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Lattice gauge theories (LGTs) provide a powerful framework for studying nonperturbative phenomena in
gauge theories. However, conventional approaches such as Monte Carlo (MC) simulations in imaginary time are
limited, as they do not allow real-time evolution and suffer from a sign problem in many important cases. Using
gauged Gaussian fermionic projected entangled pair states (GGFPEPS) as a variational ground-state ansatz offers
an alternative for studying LGTs through a sign-problem-free variational MC. As this method is extended to
larger and more complex systems, understanding its numerical behavior becomes essential. While conventional
action-based MC has been extensively studied, the performance and characteristics of non-action-based MC
within the GGFPEPS framework are far less explored. In this work, we investigate these algorithmic aspects,
identifying an optimal update size for GGFPEPS-based MC simulations for Z2 in 2 + 1 dimensions. We show
that gauge fixing generally slows convergence and demonstrate that not exploiting the translation invariance can,
in some cases, improve the computational time scaling of error convergence. We expect that these improvements
will allow advancing the simulation to larger and more complex systems.
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I. INTRODUCTION

Gauge theories are fundamental in both particle physics
and condensed matter physics. In particle physics, they de-
scribe the fundamental forces of nature in the standard model
[1]. In condensed matter physics, they often appear as ef-
fective low-energy models for many-body phenomena such
as quantum spin liquids [2,3]. In addition, quantum chromo-
dynamics (QCD) is a gauge theory describing the theory of
strong nuclear interactions. Due to asymptotic freedom, the
coupling in QCD becomes small at high energies, allowing
the use of perturbation theory [4]. In contrast, the low-energy
regime is dominated by strongly nonperturbative phenomena
and confining forces, so perturbation theory breaks down
and alternative methods must be employed. Nevertheless, this
regime gives rise to some of the most fascinating aspects of
QCD, such as quark confinement and hadronization [5,6].

One approach to access this nonperturbative regime is
to discretize space or spacetime in the framework of lat-
tice gauge theories [5,7,8]. Monte Carlo (MC) simulations
in imaginary time can then be performed [9,10]. Such sim-
ulations have been very successful in computing many static
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quantities in gauge theories [10]. However, this method faces
two main limitations. First, working in a Euclidean space-
time prevents the study of real-time dynamics, as the time
evolution operator becomes a decaying exponential. Second,
in many physically relevant cases involving finite fermionic
density, the sign problem arises—The probabilistic interpre-
tation required for MC simulations breaks down because the
probability weight becomes complex or negative.

Working in the Hamiltonian formalism with discretized
space and continuous time [7] addresses the issue of real-time
evolution. However, the corresponding Hilbert space can be
infinite dimensional for continuous gauge groups (and still
grows exponentially with system size even for finite groups),
making exact solutions impossible. Variational methods offer
a viable alternative, with the main challenge being the con-
struction of a suitable ansatz.

Tensor network states, particularly, matrix product states
(MPS) and their higher-dimensional generalizations, such as
projected entangled pair states (PEPS), are many-body states
built from locally entangled degrees of freedom. They can
efficiently approximate ground states and thermal states of
local gapped Hamiltonians [11–13]. Each lattice site hosts
a physical degree of freedom, while the links carry virtual
ones. The virtual degrees of freedom are entangled between
neighboring sites, and contracting them over the entire net-
work yields a physical state. Tensor network states can satisfy
by construction entanglement entropy area law and allow one
to naturally encode symmetries. These properties make them
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an appropriate ansatz for the ground state of local gapped
Hamiltonians [14–17].

In one spatial dimension, MPS combined with density
matrix renormalization group [15,18] techniques have been
successfully applied to lattice gauge theories, reproducing
known results and providing insights into systems that suf-
fer from sign problems in imaginary time MC simulations
[19–28]. However, in higher dimensions, contracting the state
scales very poorly with system size [29]. To overcome these
limitations, studies have turned to alternative variational an-
sätze, ranging from advanced tensor network structures, such
as tree tensor networks and infinite PEPS [30–37], to neural
network wave functions [38].

Recently, a new type of tensor network state has been pro-
posed that combines the advantages of tensor network states,
while providing an alternative for contracting them. These
states, known as gauged Gaussian fermionic PEPS (GGF-
PEPS) [39–43], serve as variational MC ansatz for lattice
gauge theory (LGT) ground states in more than one spatial
dimension. They are designed to respect global symmetries of
the Hamiltonian as well as gauge invariance through a gauging
transformation. GGFPEPS exhibit advantages of tensor net-
work states, such as the entanglement entropy area law, while
enabling efficient computation of norms and expectation val-
ues through the covariance matrix formalism [44] (thanks to
their Gaussian nature) and sign-problem-free MC simulations.

So far, the GGFPEPS have been successfully applied to
numerically compute the ground state of a pure gauge Z3 [40]
LGT and a Z2 LGT both with [43] and without [41] dynam-
ical fermionic matter. The next steps in this line of research
involve extending the method to higher spatial dimensions
or more complex gauge groups, such as compact Lie and
non-Abelian groups. However, as systems become larger and
more complicated, the numerical and algorithmic details of
the simulations play an increasingly critical role in obtaining
meaningful results.

In this paper, we study several aspects of MC simulations
within the GGFPEPS framework. Although conventional
action-based MC methods are well understood, the behavior
and performance of non-action-based MC within the GGF-
PEPS framework remain much less explored. In particular,
we investigate how the error convergence rate of the MC
simulation changes as a function of different simulation pa-
rameters, as well as suggest approaches to improve the MC
simulation. We identify an optimal update size for MC sim-
ulations with GGFPEPS. We suggest exploiting the ansatz’s
gauge invariance by fixing the gauge and reducing the number
of degrees of freedom when computing expectation values of
physical observables. When contracting GGFPEPS exactly,
this reduces the complexity of evaluating physical observ-
ables by roughly a square-root factor. However, we observe
that gauge fixing generally slows MC convergence, and we
provide an explanation for this behavior. Moreover, we find
that not relying on the translation-invariance assumption can,
in some cases, improve error convergence in MC simulations
over time.

The rest of this work is structured as follows: Sections II,
III, and IV present the LGT Hamiltonian and the GGFPEPS
method, including the construction of the ansatz and its use
in Monte Carlo simulations within the Gaussian formalism—

FIG. 1. Illustration of the lattice and the labeling convention for
sites and links.

