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Quantum limit cycles with continuous symmetries from coherent parametric driving:
Exact solutions and many-body extensions
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There is widespread interest in many-body quantum systems that exhibit limit-cycle or time-crystalline
behavior. An ideal quantum limit cycle would be realized using fully coherent driving (to minimize noise) and
also have a continuous internal symmetry (to ensure generation of monochromatic radiation). While these two
requirements may seem incompatible, we introduce in this work a large class of multimode bosonic limit-cycle
models based on coherent parametric driving, which possess an O(N) continuous symmetry. Surprisingly, the
full quantum dissipative steady state of these models can be found exactly. They exhibit rich physics, including
steady-state entanglement, reduced phase diffusion, and the possibility of realizing quantum limit tori. The
basic mechanism we identify provides a unified way to understand how coherent parametric driving can yield
symmetry-enriched limit cycles, and also helps us understand related models where the relevant symmetries are
weakly broken. The models we study are compatible with a range of different experimental platforms, including
quantum optical setups and superconducting quantum circuits.
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I. INTRODUCTION

There has been a resurgence of interest in driven-
dissipative quantum systems that are analogs of classical
limit-cycle oscillators (see, e.g., Refs. [1-5]). Such systems
exhibit long-lived, dynamically stable oscillatory states and
are paradigmatic examples of the breaking of a continu-
ous time-translation symmetry in a nonequilibrium setting,
and hence are open-system analogues of closed-system time
crystals [6-8]. Unlike discrete time crystals characterized
by an emergent subharmonic frequency, here the continu-
ous time-translation symmetry is spontaneously broken as
arbitrary initial conditions flow to a stable limit-cycle attrac-
tor. This attractor requires a balance between external drive
and dissipation, making it fundamentally distinct from os-
cillation arising from generic time-independent Hamiltonian
systems [9,10]. They are interesting both from a fundamental
perspective (e.g., as a unique kind of nonequilibrium broken-
symmetry phase), and for practical applications ranging from
sources of coherent and even nonclassical light [3], to novel
platforms for quantum metrology.

Among the many examples of quantum limit cycles, a
special privileged role is played by those that possess an
internal continuous symmetry [e.g., a U(1) symmetry]. The
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continuous symmetry directly defines natural phase degrees of
freedom, phases that wind at a constant rate in the limit-cycle
state. Such systems produce monochromatic light and are rel-
evant to applications in the same way as a conventional laser
or microwave oscillator. Continuous symmetry also greatly
simplifies the description of dynamics, as well as the syn-
chronization physics that results when several individual limit
cycle systems are coupled. The standard route to realizing
a U(1) or O(N)-symmetric quantum limit cycles is to use
incoherent driving, i.e., driving that does not have any natural
phase reference, and that is realized by coupling to a dissipa-
tive environment. Classic examples include bosonic systems
like a standard laser with an incoherent gain medium [11] and
the quantum van der Pol oscillator [12—14]. They also include
spin-based limit cycles like the superradiant laser [15].

We now see what seems to be a fundamental trade-off:
If we want a dissipative quantum system with a continuous
symmetry that also has limit-cycle physics, we must nec-
essarily introduce extra dissipation into the system, via the
environment that creates the phase-agnostic incoherent pump-
ing. If the goal is to minimize noise and enhance quantum
effects, this trade-off is especially unfortunate. We note that
the extra quantum noise associated with incoherent pump-
ing contributes half the phase noise that sets the celebrated
Schawlow-Townes limit on the linewidth of a laser [16,17].

