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Phase flipping emerges from coupling opinion formation and message propagation
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During decision-making processes, many real-world social systems exhibit phase flipping, a relatively
unexplored phenomenon consisting in sudden macroscopic switches in the majority opinion of the system.
Existing studies mostly treat consensus formation as an isolated process. However, in the human society, opinion
dynamics is almost always influenced by external factors, such as the diffusion of news on social media. Here,
we construct a noisy threshold voter-susceptible-infected-recovered coupled model with multiple timescales
and study the synergistic coevolution dynamics of opinion formation and message diffusion. We show that the
model has two mechanisms that account for macroscopic changes in the consensus state and demonstrate how,
in small enough systems, one of the two mechanisms can cause the occurrence of phase flipping. Our work not
only improves the understanding of phase flipping phenomena in real-world opinion systems, but also provides
potential strategies to stabilize the collective opinion in a positive state.
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I. INTRODUCTION

Network models, which are routinely used to study struc-
ture and dynamics of complex systems, often feature the
occurrence of phase transitions [1-4]. Notable examples of
processes that exhibit such behavior include epidemic spread-
ing, percolation, and synchronization, as well as the general
mechanisms that can affect the structure itself of a network
[5-16]. Within the particular context of opinion dynamics,
such transitions can lead to unexpected outcomes, such as
the majority of a voting population suddenly switching their
support from one candidate to the other. However, notwith-
standing the long history of research on opinion formation,
existing studies have mostly focused on characterizing the
steady state of the dynamics and estimating the time needed
to reach consensus [17]. Currently, only a limited num-
ber of studies have explored the mechanism underlying
collective-opinion flipping. In the context of discrete opinions,
they are mostly modifications and evolutions of the Kirman
model, also known as the noisy voter model [18], which in-
clude both spontaneous and neighbor-induced state-switching
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mechanisms [19,20]. Similarly, in continuous opinion models,
random changes in the opinion of some agents can cause
the macroscopic opinion state to fluctuate [21]. Also note
that when the possibility of spontaneous state switching is
removed, such models reduce to the classic voter models [22].
Thus, our understanding of such switching phenomena is still
incomplete, as the underlying mechanism that drives both the
formation of opinions and the potential for sudden shifts in the
opinion of the majority has not yet been positively identified.

In the pursuit of an answer to this question, researchers
have recently recognized the impact that modern means of
mass communication have on the formation of pubic opinion
[23,24]. In fact, when communications were mostly limited
by the necessity of a certain degree of physical presence,
the processes of information spreading and opinion formation
occurred on the same timescale. However, with the advent
of social media, a significant difference between the two has
arisen, due to the fact that, while a round of message dis-
semination in an online environment lasts a time in the order
of magnitude of a few hours [25,26], the formation of group
opinion is still a relatively slower process. Thus, a more realis-
tic approach is to consider the two contact processes as being
separate, but influencing each other. Existing studies have
shown that, in multiplex networks, coevolution dynamics lead
to the emergence of critical phenomena that are not observed
in single-layer cases [27-29]. Also, the use of an opinion-
network coevolution framework has allowed researchers to
explore the effects of polarization and echo chamber phe-
nomena [30,31]. However, the dynamical collective-opinion
transition and the effects of message dissemination have not
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FIG. 1. Schematic representation of our coupled model on a duplex network. Every step of opinion updating on layer A is influenced by
the steady state previously reached by the message dissemination process on layer B. In turn, the message dissemination dynamics evolves

depending on the opinions of the nodes in layer A.

been completely elucidated. Additionally, the difference in
timescale has been shown to have a sizable effect on coevo-
lutionary dynamics, and to be able to affect the final state
of the system [32-35]. However, a specific application of
this idea to opinion dynamics is still missing. In this arti-
cle, we introduce a noisy threshold voter model coupled to
a Susceptible-Infected-Recovered (SIR) model, to study the
coevolution of public opinion formation, represented by the
former, and message dissemination, represented by the latter.
Our approach takes into account the timescale difference be-
tween the two processes as well as the multiround feature of
message spreading on social media. We study the bifurcations
of the model and, using extensive numerical simulations and
theoretical arguments, we show that it features a first-order
transition and a bistable state, which disappear if the noise
in the system is above a critical threshold. Also, we find
two separate mechanisms that can induce opinion flipping
and drive a social system to switch between two different
consensus states.

II. RESULTS
A. Coupled model

To construct our model, we use a multiplex network [36],
in which the same nodes are linked over more than one in-
teraction layer, and each layer relates to an individual process
affecting separate state variables. Specifically, we employ two
layers, layer A and layer B.

As shown in Fig. 1, layer A represents the physical con-
tact network, whose interactions are described by the noisy
threshold voter model, with the nodes holding a “positive”
(+) or a “negative” (—) opinion. This is a modification of
the classic voter model, upon which two additional mecha-
nisms are introduced. The first is a noise rate v, which allows
individuals to spontaneously change their opinion. The other
is a threshold factor m, such that an agent can switch their
state, with a rate r, only if their opinion is shared by at most m
neighbors of theirs [37]. Thus, the threshold m can be thought

of as being inversely related to the depth of conviction of
an agent, as a smaller value of m means that nodes require
more neighbors with opposite opinion to consider changing
state. Note that the symmetry between the deterministic and
stochastic evolutionary rules of this model allows one to con-
sider the relative strength of the two mechanisms, determined
by =, as an effective parameter.