These sections provide an overview of the work in Ref. [42].
In Sec. V, we briefly discuss error computations in the MC
simulations and different approaches to estimate them. Later,
the dependence of the MC error convergence on the update-
step size is examined in Sec. VI. In Sec. VII, we show that
it is possible to fix the gauge in our framework and examine
its effect on the MC convergence rate. Section VIII studies
the effect of not exploiting translation invariance on the MC
error convergence. Finally, Sec. IX summarizes the results and
conclusions.

Throughout this entire work, we assume summation over
repeated indices, unless they represent an irreducible group
representation. The ansatz construction is presented for a
general gauge group to maintain the generality of Sec. VII,
even though all numerical results correspond to a Z2 gauge
theory with dynamical fermions (for details on this system,
see Ref. [43]).

II. PHYSICAL BACKGROUND AND ANSATZ

This section provides an overview of the Hamiltonian for-
mulation of lattice gauge theory for a general gauge group.
We also present the construction of an ansatz for the ground
state of the theory in the form of a GGFPEPS.

The Hilbert space of a lattice gauge theory consists of
two different types of degrees of freedom—fermionic matter
residing on the lattice’s sites and gauge fields residing on
the links. Here, we consider a square lattice in two spatial
dimensions with periodic boundary conditions. Lattice sites
are denoted by x = (x1, x2) and links by � = (x, i), where
i = 1, 2 is the lattice dimension (see Fig. 1).

The local Hilbert space of the gauge fields is spanned by
the group element basis (magnetic basis) {|g〉}g∈G, labeled by
elements of the gauge group G. The group G is either a finite
group or a compact Lie group. On each link, we introduce
right and left group operations represented by the unitary
operators �g and �̃g, respectively, such that

�g|h〉 = |hg−1〉 and �̃g|h〉 = |g−1h〉. (1)
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We define the group element operator as

U j
mn =

∫
dgD j

mn(g)|g〉〈g|. (2)

It transforms under group operations as

�gU
j

mn�
†
g = U j

mn′D
j
n′n(g), (3)

�̃gU
j

mn�̃
†
g = D j

mm′ (g)U j
m′n, (4)

where D j (g) is a unitary j representation of g (Wigner matrix).
Alternatively, the local Hilbert spaces can be spanned by the
representation basis (electric basis) | jmn〉, where j represents
an irreducible representation (irrep), and m and n are multiplet
indices corresponding to the eigenvalues of the maximal set of
mutually commuting operators for the left and right transfor-
mations, respectively.

On each site x, we introduce the fermionic creation oper-
ators ψ†

m(x), where m is a color index that determines how
the fermionic modes interact with the gauge field. Additional
properties such as flavor can be straightforwardly added, as
done in Ref. [42]. To address the lattice fermions doubling
problem, we will consider here a staggered fermionic picture
[45], splitting the sites (vertices) into two sublattices—even
and odd, each hosting different spinor component. Alternative
conventions can also simplify this problem, such as placing
fermions with multiple spin components on each site. Under a
gauge operation g ∈ G operations, the matter transforms under
a unitary operator θg,

θg(x)ψ†
m(x)θ†

g (x) = ψ†
n (x)D j

nm(g), (5)

where here and throughout the rest of the work, the irrep index
j of the matter fields is omitted.

We now have all the ingredients to construct the LGT
Hamiltonian, which is composed of several parts—the
fermionic part, HF , and gauge field dynamics that are given
by electric energy, HE, and magnetic energy, HB, terms,

H = HF + HE + HB. (6)

The fermionic Hamiltonian HF is of the form

HF = M
∑

x

(−1)xψ†
m(x)ψm(x)

+ i

2a

(∑
x

[ψ†
m(x)Umn(x, 1)ψn(x + ê1)

+ i(−1)xψ†
m(x)Umn(x, 2)ψn(x + ê2)] − H.c.

)
. (7)

The gauge field dynamics are described by the Kogut-
Susskind Hamiltonian [7], which consists of magnetic, HB,
and electric, HE, energy terms,

HKS = HE + HB. (8)

Here, HE is the electric energy operator, defined as

HE = gE

∑
(x,i), j

f jPj (x, i), (9)

where gE and f j are real parameters, and Pj (x, i) =
| jmn〉〈 jmn| is a projector onto the j irrep on a link (x, i). The

magnetic term HB is given by

HB = gB

∑
x

(
Tr[U (x, 1)U (x + ê1, 2)

× U †(x + ê2, 1)U †(x, 2)] + H.c.

)
, (10)

where the irrep index is omitted, and is the same as for the
matter.

Additionally, a chemical potential term can be included and
accordingly the ansatz can be straightforwardly generalized as
done in Ref. [42].

The Hamiltonian has several symmetries. Most impor-
tantly, it is invariant under local gauge transformations �̂g that
include a lattice site and its surrounding links,

�̂g(x) =
∏

i=1,2

�̃g(x, i)�†
g(x − êi, i)θ†

g (x), (11)

i.e., [H, �̂g(x)] = 0 for every lattice site x and g ∈ G. This
symmetry splits the Hilbert space into sectors classified by
�̂g(x) eigenvalues. We focus on the sector with no static
charges corresponding to states |ψ〉 satisfying

�̂g(x)|ψ〉 = |ψ〉. (12)

Specifically, the states we are interested in are strictly gauge
invariant and satisfy Eq. (12).

The Hamiltonian also has a global U(1) symmetry gen-
erated by the total fermionic number N0 = ∑

x ψ†
m(x)ψm(x).

Moreover, it exhibits invariance under two site translations,
which is characteristic of staggered fermions and has a π

2
rotation symmetry.

We would like to construct a PEPS that has the Hamil-
tonian’s global symmetries and is invariant under gauge
transformations, i.e., satisfies Eq. (12).

As mentioned previously, PEPS include both virtual and
physical degrees of freedom, with the virtual ones con-
tracted to mediate interactions between neighboring sites.
Since these virtual degrees of freedom will be coupled to
physical fermions, we define them as fermionic modes. For
each site x, we associate several copies of virtual modes on
each of the four legs of the site, denoted by a†

iμm(x). Here,
m denotes the color index, i ∈ {1, 2, 3, 4} corresponds to the
different legs ê1, ê2, −ê1, −ê2, respectively, and μ labels
different copies, allowing for multiple virtual modes per leg.
Varying the number of copies controls the expressibility of
the ansatz (modifies the bond dimention of the PEPS). Out of
these modes, we construct the Gaussian operator

A(x) = exp(Tαβ	†
α (x)	†

β (x)), (13)

where 	†
α (x) ∈ {ψ†

m(x)} ∪ {a†
iμm(x)} (with α containing all

different indices) and T (x) is a complex matrix coupling
different fermionic modes.

