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Motivated by recent advances in ultracold atomic gas experiments, we investigate a two-terminal mesoscopic
system in which two-body loss occurs locally at the center of a one-dimensional chain. By means of the self-
consistent Born approximation in the Keldysh formalism, we uncover mesoscopic current formulas that are
experimentally relevant and applicable to the weak dissipation regime. Although these formulas are analogous
to those for systems with one-body loss, it turns out that the channel transmittance and loss probability depend
on the nonequilibrium occupation at the lossy site. We demonstrate that this occupation dependence leads to a
weaker suppression of currents in the presence of two-body loss compared to one-body loss.

DOLI: 10.1103/xfmf-4s11

I. INTRODUCTION

Open quantum systems provide a natural arena for explor-
ing the interplay between coherent dynamics and dissipative
processes [1,2]. In contrast to isolated systems, where uni-
tary evolution governs dynamics, coupling to an environment
introduces decoherence and particle loss, fundamentally al-
tering transport properties and steady-state behaviors [2,3].
Recent advances have revealed that such dissipation can
induce nontrivial quantum phenomena, including nonequi-
librium quantum criticality [4,5], many-body quantum Zeno
effect [6-11], and unconventional renormalization-group
flows in strongly correlated settings [12,13].

The development of highly controllable platforms, par-
ticularly ultracold atomic gases, has enabled systematic
investigation of engineered dissipation in many-body sys-
tems [14-16]. In these setups, particle losses realized via
focused light fields and photoassociation can be tuned with
high precision, allowing experimental access to particle-loss
processes [9,17-26]. These capabilities have motivated a class
of transport experiments that probe the role of dissipation in
mesoscopic conduction, with ultracold analogs of quantum
point contacts (QPCs) serving as the core geometry [27,28].

Of particular interest is the recent realization of a
two-terminal QPC setup exhibiting localized loss in a
one-dimensional (1D) channel. Previous theoretical and ex-
perimental efforts have primarily focused on one-body loss
[29-37], where dissipation effects can be effectively captured
with introduction of an additional reservoir in which injection
into the channel is prohibited.

In contrast, local two-body loss exhibits fundamentally
different characteristics from one-body loss, as it only oc-
curs when two particles simultaneously occupy a spatially
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restricted region. This constraint renders two-body loss in-
herently a many-body effect, as explicitly captured by the
nonequilibrium many-body formalism [16,38,39]. This many-
body nature suggests qualitatively distinct transport behavior
due to the nonlinear feedback between occupation and loss.
In particular, under nonequilibrium steady-state conditions
driven by chemical potential and temperature gradients, such
dissipation may alter particle and energy currents in ways
that elude straightforward extensions of the Landauer-Biittiker
formalism [3,40]. Despite its conceptual and experimental
relevance, a theoretical framework for quantum transport in-
corporating two-body loss has remained largely unexplored.

In this work, we theoretically investigate two-terminal
transport through a 1D chain with localized two-body loss,
modeling a dissipative QPC. To this end, we develop the
Keldysh Green’s function formalism combined with a noise-
field representation of Lindblad dynamics [41-43]. By apply-
ing the self-consistent Born approximation (SCBA) [44] that
is valid in a weak dissipative regime and is also consistent with
the quantum master equation approach, we derive analytic ex-
pressions for mesoscopic particle and energy currents. We find
that the effective dissipation strength becomes occupation-
dependent, resulting in weaker current suppression compared
to one-body loss. Our prediction can be tested in a two-
terminal experiment with an ultracold Fermi gas, where the
superfluid reservoir case has recently been realized [26].

The remainder of this paper is organized as follows. In
Sec. II, we introduce the two-terminal transport model with
two-body loss. Section III presents the noise-field formal-
ism consistent with the Lindblad master equation approach.
Sections IV and V analyze single-site and multisite cases, re-
spectively. Finally, Sec. VI concludes the paper, and technical
details of the theoretical analyses are provided in Appendixes.

II. THE MODEL

We consider a system where two normal macro-
scopic reservoirs are connected via a QPC (Fig. 1). The
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FIG. 1. Schematic of the mesoscopic transport setup: two normal
reservoirs are connected via a 1D chain representing a QPC. Particle,
energy, and spin currents are induced by the difference in chemical
potentials for each spin between the left and right reservoirs iz /g 4, -
The local two-body loss, with rate y, occurs at the central site when
the spin-up and spin-down particles are simultaneously present.

corresponding Hamiltonian is given by

H = Z ZHW“FHT"‘ ZH{)(D’ (1)

s=L.Ro=%,] a=0,+
Hr ==Y t(¥fiodno + Vhodvs) +He,  (2)
k,o

N
Hlji) = — Z Z tii(dii(,di(i—l)a + dl(i—l)odii(’)' (3)

o i=1

The Hamiltonian of the left (right) reservoir with spin
o, Hywe = Y€k — iwo Vo Vikko, 1S expressed
with the kinetic energy € = k?/2m, the chemical potential
UL(R)s» and the field annihilation (creation) operator ¥z gy
(¥} ko) We model a QPC with the 1D chain, which is
composed of the hopping term between different sites Hﬁ)
and the onsite energy term H), = 3" S  €d! di,, with
a potential of energy ¢; and annihilation (creation) operator
in the 1D chain d;, (d ). In addition, tunneling between
reservoirs and 1D chain occurring at the edges of the 1D chain
is expressed in Hy with the tunnel coupling strength #.

We next consider two-body loss occurring at the central site
of the 1D chain and treat dissipation within the Markovian
Lindblad master equation [1]. We note that such a Marko-
vian treatment is relevant to ultracold atomic gases [14] and
has successfully been employed to interpret recent results
on dissipative quantum transport [26,35]. Typically, the open
quantum dynamics is analyzed by following the nonunitary
evolution of the density matrix, which involves both non-
Hermitian and quantum jump terms in addition to the unitary
dynamics. This treatment is in sharp contrast to the standard
approaches in many-body physics, such as quantum field the-
ory. To enable a field-theoretic analysis of dissipation, we
adopt the Hamiltonian formalism incorporating noise fields
[41-43,45-48]. In this framework, two-body loss is captured
by adding the term

= dj,dj n+n'do,doy, “

which describes pair loss at the central site when spin-up
and spin-down particles are simultaneously present. Provided
that noise fields n and n' satisfy the following statistical

properties:
(@M (), = y8(r — 1),
' (")), = n(x)n()), =0, ®)

with the dissipation strength y, resulting dynamics can re-
produce those governed by the quantum master equation with
Lindblad operator dodos, which accounts for two-body loss
(see also Appendix C).

Based on the Hamiltonian comprised of two-terminal and
noise field terms, the particle and energy currents can be
expressedas/ = ) [~ Nio + Ngo1/2and Iy = >I- Hio —
;LL(,NL{7 + Hgo + /LR,,NR,, /2, respectively. These currents
represent the net flow from the left to the right reservoir,
corresponding to the decrease in the left reservoir and the
increase in the right reservoir. As in closed quantum many-
body systems, these current expressions can be transformed
into more convenient forms as follows [34,49]:

. dow
Ny =¢ / E Z |l‘k|2 Re [Glfl(MM)g (w)gf(R)g (k, w)]
k

dw
+< / P Xk: |tk|2 Re [GII(I(MM)O‘ (w)gz(R)g (k, 0))]»

(6)
HL(R)a + ML(R)UNL(R)U

dw
= / P ZékltkIZ Re [GF a0 (@)8 rys (K. @)]
k

dw
+¢ / 7 Z exltk|* Re [GF e (@€ rys (K. )]
k

(N

where ¢ = 41 (—1) for bosons (fermions) and M = 2N +
1 is the number of the site. Here, glz(/g)a is the un-
perturbed Keldysh/advanced Green’s function of the left
(right) reservoir with spin ¢ and is easily evaluated in
equilibrium in which fluctuation-dissipation theorem holds
[38]. In contrast, Gg{rR is full Keldysh/retarded Green’s
function of the 1D chain and is extracted from the cor-
responding contour-ordered Green’s function G,-Cja(t, ') =

—i(TC[d(i_N_l)U(t)d(Ti_N_l)a(r’)]) with contour-ordering T¢
discussed in Appendixes F and G.

III. NOISE-FIELD FORMALISM

The evaluation of the particle and energy currents [Egs. (6)
and (7)] reduces to computing the full Green’s functions
Gﬁ/&ma. Treating V;, as a perturbation, we employ the
Feynman diagram technique to systematically evaluate these
functions. Notably, the noise-field formalism shares similarity
with the treatment of disorder potentials [50] in that both
involve statistical averaging. However, a complication in the
present context arises from the temporal correlations imposed
by Eq. (5). The Keldysh formalism then provides a natural
framework to incorporate these correlation effects in a sys-
tematic manner.

