Hamiltonian.

To turn this simulation problem into a Hamiltonian sim-
ulation problem, we want to find a corresponding Ĥ , which
is also a function of x̂ and p̂. This is possible by applying
the method of Schrödingerization [14,20,29], which can trans-
form A = A1 − iA2 into a Hamiltonian Ĥ acting on one extra
mode labeled ξ

A(t ) → Ĥ = A2(t ) ⊗ x̂ξ + A1(t ) ⊗ 1ξ . (9)

Here, A1(t ) = (A(t ) + A†(t ))/2 = A†
1 corresponds to the

completely Hermitian part of A(t ) and A2(t ) = i(A(t ) −
A†(t ))/2 = A†

2(t ) is associated with the completely anti-
Hermitian part of A(t ). The method of Schrödingerization
allows the simple recovery of the quantum state proportional
to u(t ) by using Hamiltonian simulation in Ĥ (t ). We can
easily turn this into a time-independent Hamiltonian using the
method previously described in Eq. (7).

This means if A(t ) is a polynomial sum of x̂ and p̂, then
clearly Ĥ (t ) will also be a polynomial sum of x̂, p̂. We under-
line here that for more complex functions like cosine, sine,
and so on, we can transform it to polynomials using some
expansions (e.g., Taylor-like). Every partial differential equa-
tion has only integer-valued derivatives of order l > 0 (with
the exception of fractional partial differential equations), so
these will give a contribution to Ĥ (t ) of the polynomial form
p̂l . This means, for instance, any constant coefficient partial
differential equation are in the form of Eq. (5).

In addition, some nonlinear partial differential equa-
tions like the Hamilton-Jacobi and scalar hyperbolic, as well
as all nonlinear ordinary differential equations, can also be
written in the linear form Eq. (8) [12,20,30].

Ground state and thermal state preparation. Given the
block-encoding to Ĥ , one can also perform ground state
preparation or thermal state preparation with respect to the
Hamiltonian Ĥ , where Ĥ is of the form in Eq. (5). There are
two ways to go about this. A simple method that involves only
block-encoding construction of exp(−iĤt ), that is, Hamilto-
nian simulation, is again to apply Schrödingerization, with the
choice of A = −iA2 = −iĤ ; see Ref. [29] for more details.

An alternative is not to construct block-encodings of
exp(−iĤt ), but to construct block-encodings of functions like
exp(−Ĥt ) or exp(−βĤ ) (see Ref. [18] for more details).
These operators can be similarly used for ground state and
thermal state preparation.

A. Road map

The steps in constructing the block-encoding for our Ĥ
requires many steps, and it can be easy to get lost while
compiling many pieces of the puzzle. To make it easier to
use our technique, the road map for our algorithm is shown
in Fig. 2. For convenience, Table I clarifies the notation used.

B. Preliminaries

Now we introduce some mathematical and quantum com-
puting objects, and the system of indices. We start with a

FIG. 2. Road map for implementing an efficient block-encoding
for Hamiltonian with form (1). Each block indicates an important
step in the overall algorithm. Moreover, we provide the notation
for each structure and the scaling for its construction. The precise
number of gates is provided in the text. Some blocks indicate Theo-
rems (T), Corollaries (C), Lemmas (L), and Definitions (D) where it
can be found. The boxes are blue if the step is an original concept
developed in this paper. On the contrary, pink indicates research
from other papers. We also provide tips for gate complexity notation
understanding: n = number of qubits, m = the maximum degree of
momentum operator contributing to the Hamiltonian, q = the maxi-
mum degree of coordinate operator contributing to the Hamiltonian,
and η = number of terms in the Hamiltonian.

multicontrol operator, which is a common structure in quan-
tum computing allowing for the application a certain gate with
a given condition.

Definition 2 (Multicontrol operator). Let U be an m-qubit
quantum unitary and b a bit string of length n. We define Cb

U
as an n + m quantum unitary that applies U to an m-qubit
quantum register if and only if the n-qubit quantum register
is in state |b〉:

Cb
U = |b〉n〈b|n ⊗ U +

∑
i=0,...,2n−1

i 
=b

|i〉n〈i|n ⊗ I⊗m.
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The general structure of a multicontrol operator is illus-
trated in Fig. 3. It is known [25] that Toffoli gate can be
realized using six C-NOTs and eight single-qubit operations.
Consequently, the resource requirement for a single multicon-
trol operator includes no more than one C1

U operator, 16n − 16
single-qubit operations, and 12n − 12 C-NOTs, simplifying
the complexity of Cb

X to C11...1
X for simplicity. Additionally,

we utilize n − 1 ancillary qubits initialized to the zero state,
which we further refer to as pure ancillas.

Definition 3 (Pure ancilla). Let U be an n + m-qubit uni-
tary operator such that for any arbitrary |ψ〉n,

U |0〉m|ψ〉n = |0〉m|φ〉n,

where |φ〉n is some quantum state; then we say that the
m-qubit quantum register is pure ancillas for operator U , if
before and after the action it is in the state |0〉m. In Fig. 3(c) we
use m − 2 auxiliary qubits for efficient C-NOT construction.
Exploitation of this qubits is divided into two epochs: (i) an
entangling stage that allows us to achieve some sophisticated
quantum states, and (ii) a purification stage that sets ancillas
back to zero state.

Now, we introduce a banded matrix whose nonzero
elements form a band shape. This object is particularly inter-
esting as p̂m is a banded matrix.

Definition 4 (Banded matrix). A banded matrix is defined
as an N × N matrix in which each i-th row is the i − 1 times
right-cyclic permuted first row

∀i, j : Ai j = A0 j−i,

where j − i means subtraction modulo N . Thus, the set of
indices is fully determined by its first row. The following
5 × 5 matrix is an example of such banded matrices⎛

⎜⎜⎜⎜⎝
6 1 0 9 8
8 6 1 0 9
9 8 6 1 0
0 9 8 6 1
1 0 9 8 6

⎞
⎟⎟⎟⎟⎠.

We define a s sparse matrix as a matrix that contains no
more than s nonzero elements in each row. In our research, we
focus on sparse banded matrices. To analyze these matrices
in a convenient way, we introduce a sparse index specifically
tailored to them.

Definition 5 (Banded-sparse matrix index). For any given banded sparse matrix A, we denote A(s) as the s-th nonzero element
in the matrix’s first row. Here is an example:

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 3 0 0 0 0 0 4

4 2 3 0 0 0 0 0

0 4 2 3 0 0 0 0

0 0 4 2 3 0 0 0

0 0 0 4 2 3 0 0

0 0 0 0 4 2 3 0

0 0 0 0 0 4 2 3

3 0 0 0 0 0 4 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A(0) A(1) 0 0 0 0 0 A(2)

A(2) A(0) A(1) 0 0 0 0 0

0 A(2) A(0) A(1) 0 0 0 0

0 0 A(2) A(0) A(1) 0 0 0

0 0 0 A(2) A(0) A(1) 0 0

0 0 0 0 A(2) A(0) A(1) 0

0 0 0 0 0 A(2) A(0) A(1)

A(1) 0 0 0 0 0 A(2) A(0)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Remark 2. We extend the definition of the banded-sparse matrix index to cases where a sparse N × N matrix A becomes a
banded matrix upon substituting all nonzero elements with 1, reflecting the band structure of nonzero elements. We underline
that our main interest here is to reflect the band position of the nonzero elements. Thus, the notation A(s)

i means that we first
address an index of s-th nonzero elements in the first row, then add i (modulo N) to get the column number. Here is an example:

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 6 0 0 0 0 0 4

1 2 3 0 0 0 0 0

0 6 7 7 0 0 0 0

0 0 1 6 2 0 0 0

0 0 0 3 8 9 0 0

0 0 0 0 9 4 1 0

0 0 0 0 0 6 6 6

9 0 0 0 0 0 5 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A(0)
0 A(1)

0 0 0 0 0 0 A(2)
0

A(2)
1 A(0)

1 A(1)
1 0 0 0 0 0

0 A(2)
2 A(0)

2 A(1)
2 0 0 0 0

0 0 A(2)
3 A(0)

3 A(1)
3 0 0 0

0 0 0 A(2)
4 A(0)

4 A(1)
4 0 0

0 0 0 0 A(2)
5 A(0)

5 A(1)
5 0

0 0 0 0 0 A(2)
6 A(0)

6 A(1)
6

A(1)
7 0 0 0 0 0 A(2)

7 A(0)
7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Based on the introduced sparse access we define a quantum
operation that transforms that index into the column index of
a nonzero element.

Definition 6 (Banded-sparse-access). Given a 2l sparse
2n × 2n matrix A with nonzero elements arranged to form a
banded matrix when replacing all nonzero elements with 1,

we define a Banded-sparse-access unitary oracle to A as

ÔBS
A |0〉n−l |s〉l |i〉n := |rsi〉n|i〉n,

where rsi = rs0 + i mod 2n corresponds to the (s)-th banded-
sparse matrix index (s-th nonzero element in the i-th line). If
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TABLE I. Notations.

Notation Name Formula First app.

Ĥ Finite-difference representation of H Ĥ = ∑η−1
k=0 (αkPqk (x̂) p̂mk + α∗

k p̂mk Pqk (x̂)) Eq. (3)

x̂ Finite-difference representation of coordinate
operator x over the interval (a, b)

x̂ =

⎛
⎜⎜⎜⎜⎜⎝

a 0 · · · 0 0
0 a + �x · · · 0 0
...