Next, we define the projection operator, which is a Gaus-
sian operator composed of only virtual modes,

w(x, k) = exp

⎛⎝X (k)
i j

∑
μ

W (i,μ)a†
iμm(x)a†

jμm(x + êk )

⎞⎠, (14)
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where there is no summation over k and X (1)
i j =

δi,1δ j,3, X (2)
i j = δi,2δ j,4. As we will see, the Gaussian nature

of A and w enables efficient computation of physical
observables, since all information about Gaussian states is
encoded in their covariance matrices.

Thus, we can construct the following PEPS:

|ψ0〉 = 〈�v|
∏
(x,i)

w†(x, i)
∏

x

A(x)|�p〉|�v〉, (15)

where �v and �p are the virtual and physical Fock vacua. One
can now impose the global symmetries of the Hamiltonian—
π
2 rotations, U(1), translation invariance, and global G. This
places constraints on the coupling matrices in the A and w

operators. For details on the explicit parametrization and the
implementation of global symmetries, see Ref. [42] for a
general gauge group or Refs. [41,43] for the Z2 case.

This leads to the final stage of the ansatz construction,
which is gauging, i.e., adding gauge field degrees of freedom
and promoting the global G symmetry to a local gauge invari-
ance. This is done using a controlled operation UG entangling
the virtual fermions with the gauge fields lifting the global G
symmetry into a local gauge symmetry. Thus, the state takes
its final form,

|	〉 = 〈�v|
∏
x,i

w†(x, i)UG(x, i)
∏

x

A(x)|�p〉|�v〉|0〉, (16)

where |0〉 ≡ ⊗
x,i=1,2

|000〉 and |000〉 denotes the j = 0 singlet

state in the representation basis.
We expand the state in the group element configuration

basis,

|	〉 =
∫

DG|G〉|ψ (G)〉, (17)

where

|ψ (G)〉 = 〈�v|
∏
x,i

w†(x, i)
∏
x,i

Ug(x, i)
∏

x

A(x)|�p〉|�v〉 (18)

is a matter state coupled to a gauge field configuration G. The
measure DG is defined as

DG =
∏
x,i

dg(x, i), (19)

where dg is the Haar measure. For compact Lie groups, dg
corresponds to an integration measure over the group mani-
fold, whereas for discrete groups the integral reduces to a sum
over the group elements. The operator Ug(x, i) is the fermionic
part of the gauging transformation, satisfying∫

dg|g〉〈g|x,i ⊗ Ug(x, i) = UG(x, i). (20)

Note that for a fixed gauge field configuration G, the cou-
pled matter state |ψ (G)〉 is Gaussian. This expansion will
be useful in the next section when we discuss calculation of
expectation values of physical observables.

III. THE ALGORITHM

After constructing the ansatz state |	〉, the next step is
to perform a variational Monte Carlo ground-state search by

minimizing the expectation value of the Hamiltonian with
respect to the parameters in the T matrix. To compute the
Hamiltonian’s expectation value, we must evaluate the physi-
cal gauge-invariant observables on which it depends. In order
to calculate the expectation values, we will use |	〉’s group
configuration expansion in Eq. (17). Consider some gauge-
invariant operator O; its expectation value with respect to the
ansatz is

〈O〉 =
∫

DG FO(G)p(G), (21)

where FO(G) is an observable-dependent function of the
gauge field configuration and

p(G) = 〈ψ (G)|ψ (G)〉∫
DG ′〈ψ (G ′)|ψ (G ′)〉 ≡ p0(G)

Z . (22)

Note that p(G) is always a valid probability distribution since
it is real, positive, and normalized. Thus, this expectation
value can be calculated using sign-problem-free Monte Carlo
sampling. Since |ψ (G)〉 is Gaussian, its norm p0(G) can be
computed efficiently in a covariance matrix formalism. Fur-
thermore, for observables of interest to us (gauge invariant
that appear in the Hamiltonian), FO(G) consists of expectation
values of physical observables with respect to |ψ (G)〉 [42],
and can therefore be computed efficiently using covariance
matrix formalism [44].

Thus, for the evaluation of expectation values, we use
Markov chain Monte Carlo [46]. We construct a Markov chain
of gauge configurations with transition probabilities given by
Eq. (22). We start with a warm-up phase in which we set a
random gauge configuration G and compute its weight p0(G)
using covariance matrix formalism. We then randomly sample
a new gauge configuration G ′ and compute its weight p0(G ′).
This configuration is accepted with probability p(G′ )

p(G) = p0(G ′ )
p0(G)

(in case this ratio is larger than 1, it is accepted); otherwise,
the configuration is rejected. This process is repeated for a
predetermined number of steps, allowing the Markov chain
to converge to the desired probability distribution. Once con-
vergence is reached, we start with the measurement phase
in which in addition to sampling and accepting/rejecting the
proposed gauge configurations we evaluate the value of FO(G)
for all observables and store it (in case we reject a proposed
configuration, we store again the FO value for the previous
configuration). At the end of this phase, we compute the
means of all the physical observables functions FO.

For GGFPEPS, the computation time of the warm-up phase
tends to be much shorter than that for the measurement
phase. Therefore, the MC analysis shown in the following
sections focuses on the measurement phase after warm-up.

For the variational search of the ground state, we compute
the expectation value of the Hamiltonian and its gradient with
respect to the ansatz parameters using an exact analytical
expression, expressible in terms of derivatives of the rele-
vant covariance matrices, as shown for the electric energy
in Ref. [41]. We then update these parameters to minimize
the gradient, using gradient descent or a similar optimization
algorithm. By iterating this process, we minimize the Hamil-
tonian’s expectation value and reach an approximation of the
ground state.
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IV. COVARIANCE MATRIX FORMALISM

Here, we will go over details of the final ingredient of
the algorithm, the covariance matrix formalism and its use
in computing the weights. The following brief overview is
intended to complete the details required for understanding
the MC local updating scheme presented in Sec. VI. For more
details, we refer the reader to Refs. [39,44].

Let us consider N fermionic modes {ai}N
i=1. Out of these,

one can construct 2N Majorana modes, γ
(1)

i = ai + a†
i and

γ
(2)

i = i(ai − a†
i ), which satisfy the anticommutation relation

of the Clifford algebra, {γ (1)
α , γ

(2)
β } = 2δαβ . The covariance

matrix for a pure state |φ〉 is defined as

�i j = i

2

〈φ|[γi, γ j]|φ〉
〈φ|φ〉 . (23)

For Gaussian |φ〉, all information of the state is encoded in
this matrix.