When the Lindblad operator involves two field operators,
as in the case of two-body loss and dephasing [1,16],
the system-environment coupling effectively behaves as a
two-body interaction upon averaging over the noise field
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[43]. However, this coupling has a different causal structure
from genuine interactions, as it connects time arguments on
the forward and backward branches of the Keldysh contour
[16]. This branch mixing leads to qualitative differences from
conventional two-body interactions (see also Appendixes E
and F).

In the dephasing model, where the Lindblad operator is
d"d and the associated noise operator is Hermitian, the SCBA
yields exact results [42,43]. This exactness arises from the
symmetric contributions of all components of the contour-
ordered Green’s function for the noise field gg, which leads
to the systematic cancellation of all higher-order Feynman
diagrams beyond the SCBA as shown in Appendix E.

We now turn to the case of two-body loss, where the Lind-
blad operator is dy,dos. In contrast to the dephasing model,
here the systematic cancellation of Feynman diagrams does
not occur, preventing an exact evaluation via the Feynman dia-
gram technique. We find that this complication arises because
the noise averages specified in Eq. (5) lead to asymmetric con-
tributions from the time components of the contour-ordered
noise-field Green’s functions, which is demonstrated in
Appendix F.

To elucidate the essential differences in quantum trans-
port with and without dissipation, we focus on a regime in
which dissipation is amenable to a perturbative treatment.
Such a treatment is justified when the dissipation strength
is significantly smaller than the Fermi energy, tunneling rate
between the reservoirs and the 1D chain, and the system
temperature. We point out that this weakly dissipative regime
is relevant to the recent experiment in which local two-body
loss is controlled via photoassociation provided by an optical
tweezer [26]. When it comes to this regime, it is reasonable
to neglect multiple scattering by the noise fields. This leads
to the SCBA, which accounts for processes where a spin-o
particle interacts with an opposite-spin particle at via noise
fields [see Fig. 2(a)], while neglecting the crossing diagrams
[such as Fig. 2(b)]. The SCBA does not also contain a process
in which spin-up and spin-down particles are transiently cre-
ated as pairs by the noise field, propagate, and subsequently
annihilate, as illustrated in Fig. 2(c). Physically, this diagram
corresponds to an effective bath renormalization effect in-
duced by the finite system.

We point out that for consistency with the Lindblad equa-
tion, such a diagram must rather be discarded. To see this, we
consider renormalization of the noise-field Green’s function
Gg, which is also present in Fig. 2(c),

G5 =gl +g oit{ghesogs +-, (8)

where o denotes Ao B = [ dt”A(r, t")B(z", t’). This dia-
grammatic expansion can be obtained by considering the time
evolution of the heat bath

(Teln(om' (1)

= <TC|:exp <—i /C dr”v,,(r”)>n(r)n"‘(r’)p O
0

Here, (- --)¢ denotes the unperturbed expectation value, and
the contribution of exp(—i fc dt"V,(z")) arises from the time
evolution of the density matrix. Such time evolution violates
the Born approximation and the invariance of the environ-

(b) (c)

FIG. 2. (a) Feynman diagram corresponding to the SCBA.
(b) Crossing diagram neglected in the SCBA. (c¢) Diagram to
be discarded for consistency with the Lindblad master equation. The
thin line represents the unperturbed Green’s function of the particle
with spin o, g, the thick line the full Green’s function of the particle
with spin o, G, the double line in panel (a) the full Green’s function
of the particle with opposite spin &, GS, the double line in panels (b)
and (c) the unperturbed Green’s function of the particle with opposite
spin &, gg, and the wavy line the Green’s function for the noise
field, gg.

ment, both of which are employed in deriving the Lindblad
equation (see also Appendix C).

We note that the Hartree-Fock theory bears resemblance
to the SCBA, which has successfully been applied to a sys-
tem with two-body loss [39]. In addition, the two-terminal
quantum-dot system with two-body loss has recently been
analyzed with a variational approach, yielding results con-
sistent with the SCBA [51]. It was shown in Ref. [51] that
the mean-field approach, i.e., the SCBA, remains valid up to
around y /I" ~ 1, where I is the tunneling rate. This implies
that in the regime y/I" > 1, effects beyond the SCBA are
expected to emerge. For example, the Kondo effect may arise
from the contribution of Fig. 2(b), which was neglected in the
SCBA.

IV. SINGLE-SITE RESULT

To clarify the essential role of two-body loss in two-
terminal transport, we first consider the simplest case of a
single-site system, M = 1.

To evaluate Gﬁ/f, we harness the Dyson equation in the
Keldysh formalism. Under the SCBA, the contour-ordered
Green'’s function obeys

c c c c c
Glioc = &11s 8110 © X115 © 16> (10)

where the self-energy is given by %€ (z,7)=
itg5(t, T)G\5(7', 7). By using the statistical prop-
erties of the noise fields, the retarded, advanced, and
Keldysh components of the self-energy take the form
SRAK (T, 1) = ic gRA/K (t, T')ngs . Here, ngs; denotes the
average occupation number of the opposite spin & at the
quantum dot, satisfying the following self-consistent integral
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equation (see Appendix F):
I do Iy (0)[nLq (@) + ngs (w)]
00 — A P
27 [ — €) — Ry (@) + [To (@) + Lngs |

1)

where npg) (@) = [e@™Awa)/Tiw — 171 js the Fermi
or Bose distribution function of the left (right) reser-
voir. The chemical potential difference from the ori-
gin of the frequencies is defined as Aurryey = Uiw)e —
Zm, Wsor /4 and Ty gy denotes the reservoir temperature. The
quantities R,(w) =2, [t |? Re[gfa (k, w)] and T'y(w) =
=23 It|> Im[gR (K, )] represent the energy shifts induced
by the reservoir. By using Im[gfa] X §(w+ 1 — ex) with u =
> o Mso /4, the particle and energy currents are given by
Appendix F,

d L,
1=;/§[Ta(w)+ z(w)][nLa(w)—nRo(w)], (12)

d Lo
Iy = Zf%(w‘l-ﬂ)[%(w)‘l- z(w)}

X [ng (@) — nge ()], 13)

where 7, (w) and L, (w), respectively, represent the transmit-
tance and loss probability defined as

2
T o) — [T, (@)] e
[0 — €0 — Ry (@)]* + [To (@) + L5 |
E(; (C()) _ FU (a)))/l’l()(, (15)

[ — €0 — Ry (@)1 + [T (@) + Lnos |

We compare the above results with those for the one-body loss
case [34]. A key similarity is that the formal expressions for
the particle and energy currents remain identical for bosons
and fermions in both cases. However, a crucial difference lies
in the structure of the effective dissipation: In the two-body
loss case, the effective loss strength is given by yngs [51].
This occupation-dependent term leads to differences in the
particle and energy currents between one-body and two-body
loss cases.

In the absence of two-body loss y = 0, the reduction in
particle number in the left reservoir is fully compensated
by the increase in the right reservoir, as captured by the
currents in Eqs. (12) and (13). When two-body loss is present
y # 0, an additional loss channel to the vacuum arises.
This corresponds to the particle-loss rate, which can also
be evaluated with the Keldysh formalism as follows (see
Appendixes F and G):

—N = = "[Niy + Nio] = 2ynony - (16)

This result is intuitively reasonable, since the particle-loss
rate increases with both the number of spin-up and spin-down
particles at the lossy site and the strength of the dissipation.
We note that Eq. (16) remains valid regardless of the total
number of sites.

For the sake of an analytic comparison between one-body
and two-body loss effects, we now consider the case of two-
component fermions at zero temperature. Especially, we focus
on particle transport near the Fermi level, assuming R, (w) —
0 and I'y(w) — I' with € =0, ML(RYe = ML(R) and Ap =

0.474
0.46 1
0.45
0.44

<043
0.42
0.41

0.40 1

- /\

~0.4 02 0.0 02 0.4
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FIG. 3. The average number of particles at the central dot with
two-body loss. The temperature is set to 7/I" = 0.1. The blue,
orange, and red curves correspond to y/I' =0.1,0.5, and 1.0,
respectively.

nr — pr <K ”LJZF—”R [52]. Under these assumptions, spin-up
and spin-down particles are equally populated npy(y) = no =
W14+y/T —1)/(y/T), and the particle current follows an
Ohmic relation / = GAp with conductance G. The resulting
expressions for the conductance are

2 1 2 2

= — X —, G2:—
2 14y/2I

X ———
27 T 1+ JI+y/T
(17)

G

where G| and G, correspond to the conductance in the one-
body and two-body loss cases, respectively. Here, 1/2m is
the conductance quantum in natural units and the prefactor
2 accounts for spin degeneracy [53]. We note that the above
expression of G is obtained, provided that dissipation is spin-
independent, i.e., y3) = . These expressions demonstrate
that G, > Gjy; i.e., the particle current is more strongly sup-
pressed by one-body loss than two-body loss.