. . .
...

0 0 · · · b − �x 0
0 0 · · · 0 b

⎞
⎟⎟⎟⎟⎟⎠ Eq. (4)

p̂ Finite-difference representation of momentum
operator p for periodic spatial boundary
conditions and the central symmetrical

finite-difference scheme

p̂ =

− i
2�x

⎛
⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0 0 −1
−1 0 1 · · · 0 0 0
...

. . .
...

0 0 0 · · · −1 0 1
1 0 0 · · · 0 −1 0

⎞
⎟⎟⎟⎟⎟⎠

Eq. (4)

Cb
U Multicontrol operator that apply U on the

target if the control is in |b〉
Cb

U = |b〉n〈b|n ⊗ U + ∑
i=0,...,2n−1

i 
=b

|i〉n〈i|n ⊗ I⊗m Def. 2

ÔBS
A Banded-sparse-access to matrix A ÔBS

A |0〉n−l |s〉l |i〉n := |rsi〉n|i〉n Def. 6

ÔS
pm Amplitude-unitary-oracle-access to the

operator p̂m
ÔS

pm |0〉1|s〉l :=
( p̂m )(s)√
Npm

|0〉1|s〉l +
√

1 − |( p̂m )(s)|2
Npm

|1〉1|s〉l

Eq. (15)

Npm Normalization constant for momentum operator Npm � ‖ p̂m‖2
max Eq. (15)

Uxq Coordinate-superposition-unitary Uxq |0〉n = 1√∑2n−1
κ=0 x̂2q

κκ

∑2n−1
i=0 x̂q

ii|i〉n Def. 8

APq pm One-term block-encoding auxiliary Pq(x̂) p̂m APq pm
∑2n−1

j=0 σ j |0〉3|0〉n| j〉n = (−1)m√
2lNpm∑

i=0,...,2n−1
j∈F (m)

i

Pq(x̂ii )( p̂m )i j︸ ︷︷ ︸
(Pq (x̂) p̂m )i j

σ j |0〉1|i〉n| j〉n + . . .

Eq. (16)

ApmPq One-term block-encoding auxiliary p̂mPq(x̂) ApmPq

∑2n−1
j=0 σ j |0〉3|0〉n| j〉n = (−1)m√

2lNpm∑
i=0,...,2n−1

j∈F (m)
i

( p̂m )i jPq(x̂ j j )︸ ︷︷ ︸
( p̂mPq (x̂))i j

σ j |0〉1|i〉n| j〉n + . . .

Eq. (16)

F (m)
i Set of indexes of nonzero elements in the

i-th row of p̂m
None Eq. (16)

AH Block-encoding auxiliary (〈0|γ+4 ⊗ I⊗2n)AH
∑2n−1

j=0 σ j |0〉γ+4|0〉n| j〉n ∼∑
i=0,...,2n−1

j∈FH
i

Ĥi j |i〉n| j〉n

Cor. 2

F H
i Set of indexes of nonzero elements in the

i-th row of matrix Ĥ
None Cor. 2

NH Normalization constant for AH 2
∑2γ −1

κ=0 |αk |
√

2lκNpmk Cor. 2

UH Block-encoding of the Hamiltonian H UH |0〉λ|φ〉n =
�H

∑
i=0,...,2n−1

j∈FH
i

(Ĥi jσ j |0〉λ + JU
Ĥi j

|⊥0〉λ)|i〉n
Thm. 8

the transposed matrix AT shares the same nonzero element
positions as A, then ÔBS

A = ÔBS
AT .

Lemma 1. The Banded-sparse-access ÔBS
A to 2l sparse

2n × 2n matrix A with nonzero elements arranged to form
a banded matrix when replacing all nonzero elements

with 1 can be implemented with resources no greater
than:

(1) (2l + 1)(32n − 48) one-qubits operations;
(2) 25 ∗ 2l n − 36 ∗ 2l + 32n − 48 C-NOTs;
(3) n − 1 pure ancillas.
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Proof. The explicit circuit design is shown and explained in
Appendix A. It is important to note that when exponentiating
the matrix p̂ to the power of m, denoted p̂m, we obtain a
matrix that also qualifies as a sparse banded matrix, with
m + 1 nonzero elements in each row. �

III. EFFICIENT BLOCK-ENCODING USING AMPLITUDE
HAMILTONIAN QUERY ACCESS

In this section, we present efficient block-encoding tech-
niques utilizing Amplitude Hamiltonian query access. This
advanced approach enables us to harness the full potential
of quantum computing for simulating complex Hamiltonian
dynamics with high precision. Through a detailed explo-
ration of Hamiltonian superposition, we establish an auxiliary
unitary framework that significantly enhances our ability to
analyze and interact with Hamiltonian operators in a quan-
tum computational setting. This is achieved by synthesizing
oracles to specific operators and employing a combination of
sophisticated techniques, including banded-sparse-access and
coordinate-polynomial-oracle, all supplemented by straight-
forward unitary operations. This section culminates in the
development of a block-encoding for the Hamiltonian [Eq.
(1)], providing us with a new method to access Hamiltonian
information directly and efficiently.

A. Coordinate-polynomial-oracle

In this subsection, we construct an auxiliary unitary frame-
work for the polynomial Pq(x̂), denoted ÔPq . We further
combine this coordinate-polynomial-oracle with a similar
structure for p̂m to build the oracle for Pq(x̂) p̂m.

Definition 7 (Coordinate-polynomial-oracle). Let Pq(x) be
a degree-q polynomial satisfying that

(1) Pq(x) has parity-(q mod 2);
(2) Pq(x) ∈ R[x];

(3) for all x ∈ [−1, 1]: |Pq| < 1.
And let x̂ be n-qubit matrix representations of the coor-

dinate operator, as in Eq. (4). Then we say that ÔPq is the
coordinate-polynomial-oracle for Pq if

ÔPq |0〉λ|i〉n = Pq(x̂ii )|0〉λ|i〉n + J (i)
Pq

|⊥0〉λ+n,

where |⊥0〉λ+n is orthogonal to |0〉λ. In other words,
coordinate-polynomial-oracle is a (1, λ, 0)-block-encoding of
the oracle access.

Next, we design an auxiliary unitary operation which en-
codes the diagonal of x̂q operator from Eq. (4) into a quantum
state.

Definition 8 (Coordinate-superposition-unitary). Let x̂ be
a n-qubit finite-difference representation of quantum coordi-
nate operator as in Eq. (4), then we define a n-qubit unitary
Uxq that prepares a quantum states with amplitudes encoding
the diagonal of x̂q:

Uxq |0〉n = 1√∑2n−1
κ=0 (a + κ�x)2q

2n−1∑
i=0

(a + i�x)q|i〉n

=:
1√∑2n−1

κ=0 x̂2q
κκ

2n−1∑
i=0

x̂q
ii|i〉n.

Theorem 4 (Discrete Hadamard-Walsh transform for a
polynomial superposition; Appendix A in [31]). Let |ψ〉n be
a n-qubit quantum state that is an arbitrary superposition of
Uxq (see Definition 8) acting on |0〉n

|ψ〉n = 1

Nψ

χ∑
q=0

αqUxq |0〉n; αq ∈ C,

where Nψ is a normalization factor, |i|b = ∑n−1
κ=0 iκ is a binary

norm, then the discrete Hadamard-Walsh transform [32] of the

|ψ〉n contains computational basis states only with |i|b � χ

H⊗n
W

⎛
⎝ 1

Nψ

χ∑
q=0

αqUxq |0〉n

⎞
⎠ = H⊗n

W

⎛
⎜⎜⎝ 1

Nψ

∑
q=0,...,χ

i=0,...,2n−1

αqx̂q
ii|i〉n

⎞
⎟⎟⎠ =

∑
|i|b�χ

βi|i〉n;

βi = 1

2n/2Nψ

∑
q=0,...,χ

κ=0,...,2n−1

αqx̂q
κκ (−1)

∑n−1
m=0 κmim ; HW = 1√

2

(
1 1
1 −1

)
,

where m indicates a bit string index.
We note that the equation for βi generally requires ex-

ponential resources of classical computer to be numerically
find. However, we stress that in this work we use coordinate-
superposition-unitary only for the first degree (q = 1). The
βi can be computed analytically when q is a small number.
The following theorem shows an explicit quantum circuit for
constructing Uxq .

Theorem 5 (Finite binary norm state preparation).
Let |ψ〉n = ∑

|i|b�q βi|i〉n be an arbitrary normalized

superposition of n-qubit computational basis states with
binary norm no greater than q ∈ N with βi ∈ R then the state
preparation unitary

Aψ |0〉n = |ψ〉n

can be implemented using:
(1)

∑n−1
i=0

∑min{q+i−1,n−1}
s=i

(i
s

)
A(i) one-qubit operations;

(2)
∑n−1

i=0

∑min{q+i−1,n−1}
s=i

(i
s

)
B(i) C-NOTs;

(3) n − 2 pure ancillas;
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where

A(i) =
⎧⎨
⎩

1, if i = 0,

2, if i = 1,

16i − 14, if i � 2
B(i) =

⎧⎨
⎩

0, if i = 0,

2, if i = 1,

12i − 10, if i � 2

(
i

s

)
= s!

i!(s − i)!
.