We denote the covariance matrix of the gauged projec-
tor |B(G)〉 = ∏

x,k U†
g (x, i)w(x, i)|�v〉, its density matrix by

ρB(G) = |B(G)〉〈B(G)|, and its covariance matrix by �in(G).
Furthermore, we denote the state |A〉 = ∏

x A(x)|�p〉|�v〉, its
density matrix by ρA = |A〉〈A|, and its covariance matrix by
M. Following Eq. (18), the weights can now be presented as
an overlap of two Gaussian states,

p0(G) = 〈ψ (G)〉 = Tr[ρB(G) ⊗ 1physicalρ
A], (24)

where the product with the identity operator of the physical
modes 1physical embeds ρB into the Hilbert space of the phys-
ical modes. This overlap can be computed using covariance
matrices [39,42,44],

〈ψ (G)|ψ (G)〉 ∝
√

det

(
1 − �in(G)D

2

)
, (25)

where D denotes the block of M that couples virtual fermions
to themselves. Thus, the weights can be computed efficiently
within the covariance matrix formalism, utilizing the Gaussian
nature of |ψ (G)〉. Using similar tools, one can also evaluate
the observable function FO(G).

V. ERROR ESTIMATION IN MONTE
CARLO SIMULATIONS

Our analysis focuses on the Monte Carlo error convergence
under different simulation settings. To this end, we first out-
line how the errors are computed.

Consider a set of N MC measurements for an observable O
(after the warm-up phase), {FO(Gi )}N

i=1. In case of independent
and identically distributed (IID) samples, the error on the
mean (EOM) is estimated by

EOMIID(FO ) =
√

Var(FO )

N
, (26)

where Var(FO ) = 〈F 2
O〉 − 〈FO〉2 is the variance of the FO

samples and 〈FO〉 = 1
N

∑N
i=1 FO(Gi ) is the sample mean [47].

However, in a Markov chain, the samples are correlated
and thus the error cannot be computed in such a straight-
forward manner. The EOM of correlated samples can be
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FIG. 2. Autocorrelation of the energy as a function of step num-
ber for different number of updated links per step. All evaluations
were performed for a 6 × 6 lattice with Hamiltonian couplings gint =
1, gmass = 1, and gE = 1

4gB
= 1.25. Typically, the more links modi-

fied per step number, the faster the autocorrelation decays.

estimated by [48]

(EOM(FO ))2 = Var(FO )

N

(
1 + 2

N∑
t=1

AFO (t )

(
1 − t

N

))
,

(27)

where AFO (t ) is the autocorrelation that quantifies the corre-
lation between samples separated by t steps,

AFO (t ) = 〈FO(Gi )FO(Gi+t )〉
〈FO(G)2〉 − 〈FO(G)〉2

. (28)

The averages are taken over all available pairs (i, i + t ) in
the series, and the denominator ensures the normalization
AFO (0) = 1.

The autocorrelation function typically decays exponen-
tially as can also be seen in our simulation, in Figs. 2 and 5.
In our simulation, after a significant decay to about 10−3, the
autocorrelation begins to fluctuate between 10−2 and 10−3.

This allows us to define a decay time τ (in terms of MC
steps) as the number of steps required for the autocorrelation
to decrease by a significant factor (we use 10−2). Thus, we
can rebin the data by grouping each τ consecutive samples
and averaging over them, resulting in nB = 
N

τ
� bins [49],

F i
O,rebinned =

i·nB∑
j=(i−1)nB+1

FO(G j ). (29)

Consequently, we effectively obtain nB samples of less corre-
lated data {F i

O,rebinned}nB
i=1, and following Eq. (26), the error on

the mean can be computed as follows:

EOM(FO ) =
√

Var
(
F i
O,rebinned

)
nB

. (30)

Note that unlike variance and EOM, the mean remains invari-
ant after rebinning. This allows for a much more practical
approach to computing the EOM than Eq. (27). Throughout
this paper, EOM refers to Eq. (30).

This implies that the autocorrelation is closely related to
the error—The faster it decays, the smaller τ becomes and
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the more bins can be formed. Moreover, the variance itself
depends on the chosen rebinning.

VI. UPDATE SIZE

In MC evaluations, there are several approaches for up-
dating the gauge field configurations—a local update that
modifies a fixed, small number of links and a global update
that involves changing a large amount of links (usually a
constant fraction of the system size) [50,51]. Global updates
typically achieve faster error convergence (in terms of step
number) and have better ergodicity compared to local updates.
However, not only are global updates generally more com-
putationally expensive per step, but constructing an unbiased
scheme is often highly nontrivial.

Naively speaking, for any type of MC update, reevaluating
the weight p0(G) and the observable’s function FO(G) for the
updated gauge field configuration requires recalculating the
determinant and the inverse of matrices whose size matches
that of the covariance matrices for the whole system [see
Eq. (25)]. For a d-dimensional lattice with linear length L,
their size scales like Ld , which means that a naive update, re-
gardless of the amount of links it involves, could be extremely
costly numerically. However, we use a local update scheme
that enables a speedup, using the Woodbury matrix identity
[52] and the matrix determinant lemma [53].

The matrix determinant lemma is used to compute the
determinant of a matrix M after a local update C,

det(M + UCV T ) = det(C−1 + V T M−1U ) det(C) det(M ),
(31)

where U and V consist only of 0 or identity blocks and are
used to place the update C to match the dimensions of M. In
our case, M = (D−1 − �in(G)) and C is the local update of
�in(G). However, in order to calculate this determinant, we
need to calculate M’s inverse. For that, we use the Woodbury
formula that computes M’s determinant after the update in
terms of its determinant before the update,

(M + UCV )−1 = M−1 − M−1U (C−1 + V M−1U )−1V M−1.

(32)

Thus, at each step, we can update the determinant and the
inverse according to the previous inverse, by computing the in-
verse of the update C. This allows computation of the weights
when computing the inverses and determinants from scratch
only once—at the first MC step. For local updates, where C
has fixed dimensions, the computational complexity is signif-
icantly reduced to O(N2) instead of O(N3) (for a matrix of
size N × N), as it only requires computing the inverse and
determinant of a matrix much smaller than M.