In this paper, we show that the apparent incompatibil-
ity between continuous symmetry and low dissipation is not
fundamental. We present a surprisingly simple route for gen-
erating an exactly solvable family of quantum limit-cycle
systems (both few- and many-body) that have O(N) contin-
uous symmetry, but that do not involve the extra dissipation
and noise associated with an incoherent drive. The ingredients
we exploit are ubiquitous across many systems: N bosonic
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FIG. 1. (a) Minimal two-mode realization of our coherently
driven many-body limit-cycle setup: two bosonic modes with self-
Kerr u;, u, and cross-Kerr uy, nonlinearity tuned to u; = uy = uy,
coupled by an imaginary hopping term ik, subject to onsite para-
metric driving D, single-photon loss «. (b) Steady-state phase space
profile: the single-mode Wigner function W (x;,y;) and the joint
quadrature probability distribution P(xy, x,) = (x1, x2|p|x1, x2). The
red dots and arrow indicate the semiclassical trajectory of the limit
cycles. The state forms a uniform ring in the (x;, x,) plane with
radius ,/ng, and angle ¢ labels the limit-cycles phase. The be-
havior depicted here generalizes to an N-mode system, with the
relevant continuous symmetry being O(/N). Parameters for panel (b):
u=002,D=«x=1.

modes with Kerr-type nonlinearities, and coherent parametric
(or two-photon) drives. The key observation is that while
parametric drives break the U(1) phase symmetry of each
individual mode, a collection of N identically driven modes
with balanced nonlinearities can still retain a weak O(N) sym-
metry in mode space. The minimal realization of this physics
involves two parametrically driven modes whose combined
dynamics retains a weak U(1) symmetry [see Fig. 1(a)].
Through a semiclassical analysis, we show indeed that this
setup exhibits phase diffusion noise that is suppressed by
a factor of 2 compared to the standard Schawlow-Townes
limit [16,17].

Despite its complexity (nonlinearity, dissipation, driving),
we are also able to study properties of the full quantum
description of our system without approximations: It admits
(for any number of modes) an exact analytical solution for its
nonequilibrium steady state (NESS). Unlike simpler quantum
limit cycles, our setup necessarily involves multiple degrees
of freedom, allowing one to meaningfully ask questions about
steady-state entanglement (see also Refs. [18,19]). For N > 4,
we also show that our setup can realize many-body quantum
limit tori systems, which are higher-dimensional general-
izations of limit cycles (something studied recently using
incoherent driving [20]).

Even in the minimal N = 2 case, our exact solution reveals
properties with no counterpart in prior analyses of para-
metrically driven setups, including non-Gaussian intermode
entanglement that saturates at a finite value deep in the semi-
classical large photon number regime. This minimal model
also serves as a unifying framework for understanding several
models studied independently in the literature: U(1) symme-
try breaking in nondegenerate parametric oscillators [21-24],
finite-amplitude limit-cycle phases in coherently driven cou-
pled parametric oscillators [25,26] (which can be understood
as symmetry-broken perturbations of our model), and even re-
alizations of cold-atom supersolidity based on the emergence

of a U(1) symmetry through the symmetric coupling of two
distinct Z, symmetries [27].

II. PARAMETRICALLY DRIVEN QUANTUM LIMIT
CYCLE WITH O(N) SYMMETRY

The key ingredients required to realize an O(N) symmetric
quantum limit cycle are N nonlinear resonant bosonic modes,
each subject to a resonant parametric drive of the same ampli-
tude D. In the rotating-frame set by the parametric drives, the
Hamiltonian is

N 2 N N
A= u(Z n) —D) (ajal +He)—ih Y _ K;aja,,
i=1 i=1 i,j=1
)]

with photon number operator 7; = &j&i and K areal antisym-
metric matrix. The coefficient u describes a Kerr nonlinearity
that depends only on the total photon number, and /4 charac-
terizes the strength of the antisymmetric hopping term.

The full dynamics of the system also includes independent
single-photon loss at rate ¥ on each mode, leading to the
Lindblad master equation [28,29]

N
8p = —ilH, pl+x Y Dlailp, @)
i=1
with D[Xp = XpXT — (1/2)(XTX, p}.