Proof. An explicit implementation of Aψ and a rule of
choosing parameters of the quantum circuit are presented in
Appendix C. The expressions for complexity are quite cum-
bersome, which is why we provide asymptotic with n � q,
q < 50, the gate complexity becomes: (i) 16nq+1

q! one-qubit

operations, (ii) 12nq+1

q! C-NOTs. �
Theorems 4 and 5 allow us to build a coordinate-

superposition-unitary Ux:

Ux|0〉n =
2n−1∑
i=0

x̂ii|i〉n, (10)

we note that the normalization constant is assumed to be 1 in
this paper.

1. From a superposition unitary to amplitude-oracle

In this subsection, we exploit the technique from Refs.
[33,34] to transform Ux to oracle Ôx:

Ôx|0〉1|i〉n = x̂ii|0〉1|i〉n + Jx|⊥0〉n+1, (11)

where |⊥0〉n+1 is orthogonal to |0〉1|i〉n for any i =
0, 1, 2, . . . , 2n − 1.

We begin our algorithm from the discussion of the work in
Ref. [33]. Given a unitary US ,

US|0〉h =
2h−1∑
i=0

ψS
j | j〉 =: |ψS〉; ψS

j ∈ C;
2n−1∑
j=0

∣∣ψS
j

∣∣2 = 1;

(12)

the authors suggest an algorithm to build a
(1, h + 2, 0) block-encoding [35] of the AS

(p) :=
diag(Re((−i)pψS

0 ), Re((−i)pψS
1 ), . . . , Re((−i)pψS

2h−1))
(see Lemma 6 from [33]. We show the direct view of the
block-encoding and all the operators used in Eq. (13):

U (S)
(p) := (XZX ⊗ I⊗2h+1)(HW ⊗ W †

p )(|0〉1〈0|1

⊗ Gp + |1〉1〈1|1 ⊗ G†
p)(HW ⊗ Wp);

Z̃ := I⊗h ⊗ Z ⊗ I⊗h; H̃W := I⊗h ⊗ HW ⊗ I⊗h;

S̃ := I⊗h ⊗ S ⊗ I⊗h;

R := (I⊗h+1 − 2|0〉h+1〈0|h+1) ⊗ I⊗h;

U S
C := (US ⊗ |0〉1〈0|1 + I⊗h ⊗ |1〉1〈1|1) ⊗ I⊗h;

UCopy := I⊗h ⊗ |0〉1〈0|1 ⊗ I⊗h

+
2h∑

k, j=0

| j ⊕ k〉h〈 j|h ⊗ |1〉1〈1|1 ⊗ |k〉h〈k|h;

Wp := H̃W S̃pUCopyU
S

C H̃W ; GP := WpRW †
p Z̃, (13)

where S = (1 0
0 i ), p = 1/0 means that S̃ is applied/not ap-

plied. A construction of all those operators with one- and
two-qubit operations is well described in the article. Let us
now consider the following lemma.

Lemma 2 (Eigensystem of − 1
2W †

p (Gp + G†
p)Wp, Lemma 5

from Ref.l [33]). Let p = {0, 1}. The operator − 1
2W †

p (Gp +
G†

p)Wp has eigenvectors |0〉h|0〉1|k〉h, with associated eigen-
value Re(ψS

k ) if p = 0 and Im(ψS
k ) if p = 1.

Since the operation − 1
2W †

p (Gp + G†
p)Wp is supposed to act

on superposition of states like |0〉h|0〉1|k〉h, it is clear that at
the end of operation the auxiliary registers are set to zero
state. Consequently, these h + 1 auxiliary qubits should be
considered pure ancillas because we do not have to measure
those qubits to get the desired action of AS

(p); on the contrary,
we can use it further for some computations. The only qubit
that is needed to be measured is that one that is used to create
the linear combination of unitary Gp + G†

p. Thus, we state that

U (S)
(p) is a (1,1,0) block-encoding of AS

(p), which uses h + 1 pure
ancillas.

Theorem 6 (Diagonal block-encoding of amplitudes; modi-
fied Theorem 2 from Ref. [33]). Given an h-qubit quantum state
specified by a state-preparation-unitary US , such that |ψ s〉h =
US|0〉h = ∑2h−1

j=0 ψS
j | j〉h (with ψS

J ∈ C), we can prepare a
(2,2,0) - block-encoding UA′ of the A′ = diag(ψS

0 , . . . , ψS
2h−1)

using:
(1) 6 Applications of U S

C ;
(2) 528h − 463 one-qubit operations;
(3) 428h − 378 C-NOTs;
(4) 2h − 1 pure ancillas.
Proof. Using the linear combination of unitaries U S

(0) +
iU S

(1) combining real and imaginary parts of ψS
j , we can con-

struct the desired block-encoding of A′. The particular number
of operations is computed from Eq. (13). Thus, we count that
each control-U S

C can be implemented using: (i) two Toffoli,
(ii) one U S

C , and (iii) one pure ancilla, where we assumed that
each control one-qubit operation can be implemented using:
(i) 2 one-qubit operations and (ii) 2 C-NOTs. �

Corollary 1 (Amplitude-oracle for x̂). Let x̂ be a n-qubit
matrix as in Eq. (4) with

∑2n−1
κ=0 (a + κ�x)2 = 1. Then we can

construct (
√

2, 1, 0)-block-encoding Ôx

Ôx|0〉1|i〉n = x̂ii|0〉1|i〉n + Jx|⊥0〉n+1,

with resources no greater than
(1) 2304n2 − 1064n − 109 one-qubit operations;
(2) 1864n2 − 860n − 92 C-NOTs;
(3) 2n − 1 pure ancillas.
Proof. We note that to build the controlled version of some

unitary having its decomposition to one-qubit gates and C-
NOTs, we turn all C-NOTs to Toffoli gates, one-qubit rotation
to its controlled version (2 C-NOTs, 2 one-qubit rotations).
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(a) (b)

(c)

FIG. 3. (a) General view of multi-control operator Cb
U from Definition 2. Select operation means that the operator U is applied only if the

state on the upper register is |b〉n (b) Explicit quantum circuit for implementation C00...0
X . (c) Explicit quantum circuit for implementation C11...1

X ,
which we use throughout this paper. We use 2m − 3 Toffoli application and m − 2 pure ancillas.

For more details, see Ref. [25]. Hereafter, we always use this
fact. �

The Oracle Ôx can be implemented using Theorem 6 ap-
plied to Ux from Eq. (10) and taking into account that x
is real. That is why the number of additional qubits in the
block-encoding is 1 against 2 in Theorem 6.

2. From x to a polynomial

In this subsection, we use the trick called qubitization [18]
to transform Ôx to ÔPq . The main building block in this trick

is the so-called alternating phase modulation sequence. This
unitary operation is a key instrument for building ÔPq .

Definition 9 (Alternating phase modulation sequence).
Let U be a (1, m, 0)-block-encoding of hermitian matrix A
such that

A = (|0〉m〈0|m ⊗ I⊗n)U (I⊗n ⊗ |0〉m〈0|m);

let � ∈ Rq, then we define the q-phased alternating sequence
U� as follows:

U� :=
{

eiφ1(2�−I )U
∏(q−1)/2

j=1 (eiφ2 j (2�−I )U †eiφ2 j+1(2�−I )U ) if q is odd, and∏q/2
j=1(eiφ2 j−1(2�−I )U †eiφ2 j (2�−I )U ) if q is even,

where 2� − I = (2|0〉m〈0|m − I⊗m) ⊗ I⊗n.
Now we apply the alternating phase modulation sequence

on Ôx. In this case, m = 1, and eiφ(2�−I ) turns to implementing
the one-qubit rotation Rz(−2φ). The quantum circuit for U�

FIG. 4. Alternating phase modulation sequence U� for Ôx with
odd q.

for this case is depicted in Fig. 4.

Rz(θ ) =
(

e−i θ
2 0

0 ei θ
2

)
. (14)

Now we have all the ingredients to build the coordinate-
polynomial-oracle ÔPq using singular value transformation.

Theorem 7 (Singular value transformation by real polyno-
mials; Corollary 18 from Ref. [18]). Let Pq(x) be a degree-q
polynomial as in Definition 7 and U� is the alternating phase
modulation sequence as in Definition 9 based on amplitude-
oracle for n-qubit matrix x̂ as in Corollary 1. Then there exist
� ∈ Rn, such that

ÔPq = (HW ⊗ I⊗n+1)(|0〉〈0| ⊗ U�

+ |1〉〈1| ⊗ U−�)(HW ⊗ I⊗n+1),
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where ÔPq is coordinate-polynomial-oracle as in Definition 7

ÔPq |0〉2|i〉n = (Pq(x̂))ii|0〉2|i〉n + J (i)
Pq

|⊥0〉n+2.

The total complexity of construction ÔPq does not exceed:
(1) 2304qn2 − 1064qn − 108q one-qubit operations;
(2) 1864qn2 − 860qn − 92q C-NOTs;
(3) 2n − 1 pure ancillas.

Moreover, given Pq(x) and δ � 0, we can find a
P′

q(x) and a corresponding �, such that |P′
q(x) − Pq(x)| �

δ for all x ∈ [−1, 1], using a classical computer in time
O(poly(q, log(1/δ))).