We find that, when performance is evaluated in terms of
computational time rather than step number, the most efficient
choice is typically to update about 1

4 to 1
2 of the links per

step (see, e.g., Fig. 3). This reflects a balance between two
opposing effects: Updating more links per step reduces auto-
correlation and accelerates the decay of the EOM, but doing
so also increases the computational cost due to the increased
number of updates done per measurement. This increase in
run-time is further amplified by the probability of a nontrivial
change in the gauge configuration between measurements:

In cases where the Monte Carlo proposal is rejected, we
can reuse previous calculations, rather than computing values
from scratch. However, a larger update size increases the
probability that at least one link will flip, leading to a higher
frequency of computationally expensive, noncached evalua-
tions. This effect is particularly significant for small discrete
gauge groups. For instance, in the Z2 theory simulated here,
a single random proposal for the update has a 50% chance of
resulting in the same configuration, which allows the simula-
tion to utilize cached values for efficient measurement, but this
drops to only 0.58 for an update size of 8. This huge disparity
is slightly reduced by accounting for proposal acceptance, but
remains significant.

Our conclusion follows from studying how different
choices for the number of updated links affect the convergence
behavior of the MC evaluations. When more than one link is
updated in a single step, the local update scheme is applied
sequentially. As expected, increasing the number of updated
links generally reduces autocorrelation and causes the EOM
to decrease more rapidly as a function of step number, as seen
in typical MC runs shown in Figs. 2 and 3. These observations
illustrate the trade-off underlying the optimal choice of update
size.

VII. GAUGE FIXING

When computing expectation values of physical observ-
ables, we integrate over all gauge field configurations, as
depicted in Eq. (21). However, since both the ansatz and
the observables of interest are gauge invariant, we can fix
the gauge over trees on the lattice and integrate only over
the remaining links to reduce the number of configurations
involved in the integration. For exact contraction (EC), i.e.,
exact evaluation of the sum in Eq. (21) for discrete groups,
this reduction directly improves computational efficiency by
reducing the number of terms in the sum. In contrast, for
MC evaluations, the impact of gauge fixing is less straight-
forward. Previous studies, including conventional imaginary
time action-based LGT Monte Carlo simulations [54,55], have
observed that gauge fixing can lead to slower thermalization
and error convergence. Here, we investigate how fixing the
gauge for various cases affects error convergence in MC com-
putations of GGFPEPS.

We start by discussing why fixing the gauge and sampling
only nonfixed links is possible—As we shall see now, the
integrand in Eq. (21), FO(G)p(G), is pure gauge invariant, i.e.,
invariant under transformations including only the gauge field
degrees of freedom. A pure gauge transformation for a gauge
field g(x, i) on a link (x, i) is of the form

g(x, k) → g̃(x, i) = h−1(x)g(x, i)h(x + êi ), (33)

where h(x) are group elements associated with the sites. We
would like to use our ansatz gauge invariance to fix links over
trees on the lattice to a fixed value, e.g., the identity group
element g = e. Gauge fixing is always possible on trees due
to their loop-free structure, as shown in Appendix A.

Under a pure gauge transformation G → G̃, the fermionic
part of the ansatz transforms unitarily taking the form (see
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FIG. 3. Relative error on the mean of the energy as a function of step number and time for different number of updated links per step
and various lattice size L × L. All evaluations were performed for Hamiltonian couplings gint = 1, gmass = 1, and gE = 1

4gB
= 1.25. In terms

of step number, the EOM typically converges faster when more links are updated. However, since larger updates are more computationally
expensive, there is a trade-off. The fastest convergence in terms of computational time is usually achieved when fixing about 1

4 to 1
2 of the

links. For clarity, results with more than 3
4 Nlinks updated links are omitted, as the corresponding curves were nearly indistinguishable.

Appendix B)

|ψ (G̃)〉 =
∏

y∈odd

θ̃h(y)(y)
∏

x∈even

θ
†
h(x)(x)|ψ (G)〉 ≡ Û |ψ (G)〉.

(34)

This implies that the probability distribution p0(G̃) remains
invariant:

p0(G̃) = 〈ψ (G̃)|ψ (G̃)〉 = 〈ψ (G)|Û†Û |ψ (G)〉 = p0(G).
(35)

All that remains is to show that the function FO(G) is pure
gauge invariant. For observables O that depend solely on the
gauge configuration, such as the electric energy or Wilson
loops, this is straightforward, as they are functions only of the
gauge field.

Also, the function FO(G) of expressions involving
fermionic operators can be pure gauge invariant. Operators of
interest are mesonic operators M f (x, C, y), which are defined
along a path C connecting site x to site y,

M f (x, C, y) = ψ†
m(x)

[∏
�∈C

U (�)

]
mn

ψn(y). (36)

These operators are more complex because they depend on
both the matter and the gauge field configuration, rather than
solely on the gauge field. Their FM f (G) function is also com-
posed of matter and gauge fields terms,

FM f (G) =
⎡⎣ ∏

(�)∈C
D(g(�))

⎤⎦
mn

× 〈ψ (G)|ψ†
m(x)ψn(y)|ψ (G)〉

〈ψ (G)|ψ (G)|ψ (G)|ψ (G)〉 . (37)

As a result, it is not trivially pure gauge invariant. Nev-
ertheless, the transformation of the gauge field part of
[
∏

D(g(�))]mn is exactly compensated with the matter state
|ψ (G)〉 transformation, Û , acting on the fermionic operators
ψ†.

Therefore, we conclude that, as expected, for all gauge-
invariant operators, FO(G) = FO(G̃). Thus, the integrand in
Eq. (21) could be replaced, without changing the integration
variable,

〈O〉 =
∫

DG FO(G)p(G) =
∫

DG FO(G̃)p(G̃). (38)
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(a) (b) (c)

Maximal tree 2 fixed rows Chessboard

FIG. 4. The types of gauge-fixing trees we examined. Blue sites
represent sites where the h values are fixed according to Eq. (33).
Orange links indicate links fixed to the identity value these links are
included in the tree. Panel (a) describes a maximal tree where all
horizontal links in each row except the last one and all vertical links
in a single column except the last one are fixed. Panel (b) describes a
tree where two rows are fixed. Panel (c) describes “chessboard” tree
that includes all horizontal links � = (x, 1) coming out of even sites
x.

For each gauge configuration G, we can choose a G̃ in which
the links over some tree are all fixed (e.g., to the identity

group element e). As a result, the integration over these links
becomes trivial, factorizing out a constant that is insignificant
due to normalization. Therefore, we conclude that the gauge
can be fixed over trees, and the integration can be performed
over the nonfixed links only. In the following, we study the
effect of this transformation on the convergence properties of
the MC simulation.