We emphasize that these essential results persist under a
finite bias at nonzero temperature Ty ) = T > 0, whose nu-
merical results are shown in Fig. 3. As in the zero-temperature
case, ng decreases with increasing y . Notably, at finite temper-
ature, ng also decreases with increasing |Au|, a feature absent
at zero temperature.

Figure 4 compares particle currents under one-body and
two-body losses. For y/T" € [0.1, 1], the occupation ny < 1
(Fig. 3), and the denominator of 7, (w) + L, (w)/2 decreases
more rapidly than the numerator. Consequently, the particle
current in the presence of two-body loss exceeds that in one-
body loss. This indicates that the inequality G, > G| remains
robust even under thermal fluctuations.

To enable a more direct comparison between theory and
experiment, we also examine /-N characteristics. This is due
to the fact that in cold-atom experiments, the dissipation
strength is usually obtained by exponential fitting of the time
dependence of the particle number, yet the effective two-body
dissipation strength cannot be directly extracted from this
method in experiments.
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FIG. 4. Comparison between one-body and two-body loss effects
on the particle current. The temperature is set to 7/I" = 0.1. The
blue, orange, and red curves correspond to y /I" = 0.1, 0.5, and 1.0,
respectively. The solid ones represent results with two-body loss,
while the dashed ones indicate those with one-body loss.

Figure 5 is the comparison of I-N characteristics between
one-body and two-body losses. Here, we assume the spin-
dependent one-body loss such that y4 = 0 and y;, = y, which
is consistent with the experimental condition in Ref. [26].
This comparison demonstrates that the particle current with
two-body loss is always larger than that with one-body loss
under the same particle-loss rate. It is remarkable that the sim-
ilar trend is also observed in the experiment with superfluid
reservoirs [26].

We can also discuss the effects of an interaction in
the channel. For fermions, the Hamiltonian of the sys-
tem is reduced to the Anderson model [50], where H{)D —

0.12

0.11 1

0.10 A

0.09 1

0.08

0.07 1

0.06 1

0.0 0.2 0.4 0.6 0.8
—-N/T

FIG. 5. Comparison of particle current and particle-loss rate in
the cases of one-body and two-body loss. The temperature and
chemical potential difference are setto 7/I" = 0.1 and Au/TI" = 0.4,
respectively. We vary y/I" from 0 to 10. The solid line represents
results with two-body loss, while the dashed one indicates those with
one-body loss.

>, €ody, dos +U dgTdQng \do, . In the two-terminal experi-
ments with normal reservoirs in ultracold atomic gases, the
interaction is weak such that the renormalization effect as-
sociated with the Kondo effect is negligible [27]. In such a
regime, the following mean-field approximation is allowed
[54]: HIOD ~ Y (€0 + Ungs )dgadog. The resultant expres-
sions of the particle and energy currents correspond to ones
by considering the energy shift €9 — €y + Ungs -

V. MULTISITE RESULT

We now turn to the multisite case. Under the symmetry of
the system €_; =¢; and t_; = ¢; for i = l 2,...,N, Green’s
function obeys the following relation: G; jg (a)) wa (w) =

GfM7j+1)(M7i+1)a(a)). By using above, we obtain (see
Appendix G)

d LM
I= Xa:/ %[ﬁM(w) + Uz(w)i|[nm(a)) — Ny (W)],

(18)
Iy = Z/ 9w+ M)[TM(w) + EM(“’)}
X [n10/(@) — ngo (@)1, (19)
where
T (@) = [T (@)|GRyp (@), (20)
LY (@) = [T @)y n05)|Gfus, @) @1

These expressions are analogous to the single-site case
M =1).

VI. CONCLUSION

By developing a Keldysh field-theoretical framework that
systematically incorporates two-body loss and reveals a class
of Feynman diagrams consistent with the Lindblad formalism,
we have investigated quantum transport through the 1D chain
subject to localized two-body loss. Our formulation allows
for the systematic derivation of observables while preserving
dissipative dynamics. In particular, we obtain compact and
universal current formulas that are independent of system
size and structurally resemble those for one-body loss. For
fermions, in contrast to the one-body loss case, the dissipation
strength in our model acquires an occupation-dependent char-
acter, leading to a weaker suppression of the particle current in
the weakly dissipative regime. This mechanism may naturally
account for a recent observation in a superfluid junction [26].
For direct quantitative comparison, similar experiments using
normal (nonsuperfluid) reservoirs would be highly desirable.
Such setups are feasible in ultracold atomic systems by tun-
ing interactions via Feshbach resonances. Another promising
experimental platform is an optical lattice system, where ar-
bitrary system geometries can be engineered with a quantum
gas microscope [55] and two-body loss has been implemented
with photoassociation [24]. Finally, it would be theoretically
compelling to extend the present field-theory framework to
the strongly dissipative regime, where a dissipation-induced
Kondo effect has been predicted for the single-site case
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[51,56,57]. Extending it to multisite systems and elucidating
crossover from weak to strong dissipation within a field-
theoretic analysis remain an important direction for future
work.
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APPENDIX A: KELDYSH FORMALISM

In order to perform field-theoretic calculations, we now
divide H into an unperturbed part Hy and a perturbed part V

and construct the interaction picture of a system operator A,
A](T) — ei(ﬂ0+ﬁB)TAS€_i(ﬁ0+ﬁB)t (Al)

where the subscripts S and I denote the Schrodinger and
interaction pictures. In the Keldysh formalism, we consider

J

forward branchy
g )T = +oo

<backward branch

FIG. 6. Keldysh contour.

a contour-ordered Green’s function of system operators A and
B, which is defined on the contour illustrated in Fig. 6 and is
given by

G(z, 1)
= —i{Te[An(T)Br ("))

o (=) ) )
=Y S [an - [ an et + V0
n=0 4 C C

n

o (Vi) + Vi (Ta))A1 (0B (7))o

Here, the subscript H denotes the Heisenberg picture and
(-++)o is the unperturbed expectation value. In addition, T¢
denotes contour-ordered product. When the Hy is bilinear in
field operators, which holds in our system, Wick’s theorem
applies, and G can be computed by using a Dyson series
expansion associated with the Feynman diagram technique.

In practical calculations of physical quantities, it is con-
venient to work with the retarded, advanced, and Keldysh
components of Green’s functions. These components are re-
lated by the following expressions:

(A2)

GK(r,7) GR(x. 1)\ —i([Ag (1), By(t)];) —i0(tr — T)([Au(t), Bu(t)]-¢) (A3)
Gz, 7)) 0 i0(t' — T)([Au(t), Bu(t)]_¢) 0 ’
Gl (r,7) G<(1,7) GGz, 7" Gt v7)
B = , (A4)
G (r,t) G'(z,1) Gz, 7" GG ,t")
_(UTAR@B () —ilAn(0)Bu (<)) A5)
—it By(tHAn(r))  —i{TIAx(0)Bu ()’

T2

Here, ¢ = +1 (—1) for bosons (fermions), [A,B], =
AB + ¢ BA. The time argument 7 () denotes times on the for-
ward (backward) branch of the Keldysh contour (see Fig. 6).
The symbol T(7) denotes (anti-)time-ordered product, while
G=®) refers to lesser (greater) Green’s function.

APPENDIX B: HAMILTONIAN FORMALISM
WITH NOISE FIELDS

In this Appendix, we review the Hamiltonian formalism
with noise fields analogous to “white noise” in stochastic
processes. In this formalism, we start with the Hamiltonian
of a system coupled to an environment (i = 1),

Ho=H+Hg +V,. (B1)

1 {GX(z,v)+ GR(r,7") + G(r, 7')
GX(r, )+ GR(r, ') — GM(z, ')

GX(t, 7)) — GR(r, 7))+ GA(z, T')
. (A6)
GX(t, 7)) — GR(z, 7)) — GA(z, T')

(

Here, H is the system Hamiltonian and 1-73 is the Hamiltonian
for a heat bath defined by

Ay = / do il (@)7(©), (B2)
with the commutation relations
(@), 1T (@)] = 8(0 — o),
[7(w), 7)) = [T (@), i (@] = 0. (B3)

The energy spectrum of the heat bath is assumed to be con-
tinuous. The coupling between the system and the heat bath is
given by

v, = / doly (@)L (@) + y* (@i (@)L], (B4

043220-6
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where L is the Lindblad operator and y(w) is a coupling
between the system and bath, which in general depends on
frequencies.