The message propagation runs instead on layer B, which
represents a generalized interaction network on which agents
exchange information, and is thus not restricted to actual
physical contacts. The dynamics follows the classic SIR
model, in which individuals can be in one of three states,
namely, susceptible (S), infected (), and recovered (R). In
the context of message propagation, susceptible individuals
can receive messages from infected neighbors, whereas re-
covered ones correspond to agents that have already received
messages and have eventually lost interest in reposting them.
The initial state of the system includes a small number of
randomly chosen nodes that are already in state /, representing
the message propagation sources, while all the other nodes are
in state S. Susceptible nodes turn to state / with a rate 8 when
in contact with an infected neighbor, while infected nodes
recover with rate . To account for the difference of timescale
in the evolution of the dynamical processes, we assume that
message propagation on layer B reaches equilibrium before
nodes in layer A update their opinion states. In other words,
every round of opinion updating is based on the steady state of
the message dissemination. Thus, the evolution of our coupled
model is as follows. First, the opinion states of the nodes in
layer A are initialized by assigning the positive opinion to a
randomly selected subset of nodes and the negative opinion to
the rest. Then, a small number of nodes in layer B are put in
the 7 state as initial spreaders, while the rest are put in state
S. Next, the process of message spreading is allowed to reach
steady state, after which the nodes in layer A undergo one
pass of opinion update. The message spreading and opinion
formation processes are then repeated until both layers reach
a stable state, as measured by the fraction p* of nodes with
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FIG. 2. Diagram of state transitions in the model. (a) In the process of message diffusion, susceptible nodes (S) with positive opinion (+)
receive a message and become infected with rate 8, whereas those with negative opinion (—) receive it with reduced rate « 8. Infected nodes
become recovered at a rate u regardless of their opinion states (not shown). (b) The opinion of a node in layer A flips to the opposite state
spontaneously at rate v. In addition to spontaneous flipping, a node may flip its opinion when the number of its neighbors n holding the same
opinion is not greater than the threshold m. In this case, the flipping rate depends on its current opinion state and on whether the node did
receive a message in the previous round of message diffusion. The flipping rate for nodes that have received a message and hold negative
opinion, and the one for nodes that have not received a message and hold positive opinion are both equal to r; that for nodes that have received

(@)

a message and hold positive opinion, and that for nodes that have not received a message and hold negative opinion are both equal to yr.

positive opinion in layer A and the fraction p® of nodes with
state R in layer B, which measures the overall coverage of
message diffusion.

To model the interplay between the two processes, we
introduce a mechanism to break the symmetry of the states
in layer A. Specifically, without loss of generality, we make
the reception of messages on layer B be inhibited by holding
a negative opinion in layer A. Thus, as shown in Fig. 2(a),
nodes of states +S and —S can transition to states +/ and
—1 with rates 8 and a8, respectively. Here, « is a parameter
ranging from O to 1, characterizing the influence of one’s own
opinion on receptivity to messages. Thus, the smaller « is,
the less likely nodes with negative opinion are to receive and
approve messages. Infected nodes lose interest in forwarding
messages at rate u regardless of the opinion they hold.

At the same time, messages that individuals receive from
their neighbors may influence their opinion switching. Again
without loss of generality, we assume that nodes that have
received a message are less likely to abandon a positive opin-
ion than those who have not. Vice versa, nodes who have
not received a message are less likely to abandon a negative
opinion than those who have. Thus, if the threshold condition
is met, nodes in states —R and +R change opinion state with
rates r and yr, respectively, whereas nodes in states +S and
—S switch with rates r and y r, as illustrated in Fig. 2(b). Here,
y is a parameter ranging from O to 1, characterizing the influ-
ence of message spreading on opinion formation. Note that no
nodes in layer B are in state I, as they are first made to reach
the steady state of the message propagation dynamics. Also
note that the noise-induced opinion switching mechanism,
which occurs independently of the threshold condition, is not
affected by message propagation, and its rate is always v.

B. Bistable state and critical noise

To study the behavior of our model, we start with a mean-
field approximation (for details, see Appendix A), which
yields two equations for the values of the order parameters
ot and pR at steady state,

Blkg)o®
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Here, p~ is the total fraction of nodes that hold a negative
opinion, (kg) is the average degree of the nodes in layer B, the
sums are over all degrees k4 of the nodes in layer A, py, is the
degree distribution of the nodes in layer A, p=5 and p*%

the fractions of nodes in states =S and +R, respectively, and
the function F is the binomial cumulative distribution function
with k4 trials, m successes, and success probability 1 — x,

Flka,x) =Y <k]f‘)(1 —x)lxkaT 3)

Jj=0

Thus, Eq. (1) is a self-consistent equation for p®, given the
initial condition p*, whereas the first equality of Eq. (2)
describes the time evolution of p* with the initial conditions
given by the steady state of the dynamics in layer B. Equating
this to 0, as in the second equality of Eq. (2), yields the
condition for the steady state.