Gauge fixing can be implemented in both MC and EC
schemes. In EC, it reduces the complexity of evaluating phys-
ical observables significantly. In fact, for a finite gauge group
G of order |G|, we achieve roughly a square-root improvement
in the computational scaling of the EC runs—from O(|G|Nlinks )

to O(|G| Nlinks
2 +1) for a (2 + 1)-dimensional maximal tree. This

improvement makes it possible to compute the ground state
using EC for 4 × 4 Z2 LGTs, which was previously infea-
sible. Furthermore, it can be particularly useful for future
developments of the code, where we aim to extend it to larger
groups or higher dimensions, for which EC would otherwise
be infeasible without gauge fixing. Moreover, the EC speedup
can be valuable for comparing with MC results as well as for
debugging and implementation purposes.
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FIG. 5. Effect of different gauge-fixing trees on MC evaluation metrics for a 6 × 6 lattice with Hamiltonian couplings gint = 1 and
gmass = 1. (a) Autocorrelation and (b) relative EOM of the energy as a function of step number for gE = 1

4gB
= 0.39. “No gauge fixing”

and “chessboard” trees exhibit the fastest autocorrelation decay and EOM convergence, with “chessboard” being slightly better. Fixing two
rows is noticeably worse, and the maximal tree performs worst of all. For step numbers larger than the typical decay time τ , the autocorrelation
begins fluctuating between 10−2 and 10−3. (c) Relative EOM of the energy and (d) maximal relative EOM among energy gradient components
after 105 MC steps as a function of Hamiltonian’s coupling λ = 2gE = 1

2gB
. For nearly all λ values, “no gauge fixing” and “chessboard” exhibit

lower EOM than “maximal,” with the trend becoming more distinct for λ > 1. General remarks: Trees with other numbers of fixed rows are
omitted for clarity; their values consistently lie between those of the chessboard and maximal trees. In panel (d), the regime λ > 2 and the last
data point of “maximal tree” for λ = 2 were omitted for clarity due to a much higher EOM to mean ratio, though the overall trend persists in
this regime with larger deviations.
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We would like to see whether this improvement carries
over to MC evaluations. To study the effect of gauge fixing
on the convergence rate of MC evaluations, we analyzed the
autocorrelation and error on the mean (see Fig. 5) of var-
ious observables as a function of step number, considering
different Hamiltonian couplings, lattice sizes, ansatz param-
eters, and gauge-fixing trees. Specifically, we examine three
types of trees (and disconnected trees)—a maximal tree that
includes all horizontal links in each row except the last one
and all vertical links in a single column except the last one,
trees with a fixed number of rows, and a “chessboard” tree
that includes all horizontal links � = (x, 1) coming out of
even sites x (see Fig. 4). In about 64% of the tested cases,
the mean values of the total energy obtained using different
gauge-fixing trees (including the unfixed case) agree within
a single EOM margin, based on simulations with 105 warm-
up steps and 105 measurement steps. In about 95% of the
cases, the deviation remains within two EOM margins. In
addition, the acceptance ratio, which is the mean of accept-
ing an update, varies within 2% for different trees. Both of
these measurements agree with what we expect from prob-
ability theory and demonstrate good error calibration of our
algorithm.

As seen in typical MC evaluations in Fig. 5, for al-
most all cases, no gauge fixing and “chessboard” performed
best—lowest autocorrelation decay time and fastest EOM
convergence—while the maximal tree performed worst. Dif-
ferent number of fixed rows performed worse than no
gauge fixing and chessboard, but significantly better than
maximal tree. In most cases, the “chessboard” tree exhib-
ited an EOM and autocorrelation decay rate comparable
to the unfixed case (typically, a slightly faster EOM and
a slightly slower autocorrelation), while remaining signifi-
cantly faster than configurations with fixed rows and maximal
tree. A similar trend is observed for the energy gradient
as well, as shown in Fig. 5(d). This is a key observ-
able, as it controls the variational minimization of the
ansatz.

A possible explanation is that, for connected gauge-fixing
trees (such as maximal trees or entire rows), a single local
update in the nonfixed configuration can correspond to a
complex, nonlocal change in the gauge-fixed configuration,
requiring many update steps to achieve the same effect. For
example, consider Fig. 6. Fixing the gauge fields along an en-
tire row in a lattice with four columns transforms a local MC
update (easily performed in the non-gauge-fixed setting) into
a global update in the gauge-fixed settings, requiring modifi-
cations to seven links. In general, when performing an update
on a link (in the non-gauge-fixed setting) when that link is to
be fixed, the number of links required for an update (in the
gauge-fixed setting) scales linearly with the row length. Thus,
some nearby configurations in the non-gauge-fixed case are
transformed into distant configurations, affecting the distribu-
tion of sampled configurations. In contrast, gauge fixing of
disconnected links, such as in a “chessboard” pattern, where
fixed links are spatially separated and not directly connected,
reduces this issue. In such a setup, modifying one of the corre-
sponding links (which is fixed in the gauge-fixed setting) can
still be achieved through a small number of local updates—a
maximum of just three.

1 local update

7 local updates

Equivalent through 
a gauge transformation

Equivalent through 
a gauge transformation

(a) (b)

(d)(c)

FIG. 6. Demonstration of the impact of gauge fixing on the num-
ber of local updates required in a four-column lattice. Panels (a) and
(b) depict a single local update in the non-gauge-fixed setting. Panels
(c) and (d) show the corresponding configurations after gauge fixing,
where a single row has been fixed. Blue sites represent sites where
the h values are fixed according to Eq. (33). Orange links indicate
links fixed to the identity value e due to gauge fixing, while green
links mark links that are modified during the update. As seen in
the gauge-fixed case [panels (c) and (d)], performing what is locally
a single update in the unfixed setting now requires a coordinated,
global update involving seven links.

VIII. TRANSLATION INVARIANCE

The ansatz is constructed to be translationally invariant
with respect to one-site shifts. Furthermore, the pure gauge
part of the Hamiltonian, which contains the electric and mag-
netic energies, is translationally invariant. This provides us
with two different approaches for computing these expec-
tation values of these terms—We can either use that the
observables are translation invariant and compute them for
one link or plaquette, multiplying by the number of links or
plaquettes, or compute them explicitly for all the links. The
latter has the advantage that each step already incorporates
an average over several links across the lattice. However, it
increases the computation time for an MC measurement step.
In this section, we study this trade-off for both the magnetic
and electric energy terms.

For the magnetic energy, extending the computation to all
plaquettes requires only a straightforward generalization—
iterating over all plaquettes and computing the corresponding
Wilson loops. Since the computation of the MC observable
function FO(G) is performed in the magnetic basis, it could
be implemented quite easily and does not extend the compu-
tational time significantly. Therefore, as can be seen in Fig. 7,
averaging over all plaquettes yields much better magnetic en-
ergy EOM convergence than the single plaquette, with respect
to both step number and wall-clock time.