We now consider the interaction picture under the un-
perturbed Hamiltonian H + Hp. In this interaction picture,
the Lindblad operator is L(t) = e/ @+Hs) [ o=i+Hs)T  ang
the noise field is obtained by using the Baker-Campbell-
Hausdorff formula

Aw, 1) = ei(H+HB)Tﬁ(a))e*i(1‘?+HB)T — eiHBTﬁ(a))efiHBI
= f(w)e ". (B5)
Then, the coupling term is expressed as
V,(x) = LT (D)) + 7 (0)L(), (B6)
where
o0 .
i) = f doy @)@, (B7)

The operators 7j(¢) obey the following commutation relations:
o0

(o). 71 (x)] = / doly@)Pe ™ (B8)

—00

and

[7(), 7] = 7' (), #T ()] = 0. (B9)

Equation (B8) indicates that the commutator depends on the
past history t/(# 1), resulting in non-Markovian dynamics of
the system.

We next take the Markovian limit that neglects the mem-
ories of the heat bath. This corresponds to taking the
frequency-independent coupling,

_|Y
y(w) = e

In this limit, the noise fields 7(w) and the Lindblad operator I
are coupled with equal weight over the entire energy spectra,
and it follows that

(), 7' ()] = y8(r — '),

(B10)

[7(0), 1) = [ (D), 7T ()] =0, (B11)
where
AT = V7 [ : %ﬁ(w)e—i‘“. (B12)

In addition to the commutation relation, the noise-field
formalism considers statistical averages on noise fields. In the
case of two-body loss considered in the main text, we consider
the following averages:

RO () =y — 1)),
HOREH), = HEOREH), = G @ E)),
= (1(2)), = (7' (x)), = 0.

The above averages of the noise fields correspond to the as-
sumption that the heat bath is in the vacuum state (- --), =
(vac|---|vac) with 7j(t)|vac) = 0. Physically, this indicates
that the population of particles outside the system is absent,
and therefore, no particle injection from outside.

(B13)

APPENDIX C: DERIVATION OF LINDBLAD
MASTER EQUATION

In this Appendix, we derive the Lindblad master equation
using the noise fields. The density operator of the total system
obeys the von Neumann equation in the Schrodinger picture

0 N
— Prot(T) = —i[Hiot, Prot(T)]. (Cn

ot

By dividing the Hamiltonian into an unperturbed part H + Hp
and a perturbed part V;), we construct the interaction picture

a .
72 Pou1(T) = —i[Vy(T), Pror1(T)], (€2

0t

where o (1) = @ DT b (1) i HHNT ang V,(t) is de-
fined as Eq. (B6). Here, the subscript I denotes the interaction
picture. By formally solving Eq. (C2),

Prot,1(T) = Pro.1(T0) — i/ dt'[Vy(x), prors(z)],  (C3)
70
Equation (C2) can be rewritten as

J . .
Epmu(r) = — i[V,(1), Pror,1(T0)]

- f 7' [V,(0), [V, (t"), ot (211, (C4)

To

where 1y is the initial time.

The density operator of the system is defined as
pr(t) = Trp {Pro,1 (T)}. (C5)

The partial trace over the environment is associated with the
noise average as follows:

(- )y = Trp {pp(0)(- - )} (Co)

Here, pp is the density operator of the heat bath. To obtain
an equation of motion for p;(7r), we consider the following
conditions [1]:

(1) Initial state: poi(70) = £(T0) ® Pa(T0)-

(2) Born approximation: Py () & p(7) ® pp(T).

(3) Invariance of the environment: pg(t) ~ pp(1).

By taking the noise average of Eq. (C4), we obtain

%fn(r): - f : dt’ Trg{[V, (). [Vy(t), pr(z') ® ps(t0)]l}.
(C7)
where we use Trg{pp(7y)} = 1 and
Trp{[V;) (7). Prot1(10)]}
= Tra{i(7)p(0)}LT ()P (70)
— Trp{ps(t0)i(T)}p (o)L (1)
+ Trp{f ' () ps(t0)}L(T)p(T0)
— Tr{pp(t0)i (1)} p(10)L(T)
= (ML (1)p(0) — (A(D))p(r0)L (T)
+ (AT @)L(T)p(r0) — (A () D(T0)L(T) = 0.

The above equation follows from the cyclic property of the
trace Trp{AB} = Trp{BA}. The right-hand side of Eq. (C7) is

(C8)

043220-7



KENSUKE KAKIMOTO AND SHUN UCHINO

PHYSICAL REVIEW RESEARCH 7, 043220 (2025)

rewritten as
Trp{[Vy (). [V, (x)), pr(t") @ ps(t0)]1}
= (MO @)L (DL )P (')
+ (AT (D)) pr(tHET (2)E(T)
— (A (@) L)pr (L ()
— (AN @ L)L (1)
= y8(r — UL (D)L(x), pr(1)}
—2L(0)pr (LT ()] (C9)
Finally, by using the following identity:

/ dt's(t — 1))
70

:fr dt'8(r — 1) [6(r) =0att #£ 0]

= / dss(s) [s=t—1']
0
= % / ds5(s) [even function: 3(s) = 6(—s)]
B l C10)
=5 (

we obtain the Lindblad master equation in the interaction
picture,

d R “
—d(t) =y [L(r)ﬁn(f)ﬂ(r) -

(LT (0)L(z), pr(7)}
ot ’

2
(C11)

Since the time derivative of the density matrix in the interac-
tion picture is associated with that in the Schrédinger picture
as follows:

3 3  nn o
afﬁ](r) — ar(el(H+HB)le(r)e*l(H+HB)T)
S 9 . SRR
= o/ FHe)e <_az p(v)+i[H+Hg, ﬁ(r)])e'<H+Hﬂ>f

L a N i
= /T (—at p(z) +ilH, i)(r)]>e"‘”+”"”,
(C12)

we obtain the well-known Lindblad master equation

{EiL, i)(t)}}_

0T

d N N A
~-P(0) = —ilH, p()] + )/[Lﬁ(f)L’ - 5

It is instructive to clarify the assumptions underlying the
above derivation. First, the initial separability between the
system and the bath is a standard assumption in both quantum
many-body and open quantum systems, allowing for a pertur-
bative treatment. Second, the Born approximation presumes
that this separability holds throughout the evolution, which
is reasonable when the system-bath coupling is weak. Third,
the time invariance of the environment is naturally satisfied

for a large bath in thermal equilibrium or in vacuum. In con-
ventional derivations of the Lindblad master equation [1], the
Markov and rotating-wave approximations are also imposed.
In our case, however, these approximations are not explic-
itly required, as the Markov approximation is incorporated
through the assumption of frequency-independent coupling
in Eq. (B10), and the rotating-wave approximation is imple-
mented via Eq. (B6).

It should also be emphasized that the Born approxima-
tion is essential for deriving Eqgs. (C8) and (C9). Without
this condition, Eq. (B13) cannot be applied directly, and the
temporal correlations deviate from the delta function due to
bath renormalization effects induced by the finite quantum
system. This point is particularly suggestive when perform-
ing field-theoretic calculations based on Feynman diagram
techniques, since perturbative expansions naturally generate
diagrams corresponding to such bath renormalizations. To
maintain consistency with the Lindblad master equation, it
is necessary to discard these diagrams, a consideration that
becomes especially crucial when analyzing two-body loss
processes.

To be concrete, we consider the renormalized Green’s
function of the noise field. The Green’s function is formally
expressed as

C I
G,7 (r, 7))

— —iTr [ﬁm(fo)Tc{eXp (—i / dr" Vn<r”))ﬁ(rw(r’)”
C

=—iTr [Tc{ﬁrot(fo)exp (—i / dt” Vn(r”)>ﬁ(r)ﬁ*(r’)”
C

= —i Tr[Tc{8(00, 7)ot (70)S (00, 1) (T ()}

= —i Tr[Te{ pror(00) (07 (T)H}].

Here, § is the time evolution operator defined as follows:

(C14)

oo

Sy =3 S8 [Can [ an 1@

n=0 T

(C15)

where T is the time-ordered operator. Under the Born ap-
proximation and the invariance of the environment, Gf’: must

be g,
G (r, 7') = =i Tr[Te{p(00) ® pp(to)i(T)n’ (t)}]
= —i Trg[Te{pp(z0)A ()7 (t))]
=g (r, 1),

where we use the partial trace over the system and the identity
Trs[p(7)] = 1. Equation (C16) asserts that the bath renormal-
ization is absent.