Proof. The rule of choosing � and the general proof
is given in Ref. [18]. We computed complexities using
amplitude-oracle for x̂ (Corollary 1) as an input for U� de-
picted in Fig. 4. �

B. Sparse-amplitude-oracle for momentum operator

In this subsection, we achieve another important milestone toward a block-encoding of Eq. (1), which is sparse-amplitude-
oracle for the operator p̂m

ÔS
pm |0〉1|s〉l := ( p̂m)(s)√

Npm

|0〉1|s〉l +
√

1 − |( p̂m)(s)|2
Npm

|1〉1|s〉l ,

(15)

where l is logarithm of sparsity l = �log2(m + 1)� for p̂m in the form (4); Npm � ‖p̂m‖2
max. We underline here that ( p̂m)(s) does

not depend on a row index since matrix p̂m is sparse and banded.
Lemma 3. Let p̂ be a 2n × 2n matrix as in Eq. (4) then the sparse-oracle-access to the operator p̂m, where 2l = m + 1 can be

implemented (i) 2l one-qubit operations, (ii) 2l C-NOTs.
Proof. We design a quantum circuit for this operation and compute the complexity in Appendix B. We note that p̂m

i j =
(−1)m p̂m

ji, which means that a similar construction can be implemented for the column sparsity. �

C. One-term block-encoding

In this section, we combine the coordinate-polynomial-oracle from Theorem 7 and sparse-amplitude-oracle for momentum
operator from Lemma 3 into the auxiliary operators

APq pm |0〉3|0〉n|ψ〉n = (−1)m√
2lNpm

∑
j=0,...,2n−1

i∈F (m)
j

Pq(x̂ii )( p̂m)i j︸ ︷︷ ︸
(Pq (x̂)p̂m )i j

σ j |0〉3|i〉n| j〉n + JPq pm |⊥0〉2n+3;

ApmPq |0〉3|0〉n|ψ〉n = (−1)m√
2lNpm

∑
j=0,...,2n−1

i∈F (m)
j

( p̂m)i jPq(x̂ j j )︸ ︷︷ ︸
( p̂mPq (x̂))i j

σ j |0〉3|i〉n| j〉n + JpmPq |⊥0〉2n+3;

|ψ〉n =
2n−1∑
j=0

σ j | j〉n, (16)

where we associate the index j with columns and the index i with rows; |⊥0〉2n+3 is orthogonal to |0〉3|κ〉2n for any
κ = 0, 1, . . . , 22n − 1; F m

j means set of nonzero elements in j-th column of the p̂m. The usefulness of these operators can
be seen if we apply the Hadamard operator H⊗n

W on the last register, which effectively creates block-encodings of Pq(x̂) p̂m or
p̂mPq(x̂).

Lemma 4 (1-term block-encoding auxiliary). Let Pq be a polynomial as in Definition 7, x̂ and p̂ be the n-qubit matrices as in
Eq. (4), and let m + 1 = 2l then operators APq pm or ApmPq can be created using

(1) 2304qn2 − 1064qn + 32 × 2l n + 32n − 108q − 48 × 2l + 2l − 48 one-qubit operations;
(2) 1864qn2 − 860qn + 25 × 2l n + 32n − 92q − 17 × 2l − 48 C-NOTs;
(3) 2n − 1 pure ancillas.
Proof. Figure 5 explicitly shows how to build the auxiliary unitaries. The number of operations is simply followed

from the parts forming those auxiliary operations for the one-term: (i) coordinate-polynomial-oracle ÔPq (T heorem 7), (ii)
sparse-amplitude-oracle for momentum operator ÔS

pm (Lemma 3), and (iii) banded-sparse-access for momentum operator ÔBS
pm
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(a) (b)

FIG. 5. Circuit design for implementing ApmPq (a) and APq pm (b), where the lats register is associated with column number; l- and n − l-qubit
registers are both correspond to the row number. The banded-sparse-access ÔBS

pm for pm coincides to the one for Pq(x̂) p̂m since the position of
nonzero elements coincides. We underlined the register which does not change under action of ÔBS

pm by the filled semicircle. The Y-shaped
frame means simple merging of registers without any operations. In scheme (a), ÔBS

pm does not act in the fourth register, and in scheme (b), ÔS
pm

does not act on the second one; we indicated this feature by plotting registers’ lines above the boxes for operations. The fourth registers in
scheme (a) change its place and merge with the first register at the end of the scheme. We clarify the circuit (a) in Eq. (17).

(Lemma 1). The following equation clarifies the circuits:

|φ1〉2n+3 = 1√
2l

2l −1∑
s=0

2n−1∑
j=0

σ jPq(x̂ j j )|0〉1|s〉l |0〉n−l |0〉2| j〉n + . . .

|φ2〉2n+3 = 1√
2lNpm

2l −1∑
s=0

2n−1∑
j=0

σ jPq(x̂ j j )( p̂m)(s)|0〉1|s〉l |0〉n−l |0〉2| j〉n + . . .

|φ3〉2n+3 = 1√
2lNpm

∑
j=0,...,2n−1

i∈F (m)
j

σ jPq(x̂ j j )( p̂m) ji|0〉3|i〉n| j〉n + . . .

= (−1)m√
2lNpm

∑
j=0,...,2n−1

i∈F (m)
j

σ jPq(x̂ j j )( p̂m)i j |0〉3|i〉n| j〉n + . . . . (17)

�
D. Block-encoding

In this section, we combine one-term block-encodings auxiliaries according the view of the Hamiltonian [Eq. ((1) using
the linear combination of unitary technique [35]; then we apply banded-sparse-access to the Hamiltonian to purify ancillas for
row/column number. All those steps allow us to build an efficient block-encoding for the Hamiltonian. This process highlights
the interplay between quantum algorithmic constructs and the physical representations of quantum systems, paving the way for
advanced simulations and computations in quantum physics.

Corollary 2 (Block-encoding auxiliary). Let H be a Hamiltonian as in Eq. (1) with η = 2γ , q = max
k

qk , 2lk = mk , lmax =
max

k
lk , and matrix representation as in Eq. (3), then the unitary operation AH

AH

2n−1∑
j=0

σ j |0〉γ+4|0〉n| j〉n = (
U H

α

T ⊗ I⊗2n+1
)⎛⎝η−1∏

k=0

Ck+η
Apmk Pqk

⎞
⎠

⎛
⎝η−1∏

k=0

Ck
APqk pmk

⎞
⎠[

U H
α |0〉γ+1

] 2n∑
j=0

σ j |0〉3|0〉n| j〉n

= 1

NH

∑
i=0,...,2n−1 j∈F H

i

(Ĥi jσ j |0〉γ+4|i〉n| j〉n + JĤi j
|⊥0〉γ+2n+4); σ j ∈ C ∀ j = 0, 1, . . . , 2n − 1

NH = 2
2γ −1∑
κ=0

|αk|
√

2lκNpmk
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FIG. 6. Quantum circuit implementing AH . The overall number of qubits is 2n + γ + 4, where γ + 1 qubits are used to create linear
superposition of unitaries. The symbol T in U H

α

T means the matrix transposition.

can be implemented with resources no greater than:
(1) 2γ+2[9760n2q + 33 × 2lmax+2n + 160n + 8γ −

4504nq − 476q − 115 × 2lmax − 239] one-qubit operations;
(2) 2γ+1[15792n2q + 107 × 2lmax+1 + 256n + 12γ −

7288nq − 768q − 49 × 2lmax+1 − 382] C-NOTs;
(3) 2n + γ − 1 pure ancillas.
The state |⊥0〉γ+2n+4 is orthogonal to |0〉γ+4 ⊗ I⊗2n; the

symbol T in U H
α

T means the matrix transposition. The proce-
dure exploits the linear combination theorem [18,35] applied
on APq pm , ApmPq from Lemma 4. The quantum circuit for the AH

is depicted in Fig. 6. We suppose that a value JĤi j
and explicit

view of |⊥0〉γ+2n+4 are unimportant for the reader, so we omit
it; however, they can be retrieved from the Fig. 6 and explicit
views of the operators.

Clarification. As a subroutine, the implementation of AH

uses U H
α

U H
α |0〉γ+1 = 1√

NH

2γ −1∑
k=0

(
2lkNmk

p

)1/4
[
√

imk αk|k〉γ+1

+ √
imk α∗

k |k + 2γ 〉γ+1],

where imk corresponds to the product of the omitted global
phase (−i)mk discussed in Appendix B and to (−1)mk from
the APq pm , ApmPq ; the

√
α is the principle square root. Since

αk can be any complex number in principle, the construction
of U H

α addresses the general problem of construction an ar-
bitrary quantum state. The authors of Refs. [36,37] suggest
an explicit implementation of U H

α that consists of less than
23
24 2γ+1 C-NOTs for even numbers of qubits and 2γ+1 C-NOTs
for odd numbers. Let us consider the number of one-qubit
operations here. Naively, one can conclude that each C-NOT
can be accompanied by six Euler rotations; however, a rotation
around the z-axis commutes with control operation, and a
rotation around an x one commutes with Pauli X operation.
Thus, the number of one-qubit Euler rotations cannot exceed
the number of C-NOTs by more than four times [38]. For sim-
plicity, in this paper we address a general one-qubit operation,
so we merge two Euler rotations acting on each two qubits
where the C-NOT is applied. Thus, the complexity of the U H

α

implementation is less than: (i) 2γ+2 one-qubit rotations, (ii)
2γ+1 C-NOTs.