The situation is more complex for the total energy, as
seen in Fig. 8. Including additional energy terms, such as the
electric energy, introduces additional “noise.” Depending on
the coupling strength, it can be significant enough to offset
the EOM reduction gained by spatially averaging the magnetic
energy. Consequently, for the total energy, the EOM conver-
gence rate depends on the value of λ = 2gE = 1

2gB
. For small λ

(large gB) values, the EOM of the energy typically converges
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FIG. 7. Error on the mean over mean of magnetic energy as
a function of step number and computation time when sampling
a single plaquette vs when sampling all plaquttes. This evaluation
was performed for a 6 × 6 lattice with Hamiltonian couplings
gint = 1, gmass = 1, and gE = 1

4gB
= 0.39. It represents a typical MC

evaluation. The magnetic energy error converges much faster when
averaging over all plaquettes in terms of both time and step number.

faster when averaging all plaquettes. However, for large λ

(small gB) values, the EOM convergence rate was comparable
between the two methods with the single plaquette sampling
showing a slightly faster rate. This trend, however, was not
entirely consistent and showed some variation depending on
the specific ansatz parameters.

To extend the improvement to larger coupling parameters,
it is desirable to also average over the electric energy in a
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FIG. 8. Error on the mean over mean of the energy after 105

MC steps as a function of the Hamiltonian coupling λ = 2gE = 1
2gB

,
comparing cases where the magnetic energy is averaged over all
plaquettes vs a single plaquette. All evaluations were performed on a
6 × 6 lattice with gint = 1 and gmass = 1. For small λ (corresponding
to large gB), the EOM is significantly higher when averaging over all
plaquettes, whereas for larger λ, where the magnetic energy is less
dominant, the EOM values of the two cases become comparable.
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FIG. 9. Error on the mean over mean for the electric energy as
a function of step number and time for various numbers of links
over which the electric energy is averaged. This evaluation was
performed for a 4 × 4 lattice with Hamiltonian’s couplings gint = 1,
gmass = 1, and gE = 1

4gB
= 1.25. With respect to step number, fastest

convergence is achieved for 16 links—The more links averaged over,
the faster the convergence. However, with respect to time, averaging
over more links typically slows down the convergence and fastest is
observed for one or eight links.

similar fashion. However, the computation of the electric en-
ergy FO(G) is not as straightforward since it is also performed
in the magnetic basis. Unlike the magnetic energy, the electric
energy is not diagonal in this basis. To calculate the electric
energy on a single link, we compute a modified covariance
matrix that treats the virtual modes on that link as physical.
Then, in order to get the electric energy on that link, we per-
form operations on that covariance matrix, such as computing
Pfaffians. Performing this for several links introduces an over-
head linear in the number of links on which we calculate the
electric energy. Unlike the magnetic energy, where we simply
access memory to retrieve the gauge group elements on each
plaquette and multiply them over all plaquettes, the operations
required for each link here are non-negligible in terms of
computational cost. Therefore, computing the electric energy
for several links will extend computation times.

As shown in Fig. 9, in terms of step number, increasing
the number of links averaged over improves the convergence
rate of the electric energy error. However, when considering
computation time, for a 4 × 4 lattice, the fastest convergence
is achieved for either a single link or 1

8 Nlinks. For the total
energy, the fastest convergence with respect to time is ob-
tained for a single link (see Fig. 10). This implies that in
the current implementation, although averaging over all links
in the lattice enhances the EOM convergence per step, the
additional computational cost per step overcomes the benefit,
making it preferable to compute the energy over only a single
link.
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FIG. 10. Error on the mean over mean for the total energy as
a function of step number and time for various numbers of links
over which the electric energy is averaged. This evaluation was
performed for a 4 × 4 lattice with Hamiltonian’s couplings gint = 1,
gmass = 1, and gE = 1

4gB
= 1.25. With respect to both step number

and time, fastest convergence is achieved for a single link. While
the convergence with respect to the step number was not entirely
consistent across different settings, the convergence with respect to
time consistently showed the fastest decay for the single-link case.

IX. CONCLUSIONS AND OUTLOOK

The usefulness of numerical methods crucially depends on
their efficiency. In this work, we present numerical improve-
ment to the GGFPEPS method, a variational Monte Calro
optimization of a tensor network construction for lattice gauge
theories. In our analysis, we focus on two features: gauge fix-
ing to reduce the number of independent gauge field variables
and the translational invariance of the ansatz.

The gauge-fixing procedure developed in this work yields
prescription for fixing the gauge fields over trees in GGF-
PEPS, which reduces the dimensionality of the integration.
For discrete groups in 2 + 1 dimensions, this procedure de-
creases the number of gauge configurations by up to nearly
a square-root factor. When the ansatz is contracted exactly,
i.e., when Eq. (21) is evaluated explicitly, the computational
efficiency improves significantly, since we avoid a sizable
part of the exponentially scaling number of configuration.
This improvement makes it feasible to run 4 × 4 Z2 LGT
variational ground-state search using GGFPEPS without re-
sorting to Monte Carlo. This development also enables exact
contractions for more complex groups: an essential feature to
benchmark the ansatz independent of the Monte Carlo con-
vergence. While highly beneficial for exact contractions, we
found that fixing the gauge reduced MC convergence rate in
most cases. We attribute this to the fact that a local link update
in the unfixed settings corresponds to a highly nonlocal update
after gauge fixing, involving a number of links proportional to
the length of the fixed string. This interpretation is supported
by the observation that chessboard tree—in which the gauge

is fixed over unconnected trees each containing only a single
link—performed comparably to the unfixed case.

We examined the difference between space and time aver-
aging in GGPEPS simulations. By exploiting the translational
invariance, we can significantly speed up each measurement
step. This strategy, however, comes at the expense of not using
the different links in the lattice as an additional averaging
opportunity. When averaging explicitly over all plaquettes
of the system, the convergence rate of the magnetic energy
improves. This improvement carries over to the total energy
for an extensive coupling range at high coupling. At low cou-
pling, however, the electric energy dominates and averaging
the electric energy is computationally more expensive since
sampling is performed in the magnetic basis. This suggests
that in future simulations, the magnetic energy should be
computed by averaging over all plaquettes, while the electric
energy will be evaluated on a single link. Additionally, we
found that increasing the number of varied links per step
improves convergence with respect to step number. The trade-
off between error reduction and computational cost favors
updates of a quarter to half of the lattice links.