A bifurcation analysis of the two equations above shows
that the number of stable states of the system depends on the
value of the parameter . So, for example, when 8 = 0.18, the
solution curves of Eqgs. (1) and (2) have a single intersection,
at a low value of p* & 0.1 and an infinitesimal value of p%,
as shown in Fig. 3(a). This indicates that, in this regime, a
large majority of people ends up holding the negative opinion
and, at the same time, the message cannot spread through the
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FIG. 3. The number of steady states of the model depends on the message transmission rate . (a) For B = 0.18, there is only one
intersection (green circle) of the solution of Eq. (1) (blue solid line) and that of Eq. (2) (brown dashed line). (b) For g = 0.28, there are
three intersections, representing two stable states (green circles) and one unstable one (red cross). (c) For 8 = 0.42, the number of steady
states returns to one (green circle). In all panels, the solutions are obtained foro = 0.2,y = 0.1, u = 1.0, = 1.0, m = 4, and v = 0.14, and

both layers are random regular networks with k = 10.

population. When g increases to 0.28, the curves intersect in
three points, as illustrated in Fig. 3(b). However, not all three
solutions correspond to the stable states. In fact, due to the
collaborative interplay between message dissemination and
positive opinion, for a state to be stable, it has to correspond to
a point where p® increases monotonically with p*, and vice
versa. Thus, only the two points with coordinates approxi-
mately (0.1, 0) and (0.8, 0.8) are stable. Finally, if we increase
B even more to 0.42, the two curves have once more only one
intersection, corresponding to a state where approximately
90% of the agents have been reached by the message, and
more than 80% hold a positive opinion, as shown in Fig. 3(c).
Further stability considerations are discussed in Appendix B.

Based on the analysis above, which shows how the number
of stable states changes with the message transmission rate 3,
we expect a discontinuous transition to happen around a criti-
cal value 8 = B.. To verify the accuracy of this prediction, we
performed numerical simulations on a duplex network with
random regular layers of size N = 10* and degree k = 10.
The results, illustrated in Fig. 4, show that the variation of o™
with B depends on the specific value of the noise parameter
v. As shown in Fig. 4(a), for low enough values of v, the
positive-opinion density p* remains low until 8 increases to a
forward critical value ﬂf , where a first-order transition occurs
and p* jumps up to a high value. As one, then, decreases
B, a hysteresis cycle appears, and p* remains high until B
reaches a backward critical value B2 < BF. Thus, for low
noise, two stable states exists, one with low-positive-opinion
density (LP) and one with high-positive-opinion density (HP).
However, the size of the hysteresis loop decreases with the
strength of the noise, and the transition undergoes a crossover
to a continuous one when v is above a critical noise value v,
in good agreement with the theoretical results.

The mean-field theory also accurately predicts the forward
and backward critical transmission rates and the location
of the critical noise v., as shown in the phase diagram of
Fig. 4(b). The values of the order parameters p* and p at
steady state for each choice of B and v are shown in Figs. 4(c)
and 4(d), illustrating that for parameters that correspond to
the LP or the HP phases, the system does indeed evolve to a

low-positive-opinion or a high-positive-opinion state. Con-
versely, for parameters within the bistable phase region, the
system evolves to either stable state depending on the initial
conditions. The right-hand and left-hand spinodals that sur-
round the bistable region in the phase diagram are first-order
transition lines, corresponding, respectively, to 5 and B2 for
each v. For details on the effect of the coupling parameters o
and y on the transition curves, see Appendix C.

C. Phase flipping

Studying the time evolution of the system, one can observe
an interesting phenomenon. As illustrated in Fig. 5(a), when
the system is within the bistable region, the fraction of nodes
with positive opinion p* repeatedly flips between the LP
phase and the HP one, with a bimodal probability distribution,
shown in Fig. 5(b), that is consistent with this observation.
This kind of switching is often called “phase flipping,” and
a typical example of this behavior that has been widely ob-
served and studied occurs in the spontaneous recovery model
(SRM) [38—41]. In a way similar to the noisy threshold voter
model, active nodes in the SRM switch to the inactive state
due to internal or external failures. However, inactive nodes
can recover spontaneously and become active again at a fixed
rate or after a fixed time interval, making the switching be-
tween the two states asymmetric. In contrast, in our model,
the transition between positive and negative opinions is sym-
metric with respect to its direction. It is therefore natural to
wonder whether the spontaneous recovery mechanism is not
the only factor that can lead to phase flipping.

To formulate a hypothesis about this, we start by noting
that, unlike the SRM, which describes an isolated dynamical
process, our coupled model characterizes the coevolutionary
dynamics of opinion formation and message propagation.
Thus, the first question to answer is which of the two pro-
cesses has a stronger effect on the phase flipping. Due to the
different evolutionary timescales between opinion dynamics
and message diffusion, we answer this question by assuming
that the primary driver of switches in the macroscopic state
of the system is the opinion dynamics process, in spite of the
synergetic coupling effects between the two.
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FIG. 4. The order of the transition in our coupled model depends on the intensity of the noise. (a) The fraction of nodes holding a positive
opinion p* undergoes a first-order transition for noise intensities v smaller than critical value v.. When the noise exceeds v, the hysteresis
loop disappears. Simulation results (colored dots) are compared with mean-field theory predictions (solid lines). (b) The mean-field theory
predicts quite accurately the phase diagram of the system. Here, the positive opinion is held by a minority of nodes in the “LP phase” and by a
majority of nodes in the “HP phase.” The “bistable phase” represents a region from where the system evolves either toward the LP phase or the
HP one depending on the initial conditions. (c), (d) The order parameters p* and p¥, obtained from numerical simulations, are consistent with
the phase diagram of panel (b), with the bistable phase indicated in white. In all panels above, the results are the average of ten realizations of
a bilayer regular random network with N = 10* nodes, ¢ = 0.2,y =0.1, u = 1.0, r = 1.0, m = 4, and k = 10.