Now we estimate the sparsity of Ĥ from Eq. (1). Us-
ing binomial theorem [39] applied to p̂m, it can be proved

that the sparsity of the Hamiltonian matrix is no greater
than maxk 2mk + 1; we assume that the sparsity value is
2l . Thus, using the quantum circuits from Appendix A, we
can efficiently implement the quantum circuit for the unitary
Hamiltonian banded-sparse access ÔBS

H .
Theorem 8 (Hamiltonian Block-encoding). Let H be a

Hamiltonian as in Eq. (1), with the number of terms η = 2γ ,
2l = maxk 2mk + 1, q = maxk qk , and with matrix represen-
tation Ĥ as in Eq. (3), with normalization constant NH (see
Corollary 2); then we can implement a (

√
2lNH , l + γ +

4, 0)-block-encoding of n-qubit matrix Ĥ

UH |0〉l+4|φ〉n = 1√
2lNH

∑
i=0,...,2n−1

j∈F H
i

× (
Ĥi jσ j |0〉l+4|i〉n + JU

Ĥi j
|⊥0〉n+l+4);

|φ〉n :=
2n−1∑
j=0

σ j | j〉n,

with resources no greater than:
(1) 2γ+2[9760n2q + 33 × 2lmax+2n + 160n + 8γ −

4504nq − 476q − 115 × 2lmax − 239] + 2l+5n − 3 × 2l+4 +
32n + l − 48 one-qubit operations;

(2) 2γ+1[15792n2q + 107 × 2lmax+1 + 256n + 12γ −
7288nq − 768q − 49 × 2lmax+1 − 383] + 25 × 2l n − 36 ×
2l + 32n − 48 C-NOTs;

(3) 3n + γ − l − 1 pure ancillas.

FIG. 7. The explicit design of quantum circuit for block-
encoding of the Hamiltonian (3). The unitary ÔBS†

H is a Hermit
conjugated ÔBS

H , see Appendix A. Again, the filled semicircle deter-
mines which register does not change under ÔBS

H and ÔBS†
H . Note that

according to Definition 6, ÔBS
H = ÔBS

HT , that is why we omitted the
transpose notation for ÔBS†

H . We indicated pure ancillas by showing
that after the action the register’s state becomes |0〉n−l .
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Proof. As a proof, we simply present Fig. 7, which explicity
shows how to construct the desired block-encoding using the
auxiliary construction from Corollary 2. We exploit banded-
sparse-access to the Hamiltonian in Fig. 7, which we built
using the technique described in Appendix A. As an input
for the algorithm we need a set of nonzero indexes in the
first row of the Hamiltonian. This knowledge is given by
degrees of the momentum operator contributing to Eq. (1).
Using the periodic spatial boundaries [Eq. ((4) the sparsity of
the Hamiltonian is no greater than max

k
2mk + 1. �

E. Evolution operator creation

In this subsection, we present one of the promising ways
to exploit the efficient block-encoding declared in Theorem 8.
Now we apply Theorem 3 to the designed block-encoding.

Theorem 9 (Nearly-optimal Hamiltonian simulation).
Let t ∈ R/{0}, ε ∈ (0, 1) and let UH be an (

√
2lNH , l +

γ + 4, 0)-block-encoding of the 2n × 2n Hamiltonian H as in
Theorem 8. Then we can implement an ε-precise Hamiltonian
simulation unitary V , which is an (2, l + γ + 6, ε)-block-
encoding of e−itH , with resources no greater than:

(1) 305 × 27+γ n2q�(αt, ε) + 33 × 24+l+γ n�(αt, ε) +
5 × 27+γ n�(αt, ε) + 25+l n�(αt, ε) + 32n�(αt, ε) +
17l�(αt, ε) + 66�(αt, ε) + 25+γ γ�(αt, ε) + 35 ×
27+l+γ n + 21 × 28+γ n + 33 × 23+l n + 320n + 323 ×
210+γ n2q + 2l − 563 × 25+γ nq�(αt, ε) − 119 ×

24+γ q�(αt, ε) − 115 × 22+l+γ �(αt, ε) − 239 ×
22+γ �(αt, ε) − 3 × 24+l�(αt, ε) − 2385 × 26+γ nq −
503 × 25+γ q − 507 × 23+l+γ − 1005 × 23+γ −
3 × 25+l − 476

(2) 987 × 25+γ n2q�(αt, ε) + 107 × 22+l+γ n�(αt, ε) +
29+γ n�(αt, ε) + 25 × 2l n�(αt, ε) + 32n�(αt, ε) +
12l�(αt, ε) + 38�(αt, ε) + 3 × 23+γ γ�(αt, ε) +
453 × 23+l+γ n + 17 × 28+γ n + 107 × 21+l n + 256n +
4181 × 26+γ n2q + 2l − 911 × 24+γ nq�(αt, ε) −
3 × 29+γ q�(αt, ε) − 49 × 23+l+γ �(αt, ε) − 383 ×
21+γ �(αt, ε) − 3859 × 25+γ nq − 407 × 25+γ q − 409 ×
23+l+γ − 1627 × 22+γ − 3 × 25+l − 384 C-NOTs;

(3) 3n + γ − l − 1 pure ancillas;
where we introduced α = 2l+1NH for convenience. The co-
efficient �(αt, ε) is implicitly defined by the condition g �
�(αt, ε) and can be retrieved from

1.07√
g

(
αet

2g

)g

� ε.

The parameter has scaling

�(αt, ε) = O
(

αt + ln(1/ε)

ln(e + ln(1/ε)
αt )

)
.

Proof. The proof is well described in Ref. [18], where
the authors provide a decomposition of the desired evolution
operator to multicontrolled Pauli rotations Rz and applications
of the block-encoding that is very similar to one described

TABLE III. Notations for a multidimensional case.

Notation Name Formula First app.

H (d ) Multidimensional
Hamiltonian

∑ηd −1
k=0 αk

∏d−1
y=0 ⊗R

(
Lky, Pq(y)

k
(xy ), p

m(y)
k

y

)
Eq. (18)

R Auxiliary functions for
permutations

R
(
0, P

q(y)
k

(xy ), p
m(y)

k
y

) = P
q(y)

k
(xy )p

m(y)
k

y ;

R
(
1, Pq(y)

k
(xy ), p

m(y)
k

y

) = p
m(y)

k
y Pq(y)

k
(xy )

Eq. (18)

A(Lk )
qk mk

Multidimensional
one-term block-encoding

auxiliary

A(Lk )
qk mk

∑
j0,..., jnd−1

α j0,..., jnd−1

(∏d−1
y=0 ⊗|0〉3|0〉n0 | j0〉n0

) =
1∏d−1

σ=0 Nmk (σ )

∑
i0=0,...,2n0 −1

j0∈F0
i0

∑
i1=0,...,2n1 −1

j1∈F1
i1

· · · ∑
id−1=0,...,2nd−1 −1

jd−1∈Fd−1
id−1

α j0,..., jnd−1

[∏d−1
y=0 R

(
Lky, P

q(y)
k

(x̂y ), p̂m(y)
k
)

iy jy

]∏d−1
y=0 ⊗|0〉3|iy〉ny | jy〉ny + . . .

Eq. (19)

Nmk (σ ) Normalization constant
for A

P
q(σ )

k
p

m(σ )
k

σ

√
2lk(σ )Npmk (σ ) Eq. (19)

F y
i Set of nonzero elements in

the i-th row of p̂m(y)
k

None Eq. (19)

A(d )
H Multidimensional

Hamiltonian
block-encoding auxiliary

A(d )
H |0〉γ

(∑
j0,..., jd−1

φ j0,..., j1

∏d−1
y=0 ⊗|0〉3|0〉ny | jy〉ny

) =
1

N (d )
H

∑2n0 −1
i0, j0=0

∑2n1 −1
i1, j1=0 · · ·∑2nd−1 −1

id−1, jd−1=0 Ĥ (d )
i0 i1 ...id−1 j0 j1... jd−1

|0〉γ+3d

Ĥ (d )
i0 i1 ...id−1 j0 j1 ... jd−1

∏d−1
y=0 ⊗|iy〉ny | jy〉ny + . . .

Cor. 3

N (d )
H Normalization

constant for A(d )
H

∑ηd −1
k=0 |αk |

∏d−1
σ=0 Nmk (σ ) Cor. 3
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TABLE IV. Circuit’s complexity in multidimension. Here, ny denotes the number of qubits register encoding row and column numbers in
y-th dimension in Eq. (18). q(y)

k and m(y)
k are the exponent of coordinate operator and momentum operator in y-th dimesion xy and py in Eq. (18).

Name Notation Scaling Ancillas Main Thm.

Multidimensional Hamiltonian
block-encoding auxiliary

A(d )
H O

(∑ηd −1
k=0

∑d−1
y=0

(
q(y)

k n2
y + m(y)

k ny

))
O

(∑d
y=0 ny

)
Cor. 3

Multidimensional block-encoding
of Hamiltonian

H (d ) O
(∑ηd −1

k=0

∑d−1
y=0

(
q(y)

k n2
y + m(y)

k ny

))
O

(∑d
y=0 ny +

log(η)
) Thm. 10

in Theorem 7. We provided a certain number of gates for
our case based on the quantum schemes from the paper
(Theorem 8).

Thus, we prove that the nearly optimal Hamiltonian simu-
lation is achievable by providing a step-by-step guide for how
to construct an efficient block-encoding and the evolution op-
erator for the Hamiltonian with form (3). Moreover, we claim
that the considered case is a basis for a more general algo-
rithm. That is why, in next section, we generalize our approach
to different boundaries and finite-difference schemes. In ad-
dition, we show how our approach can be straightforwardly
extended to a multidimensional case (several qumodes). These
techniques together allow us to build a general toolbox for
constructing block-encodings.