When the Lindblad operator L involves two field operators,
as in the case of two-particle loss, terms containing L in
Eq. (C13) effectively behave like interaction terms. The third
term on the right-hand side of Eq. (C13), —y{L'L, p(1)}/2,
corresponds to the so-called non-Hermitian evolution term
and plays the role of an effective interaction with a complex
amplitude in the context of two-body loss. The second term,
yLp)LT, is referred to as the quantum jump term and is often

(C16)
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FIG. 7. Concept of frequency tuning.

omitted in non-Hermitian approaches to many-body physics.
However, retaining this jump term is essential to ensure the
completely positive trace-preserving nature of the evolution
of the density matrix. The noise-field formalism offers an
alternative representation that consistently incorporates the
full nonunitary dynamics described by Eq. (C13).

APPENDIX D: FREQUENCY TUNING

In multiterminal transport system, the origin of frequencies
is defined by the average of reservoir’s chemical potentials

w= Z,‘ i
2.l

where i denotes the reservoir i. When calculating reservoir’s

Green’s functions, the distribution function of the reservoir

i incorporates the energy shift depending on p; — p. In this

Appendix, we review the method to compute this energy shift.

To elucidate the essential features, we focus on a two-

terminal system. The typical expression of left (right)
reservoir’s Keldysh Green’s function

DD

g &, oLr) = —2i8(oLw) — (6 — HL@)INLE (OL®)):
(D2)

with e, = k?/2m and nrwy(wLry) = , implies that

frequency wy r) is measured from py ). When connecting left
and right reservoirs with a quantum point contact, we measure
the frequency w from averaged chemical potential w, and the

energy shifts are considered as Fig. 7, leading to

with Ay = u; — ug. Thus, we obtain

g’f/R(k, w) = —2mid((w F Ap/2) — ex — pr/r))nr(w),
(D4)

with nL/R(a)) = W.
To calculate the above results systematically, we start with
the following canonical Hamiltonian:

H= Z Z(Gk — WV

s=L,R k

(D5)

where the energy is measured from p. The system dynamics
is described by H, while the equilibrium expectation value of
Green’s function (D4) is obtained by grand-canonical Hamil-
tonian

K= (e~ m)¥iiu. (D6)
s=L,R k
Considering the difference between A and K,
~ X A A A
AZK_HZ_T(NL_NR)’ (D7)

the annihilation operator of the interaction picture can be
rewritten as

Yrre(t) = e pcse T (D8)

— eikre—iHAl',lﬁL/Rk’SeiHAre—iIer, (D9)
— quiA/LI/ZeiKT ,(/'}L/Rk'sefikt , (DIO)
= T2 pk (T), (D11)

where the subscripts §,1, and K denote the Schrédinger
picture, the interaction picture constructed by H, and the
interaction picture constructed by K, respectively. Thus, we

Ap .
WL R =0 F > (D3) obtain
J
85 r (k. 7. T)], = —HTeWi/mea (D] e (T)]o. (D12)
= —i(Telmik (O] gy (T o™ T2, (D13)
= g7 /r(k, T, T)] eFAH T2, (D14)

where [glik) is the Green’s function constructed by 1&1(1(). When calculating the following integral, the expression of grand-

canonical Hamiltonian is given by

/ dr, f(z, rl)[gf/R(k, T, ‘L'/)]I = / dﬁ/ 2—/
—0o0 —00 —o0 &0 J_xo

*d ; ,
= / %f(w)[glfm(k, o+ Aﬂ/z)]Keilw(rir ),

oo

d;)L/R f(w)[gf/R(k, U)L/R)]Ke_iw(r_rl )~ i@LpEAR/D(T—T)
bid

(D15)

where f is a function that arises in the calculation, and [gX (K, @ F Ap/2)]g corresponds to Eq. (D4). The energy shifts of the
retarded and advanced components of reservoir’s Green’s function can be obtained in the same manner.
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APPENDIX E: ANALYSIS OF DEPHASING MODEL
To see how the noise-field formalism works, we here ana-
lyze the dephasing model, which has also been examined in
Refs. [42,43]. For the sake of simplicity, we omit indices of
(a) (b)

site and spin. Then, the perturbed Hamiltonian is given by

f oAb

FIG. 8. (a) Feynman diagram corresponding to the coupling term Vy = d dip. (ED)
(E1). The solid lines represent d and d*, and wavy line represents 7. Here, d(d') is an annihilation (creation) operator of the
(b) The term generated from the noise average of pair of Eq. (E1). system and #) is a real noise field, obeying the following

condition:
MO, =yst =), (), =0. (E2)
The contour-ordered Green’s function satisfies

J

0 an+l R . . N
=y [an- [ dnzetv, @ yaded @,
n=0 : c c
=¢(r, r/)+/dn/dtzgc(r, )21, )G (12, T), (E3)
C

where g€ is an unperturbed Green’s function and X is a self-energy.

In terms of Feynman diagrams, the coupling term (E1) is depicted as Fig. 8(a). Considering the noise average of pair of
Eq. (E1), we obtain the Feynman diagram depicted in Fig. 8(b), which is similar to the diagram of the two-body interaction.
A crucial difference between genuine interactions and Fig. 8(b) is that the latter connects time arguments on the forward and
backward branches of the Keldysh contour, while the former only connects time argument on the same branch.

We now examine typical diagrams of the dephasing model. At first, we verify that the contour-ordered Green’s function for
the tadpole diagram

Gz, 7) = / dn / Ay A€ (2, 1) (11, 2)C (12, 1)B (11, 7' (E4)
c c
vanishes as follows:
’ 1 / <
Gha(t, 7)) = 3 / dt /dszT(T, )B (71, T )[gi(fl, ) — &, (11, Tz)]CK(Tz, )

1 -
-3 f dr) / Aty A= (1, 1B (11, [ (1. 1) — & (11, 2)]CK (22, 12)
—0, (ES)

< ’ 1 T < 4 T < K
Gra(t, 1) = 5 dry | duy A" (z, 1)B (11, T')[g, (11, @) — & (11, ) ]CX (12, 2)

1 _ _
-3 / dn f drs A<(t, 1B (11, [ (11, ) — g6 (11, 2)]CK (02, 72)
—o, (E6)

/ 1 > !/ <
Gua(t.T) =5 / dr /dsz (r, 1B (11, ) g} (11, @) — &; (11, ) |CX (12, 1)

1 T INP=S I
-3 [ dn / dry AT (1, 1B (11, 7[5 (1. 1) — &1 (11, 2)]CK (12, )
=0, (E7)
- 1
Gla(t, 7') = 3 / dr /dsz>(T, )B= (11, T)[g) (1. 1) — &} (11, 1) |CK (12, )
1 y ) y
—3 / dr /dszT(T, B’ (11, 7)[g; (11, 1) — g} (11, ) |C¥ (12, 2)
=0, (E8)
where the equal-time Green’s function can be written as

CT(r, 1) =CT (0, 1) = 1C¥(12, 1) (E9)
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i % % A %
(a) (b)

(c

FIG. 9. (a) Tadpole diagram. (b) Self-energy of the crossing diagram. (c) Diagram associated with bath renormalization by d and d°.

~

and

(gi(r, V) g r’)) - (—i<T[f7(r)f7(r’)]>,, iR, )

i{ 1 1
A =—iys(t — 1) , (E10)
i),  —iTHEE), e (1 1)

g (r.t) g(r.7)

with 6(0) = 1/2.
For the crossing diagram shown in Fig. 9(b), the self-energy is given by

2 (T, f’)=/Cdrl/CdrzAC(r+,rl)BC(n,rz)CC(tz, gl o)l T
(o] oo
=/ dru/ dry AT (z, 7)B" (11, )C7 (12, T)g (T, gl (11, T)
—0Q —0Q
[e ] (o]
—/ dﬁ/ du, AT (1, 1)B (11, ©)C7 (12, T)g; (T, 12)g) (11, T')
—00 —00
(o] oo
—/ dtlf dr, A~(z, 1)B” (11, )C" (12, T)g) (7, )5 (11, T)

[ee] &9} -
+ f dr / dr A~(z, 1)B" (11, )C7 (12, T)g; (T, 12)g; (11, T')
—00 —00

= —y2AT(r, OB (¢, 1)CT (r, 7') — B=(r', 1)C” (, )]
—2A=(t, B (', 1)C7 (x, 7)) — B> (z', 1)C" (z, )], (E11)

T (T, r’)=/dn/drzAC(r+,rl)BC(t1,rz)Cc(tz, gt ) (T
C C
=/ drlf dv, AT (z, 1)B (11, )C= (12, T')g) (T, 12)g; (11, T')

—oQ —oQ
[o¢] [o.¢] -

[ an [ dna @@ e g g o)
—00 —00
00 00 .