Next, we have already shown that, when the system is in
the bistable phase, it evolves toward the LP phase or the HP
one depending on the initial conditions. Thus, we conjecture
that, in finite-size systems, the fluctuations during the process
may cause the system to deviate from its current stable state
and transition to the other one. Specifically, stochastic fluctu-
ations could push the system toward a state that matches what
the expected behavior would be for different values of the
parameters, which, in turn, would correspond to conditions
that evolve toward the other stable state. The next question,
then, is what the relevant parameters are.

To answer this, note that, according to Eq. (2), the evolution
of the opinion dynamics is determined jointly by v, y, and
r. However, while v controls the opinion flipping of all the
nodes, y and r only affect the strength of the neighbor-induced
flipping mechanism. Now note that in our model, when the
system is in the LP phase, positive-opinion nodes have a high
probability of satisfying the threshold condition, even though
they are a very small minority; conversely, negative-opinion
nodes, which constitute the vast majority of the network, have
a very small probability of satisfying the threshold. Thus, only
a very small fraction of nodes have the potential to flip their
opinion by interacting with their neighbors when the system is
in the LP phase. A mirror argument, with the same conclusion,
holds when the system is in HP phase. Therefore, we conclude
that the relevant fluctuations that may induce phase flipping
are those that change the effective value of v, rather than y

and r. To validate this consideration and further investigate the
underlying mechanism of phase flipping, we analyze the rela-
tion between the fluctuations of v and the dynamics of phase
flipping. Due to the stochasticity of numerical simulations, the
fraction of nodes changing their opinion states at any given
time is not equal to v exactly, but fluctuates around it. Then,
it is convenient to indicate with v* the effective rate for the
nodes that convert from a negative opinion to a positive one
via noise-induced flipping, and with v~ the one for the nodes
that convert from a positive opinion to a negative one via the
same mechanism. This allows us to rewrite Eq. (2) as

d
+_ |+ + -5
il +;PkAF(kAaP yr|p
A

+ v+ i Flka pPr | p 7"
ka

— v+ puF o7 | p*°
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FIG. 5. Phase flipping in finite systems. (a) The fraction of nodes holding a positive opinion, p*, repeatedly switches between a majority
of approximately 0.75 to a minority of approximately 0.2. The moments when the switches occur are marked by colored dots. (b) As a
consequence of the phase flipping described in panel (a), the probability distribution of p™ is bimodal. (c) Mapping the simulation trajectory
of panel (a) onto the phase diagram on the (vt, v™) plane shows that the points at which the system flips from positive majority to negative
majority (green dots) correspond to the trajectory (v (1), v; (¢)) (black line) crossing the upper spinodal into the LP phase. Similarly, the points
at which the system flips to positive majority (red dots) correspond to the trajectory crossing the lower spinodal into the HP phase. The yellow
dot corresponds to the nominal value v = v = v~ = 0.2 chosen for the simulations. The green dots and the red ones represent the position of
(v;F(#), v (1)) on the plane at the times that are marked by the same colored dots in panel (a). Note that the black line only shows the trajectory
(), v (1)) from t = 3000 to the first subsequent phase flipping, which occurs at # = 3167.5. (d) The average permanence times in the HP
phase (yellow dots, “UP”) and in the LP phase (blue dots, “DOWN”) scale exponentially with system size, in agreement with Eqs. (5) and
(6). The results shown are averages over 1000 independent simulations. For all panels, the system is a two-layer random regular network with

N = 100 nodes of degree 10,v =0.2, 8 =03, 0 =02,y =0.1, u = 1.0, r = 1.0, and m = 4.

and to construct a phase diagram in the (v*, v™) plane. The
diagram, shown in Fig. 5(c), features two spinodals delimiting
the region of bistability between the LP phase and the HP
one and suggests that the inequality between vt and v~ may
induce the system to undergo flipping transitions. To map
the simulation trajectory onto this phase diagram, we define
v (r) as the time-averaged fraction of nodes converting via
noise from the negative opinion to the positive one in the time
interval [t — A, t] and indicate with v, (¢) the time-averaged
fraction of nodes undergoing the opposite switch in the same
time interval. Thus, U)T (¢) and v, () can be viewed as effec-
tive noise parameters within each time interval. Here, A is a
parameter that, to give meaningful results, should correspond
to the system relaxation time. For a network of 100 nodes, this
is A = 5 [38]. This construction shows that the points at which
the system flips from majority-positive to majority-negative
opinion lie on the upper spinodal, whereas those correspond-
ing to the opposite flipping lie on the lower one. This indicates
that when the system switches from the HP phase to the LP
one, its trajectory in the (v;", v, plane crosses the spinodal
from the bistable region into the LP one, whereas when it flips

from the LP phase to the HP one, the trajectory crosses the
other spinodal into the HP region.

Additionally, we can compute the expected permanence
time in the LP phase and in the HP one, which we indicate
with Tyown and Typ, respectively, in the assumption of the
existence of two critical values v and v, such that the system
moves to the LP phase whenever v~ > v, and it switches to
the HP phase whenever vt > v. The expected permanence
times in the two phases, then, are given by the following
equations (see Appendix D for details):

N(1=(pF)jou) 5 —vF)?