IV. METHOD GENERALIZATION

The robustness of a proposed computational method is of-
ten gauged by its flexibility and the breadth of its applicability.
In this section, we explore how the algorithm described in
Sec. III can be straightforwardly extended to the multidimen-
sional case. In this subsection, we clarify the implementation
of each step from the road map (see Fig. 2) for the multidi-
mensional case.

Suppose we have d-qumodes model:

H (d ) =
ηd −1∑
k=0

αk

d−1∏
y=0

⊗R
(
Lky, Pq(y)

k
(xy), p

m(y)
k

y
)
;

R
(
0, Pq(y)

k
(xy), p

m(y)
k

y
) = Pq(y)

k
(xy)p

m(y)
k

y ;

R
(
1, Pq(y)

k
(xy), p

m(y)
k

y
) = p

m(y)
k

y Pq(y)
k

(xy), (18)

where xy/py is the coordinate/momentum operator acting on
y-qumode; we introduce set L and function R to go through
possible permutations of Pq and pm for each dimension. We
assume that the coefficients α and L are such that H (d ) is Her-
mitian. For each spatial dimension, we introduce two ny-qubit
register encoding row and column numbers. Similarly, we
introduce finite-difference representation of coordinate and
momentum operators x̂, p̂, as in Eq. (4).

Now let us consider each term of Eq. (18) independently,
as in Sec. III. For an individual term, we can build a block-
encoding auxiliary from Lemma 4 independently acting on
each spatial dimension register:

A(Lk )
qkmk

∑
j0,..., jnd−1

σ j0,..., jnd−1
(|0〉3|0〉n0 | j0〉n0 . . . |0〉3|0〉nd−1 | jd−1〉nd−1 )

=
∑

j0,..., jnd−1

σ j0,..., jnd−1

d−1∏
y=0

⊗
⎡
⎣A

R(Lky,Pq
(y)
k

(xy ),p
m

(y)
k

y )
|0〉3|0〉ny | jy〉ny

⎤
⎦

= 1∏d−1
σ=0 Nmk (σ )

∑
i0=0,...,2n0 −1

j0∈F 0
i0

∑
i1=0,...,2n1 −1

j1∈F 1
i1

· · ·
∑

id−1=0,...,2nd−1 −1
jd−1∈F d−1

id−1

⎡
⎣d−1∏

y=0

R
(
Lky, Pq(y)

k
(x̂y), p̂

m(y)
k

y
)

iy jy

⎤
⎦

× σ j0,..., jnd−1

d−1∏
y=0

⊗|0〉3|iy〉ny | jy〉ny + . . . , (19)
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where F y
i indicates a set of nonzero elements in the i-th row

of p̂m(y)
k ; the normalization constant Nmk (σ ) =

√
2lk(σ )Npmk (σ ) for

certain and mk (σ ) coincides to one in Eq. (16). In Eq. (19), we
omitted the orthogonal vectors for simplicity, so the symbol
′′ . . .′′ conceals some orthogonal states. Equation (19) shows
that the terminal wave function is factorized. Similarly to the
one-dimensional case, combining the superposition unitaries

[Eq. (19)], we suggest a way to implement the multidi-
mensional Hamiltonian block-encoding auxiliary (similar to
Corollary 2).

Corollary 3 (Multi-dimensional Hamiltonian block-
encoding auxiliary). Let H (d ) be a Hamiltonian as in Eq. (18)
with the number of terms ηd = 2γ , matrix representation
Ĥ (d ), and the set L then the unitary operation A(d )

H :

A(d )
H |0〉γ

⎛
⎝ ∑

j0,..., jd−1

φ j0,..., j1

d−1∏
y=0

⊗|0〉3|0〉ny | jy〉ny

⎞
⎠

= (
U H (d )

α

T ⊗ I⊗∑d−1
y=0 (2ny+1)

)⎛⎝ηd −1∏
k=0

Ck
A

(Lk )
qk mk

⎞
⎠[

U H (d )

α |0〉γ ]
⎛
⎝ ∑

j0,..., jd−1

φ j0,..., j1

d−1∏
y=0

⊗|0〉3|0〉ny | jy〉ny

⎞
⎠

= 1

N (d )
H

2n0 −1∑
i0=0

2n1 −1∑
i1=0

· · ·
2nd−1 −1∑
id−1=0

∑
j0, j1,..., jd−1∈F H

i0 ,i1 ,...,id−1

Ĥ (d )
i0i1...id−1 j0 j1... jd−1

|0〉γ φ j0,..., j1

d−1∏
y=0

⊗|0〉3|iy〉ny | jy〉ny + . . .

→ 1

N (d )
H

2n0 −1∑
i0=0

2n1 −1∑
i1=0

· · ·
2nd−1 −1∑
id−1=0

∑
j0, j1,..., jd−1∈F H

i0 ,i1 ,...,id−1

Ĥ (d )
i0i1...id−1 j0 j1... jd−1

|0〉γ+3dφ j0,..., j1

d−1∏
y=0

⊗|iy〉ny | jy〉ny + . . .

= 1

N (d )
H

2n0 −1∑
i0, j0=0

2n1 −1∑
i1, j1=0

· · ·
2nd−1 −1∑

id−1, jd−1=0

Ĥ (d )
i0i1...id−1 j0 j1... jd−1

|0〉γ+3dφ j0,..., j1

d−1∏
y=0

⊗|iy〉ny | jy〉ny + . . . ; N (d )
H =

ηd −1∑
k=0

|αk|
d−1∏
σ=0

Nmk (σ ),

with O(
∑ηd −1

k=0

∑d−1
y=0 (q(y)

k n2
y + m(y)

k ny)) gates and O(
∑d

y=0 ny)
pure ancillas. We use the notation F H

i0,i1,...,id−1
for a set of

nonzero indexes of nonzero elements in the row with in-
dex i0, i1, . . . , id−1 of the Hamiltonian H (d ). This underlines
the entanglement between spatial dimensions registers which
arises here. However, we stress that the other elements of the
Hamiltonian are still zeros.

The orthogonal state is omitted for simplicity; however,
it can be accurately retrieved if it is needed. Similarly, the
procedure exploits the linear combination theorem applied on
A(Lk )

qkmk
. The quantum circuit for the A(d )

H is very similar to one

depicted in Fig. 6. The auxiliary unitary U H (d )

α is given by

U H (d )

α |0〉γ = 1√
N (d )

H

2γ −1∑
k=0

√√√√i
∑

σ mk (σ )αk

(
d−1∏
σ=0

Nmk (σ )

)
|k〉γ .

The next step from our road map (see Fig. 2) is to create
the block-encoding for the Hamiltonian [Eq. (18)], which can
be fulfilled in an analogous way to the Theorem 8.

The final step is to build a block-encoding for the multidi-
mensional Hamiltonian H (d ), which is a nontrivial step in this
generalization to a multidimensional case since we need to
consider the multidimensional sparsity encoded by F H

i0,i1,...,id−1
.

In particular, to realize the scheme as in Fig. 7, we should
build a multidimensional banded-sparse-access. The view of
Eq. (18) and the matrix representation of momentum operator
p̂y allow us to accurately retrieve the set F H

i0,i1,...,id−1
. Thus, all

the ingredients for the multidimensional block-encoding are
prepared.

Theorem 10 (Multi-dimensional block-encoding). Let
H (d ) be a Hamiltonian as in Eq. (5) with the number of terms
ηd = 2γ , sparsity 2l , n = ∑

y ny-qubit matrix representation

Ĥ (d ), and normalization constant N (d )
H (see Corollary 3),

then we can implement a (
√

2lN (d )
H , l + γ + 3d, 0)-block-

encoding of Ĥ with O(
∑ηd −1

k=0

∑d−1
y=0 (q(y)

k n2
y + m(y)

k ny)) gates

and O(
∑d

y=0 ny + log(η)) pure ancillas.
Proof. As a proof we address Fig. 7, which precisely de-

scribes the quantum circuit for the multidimensional case if
ÔBS

H , AH are substituted by the multidimensional analogues
ÔBS

H (d ) , A(d )
H . Both were described earlier in this subsection.

As demonstrated, the batch of techniques described in
Sec. III combined together allows us to extend our approach
for a wide class of boundary conditions, finite-difference
schemes, and number of dimensions. Now, using the multi-
dimensional block-encoding as as input for Theorem 3, we
suggest constructing a straightforward quantum circuit for the
evolution operator.

V. CONCLUSION

In this paper, we have advanced the methodology for ex-
plicit gate construction for block-encoding of Hamiltonians,
crucial for quantum simulations of linear partial differential
equations. Leveraging the foundational concept of block-
encoding, our approach refines its application to enhance both
theoretical and practical aspects of quantum simulations by
providing an algorithm thaat is superior compared with clas-
sical state-of-the-art analogues for solving partial differential
equations.
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The core of our contribution is the development of an
efficient gate construction strategy for block-encoding of

H (d ) =
ηd −1∑
k=0

αk

d−1∏
y=0

⊗R
(
Lky, Pq(y)

k
(xy), p

m(y)
k

y
)
;

R
(
0, Pq(y)

k
(xy), p

m(y)
k

y
) = Pq(y)

k
(xy)p

m(y)
k

y ;

R
(
1, Pq(y)

k
(xy), p

m(y)
k

y
) = p

m(y)
k

y Pq(y)
k

(xy), (20)

which demonstrates the potential for significant computa-
tional speedups over traditional classical finite-difference
methods in terms of solving a wide class of linear partial
differential equations with coefficients that are polynomial
functions. By detailing the construction of these encodings
with efficient one- and two-qubit operations, we provide a
practical blueprint for implementing quantum simulations on
currently emerging digital quantum hardware.