- / dn / dts A<(t, 1)B” (11, ©)C= (12, T)&h (1, T)e (11, T')
—0Q —0Q

+/ dTl/ dr, A<(r, 7)B" (11, )CT (. g, (7, Tz)g:(fh )
—00 —00

= —y2 AT (r, OB (v, 1)C~ (1, 7') — B=(z', 1)CT (z, T)]
—2A(r, OB (', )CT (z, 7)) = B> (r/, 1)C~ (1, )], (E12)

Zo(, T’):/dflfdszC(TiT1)BC(T1,T2)CC(T2, TS g (T
C C
o0 o0
= [ an [ dua @B @ @ g g )
—00 —0oQ
(o] oo -
- / dn / dts A™ (1, 1B (11, )C™ (12, e (2, ) (11, )
—0Q —0Q
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00 00 ~
- f dry / dr, AT (v, 1)B” (11, )CT (12, T')g; (v, )g; (11, T)
—0Q —0oQ

o0 (o] _ - ~
[ an [ dnaT s (@ me @ g g (o)
—00 —00
=—y*A”(r, )B"(z', 1)CT (1. 7") = B~ (¢, 1)C” (z, 7')]
— AT (0, )BT (7, 0)C (1, 7)) — B (7', 1)CT (1, 7)), (E13)
ol (7)) = / dry / dr, A°(r™, 1)B (11, 1)CC (1. T ) (17, )gl (11, T7)
C C
o [0
=/ dn/ dty A (z, 1)B" (11, )C~ (12, T)g; (T, 12)g; (11, T')
—00 —00
o0 o0 - ~
—/ dn/ dr, A7 (z, 1)B~ (11, )C" (12, T)g) (v, )5 (11, T)
—00 —00

—/ dﬁ/ dr, AT (1, 1)B” (11, 1)C~ (12, g, (z, Tz)g:(fh )
—00 —00

o0 o0 ~ _ - - ~
+ f dn f drs AT (2, 0BT (01, )CT (02, ) (1, 18l (1, 7)
—00 —00
= — 247 (r, B (7, )C=(r, 7)) — B<(¢', 1)CT (v, T')]
—2AT (¢, )BT (¢, 1)CT (z, 7)) — B> (7', 1)C~(z, T)]. (E14)
Using the relations of each component (A6), we obtain
X (0, 1) = JET (0, )+ T3, ) + =7 (0, ) + BT (1, 7))
= —y*(AR(r, )BR (', 1)CK (x, ') + AR (z, )BR (7, T)CA (x, ) + AX (r, T HBA (7, T)CA (x, T1))
=0, (E15)
2R () = 1ET (0, 1)~ T, ) + 27 (1, 1) - BT (1, 7))
= —y?AR(z, THBR (<, )CR(z, ')
=0, (E16)
24 (0t =LE (@, )+ 250, 7)) - £7 (1, 7)) - £T (2, 7))
= —y?A(r, 7B (', 1)C (x, 7))
=0, (E17)

with the causality AR(t, )BR(1/, 1) = BA(7/, 1)CA(t, ') = AR(1, ©/)CA(z, ©) = 0 in the integral of Eq. (E3). Thus, the
crossing diagram is shown to vanish.

We next consider the diagram shown in Fig. 9(c), representing the effective renormalization of the noise field properties by
the fields of the system d and d*. As in the case of the crossing diagram, the self-energy is given by

=t = [ dn [ dnaCet o R @ n g g )
C C
= [ an [ ana’@ o @ @ mg e g e )

—0oQ —0oQ
o0 o0

[ dn [ dnaT n @ e e g g e )
) —o0
o0 o0

—/ dn/ dr, AT (z, T)B” (11, )C™ (12, 11)g; (T, T1)E) (12, T')
—0oQ -0

o0 o0 _ .
[ an [ dnaT @ @) g g (e )
—0Q —00
= —y2A" (z, BT (z, 7)CT (7', 1) — B=(1,T)C7 (¢, 1) — B (1, T)C= (¢, 1) + BT (z, T )CT (¢, 1)],  (EI8)
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25t = [ dn [ dnaCet OB @ nC g g )
C C
o0 o0
=/ dn/ dr, A(z, T)B" (11, )C" (1, T1)g) (T, 11)g; (12, T')
—00 —00
[ dn [ dnat B e o ng g e o)
—00 —00
o0 o0
[ dn [ anate s e g g (e, )
-0 —o0
o0 o0 _ B _
+/ dn/ dr, A~(z, 7)B" (11, ©)CT (12, 11)g; (7, T1)g) (12, T')
—0Q —0o0
= —y2A=(r, )B"(z, 7)CT (¢, 1) = B=(r, 7)C”(t/, 1) — B (¢, T)C=(, 1) + BT (r, )CT (¢, )], (E19)
52 (n7) = / dn / dry AC(r, T O)B (1. 1)CE (0, (0, ) (0 7 )
C C
= [ an [ dna @ s @ wc @ ong g . )
—00 —00
o0 o0
[ dn [ dna s e g g (e, ©)
-0 —o0
o0 o0 B
—/ dn/ dr, A (1, T)B™ (11, 2)C™ (12, T1)gy (T, 1)) (T2, T')
—0oQ —0o0
o0 o0 _ _ _
[ an [ dnar @ s e g g (e )
—0oQ —00
= _y2A>(T1 T/)[BT(T» T/)CT(I/s T) - B<(T7 T/)C>(7:/s T) - B>(T7 T/)C<(7:/s T) + BT(Tv T/)CT(T/s T)]s (EZO)
()= f dry / dr, A%, T )B (11, )CE (10, TS (r 7, T)gl (2. T
C C
o0 o0 ~
- f d, / drs AT (2, )BT (11, 1)CT (12, 1)87 (1, 1085 (12, T')
o0 o0 - ~
—/ dn/ dr, A (z, T)B= (11, )C7 (12, T1)g; (T, T1)g) (T2, T')
—0Q —0oQ
o0 o0 _ ~
[ an [ dnaT@ o @ e g g (e )
—0oQ —0oQ

00 o0 B ~ _ . N
+ / dn / drs AT (2, Y8 (11, 1)CT (1, 1) (1, 1)l (02, 71)

= —2AT (¢, OB (r,7)CT (', 1) = B=(z, T)C” (', 1) — B> (z, T)C~ (¢, 1)+ BT (z, T)CT (z/, T)].  (B21)

Thus, we obtain

= (r ) = A, o)B(r, )R (' 1) + Bz, T)CA (' 1)) = 0, (E22)
28 (.t = ARz, T)(B (r, T)CR(t' ) + BA(r, T)CA (7. 1)) = 0, (E23)
0 (v, v) = AT, B (r, T)CR (T, 1) + B (x, T)CA (' 1)) = 0. (E24)
[
Thus, it turns out that the bath renormalization does not ap- of noise Green’s functions, namely, gz]-(‘[/" ) = g (T, ) =

pear. We note that the absence of the bath renormalization is a
particular feature in the dephasing model, and is not expected
in the case of two-body loss.

The above lessons imply that a number of diagrams in
the dephasing model vanish due to causality and symmetry

g (T, 7)) = gg(r, 7’). At the end of the day, the remaining
diagrams in the dephasing model are the ones corresponding
to the SCBA, whose the Feynman diagram is shown in Fig. 10.
By using the symmetry of noise Green’s functions, the self-
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\ \
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FIG. 10. Feynman diagram corresponding to the SCBA in the
dephasing model.

energy of the SCBA is obtained as

2C(r, 7)) = igh(r, T)G(z, ). (E25)

From the lessons of the dephasing model, we can claim
why genuine interactions cannot be solved exactly. As in the
case of the noise-field formalism, we can introduce auxil-
iary fields for genuine interactions by assuming g<(t, ') =
g (r, t") = 0 for auxiliary fields. Under this condition, how-
ever, auxiliary-field Green’s functions do not show symmetric
properties unlike noise-field Green’s functions in the de-
phasing model. For this reason, cancellation of a number
of Feynman diagrams is not expected in generic many-body
systems.
|

m (@) = vé(x — 1),
Current operators are then given by

a

APPENDIX F: TWO-PARTICLE LOSS: SINGLE-SITE CASE

In this Appendix, we derive the technical details of the
main text by focusing on the single-site case. The Hamiltonian
of the system is

H= ) Y Ho+Hr+H), (F1)
s=L,Ro=%,|
where

Hyo = Z(Gk - /Lsa)w:kg Vsko » (F2)

k
Hr = — Z(fkl/ffkadoﬁ + tydg Yicso ), (F3)

sko
Hy), = Zeod&,dog. (F4)

We now turn to the general form and introduce the noise field
term

Vy = dg,d§ 0+ n'doydos. (F5)

To obtain the same results as those obtained by the Lindblad
master equation, we impose the following conditions:

' @mE"), = @mE)), = 0 @' @)y = @), = ' (@), =0.  (F6)

Ly = = 2—Noo = —ilHioi, Noo] = —ilHr, Nig] = =i } (06}, doo — Koy ko), (F7)
k
0 . r * g7
Ig o = _3_T(Hm + UsoNyo) = —i Zek(tkw;kgdo::r - tkd()gwskG) (F8)
k

The expectation values of current operators are expressed as follows:

dw
(I) =¢ ;Re (G5, (k. T, )] =¢ / > Xk:Re [0GE,, (k, )], (F9)

d
(eso) =Y exRe[nGh (k. 7.7)] =¢ / ﬁZekRe [0Gl,, (k, )],
k k

where

G (k, T, T') = —i({[doo (T), ¥}y, (T)]e).