Taown(N) ~ € -y > (5)
N(ﬂ+>high('{:—v7)2
TpN) ~e wio ©)

Here, (p1)iow and (p*)high represent the average fraction of
positive-opinion nodes in the LP phase and in the HP one,
respectively. Because the strength of the stochastic fluctua-
tions ultimately decreases with system size, the two equations
above predict that the average time that the system spends in
one of the two phases increases exponentially with the number
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decreases below the backward critical value B85 = 0.260 (lower gray dashed line). As an illustrative example, in the period from ¢ = 324.8 to
t = 331.8, B exceeds BF for a duration of 5 7, highlighted by a red ellipse. This corresponds to a switch from the LP phase to the HP one, as
seen in panel (c). (b) The probability density of B is Gaussian. (c) The value of p™ shows several switches between the LP phase and the HP
one, due to the fluctuations of B. (d) As t increases, the ratio % converges to the value given by Eq. (7). The results are averaged over one 100
independent simulations of a two-layer random regular network with N = 10* nodes of degree 10, v =0.25,0 = 0.2,y =0.1l,m =4, u = 1,

r=18=028,and o = 8.71x1073.

of nodes N. This is confirmed by numerical simulations, as
shown in Fig. 5(d), and indicates that phase flipping can only
be consistently observed in small enough systems.

D. Effect of message transmission rate

The mechanism discussed in the previous subsection can
explain how macroscopic changes in system state can be
caused by internal fluctuations in the rate of spontaneous opin-
ion switching. However, fluctuations of this kind are inhibited
in real-world systems with large size. Here, we show how such
flipping phenomena can also be driven by external fluctuations
in the message transmission rate 8. To explore this possibility,
we simulate the model changing the value of g at every time
step. Specifically, we extract 8 from a normal distribution
with mean B and variance o2, as shown in Figs. 6(a) and
6(b). Thus, the evolution of the system can be considered to
happen at a fixed transmission rate B affected by small random
perturbations.

Because of the different timescales between the processes
of message spreading and opinion formation, the transient
fluctuations of B do not necessarily cause a persistent change
in the collective opinion as measured by p*. However, if 8
exceeds the forward critical transmission rate B¢ for long
enough, or if it remains smaller than the backward critical rate

B2 for an equally sufficient time, then the system switches to
the HP phase or to the LP one, respectively. This is clear from
the values of p™ along the simulations, illustrated in Fig. 6(c),
which show repeated switches between the two phases.

The permanence time of the system in either of the two ma-
jority phases depends on both the interval T between updates
of B and on the probability that the value of § lies beyond the
corresponding critical one. Thus, for large 7, the permanence
time in the LP phase, Tjow, and that in the HP phase, Tpign, can
be expressed as

(1 1 (BF-BY)
Tlow(f)—f<§—§erf< N )) (7

_ (11 ﬂf—B))”

’Hngh(f) T (2 + 261’f< \/EO’ ’ (8)
where erf is the error function. A direct measurement of these
times via numerical simulations confirms the correctness of
these equations, as illustrated in Fig. 6(d).

These findings make it naturally interesting to explore the
effect of the interplay between the two types of fluctuations.
To do so, we simulated a smaller system, with N = 100
nodes, to ensure that the two mechanisms described above can

and
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FIG. 7. Interplay of the fluctuation-driven mechanisms on phase flipping. (a) The fraction of nodes holding a positive opinion, p*,
repeatedly switches between a majority of approximately 0.8 to a minority of approximately 0.2. The moments when the switches occur
are marked by colored dots. (b) In the time period between ¢ = 7000 and r = 10000, the transmission rate 8 occasionally increases above
the forward critical value BF (upper gray dashed line), but never decreases below the backward critical value 82 (lower gray dashed line).
The values of 8 follow a normal distribution with mean 0.3 and variance 2.25x10~*. The sampling interval is T = 100 and the green circle
indicates the value of 8 at the moment of the phase flipping shown in green in panel (a). (¢) Mapping the simulation trajectory of panel (a) from
t = 9200 to ¢+ = 9303.3 onto the phase diagram on the (v*, v™) plane shows that during this interval, the system is within the HP phase and
the bistable region. At = 9303.3, the trajectory reaches the demarcation boundary (red circle), indicating an imminent transition toward the
LP phase. (d) The simulation trajectory from ¢t = 9400 to ¢+ = 9550 shows that the system lies within the LP phase and the bistable phase. At
t = 9550, it intersects the lower boundary (cyan circle), signaling an impending phase flipping toward the HP phase. For all panels, the system
is a two-layer random regular network with N = 100 nodes of degree 10, v =0.2, 8 =03, =0.2,y =0.1, u = 1.0, r = 1.0, and m = 4.
The yellow circles indicate the nominal values of v = v = v~ = 0.2 chosen for the simulations.

coexist, and analyzed the temporal evolution of the system, II1. DISCUSSION
disentangling the contributions of each mechanism.

The results, illustrated in Fig. 7, show that three phase flips
occur within the time interval from ¢ = 7000 to ¢ = 10000.
The first one is due to S(¢) exceeding the forward critical
threshold ﬂf . The next two, however, are induced by intrinsic
fluctuations of the parameter v as the trajectory (vf ®), v; )
crosses the phase demarcation boundary. This can be seen
from the trajectory of (v;F(z), v;f(r)) on the (v, v™) phase
diagram in correspondence of the last two phase flips, which
we plot in panels (c) and (d) of the figure. It is worth to
note that if the two mechanisms operate simultaneously and
exert opposing effects, for instance, when B() exceeds BF
but the trajectory (v (¢), v, (¢)) is in the LP region, they may
interfere with each other, potentially suppressing the phase
flipping from the LP phase to the HP phase.

The effect of the heterogeneity of the network structure is
further explored in Appendix E.