This work not only fills an important gap by providing
an efficient way for practical implementations but also sets a
foundation for further research into optimizing these methods
for a wider range of Hamiltonians. As future work, we aim to
extend our approach to a wider class of numerical schemes
and extend the applicability to wider classes of boundary
conditions. We will also examine important partial differential
equations individually.

VI. TABLES

Here we present our table of notations for both the one-
dimensional and multidimensional cases. For convenience, we
also present a table summarizing the exact one- and two-qubit
count for each part involved in our protocol.
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APPENDIX A: EXPLICIT QUANTUM CIRCUIT
CONSTRUCTION FOR ÔBS

A

Let a 2l sparse matrix A be as in Definition 6; so, the
nonzero elements follows

ÔBS
A |0〉n−l |s〉l |i〉n = |rs0 + i〉n|i〉n, (A1)

where sum rs0 + i means an addition modulo 2n. So, we de-
compose ÔBS

A into a product of two unitary operators ÔBS
A =

U SUM (U (l )
A ⊗ Î n), where U SUM performs addition modulo 2n

U SUM |i〉n| j〉n = |i + j mod 2n〉n| j〉n, (A2)

and operator U (l )
A transforming a banded sparse index into a

column index

U (l )
A |0〉n−l |s〉l = |rs0〉n. (A3)

FIG. 8. Quantum circuit implementing U rs0
s . The first layer set

the initialized with zero-state ancilla to |1〉 for state |0〉n−l ⊗ |s〉l in
the first register. The second layer operation make state |rs0〉n from
|0〉n−l ⊗ |s〉l by choosing Pauli X or I according to bit-difference
between s and rs0. The third layer unentangle ancilla, making it pure.

We underline that the information about matrix A is contained
only in the U (l )

A ; so we omitted the corresponding index for
the U SUM . Thus, we combine those two operators to build the
banded-sparse-access

ÔBS
A |0〉n−l |s〉l |i〉n = U SUM(U (l )

A |0〉n−l |s〉l ⊗ Î n|i〉n)

= U SUM|rs0〉n|i〉n = |rs0 + i〉n|i〉n. (A4)

Now we demonstrate how U (l )
A can be constructed using

one- and two-qubit basic quantum computer operations. First,
we further decompose the operator U (l )

A into a product

U (l )
A =

2l −1∏
s=0

U rs0
s ; U rs0

s := |rs0〉n(〈0|n−l ⊗ 〈s|l ) +
∑
j 
=s

| j〉n〈 j|n.

(A5)

The quantum circuit depicted in the Fig. 8 shows the explicit
construction of U rs0

s , where each of the multicontrolled-X we
implement as in Fig. 3. Thus, the overall resources for U (l )

A
implementation no greater than: (i) n − 1 pure ancillas, (ii)
2l (32n − 48) one-qubit operations, and (iii) 2l (25n − 36) C-
NOTs.

Now, let us discuss how to implement U SUM, which adds
the row number i to the rs0. In Fig. 9, we explicitly demon-
strate how such a circuit can be built. We slightly modify the
adder from Ref. [40] to meet our needs. From the quantum
scheme, it can be concluded that resources for the addition
is no more than: (i) n − 1 pure ancillas, (ii) 32n − 48 one-
qubit operations, and (iii) 26n − 37 C-NOTs. Although the
final circuit depth is linear, which is not optimal, there exists
a logarithmic-depth (O(log n)) algorithm according to Ref.
[41], albeit requiring more gates (up to ≈124n C-NOTs). The
choice of algorithm depends on hardware specifics. However,
in this paper, we opt for the circuit in Fig. 9 due to its minimal
gate and ancilla requirements.
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FIG. 9. Quantum circuit implementing U SUM, which adds two binary strings: a + b = c mod 2n.

APPENDIX B: QUANTUM CIRCUIT DESIGN FOR ÔS
pm

A first naive quantum circuit can be implemented in a
straightforward way (see Fig. 10):

ÔS
pm = e−iπm/2

2l −1∏
s=0

Cs
Ry(θs ); θs = 2 arccos

(
eiπm/2 ( p̂m)(s)√

Npm

)
,

(B1)

where we hereafter omit the global phase e−iπm/2; how-
ever, we take it into account in cases when it does matter.
A more efficient approach can be constructed using Fable
implementation of block-encoding [42,43]. A two-qubit toy
example of the method that explains the general concept is
depicted in Fig. 11. Basically, the authors use Gray code
ordering to reduce the complexity of the ÔS

pm implementation.

FIG. 10. A naive design of the quantum circuit that implements
ÔS

pm . Each layer corresponds to the different nonzero elements of the
first row of the matrix p̂m. The qubit a correspond to the first register
in the definition of ÔS

pm .

The algorithm is fully described in Ref. [42]; here, we just
present the complexity: (i) 2l one-qubit operations and (ii) 2l

C-NOTs.

APPENDIX C: EXPLICIT STATE PREPARATION CIRCUIT
DESIGN FOR FINITE BINARY NORM QUANTUM STATE

The circuit performs the following task. Assuming that the
initial state of the circuit’s n qubits is |0〉n, we aim to transform
it into

Aψ |0〉n = |ψ〉n =
∑
|i|b�q

βi|i〉n,

where the coefficients βi 
= 0(|i|b � q) are all known. Let m =
min{q, n}, We first design a circuit, as shown in Eq. (12). Now,
we derive the rotation angles for each Ry gate in the circuit.

By derivation, we know that the coefficients of the quantum
state |ψ〉n satisfy the following relationship with the angles of

FIG. 11. Fable implementation of the query oracle ÔS
p. The par-

ticular one-qubit rotations angles are according to Ref. [42].
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the Ry gates in the circuit.

β0 =
n−1∏
j0=0

cos
θ0

j0

2
,

β2p1 =
⎛
⎝ n−1∏

j1=p1+1

cos
θ2p1

j1

2

⎞
⎠sin

θ0
p1

2

⎛
⎝p1−1∏

j0=0

cos
θ0

j0

2

⎞
⎠ (0 � p1 < n − 1),

β2n−1 = sin
θ0

n−1

2

⎛
⎝ n−2∏

j0=0

cos
θ0

j0

2

⎞
⎠,

β2p1 +2p2 =
⎛
⎝ n−1∏

j2=p2+1

cos
θ2p1 +2p2

j2

2

⎞
⎠sin

θ2p1

p2

2

⎛
⎝ p2−1∏

j1=p1+1

cos
θ2p1

j1

2

⎞
⎠sin

θ0
p1

2

⎛
⎝p1−1∏

j0=0

cos
θ0

j0

2

⎞
⎠ (0 � p1 < p2 < n − 1),

β2p1 +2n−1 = sin
θ2p1

n−1

2

⎛
⎝ n−2∏

j1=p1+1

cos
θ2p1

j1

2

⎞
⎠sin

θ0
p1

2

⎛
⎝p1−1∏

j0=0

cos
θ0

j0

2

⎞
⎠ (0 � p1 < n − 1),

...

β2p1 +···+2pm−2 +2pm−1 =
⎛
⎝ n−1∏

jm−1=pm−1+1

cos
θ2p1 +···+2pm−1

jm−1

2

⎞
⎠sin

θ2p1 +···+2pm−2

pm−1

2

⎛
⎝ pm−1−1∏

jm−2=pm−2+1

cos
θ2p1 +···+2pm−2

jm−2

2

⎞
⎠

× sin
θ2p1 +···+2pm−3

pm−2

2

⎛
⎝ pm−2−1∏

jm−3=pm−3+1

cos
θ2p1 +···+2pm−3

jn−3

2

⎞
⎠ . . .

⎛
⎝ p2−1∏

j1=p1+1

cos
θ2p1

j1

2

⎞
⎠

× sin
θ0

p1

2

⎛
⎝p1−1∏

j0=0

cos
θ0

j0

2

⎞
⎠ (0 � p1 < p2 < · · · < pm−1 < n − 1),

β2p1 +···+2pm−2 +2n−1 = sin
θ2p1 +···+2pm−2

pn−1

2

⎛
⎝ n−2∏

jm−2=pm−2+1

cos
θ2p1 +···+2pm−2

jm−2

2

⎞
⎠

× sin
θ2p1 +···+2pm−3

pm−2

2

⎛
⎝ pm−2−1∏

jm−3=pm−3+1

cos
θ2p1 +···+2pm−3

jn−3

2

⎞
⎠ . . .

⎛
⎝ p2−1∏

j1=p1+1

cos
θ2p1

j1

2

⎞
⎠

× sin
θ0

p1

2

⎛
⎝p1−1∏

j0=0

cos
θ0

j0

2

⎞
⎠ (0 � p1 < p2 < · · · < pm−2 < n − 1),

β2p1 +···+2pm−1 +2pm = sin
θ2p1 +···+2pm−1

pm

2

⎛
⎝ pm−1∏

jm−1=pm−1+1

cos
θ2p1 +···+2pm−1

jm−1

2

⎞
⎠sin

θ2p1 +···+2pm−2

pm−1

2

×
⎛
⎝ pm−1−1∏

jm−2=pm−2+1

cos
θ2p1 +···+2pm−2

jm−2

2

⎞
⎠sin

θ2p1 +···+2pm−3

pm−2

2

⎛
⎝ pm−2−1∏

jm−3=pm−3+1

cos
θ2p1 +···+2pm−3

jn−3

2

⎞
⎠

. . .