To calculate the Green’s function GX

so?
calculate Ggm by Wick expansion

Gy (K, T, T) = —i(Teldos ()Y, (T)])

(o] (_

n
n=0

(F10)

(F11)

we construct the interaction picture by treating Hr + V; as a perturbation, and we

nntl
= 3 S0 [ame [ dn el ()4 Vi) Hr )+ Vo)l (0 (70

o . n
, (_l)nJrl ,
= ST TN+ Y [ dri | dn Y Y ()8, 00,800,807, T)
n=1 . C C

X (Te[{(Hr (1) + Vy (21} - - - {Hr (z) + Vn(tn)}dOtr(T)dggl,(fj)])oa

Jj=1 sjKkjo;

(F12)
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where
8550k, 7, T) = —i(Teldos ()Y}, (T)])o = 0
—UTe [ 1o, Wi (OD])g = =HTel¥ iy TV, (T)])08ss, k0,800, = &5, (K, T, T35Sk, 80,

The contribution of each j is equal and the Green’s function is given by

[ [ dnem Y ko
c c P

X (Tc[{HT(fl) +Vy(t)} - - {Hr (r) + Vn(fn)}dotr(f)d&,j(fj)])o,

[o¢] n
=y [an [ ane Y wr
¢ ¢ j=1

n=1

< Te[(Hr (1) + Vy (2} -+~ {Hr (5,) + V, (5)}doo (1)dy,, ()]},

(_l-)n+1

Gl .71 = 3

(_i)n-H

=t / dt" G5, (v, T (k, ", 1)),
where

G$\,(t, T') = —i{Teldos (T)d], (T]),

> (_l')n-H

-3

n=0

The Green’s function G§,  corresponds GG, ,,,, _ in the multisite case. By using the Langreth rule
1o P Ml Ml y g g

GS kT, = —t;/d (G (r, TNk, T, T) + G, (r, T)El (kT 1)),
C

we obtain
(Iy) = —g/dr Z|tk| Re [G, (r, 7))k (k, v/, 1) + Gf , (. 1)), (k, T/, T)]
— _;/ Zm Re [Gf, (0)gh, (k, ») + G, ()¢}, (k, )],
(Ip.s0) = _§/d1’26k|tk| Re [Gf), (1. T)gh (k. T/, 7) + Gf,, (z. T)gl, (k. T/, )]

= —§/d—Zek|tk| Re [Gf, (0)gh, (k, ©) + G, (0)g, (k, )]

To calculate G¢,

llo>

/ dr - / do(TeL(Hr (21) + Vy(21)) - - (Hr (5) + Vy () oo (2)d, ()T
C C

(F13)

(F14)

(F15)

(F16)

(F17)

(F18)

(F19)

(F20)

we first eliminate the degree of freedom V. One of the simplest ways to achieve it is to adopt the path

integral representation of the partition function [38]. Since the reservoir action is bilinear in ¥, we can exactly integrate out

the reservoir degrees of freedom as follows:

0 S o] (v,
/D[wskav WSkJ] €Xp / Z ska ska [g « ::||K < . )

—ifgr &, )] —i[gr) (K, @) ko

cl
X exp |:/ Z 5](0— _bkg ltkal( ) / Z d‘l dq llk0'1 (:/;Aka>:|
sko
igh, (k, ) igl, (k, w) @
— oxp |:/ - Z dd dq ltk 1('81?0_(]{, w) 0 )llkUI <d§>:|
. ) 0 g“ k, w) de!
_ . - dcl dg M . '
exp|: l/ZJT( o )Z'tk| (gfa(k w) gfg(k, CU)) (dg>:|
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By defining the energy shift induced by the reservoirs

R, (a))—2Z|tk| Re [gF . (k, )] _ZthklzRe [&%, (k, »)],
To(w) = —2Z|zk| Im [gF, (k, )] ——2Z|tk| Im g8 (k, )],

it follows that unperturbed Green’s functions are given by

515 (1, ) = —i{Teldoo (T)dy, (T)])o,

1
&M w) = [er) (@] = 0 — €9 — Ry (@) £ iT, (),

[@ — €0 — Ry (0)] £ iT, (0)
& () = —2iT, (@)(1 4 ¢npy (@) + Engy ()
o [@ — €0 — Ry (0)]* + [Ty (w)]2

where the distribution function n,, (@) is

1

M50 (@) = O ST c

with u = Zm o /4 and Apge = g — L.

s [ 110(0))] = 2l ()1 + ¢npe (@) + Engs (w)),

(F22)

(F23)

(F24)

(F25)

(F26)

(F27)

We next examine effects of V;,. In contrast to the dephasing model, the present setup does not allow the cancellation of complex
diagrams, including crossing diagrams and bath renormalization diagrams. Therefore, we focus on the weak-coupling regime,
where dissipation can be treated perturbatively. Furthermore, to maintain consistency with the Lindblad dynamics, diagrams
associated with bath renormalization must be excluded. To this end, we adopt the SCBA, which fulfills these conditions. Under

this approximation, the contour-ordered Green’s function satisfies

Gy (1, T) = &), (7, T) + /C dry fc dty 51, (T, 1) ES (11, )G, (72, T),
where
S(r, ') = iggl (1. )G, (7, 1),
with the noise Green’s functions
g(r.t") = —i{Te[n(on' (")),
g, 7)) = :F%J/S(T — 1),
gt =—iys(r — 1) =g (r.7) = 2g) (1. 7) = 28" (z. 7).
g, (1, ) =0.

The Langreth rules of the function C¢(z, ') = A®(z, T)BC (7', 1),

CR(z, 7)) = ARz, t)B=(z/, 1) + A=(z, T)BA(7/, 7),
CA1, ) = A~(r, T)BR(x', 1) + ANz, T)B= (', 7),

Cx(r, ) = AR (¢, ©)B~(x', 1) + A~ (z, T)(B (', v) — BA(7/, 1)),
and g5 (7, ') = 0lead to

XA (T, o) = VK (2, T )ngs,
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where

1 G= ( ) 1 /OO da)G< (@)
n g = —— T, T) = —— —_— w).
0o = ic 1o = ic | ) 1o

Each component of the Green’s function is given by

GR/A(w) _ 1 _ 1 |
N el @] - £ @) @ — € = Ry(@) £ i[To(@) + §nos ]

o

—2i(T (@) + Snas) — 20 To (@) (L5 (@) + gy (@))

GK (@) = =GR () ([g; ()] — =K ()G, () =
o)== )Gt (@ = € = Ro (@) + [To(@) + S5 ]’

_lé— FU (a))(l’ng ((,()) + NRo ((,()))
[0 — € — Ry (0)]> + [To (@) + %noa]r

1<10 ((1)) =

with the self-consistent integral equation
N /'°° dw I's (0) (10 (@) + ngs (@)
0o — A~ .
0 27 [ — € = Ry ()] + [0 (@) + Ln05 |

The imaginary part of the reservoir’s Green’s function is proportional to a delta function

1
— =P —
(0 — Apgs) — (ex — pyo) £ i0F (a)+u—ek

o (K, @) = =27i8(w + p — €)(1 + 24 ng (),

Rk, w) = ) T 8w + 1 — &),

leading to
e Im [gMY5 (K, 0)] = (@ + ) Im [gY5 (k, w)].

Then, we obtain

d
(lo) = / ﬁ[% (0)2hs (w) = Ne (@) — R () + Lo (0)ng (@)],

d
(g o) = / %(w + [T (0)2n56 (@) — o (@) — Rre (@) + Lo (@)1 ()],

where 7, (w) and L, (w), respectively, represent the transmittance and loss probability defined as

2
T ) = [T ()] )
[0 — € = Ry (@) + [To (@) + S5 |
£ )= o (@)ynos

[0 — € — Ry (0)]> + [To (@) + %noa]z.