We now ask about the symmetries of our model. At first
glance, a parametric (i.e., two-photon) drive has a well-
defined phase, and thus only leaves one with a Z, symmetry.
There is no invariance under arbitrary gauge transformations
of each mode, only invariance under a phase shift of =, i.e.,
a; — (—=1)a;. For a single mode, this would indeed be the
only symmetry. However, in our N-mode system with sym-
metric drive amplitudes and balanced interaction parameters,
we have a much larger symmetry. Although the parametric
drive indeed picks out a preferred phase (up to a sign) for
each of the modes, both the driving term and the nonlinear
interaction are invariant under orthogonal rotations in mode
space. Explicitly, consider first the case 4 = 0. In this limit,
the Hamiltonian and the full Lindbladian are invariant un-
der transformations @; — a; = O;;a;, where O € O(N). This
corresponds to a weak symmetry of the Lindbladian [30,31]
because the full Lindbladian remains invariant even though
the individual jump operators do not. The corresponding sym-
metry generators are

Qi; = i(aja; — ajay). 3)

The role of the antisymmetric coupling term o % is now
apparent: It is proportional to a sum of the O(N) symmetry
generators. More generally, one may add generators of any
continuous subgroup of O(N), which produce a limit cycle
when the resulting trajectory is closed. Given our O(N) sym-
metry, when the Lindbladian has a unique steady state (as will
always be the case here), the steady-state density matrix must
be invariant under O(N) rotations of the modes. Therefore,
adding the antisymmetric coupling matrix K reduces the sym-
metry of the Lindbladian to the stabilizer subgroup of K, while
leaving the steady-state density matrix unchanged. However,
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it will affect the long-time dynamics. In the semiclassical
description, the dynamics without the antisymmetric coupling
will relax onto a continuous family of symmetry-related fixed
points. Adding antisymmetric coupling then generates per-
sistent oscillations along this attractor manifold. In the large
photon number limit, this motion persists indefinitely and
realizes sustained oscillations.

In the following sections, we show that the N = 2 case
yields the simplest setting where one has O(2) = U(1) x Z,
symmetry and realizes quantum limit-cycle behavior. The
analysis can be straightforwardly extended to N-mode case.
Interestingly, for N > 4, our model can realize quantum limit
tori with quasiperiodic motion, whose frequencies are deter-
mined directly by the antisymmetric matrix K.

II1. MINIMAL TWO-MODE MODEL: PARAMETRIC
DRIVING THAT RETAINS U(1) SYMMETRY

We now consider the minimal realization of the more gen-
eral O(N) model in the case when N =2 [see Fig. 1(a)].
This case is the simplest to analyze, while already capturing
the essential mechanism that underlies our larger family of
arbitrary N quantum limit-cycle systems. For two modes, the
Hamiltonian is
H = u(@la, + alar)* — D@lal +alal +He.)

—ih(alay — aiay). )

For convenience, we take the hopping term to be imaginary,
which simply corresponds to a useful choice of phase ref-
erence or gauge for the two modes. Since, the Lindbladian
has a continuous weak SO(2) symmetry corresponding to real
rotation between the two modes.

The weak SO(2) symmetry of our Lindbladian is equiv-
alent to a weak U(1) symmetry. This is most explicit if we
write our Hamiltonian using a rotated mode basis l31 = (a, +

it)//2, by = (a1 — ia2) /N2
H = uN? — 2D(b'b} + biby) — h(b}by — biby),  (5)