In summary, we proposed a noisy threshold voter-SIR
coupled model that takes into account the interplay between
message spreading and opinion formation, and features dif-
ferences in the characteristic timescales of the two constituent
dynamical processes. Unlike the classic noisy voter model, in
which there is no steady state, our coupled model exhibits a
bistable phase with hysteresis loops that disappear if the noise
is greater than a critical value. Conversely, when the noise
is low and individuals are not very likely to switch opinions
autonomously, two message transmission rates appear that
determine a forward transition and a backward one between
states with definite and opposite opinion majorities. Note that
our results assume that the timescale of opinion formation is
much larger than that of the message propagation. In most
real-world cases, this is a reasonable assumption. Nonethe-
less, it is one that is not necessarily always satisfied. In the
future, we plan to explore the role of timescale difference in
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the coevolution dynamics, as well as the effect of network
topology and memory effects on final steady states of the
model. These are particularly relevant questions, since recent
studies indicate that in complex contagion processes, such as
in the presence of social reinforcement, the ultimate effects of
network structure depend strongly on the specific model used
[42,43].

A detailed analysis of the dynamics of opinion switch-
ing reveals that, in its current form, our model has two
intrinsically different mechanisms that can induce macro-
scopic changes in the consensus state of the system. The first
mechanism is a spontaneous symmetry breaking between v*
and v~ that can be induced by stochastic fluctuations in small
enough systems, causing a phase flipping. It is worth noting
that the possibility of phase flipping means that the system
can transition from a full-functioning state to a nonfunctional
one without the control parameters changing. Moreover, the
fact that the phase flipping can be caused by fluctuations in
the noise parameter suggests that the lack of depth in the con-
viction of individuals may constitute a more serious problem
than the peer pressure of their social contacts for the goal of
controlling the public opinion.

Additionally, macroscopic changes in the consensus state
can be caused by fluctuations in the rate of message trans-
mission. However, since these fluctuations originate from the
external environment, in general their distribution varies with
time, and their macroscopic effects can be observed regardless
of the size of the system. This implies that, in a real-world
situation, the rise and decline in the attention given to a par-
ticular type of news can lead to an abrupt and drastic shift in
the collective opinion.

Additionally, the evolution of the system in the bistable
region depends on the initial distribution of opinions among
individuals. This confirms the effectiveness of strategies that
have been adopted by some governments, consisting in the
leveraging of so-called bot farms to create a constant stream
of posts on social media with the aim of fostering and main-
taining a desired general attitude of the public.
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APPENDIX A: MEAN-FIELD THEORY

We start by analyzing the message spreading process,
which takes place on layer B, and we indicate the six possible
joint states of the nodes as +S, £/, and +R. On average, the

time evolutions of the densities of nodes in +S, +/, and +R
states can be written as

d
—p*3() = —Bks)p' W)p (1),

dt (AD
d
ap“u) = —upt )+ Blks)p' )p (1), (A2)
d
—p™R(t) = npt (1), (A3)

dt

where (kg) is the average degree of the nodes in layer B, p*5,
p*!, and p*® are the fractions of nodes in state &S, &7, and
+R, respectively, and ,oS s ,01 ,and pR are the fractions of nodes
in states S, I, and R, respectively, regardless of their opinion.

Similarly, for nodes holding a negative opinion, the evolu-
tion equations are

d
—p5(t) = —aBiks)p' p 5 (1),

m (A4)
d )= —pp () + aBlks) o' ()7 (1) (A5)
i’ =—up apB k)’ ()P~ (1),
d _ _
77 (O=p"'®). (A6)
From Egs. (A1) and (A4), it follows that
I d d g
— t) = — t). A7
P () ap+5(t)dt () (A7)
Integrating this equation, we obtain
p+St
P50 = pS ()" 0 (A8)

When the message spreading process reaches its final state,
no node is in the I state, so that p/ = 0. To obtain the final
density of nodes in the R state, we need to find the relationship
between p° and p®. To do so, we start from Egs. (A1), (A3),
(A4), and (A6), to find the evolution equations for p5 and pR,

d
aps(t) = —Bks)p' )T ) + ap™5 (1)) (A9)
and
d g I
3 () =pp' (). (A10)
Then, using these, we obtain
1 d

iR(r) (A11)
dtp '

Sy = B
"

pS(t) + ap=S(t) dt

However, p5(t) = p~5@) + p™5(t). Substituting this expres-
sion in the equation above, and using Eq. (A7), we get

I d Blks) d
S0y — R
p+5(t)ap (l‘)——Tap (). (A12)
Integrating this equation, we obtain
_ﬂ(/‘B)ﬂR(I)
pt) = p 0 (A13)

Combining Eqgs. (A8) and (A13), we obtain a self-consistent
equation for the steady-state fraction of nodes in the R state

R=1—ptS_p=S

ap (k)R

_ _aBlkp)
—p (O,

Blkg)o®

=1—p*" (0 =

(A14)
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where p*5 is the steady-state fraction of nodes in the S
state. In the thermodynamic limit, assuming that the initial
fraction of spreaders is very small, we can approximate the
steady-state fractions of nodes with positive or negative opin-
ion, o™ and p~, with the initial fractions of susceptible nodes,
obtaining
R__ p+e_t3<kﬁ)p"’ _ pfe_a“kf)pk ’ (A15)

which is Eq. (1).