The research presented in this paper can be naturally ex-
tended in several directions. Since the gauge-fixing procedure
extends to non-Abelian group, GGPEPS simulations for these
groups without Monte Carlo sampling become feasible. This
allows us to examine the quality of the ansatz independent of
sampling errors. By actively exploiting space averaging, the
number of samples can be reduced to enable the simulation of
larger lattices, possibly even transition to simulations in three
spatial dimensions.
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APPENDIX A: GAUGE FIXING OVER TREES

To demonstrate how we can fix the gauge over trees, let us
consider a square lattice of size L × L, where each link (x, k)
contains some group element g(x, k). Here, we will focus on
pure gauge transformations, which act solely on the gauge
field and do not affect the matter. These transformation are
of the form of Eq. (33),

g(x, i) → g̃(x, i) = h−1(x)g(x, i)h(x + êi ), (A1)

where h(x) are group elements associated with the sites.

023240-11



GOMELSKI, ELYOVICH, KELMAN, ZOHAR, AND EMONTS PHYSICAL REVIEW RESEARCH 8, 023240 (2026)

Before dealing with a general tree, we shall first demon-
strate how to fix g̃(x = (x1, x2), i) on a given row x2 = const,
i.e., a path {g((x1, x2), 1)}L−1

x1=0. This would allow us to develop
intuition and subsequently extend this path to a general tree
structure. Imposing g̃ = e along this path yields a recursion
relation for h,

h−1(x1, x2)g((x1, x2), 1)h(x1 + 1, x2) = e. (A2)

For x1 > 0, the solution is of the form

h(x1, x2) = g−1((x1 − 1, x2), 1) · · · g−1((1, x2), 1)

× g−1((0, x2), 1) h(0, x2), (A3)

and due to the open boundary condition, h(0, x2) can be ar-
bitrarily set. Note that fixing h in this manner also impacts
adjacent links along the path.

This procedure can be repeated for any x2 and thus fixing
half of the links to the identity. In addition, due to the freedom
to choose h(0, x2), we can also set the first column to the
identity element, i.e., g((0, x2), 2) = e, in a similar manner to
Eq. (A3). For periodic boundary conditions, we cannot fix the
last links in each row due to the extra constraint h(0, x2) =
h(L − 1, x2). Furthermore, we cannot fix the last link in the
first column. Nevertheless, even in this case it is possible to
fix roughly half of the links in the lattice.

This provides a recipe to fix the gauge over a specific
maximal tree, which is sufficient for our purposes. However,
we would like to demonstrate that it can be generalized to any
chosen tree. Furthermore, we will show that in general the
gauge field cannot be fixed over closed loops, which implies
that a maximal tree contains the maximal amount of links that
can be fixed. The solution for h(x) in Eq. (A3) can be con-
ceptualized as a telescoping product, originating from h(0, x2)
and successively multiplied with g−1 from the left along a
path toward the site x = (L − 1, x2). This intuition lays the
groundwork for extending this method to a general tree.

Let us consider an arbitrary tree. We start by selecting a
specific site as the origin, denoted as O, and set h(O) = e.
Next, we define paths along the tree, starting from the origin
and extending to the edges of the tree. When choosing these
paths, we only need to ensure that each link has at most one
path leading to it from the origin, which is possible due to the
tree structure.

Next, we go along these paths and set h in the following
manner:

(1) When moving along the link g(x, i) in the positive
direction, +êi, we set

h(x + êi ) = g−1(x, i)h(x). (A4)

(2) When moving along the same link in the negative
direction, −êi, we set

h(x − êi ) = g(x, i)h(x). (A5)

This process is demonstrated in Fig. 11.
This recursive process ensures that all links along the tree

are eventually fixed to the identity. The specific structure of
the tree ensures that we can choose paths in such a way that
no two different paths arrive at the same link, and each path
contains each link at most once. In particular, it is impossible
to fix closed loops because doing so would require paths to

FIG. 11. Demonstration of the gauge-fixing procedure results.
Sites where the function h is set appear in blue, where h’s value is
shown around them in blue. The origin is denoted as in the main
text by O. It can be verified that by a gauge transformation of the
form of Eq. (33) all orange links are gauge fixed to the identity group
element. Note that the link g7 cannot be fixed because it closes a
loop, meaning that there is no additional h on its edges that can be
set freely.

affect the same link more than once. Equivalently, there would
exist some site where h is set more than once. For instance,
consider the link g7 in Fig. 11, which cannot be fixed because
its two neighboring sites have already been set. This implies
that a maximal tree contains the maximal amount of links that
can be fixed.

APPENDIX B: GAUGE INVARIANCE OF p(G)

Let us show that p(G) is pure gauge invariant. For that, it
is enough proving that p0(G) ≡ 〈ψ (G)|ψ (G)〉 is pure gauge
invariant. Let us consider some gauge configuration G̃, which
is equivalent to G through some gauge transformation such
as Eq. (33). Under gauge transformations, the state |ψ (G)〉
changes only by the action of the operator Ug(x, i), which
transforms in the following way:

Ug(x, i) =
{
θ̃g, x even
θ†

g , x odd →
{

θ̃h−1(x) gh(x+êi ), x even
θ

†
h−1(x) gh(x+êi )

, x odd

=
{

θ̃h(x+êi )θ̃gθ̃
†
h(x), x even,

θ
†
h(x+êi )

θ†
g θh(x), x odd,

(B1)

where all operators act on the (x, k) link.
Building on this concept, Fig. 12 demonstrates that |ψ (G)〉

transforms to |ψ (G̃)〉 under a unitary operation Û acting on
the physical matter, as follows:

|ψ (G̃)〉 =
∏

y∈odd

θ̃h(y)(y)
∏

x∈even

θ
†
h(x)(x)|ψ (G)〉 ≡ Û |ψ (G)〉.

(B2)

Hence, it is clear that p0(G) remains invariant under pure
gauge transformations,

〈ψ(
G̃
)|ψ(

G̃
)〉 = 〈ψ (G)|Û† Û |ψ (G)〉 = 〈ψ (G)|ψ (G)〉. (B3)
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(a) (b)

FIG. 12. Illustration of the transformation of |ψ (G)〉 under a gauge transformation as defined by Eq. (33). The colors indicate which link
each operator acts on. The transformation for the odd sites is depicted after the transformation for the even sites has been applied. All steps
are based on the rules provided in Ref. [42]. This gauge transformation results in a unitary transformation Û acting on the matter, as shown in
Eq. (B3).
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