with N = lA)J[lA)l + 13;132 In this basis, the weak U(1) symmetry
corresponds to the transformation b, — b, by — ¢ *b,,
corresponding to a rotation of the relative phase between
the two modes. Written in this basis, our model is directly
connected to the well-known nondegenerate parametric oscil-
lator (NDPO), for which the presence of U(1) symmetry is
familiar [21-24]. This connection is conceptually useful, but
for our purposes the original @; basis provides the more natural
formulation, since it generalizes directly to the N-mode case
where the full O(V) symmetry is manifest. We also note that
even in the N = 2 case, our setup differs from more standard
NDPO setups where the nonlinearity corresponds to pump
depletion and is dissipative in nature; in contrast, we have
fully coherent Kerr-type nonlinearities. Note that for N = 2,
Eq. (5) represents a potentially attractive way to implement
our scheme: While Eq. (4) requires two parametric drives
(one on each mode é;), Eq. (5) only requires a single two-
mode squeezing drive. Further, it does not require any linear
beam-splitter coupling between the modes, as the parameter /
now just corresponds to the difference between the resonance
frequencies of the two modes.

IV. SEMICLASSICAL ANALYSIS AND EMERGENCE
OF LIMIT CYCLES

A. Semiclassical dynamics

To obtain a picture of the limit cycle that emerges in our
model, we first analyze the semiclassical limit of the master
equation. In the limit of large photon number, the dynamics
is well captured by a mean-field ansatz where we replace
a;(t) — (a;(t) = (a;(t))). The resulting equations of motion
are

. . « K 2
0,a; = —i2una; + i2Da; — Eai +h ZJijaj, (6)
=

where n = |a;|* + |az|? and J = —ioyis a2 x 2 matrix.

At a heuristic level, when the parametric drive D is larger
than the loss rate, the vacuum solution a; = 0 becomes unsta-
ble, and the system flows to a large amplitude state (whose
form is set by balancing the driving against the nonlinearities
u). The instability of the vacuum solution is analogous to a
standard parametric oscillator: The drive D generates effective
antidamping for one quadrature of each mode, giving rise to
parametric instability that is eventually stabilized by the Kerr
nonlinearity.

Given the connection to parametric instability, it is useful
to write the equations in an appropriate quadrature basis.
We introduce two real-valued laboratory-frame quadrature
vectors X = (X1, X2), Y = (y1, y2) and write a = ¢ (x + iy).
We pick 6 = % arcsin(x /4D), as this makes the resulting
x-quadrature dynamics especially simple: The «-induced
damping of the quadrature is now exactly canceled by the ef-
fective antidamping generated by the coherent drive. With this
choice of quadrature basis, the parametric instability causes
the x; quadratures to saturate to a large finite value, while the
¥; quadratures are damped to zero. We further define rotating-
frame quadrature amplitudes X,y given by X = ¢ "'x and
y = e 'y, where ¢e' is a matrix exponential in SO(2)
describing rotation at angular frequency 4. In terms of these
variables, the semiclassical equation of motion becomes

3% = (Qun + 2D cos(20))y,, )

0,y; = (—2un + 2D cos(20))x; — k. 8)

As expected, the linear damping at rate « causes the y quadra-
tures to relax to zero, i.e., y; — 0, while the X quadratures
grow to a nonzero value that is set by the nonlinearity. For
v; = 0 and 2un = 2D cos(20), we have 9,X; = 0. Since the
transformation from (X,y) to (x,y) is a rotation, it does not
change the steady-state amplitude. It follows that the semi-
classical attractor manifold is characterized by y; =0 and a
continuous ring in the x; plane defined by

Xk = l;)\/l — k2/16D? = ny. 9

In the rotating frame, each point on the ring is a valid
steady-state solution to the equations of motion; they are all
related to each other by the action of the symmetry transfor-
mation. Semiclassically, one can interpret selecting a point
on the steady-state circle as a spontaneous breaking of the

U(1) symmetry. The same structure naturally extends to the
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general O(N) model, where the attractor manifold becomes
generalized spheres S¥~!. We defer the analysis to Sec. VII.