Next, we analyze the process of opinion formation on layer
A. When the message spreading on layer B reaches its final
state, the node can be in states £S5 and R. Then, the opinion
of the nodes in layer A evolves on the basis of their state in
layer B, and the evolution equation for the fraction of nodes
holding positive opinion is

d

aﬁ* = v+ puFlka. pHyr |p~5
kA

+ [ v+ D] puFka, o) | p7"
k

— v+ puFka p7r | 0™
ka

— v+ D puF ke o )yvr | o™ (Al6)

ka

where py, is the degree distribution in layer A, and F (k4, p™)
and F(ks, p~) are the probabilities that, given a node with

J

9 = (ka
al.ﬁV——v—i-Ev,o Zpk;xZ(])(l

ka Jj=0

e ()

degree k, the numbers of its neighbors with negative or pos-
itive opinion are less than or equal to the threshold m. In the
assumption of a well-mixed system with no degree-degree
correlations, this is

Flka,x) =) ("Jf‘)(l —x)yxfs

Jj=0

(A17)

which is Eq. (3). At steady state, the densities of nodes in
each state do not change. Thus, the final equation is obtained
by imposing that % o7 vanish in Eq. (A16), which results in
Eq. (2).

APPENDIX B: STABILITY OF THE COUPLED MODEL

Equations (1) and (2) characterize the evolution of our
coupled model under a mean-field approximation. Here, we
prove the stability of their equilibrium point by finding an
appropriate Lyapunov function V.

To do so, we first note that V must be a function of p* and
oR. Then, when taking its derivative with respect to time, we
get

d a d ad d
-V +’ R = —V— + — V= R
dt (0™ £7) apt dt’o +8pR dtp
a d d d d d
= vty Ly ot Rt
8,05r dtd dpt dpR" dpt T dt
—_— Bl
oo+ dtp (B1)

This shows that it would be useful to find a form for V
that related its functional dependence on p* with that of the
evolution of p* in time. To reach this goal, we exploit Egs. (2)
and (3) and assume 3" 3 =2V = —£ pT, obtaining the form

. i _aplkg)o®
p+)1+1(p+)kA ./r|:1 + (y _ l)e m ]

. i+1 _ Bl )R
— o ey + (= e (B2)

Next, we use the binomial theorem to expand the powers of (1 — p™), obtaining

9 m kA Jj+1
8'.?V——v—i-%),o ZPMZ(J)Z
ka

j=0 1=0

l

i+ 1 —j ap (k)R
= )(—1>’(p+>’+’“ 14 @ = e ]

m ka— r
s ("f*) ; ("Al )( D'y + (= e T, (B3)

=0 N/

Finally, to reach the form we are aiming for, we take the indefinite integral of the equation above, resulting in

m k Jj+1
Vpt, o =—vpt (L= pH) =D pi, ) (;‘) >
ka j=0 1=0

+3 i, i (k{‘> kZ_J (k*‘ )(— e

I+j+2

J

ka =0 1=0

(1 + 1) 1y (o)

[1+( 1) ’W(WR]
—_ e m
Itk LY

N[ Fj+2 e
Ly -y, (B4)
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FIG. 8. The coupling parameters affect the critical transmission rates differently. (a) For a fixed y = 0.1, higher values of « shift the
transition curves toward lower values of . (b) For a fixed o = 0.2, higher values of y shift the transition curves symmetrically toward higher
values of v. In both panels, the symbols correspond to simulation results for a two-layer random regular network of N = 10* nodes with degree
10, © = 1.0, r = 1.0, and m = 4, and solid lines represent the predictions of the mean-field theory.

The function V in the equation above is a valid Lyapunov
function that satisfies %V = —% oT. In turn, from Eq. (B1),
this yields

SV( oM = —2<iv)2 <0 (B5)
a PP = Ip* ’

which demonstrates that in our model there is no oscilla-
tory behavior, as instead observed in failure-recovery models
[39,40] and in coevolution dynamics with asymmetric inter-
actions [34,44]. Note that the phase flipping in our model is
markedly different from the oscillatory behaviors just men-
tioned. In fact, the former consists in the stochastic switching
between two stable solutions in a bistable region, whereas the
latter indicates that the system has a deterministic closed orbit.
In addition, the phase flipping is induced by stochastic fluctu-
ations and it requires small systems sizes to happen, while the
rapid decay and growth dynamics in oscillatory behavior are
periodic and can occur also in large-scale systems.

APPENDIX C: IMPACT OF COUPLING
ON CRITICAL RATES

In Sec. II B, we discuss the phase diagram of our model
in the (B, v) plane for some specific values of the coupling
parameters, namely, « = 0.2 and y = 0.1. Here, we study the
impact of o and y on the critical transmission rates and on the
critical noise.

The curves delimiting the three regions of the phase dia-
grams, shown in Fig. 8(a), shift toward lower values of § as «
increases. This indicates that both the forward and backward
critical transmission rates, ,Bf and ﬂf , decrease when « takes
higher values. This can be explained by noting that, as «
increases, nodes in a —S state are more likely to transition
to —R. In turn, because of the synergistic interplay between
message spreading and opinion formation, compared to the
—S state, nodes in —R have a higher probability of switch-
ing opinion via neighbor pressure. Thus, larger values of «
cause larger fractions of nodes with negative opinion to switch
opinion, increasing the likelihood of the system to reach a
positive-opinion consensus, and, as a result, both ,Bf and ﬂf
decrease.

The main effect of y, instead, is to shift the transition
curves in the phase diagram toward higher values of v, as
illustrated in Fig. 8(b). Thus, when y increases, the region
occupied by the bistable phase grows. This means that, for a
fixed noise parameter v, the forward critical transmission rate
BE increases, while the backward one B2 decreases.