The particle and energy currents are given by

1 d Ly
1= 3 D)~ leo) = Zf ﬁ[mw) ¥ ;”)}[nw(w — o @)L
£,(@)
2

1 d
Ir = 3 ;((IE,LO') —{Igre)) = ;/ %(w + M)|:7:7(60) + :|[nLa(w) — npo ()]

In addition, the particle loss is obtained by

. d
N = (o) + Ire)) =Y / ﬁﬁa (@116 (@) + 1o (@) = ¥ D nooNt05 = 2y nopoy -

APPENDIX G: TWO-PARTICLE LOSS: MULTISITE CASE

In this Appendix, we investigate the multisite Hamiltonian

H= Z ZHSU+HT+ ZHlotD,

s=L,Ro=%,] a=0,+
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where
Hy, = Z(Ek - Msa)w:ka wska,
k

Hr = =Y (), dos + i d], Vo),

sko

N
HIOD = Z Z Giditrdim

o i=—N

N
HY =~ Z Z ti(d Ly deioyo + d;r:(ifl)adiia)'

o =1
We introduce a two-particle loss in a quantum dot by the noise field
Vy = dg,d§ 0 + n'doydos.
By employing the same method as the single-site case, we obtain

Gl Lrye (k. 7. T) = —i{[d_nwyo (D), Yy (De)

[e.¢]
R K
= —1 / dT”[Gn(MM)a(T’ T”)glL((R)a(kv ", T+ Gy (T f”)gﬁ(ma k, 7", 7:’)],
—00

(ILryo) = ¢ Z Re [thfL(R)g k,7,7)]
k

(IE,L(R)<7> =< Z ex Re [lngL(Rm k, T, T)]
k

where
Gy (1. 7') = —~iTeldion-10 (T)d{;_y_ 1y (2]

The retarded and advanced components of the matrix of the Green’s function

C C C
G] lo G12z7 e GlM(r
C C C
G2lrr G22(7 e G2Mrr
Gy, =
do —
C C C
GMla GMZJ e GMM(r

are given by

(Gl @) = [g5} @] — =52,

where
w—e_y £i0T 0
0 w — €E_N_] + i0+
1 R/A
w =
L& )] 0 0 o w—€£i0"
0 0 0

043220-18

—¢ / d7' > [l Re [GFy ane (T T)8E ko (6, T 1) + G iane (T, TNy (6, T/ T,
k

— / A7y el Re [ aunno (T T o (6 T T) + G ypae (T )&y (K, T, T,
k

w—eN:i:i0+

(G2)

(G3)

(G4)

(G5)

(Go)

(G7)

(G8)

(G9)

(G10)

(G11)

(G12)

(G13)

(G14)
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B@EN@ 0
—I_N 0
—f_q
XA () = 0 e =ty Fiknes -t - 0 . (G15)
—ty
Re (0)Fil's (@)
0 0 ety E@T@
The inverse of a tridiagonal matrix
ai bl 0
. @ :
T = (G16)
N - by,
0 c-1  ar

is obtained by [43,58-60]

(=D)Hbi - b;16,_1¢j41/01 (i < j),
[T = { 0im1¢pj11/61 @=), (G17)
(=D)™ej o cimi0j19i01 /0 (> ),

where

0; = aibi—1 — bi—1¢ci—10i—2 (i=2,3,...,L), 6=1, 6, =a,
¢i = aipiv1 — bicipir (1=1,2,....,.L=1), ¢r=a., ¢1=1
The Keldysh component of the matrix of the Green’s function is given by
G5, () = GE () =5 ()G, (), (G18)
where

—ilg(w)[1 4+ 2¢nps (w)]
2 (w) = —iynos

—ils (0)[1 + 2¢ngy ()]
The (i) elements are obtained by
Gllo (©) = Gii (@){—iTq (@)1 + 20115 (@)Gj5 (@) + Glasss (@) =iy 105} Gl ()
+ Gl (@) —iTo (@)1 + 28 1o (@)} Gy 1 ().

In particular, the (ij) = (11) element is

GX (@) = {—iTo (@)1 + 20 n, (@)}|GR, ()] (G19)
+ =iy s} |G, (@) (G20)
=Ty (@)1 + 2L ngo (@)1} GRyyy (@) (G21)
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and the (ij) = (MM) element is
Glirto (@) = (—iTo (@)1 + 2010 ()]} GR (@) (G22)

+ =iy} |G uss,, (@) (G23)

+ {=iTo (@)[1 + 2L ngs (@)1} Gy,

with the property of the Green’s function G* = [GR]". The inverse matrix inherits the following symmetries possessed by the
original matrix:

(G24)

AT=A=>@NH =471, (G25)
Aij = Av—jrim—iv1 = (A = A D e M—it1)s (G26)
because
I=1"=@AH = (A HTAT = A=A, (G27)
M
8ij = ZAik(Ail)kj = ZA(M7k+1)(M7i+1)(A71)kj = Z(Ail)uA(Mle)(Mfm), (G28)
k=1 k=1 =1
M M
= SM—j+ 1Y (M—it1) = Z(A_l)(M—_j+l)kAk(M—i+l) = Z(A_l)(M—j+1)(M—1+1)A(M—z+1)(M—i+1)- (G29)
k=1 =1
By using the above symmetries
Gl (@) = Giugg (@), G, (@) = Gl |, () = Gy, (0) = Gl (@), (G30)

we obtain

dw R
UL ryo) = —¢ / EFU((D) Im [Gng(w)][l + 2¢np R0 (0)]

—Ef—F (@) F @)([1 + 2810 (@)1 GRy (@)]” + 11 + 28 1R010 (@)]| Gy, (@)])
2

ynos |Gy (@)}
—g‘/d—wFa(w) Gig, @) : (G31)
T
d
Ug,Lrys) = —¢C / ﬁ(‘v + Ty (w)Im [Glﬁg (a))][l + 2¢n Ry ()]

Ty (@)([1 + 22 n1m10 @)]|GR (@) + [1 + 28 ngwys (@)1|GRyy (@)])

dw
—C/—z (0 + )l ()
T

2
ynos|GRys (@)
-¢ / ;&(eru)Fa(w) == . (G32)
b4 2
The particle and energy currents, and particle loss are given by
2 2
d I's G — |Gk
I= Z / ﬁl“a(w)[—lm [Glis (@)] = @] 1‘“(‘0)'2 Gl (@) ):|[nLa(w) — ngg (@)1, (G33)
2 2

Iy G - |G}

Iy = Z / —(@+ T (@) | —Im [GF,, (@)] - @ “"(w)|2 Gl @)]) (10 (@) — ngo (@), (G34)

N = - Z/ To(@)[2Im G}, ()] + T (a))(|G110(a))| + |G1Mg(a))|2) + ynoa}c’f#a(w)f]

—Z/%Fn(w)[ﬂm[ R ()] + To@)(|G (@) + [GRypo (@)]) ][0 (@) + 1o (@)]. (G35)

The identity
Ggo - Gga = G§0 [(G30)71 - (Gzliea)il]Gga = Gga [250 - ZQU]GQU (G36)
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leads to
2zIm[G11{,(w)] Gy (@) — G}, (@)
Gl (@)(— 1F(a)))G11(,(a))+G1M+1 (@)(= ZV”OU)GM“ 10 (@) + Gy @)(—IT @) Gy, (@)
= —i[F(@){|G%, @] + |G’ (@) }+yn05|GlfMT+'a(w)| It (G37)
Thus, we obtain
21m [GF, (@)] + D@)(|GFy @) + [ Gy @)]) + v1os | GRuss, @) = 0. (G38)

In total, we reach the following expressions:

I'= Z / ;in [TM( Y+ 2y (@) = o @), (G39)
e = Z f L+ u)[T M () + ?’42( )][nm(w) — 1o ()], (G40)
-N = Z / Eﬁi‘f (@110 (@) + 1o ()], (G41)
where
T (@) = [N @)P|Glye @) L3 (@) = o (@)ynos)|Guss,, (@) (G42)

We can also obtain the convenient expression of the particle loss. Since the lesser Green’s function possesses the following
structure:

Gio (@) — (G, (@) — G, ()

G, (0) = 5
K __ (¥R _vA
£ () 2t (Zd"z(“’) %) 61, 0
l’ng(a))
= —i{To(0)GE (w) G4, (w), (G43)
I’le(a))

we have

Gzt s, (@) = =it Ty (@) |Ghss ()] 110 (@) + |Gl (@) s ()]

—itls (w)|G1M+1 (w)| (Lo (@) + nge (w)]. (G44)
By using the above equation, we obtain
1 do __ dw R 2
o = —— [ =G (@) = — T ()G ()] [0 (@) + ngo (@)]. (G45)
—i¢ ) 2n 2 2

The same expression in the single-site case is given by

—N = Zynoan. (G46)
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