In the rotating frame, the combination of the parametric
drive, nonlinearity, and loss pins the x quadrature amplitudes
to lie on a ring of radius ,/ng. If we return to the laboratory
frame, the system will oscillate along this ring at a frequency
h: We thus have as advertised a limit-cycle oscillator in a
system where the driving is fully coherent, and there is a
continuous U(1) [i.e., SO(2)] symmetry. Note that the Z,
symmetry breaking associated with a single parametric drive
still has its vestiges in our limit cycle: Each mode only in-
volves excitation of the x quadrature, i.e., the phase of each
individual mode is fixed modulo w. We also note that our
limit cycle is inherently delocalized between two modes (i.e.,
the limit-cycle oscillations involve energy sloshing between
the two localized modes aj, a;). This will have interesting
consequences when we analyze the full quantum version of
our system (namely, the limit cycle will be associated with
nonzero entanglement between the modes).

In the standard way, we can study the stability of the
limit-cycle solution by looking at the linear stability of small
deviations. Linearization around the steady state shows that,
as expected, radial fluctuations away from the limit cycle
(involving either x or y quadratures) decay to zero (see
Appendix A). In contrast, fluctuations along the limit-cycle
circle in the (xj, x;) plane correspond to a Goldstone mode,
and have no restoring force. If we parametrize the limit-cycle
ring by X = ,/ngf, with £ = (cos ¢, sin ¢), we find that in the
original laboratory frame, the equation of motion for the phase
variable ¢(¢) is

8,(]5 = /’l —+ 41/{/,/}’1555)1”, 8,«(8)/”) = —K(SyH, (10)

where 8y is the linearized y-quadrature fluctuation tangential
to the limit cycle. In the long-time limit, §y; damps away,
resulting in persistent oscillation with phase governed by

¢(t) = ht. (11)

Interestingly, only one of the three decaying transverse fluctu-
ation modes couples to the phase variable [i.e., only the mode
8y ()]. The long-time dynamics of our two-mode limit-cycle
setup is depicted in Fig. 1(b). Our semiclassical analysis can
be extended to also treat fluctuation effects in the standard
manner; we turn to this analysis in Sec. VL.

B. Mechanical analogy

Despite the simplicity of our semiclassical analysis, the
basic intuition underlying the emergence of limit cycles in
our setup might remain puzzling. This is because limit cycles
are inherently a dissipative phenomena, and in our discus-
sion above, dissipation seems to play a minimal role. In this
brief subsection, we show that additional insight can be pro-
vided by viewing the quadratures (x;,x;) as the Cartesian
position coordinates of a fictitious particle moving in two
dimensions. With this mapping (essentially a reinterpretation)
of our dynamics, the parametric drive will correspond to a
fully conservative force. In contrast, the single-photon loss
k will now play a surprising and nontrivial role: It maps
to an effective nonreciprocal interaction, in the form of a
so-called “non-Hookian” spring. Such nonreciprocal elastic

forces have been the subject of much recent interest, in partic-
ular, in the context of odd elasticity [32]. Within this mapping,
the nonreciprocal non-Hookian spring is able to perform net
work on the system, thus stabilizing a self-sustained oscilla-
tion state. More broadly, this mapping places our model in
a wider class of models exhibiting dissipation-induced in-
stabilities [33], where dissipation plays the counterintuitive
role of destabilizing the system’s dynamics, leading to persis-
tent oscillation. Related ideas have appeared, for example, in
the context of atomic Bose-Einstein condensate in an optical
cavity [34].

To make this mapping explicit, we transform Eq. (7) back
to the laboratory frame in terms of x,y. Near the attractor
manifold, we approximate the total photon number n as a
slowly varying function of x only. This allows us to eliminate
y; and obtain an effective equation of motion involving only
x;. Defining a potential energy

U(x) = 3u’|x° — 5[(2D cos(20))* + KIIxI>,  (12)
the equation of motion for our fictitious particle takes the form
32x = =V U(X) + khJX + (—kI + 2hJ)3;X, (13)

where J = —io, and [ is 2 x 2 identity matrix. Within this
mapping, the parametric drive acts like a negative mass that
triggers a spontaneous breaking of U(1) symmetry of the |x|°
potential, producing a minimum at