This is consistent with the mechanisms of our model.
In fact, when the system is in the LP phase, only a small
number of nodes with positive opinion satisfy the threshold
condition with large probability, whereas the number of nodes
with negative opinion that satisfy it is negligible. Thus, the
main effect of an increase of y is to increase the rate at
which nodes in the +R state switch to —R, which, in turn,
increases the probability that the system remains in the LP
phase. Conversely, when the system is in the HP phase, the
threshold condition is satisfied with high probability only by a
small number of nodes with negative opinion, whereas those
with positive opinion that satisfy it can be neglected. Then,
in this case, the main effect of increasing y is to increase the
probability that nodes in the —S state switch to +S, increasing
the likelihood of the system to remain in the HP phase.

Taken together, both cases also imply that the critical noise
V. increases with y.

APPENDIX D: PERMANENCE TIMES
BETWEEN FLIPPINGS

To estimate the times T, and Tyown for which the system
is expected to remain in the HP phase or in the LP one before
flipping, we follow the approach in Ref. [38].

First, we note that the values of v~ at which the system
switches to the LP phase are not much different from each
other, as shown by the green dots in Fig. 5(c). Thus, we
assume that, if the system is in the HP phase, it will flip to
the LP one as long as the value of v, is greater than a typical
value v;". But then, for every node with positive opinion, the
possibility of switching state in a unit time can be considered
as an independent experiment with success probability v~.
Thus, we can write

D1
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FIG. 9. Heterogeneity affects critical transmission rates and opinion distribution at steady state. The phase diagram of the model on the
(B, v) plane [panel (a)], and the behavior of p* [panel (b)] and p® [panel (c)] as the message transmission rate B is changed show that
the critical values of the forward and backward transmission rates decrease when the network is more heterogeneous. At the same time, a
significant increase of p* and p¥ is observed as 8 is increased, together with a strong deviation from the mean-field results. In all panels, MF
refers to the results of the mean-field theory, RRN to simulations using random regular networks, and HN to simulations using heterogeneous
networks. The parameters used are « = 0.2, y = 0.1, u = 1.0, r = 1.0, and m = 4. In heterogeneous networks, the threshold condition is set
to be the fraction of neighboring nodes of the same opinion being less than or equal to 0.4.

where X is the number of successful trials in a unit time and
n is the number of trials in a time interval of duration A. Here,
X follows a binomial distribution with success probability v™
and number of trials m = f Thus, the expectation value of X
is mv~ and its variance is mv— (1 — v™).

In turn, this means that also v;" follows a binomial distri-
bution. In particular, its expectation value is

_ A A An _ _
Elv,]=-EX]=-mv =—-—v =v (D2)
n n nai
and its variance is
A2 A2
Var[v, ] = —2VaI[X] = —2mv’(1 —v7)
n n
Aln _ A _
=—=—v (1—-v)=—=v (1-v7). (D3)
nZ A n

However, in the limit of a large number of trials, we can write
n=N(p hignh , (D4)

and the binomial distribution approaches a normal one, so that

N0 )high v —v7)?
20— (1—v—)

v —v=)?
f(l);) ~e 2w () ~ e

(D5)

Thus, the probability that v, equals the typical transition
value is

NP ohign (v —v)?
- (1-v)

fl)~e
Finally, the expected time that the system spends in the HP
phase is inversely proportional to this probability, as it will
flip to the LP phase if the trajectory leads the value of v, to
reach v". Thus, we conclude that

(D6)

N<P+>high(VF*\”)2

Tp(N)~e 27020, D7)

which is Eq. (6).

The same steps can be followed to derive the expected
time that the system spends in the LP phase, starting from
the approximation of a critical value of v* for this opposite

flipping. The result is

NO={pH) o) —vH)?
Y:iown (N) ~e A=) s

which is Eq. (5).

(D8)

APPENDIX E: EFFECT OF NETWORK STRUCTURE

By eliminating the influence of node heterogeneity on the
dynamics, the use of duplex networks with random regular
layers allows one to more clearly attribute the phenomena
observed on such networks, such as phase transitions, to
the nonlinear interactions inherent to the model used, rather
than to structural properties of the underlying network. Fur-
thermore, the mean-field approximation, which is based on
the assumption of homogeneous mixing, typically provides
relatively accurate predictions of macroscopic behavior on
random regular networks (RRN). This allows for a direct and
clear comparison between the results of stochastic simulations
and the analytical theory, thereby validating the basic logical
self-consistency of the model.

Nonetheless, it is natural to wonder about the effect of a
different network structure on the dynamics. Thus, to describe
how our model is affected by structural heterogeneity, we sim-
ulated it on a two-layer Barabdasi-Albert (BA) network with
mean degree 10 and power-law exponent 3. Our results, shown
in Fig. 9, indicate that the increased network heterogeneity
leads to a reduction in both the forward and backward critical
message transmission rates, ,Bf and ﬁf. Furthermore, due
to the vanishing epidemic threshold on BA networks in the
thermodynamic limit, message propagation can persist even
when the majority of nodes holds a negative opinion. Also,
owing to the synergistic interaction between positive-opinion
formation and message dissemination, we observe a signifi-
cant increase in both p* and p® as the message transmission
rate increases, before the occurrence of a first-order phase
transition. Finally, degree heterogeneity leads to variations in
how nodes of different degrees meet the threshold condition,
in turn influencing the dynamical behavior of the coupled
model.
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