⎛
⎝ p2−1∏

j1=p1+1

cos
θ2p1

j1

2

⎞
⎠sin

θ0
p1

2

⎛
⎝p1−1∏

j0=0

cos
θ0

j0

2

⎞
⎠ (0 � p1 < p2 < · · · < pm−1 < pm � n − 1). (C1)

Subsequently, we deduce the rotation angles for all Ry gates in the circuit from Eq. (C1). The process begins with determining
θ0

n−1 using the ratio

β2n−1

β0
= tan

θ0
n−1

2
,
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FIG. 12. The initial design of the quantum circuit that implements Aψ . Angles of Ry gates are given by Eq.(C2)–(C6).

yielding

θ0
n−1 = 2arctan

(
β2n−1

β0

)
. (C2)

Further, we find angles whose lower indices are all n − 1

θ2p1 +···+2pr

n−1 = 2arctan

(
β2p1 +···+2pr +2n−1

β2p1 +···+2pr

)
, (0 � p1 < · · · < pr < n − 1), (C3)

where r = 1, 2, ..., m − 1.
To compute the other θ values, for 0 � k < n − 1 we derive

β2k

β0
= cos

θ2k
n−1

2 . . . cos
θ2k

k+1

2

cos
θ0

n−1

2 . . . cos
θ0

k+1

2

tan
θ0

k

2
,

from which we conclude

θ0
k = 2arctan

⎛
⎝cos

θ0
n−1

2 . . . cos
θ0

k+1

2

cos
θ2k

n−1

2 . . . cos
θ2k

k+1

2

β2k

β0

⎞
⎠. (C4)

Assume that 1 � k < n − 1. For r = 1, . . . , min{k, m − 2} and 0 � p1 < · · · < pr < k, we find

β2p1 +···+2pr +2k

β2p1 +···+2pr

= cos
θ2p1 +···+2pr +2k

n−1

2 . . . cos
θ2p1 +···+2pr +2k

k+1

2

cos
θ2p1 +···+2pr

n−1

2 . . . cos
θ2p1 +···+2pr

k+1

2

tan
θ2p1 +···+2pr

k

2
,

leading to

θ2p1 +···+2pr−1

k = 2arctan

⎛
⎝ cos

θ2p1 +···+2pr
n−1

2 . . . cos
θ2p1 +···+2pr

k+1

2

cos
θ2p1 +···+2pr +2k

n−1

2 . . . cos
θ2p1 +···+2pr +2k

k+1

2

β2p1 +···+2pr +2k

β2p1 +···+2pr

⎞
⎠. (C5)

Additionally, if k � m − 1, we find

β2p1 +···+2pm−1 +2k

β2p1 +···+2pm−1

= 1

cos
θ2p1 +···+2pm−1

n−1

2 . . . cos
θ2p1 +···+2pm−1

k+1

2

tan
θ2p1 +···+2pm−1

k

2
,

where 0 � p1 < · · · < pm−1 < k, which gives

θ2p1 +···+2pm−1

k = 2arctan

(
cos

θ2p1 +···+2pm−1

n−1

2
. . . cos

θ2p1 +···+2pm−1

k+1

2

β2p1 +···+2pm−1 +2k

β2p1 +···+2pm−1

)
. (C6)

From Eqs. (C2) and (C3) we can get the angles whose lower indices are n − 1. Then from Eqs. (C4), (C5), and (C6) we get all
the angles we need in the circuit.

Based on this circuit, we designed a more efficient circuit (see Fig. 13). It should only remove those “hollow dots” in the
original circuit. Here, we need to use a property of Ry gate

Ry(ϕ1 + ϕ2) = Ry(ϕ1) + Ry(ϕ2).

Assuming 1 � k < n and 1 � r � min{k, m − 1} with 0 � p1 < · · · < pr < k. When r = min{k, m − 1}
θ2p1 +···+2pmin{k,m−1}

k = ω2p1 +···+2pmin{k,m−1}
k , (C7)
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FIG. 13. A more efficient design of the quantum circuit that implements Aψ . Angles of Ry gates are given by Eq. (C11)–(C14). Here, the
term “trigger 2p1 + · · · + 2pr ” refers to controlling only those qubits whose positions are represented by ’0′s in the binary representation of
2p1 + · · · + 2pr .

and when r < min{k, m − 1}
θ2p1 +...+2pr

k = ω2p1 +...+2pr

k +
∑

1� j�min{k,m−1}−r

∑
0�l1<···<l j<k,

{l1,...,l j }∩{p1,...,pr}=∅

ω
(2p1 +...+2pr )+(2l1 +···+2l j )
k ,

(C8)

and

θ0
0 = ω0

0, (C9)

θ0
k =

∑
0�l�2k−1,

|l|b�min{k,m−1}

ωl
k (1 � k < n). (C10)

Equation (C10) means θ0
k is equal to the summation of all ωs whose lower index are k. Here, those θs are angles of corresponding

Ry gates in circuit 12.
The θs are known from Eqs. (C2)–(C6). The next step involves solving Eqs. (C7)–(C9) to extract ω values from the θ values.

Specifically, from Eq. (C7), we have

ω2p1 +···+2pmin{k,m−1}
k = θ2p1 +···+2pmin{k,m−1}

k (1 � k < n, 0 � p1 < · · · < pmin{k,m−1} < k). (C11)

Further, from Eq. (C8), we obtain

ω2p1 +...+2pr

k = θ2p1 +...+2pr

k −
∑

1� j�min{k,m−1}−r

∑
0�l1<···<l j<k,

{l1,...,l j }∩{p1,...,pr}=∅

ω
(2p1 +...+2pr )+(2l1 +···+2l j )
k , (C12)

where 1 � k < n, 1 � r � min{k, m − 1} and 0 � p1 < · · · < pr < k. Additionally, from Eq. (C9)

ω0
0 = θ0

0 . (C13)

And from Eq. (C10), we determine

ω0
k = θ0

k −
∑

1�l�2k−1,
|l|b�min{k,m−1}

ωl
k (1 � k < n). (C14)

Thus, we have successfully calculated all necessary ω values. In summary, we initially designed Circuit 12 and subsequently
simplified it to derive the more efficient Circuit 13. The rotation angles for the Ry gates in Circuit 13 are determined by Eqs.
(C11)–(C14).
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[36] M. Plesch and Č. Brukner, Quantum-state preparation with
universal gate decompositions, Phys. Rev. A 83, 032302 (2011).

[37] V. Bergholm, J. J. Vartiainen, M. Möttönen, and M. M.
Salomaa, Quantum circuits with uniformly controlled one-qubit
gates, Phys. Rev. A 71, 052330 (2005).

[38] V. V. Shende, I. L. Markov, and S. S. Bullock, Minimal uni-
versal two-qubit controlled-not-based circuits, Phys. Rev. A 69,
062321 (2004).

[39] J. L. Coolidge, The story of the binomial theorem, Am. Math.
Mon. 56, 147 (1949).

[40] T. G. Draper, Addition on a quantum computer, arXiv:quant-
ph/0008033.

[41] T. G. Draper, S. A. Kutin, E. M. Rains, and K. M. Svore,
A logarithmic-depth quantum carry-lookahead adder, Quantum
Info. Comput. 6, 351 (2006).

[42] D. Camps and R. Van Beeumen, Fable: Fast approximate quan-
tum circuits for block-encodings, in 2022 IEEE International
Conference on Quantum Computing and Engineering (QCE)
(IEEE, 2022), pp. 104–113.

[43] M. Möttönen, J. J. Vartiainen, V. Bergholm, and M. M.
Salomaa, Quantum circuits for general multiqubit gates, Phys.
Rev. Lett. 93, 130502 (2004).

033100-23

https://doi.org/10.1145/992287.992296
https://doi.org/10.1126/science.1113479
https://doi.org/10.1103/PhysRevLett.103.150502
https://doi.org/10.1073/pnas.97.1.28
https://doi.org/10.1103/PhysRevA.99.012323
https://doi.org/10.1038/s41534-020-00291-0
https://doi.org/10.1016/j.jcp.2023.112149
https://doi.org/10.1007/s00220-022-04442-6
https://doi.org/10.1103/PhysRevA.108.032603
https://doi.org/10.1103/PhysRevResearch.6.033246
https://doi.org/10.22331/q-2020-07-06-291
https://doi.org/10.1103/PhysRevResearch.5.043220
https://doi.org/10.1098/rspa.2023.0370
https://doi.org/10.1088/2058-9565/ad49cf
https://doi.org/10.1088/1751-8121/adb3fe
https://doi.org/10.1103/PhysRevLett.118.010501
https://doi.org/10.22331/q-2024-12-12-1563
https://arxiv.org/abs/quant-ph/0505030
https://doi.org/10.1103/PhysRevLett.133.230602
https://doi.org/10.1016/j.bulsci.2024.103457
https://doi.org/10.1103/PhysRevA.107.052422
https://doi.org/10.2307/2387224
https://arxiv.org/abs/2309.09839
https://doi.org/10.1103/PhysRevResearch.6.043227
https://arxiv.org/abs/2310.03011
https://doi.org/10.1103/PhysRevA.83.032302
https://doi.org/10.1103/PhysRevA.71.052330
https://doi.org/10.1103/PhysRevA.69.062321
https://doi.org/10.1080/00029890.1949.11999350
https://arxiv.org/abs/quant-ph/0008033
https://doi.org/10.1103/PhysRevLett.93.130502