/ 2 52
Ix|? = M (14)
2u

Note that this minimum is different from the limit-cycle
radius, which occurs at radius |x|> = ng. The imaginary
hopping term acts like an effective magnetic field perpen-
dicular to the (x;, x») plane, i.e., they generate an effective
Lorentz force. Most interestingly, there is a linear restoring
force with an antisymmetric stiffness matrix [Koaqlij = «hJij
(where recall that the matrix J = —io,). Unlike a spring
obeying Hook’s law, the forces associated with Kyyq can-
not be written as the gradient of some potential [32]. As
a result, these terms act like an effective energy source
that generates a nonreciprocal force F; = khJ;;jx; along the
ring. This in turn yields persistent oscillatory motion along
the symmetry-broken manifold. We thus see that our para-
metrically driven two-mode system has a direct analogy
to a novel two-dimensional (2D) mechanical limit cycle
based on a “non-Hookian” spring. Alternate routes for limit
cycles based on such springs were discussed recently in
Ref. [35].

V. EXACT QUANTUM DESCRIPTION OF AN O(N)
SYMMETRIC, COHERENTLY DRIVEN LIMIT CYCLE

A. Exact solution and nonequilibrium steady-state
phase diagram

We now turn to the full quantum description of our N-mode
setup [Eq. (2)]. This dynamics is a priori nontrivial, given the
nonlinear interactions, dissipation, and driving. Surprisingly,
despite these complications one can find an exact analytic
description of the NESS of Eq. (2) for arbitrary parameter
choices [36]. The exact description of the NESS will both
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allow us to understand aspects of the system’s phase diagram
and quantum features of the dynamics such as entanglement.

The exact NESS pgs of our N-mode model is most con-
veniently expressed in terms of a 2N-mode purification.
Concretely, we introduce an auxiliary copy of the original
systems so that the pure state |{) lives in a 2N-mode Hilbert
space consisting of N physical modes, labeled by L, and
N auxiliary modes, labeled by R. The steady state is then
obtained by tracing out the auxiliary copy:

Pss = Trr|y¥) (¥l (15)
One finds [36]

D/ (1 & :
W>=Z;'€5u)) <§Z&j&;> 00,10, (16)

Here, |0).|0)g is the vacuum of all 2N modes, &; = (a; 1 +
@i g)/~/2 is the symmetric combination of the left and right
modes, and (8),, =86+ 1)---(8+m—1), with § =1 —
ik /4u (see Appendix B). The steady state is a condensate of
boson pairs in the symmetric mode basis with no excitation in
the antisymmetric basis.

In many-body systems, the thermodynamic limit is taken
by sending volume V — oo. The analogous extensive param-
eter in our system is the total photon number [37], which
scales as ngs o< D/u. Without Kerr nonlinearity u, our model
reduces to a linear degenerate parametric amplifier with sta-
bility controlled by D/« . At a critical drive strength, the linear
system becomes unstable due to parametric amplification,
leading to divergent photon number. A weak Kerr nonlinearity
cuts off the instability and stabilizes the system at large pho-
ton number, but it does not change the underlying instability
threshold. This suggests that the appropriate thermodynamic
limit ng — oo is realized by taking u — 0 while holding
the drive D fixed, which we expect to probe the parametric
instability transition controlled by D/x. This is distinct from
setting u = 0, as a strictly noninteracting system does not ad-
mit a stable steady state, whereas a nonzero u — 0 stabilizes a
steady state. An alternative justification of our scaling is given
in Appendix D.

Given the above, we will consider in what follows the
rescaled photon number as our order parameter:

()

m —,
u—0 D/u

a7

where 1=, &j'&,-. From Appendix C, we find the exact
steady-state photon number to be
(N/2) 1 F(N/2+1;6 4+ 1,8+ 1; 1)

(A) = A
187 1F2(N/2;8, 8% M)

, (18)

where A = (D/u)* and ,F, is hypergeometric function. Eval-
uating the ¥ — 0 limit, we find

. (n) 0,
lim — = .
u—0 D/u finite,

D < «/4,

D > k/4. (19)

This indeed captures the transition at D = « /4 when u — 0
[see Fig. 2(b)]. The phase transition is second order with
critical exponent § = 0.5, suggesting that mean field should
be a good description [38].

We denote the phase D < k/4 as the O(N) symmetric
phase, and D > « /4 as the symmetry-broken (SSB) phase [see
Fig. 2(a)]. Semiclassically, for 4 = 0, the symmetry-broken
phase is characterized by a static vector on S¥~!. For h # 0,
this vector undergoes persistent oscillation with frequencies
set by h. In particular, for N = 2 the SSB phase realizes a
limit cycle, whereas for N > 4, it can realize not only limit
cycles but also higher-dimensional limit tori (see Sec. VII).

B. Steady-state entanglement

It is clear from the analytic and heuristic form of our
dissipative steady state that there will be correlations between
the N modes that participate in the limit-cycle physics (i.e.,
their amplitudes must be correlated for them to lie on a sphere
in phase space). It is thus natural to ask whether these correla-
tions are completely classical, or whether they correspond to a
nonzero amount of entanglement between the modes. Naively,
one might expect the presence of steady-state entanglement
for small-amplitude limit cycles, but that this entanglement
would vanish in the semiclassical limit where the amplitude
of the limit cycle becomes large.

To study these questions in the simplest nontrivial setting,
we specialize to the case of N = 2. Since the steady state
is mixed, we quantify entanglement between the modes a;,

ap via the log-negativity Ey = log, (]| /OSTS“2 [|1), defined via the
trace norm of the partially transposed density matrix [39]. We
can calculate this directly from our analytic expression for the
dissipative steady state. Fixing «, we study Ey as a function
of driving strength D for several values of the nonlinearity
u [see Fig. 2(c)]. We find that Ey increases with drive at
small D, reaching a maximum near the limit-cycle threshold,
and then saturates to a finite value deep in the large photon
number regime. To provide some context, we can compare
the amount of steady-state entanglement we have against a
two-mode squeezed thermal state (TMST) that is constrained
to have the same average total photon number and purity as
our dissipative steady state. The ratio of our entanglement to
this reference TMST is also shown in Fig. 2(c); it exhibits a
maximum value of ~0.3 as a function of D/k, and decays
logarithmically with increasing D.

While comparing against a TMST might seem natural, it is
perhaps not a good choice of reference state. While a TMST
is necessarily Gaussian, the entanglement in our steady state
comes purely from non-Gaussian correlations. This follows
immediately from the weak O(N) symmetry, which restricts
the covariance matrix to be proportional to §;; and thereby
forces all steady-state intermode covariances, such as (a;a,),
to vanish. Hence, the nonzero entanglement we find is nec-
essarily the consequence of nonzero, higher-order quantum
correlations between the modes.

It is also interesting to consider the steady-state entangle-
ment across a different mode bipartition, e.g., between the
b modes defined in Eq. (5). In this mode basis, the system
takes the form of an NDPO with Kerr nonlinearities (see
Appendix E). Under this partition, Ey no longer increases
monotonically with drive. Instead, Ey peaks near the thresh-
old, then decreases and saturates to a slightly larger finite
value.
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FIG. 2. (a) Phase diagram of the model for N = 2. Three phases are identified: limit-cycles phase (h # 0, D > « /4), static phase with
spontaneous symmetry breaking (SSB), and a symmetric phase. The orange line marks the transition between the SSB phase and the symmetric
phase. (b) Order parameter characterizing the transition from SSB to symmetric phase for various nonlinearities u, setting k = 1. The limit
D/u — oo corresponds to the thermodynamic limit, and the transition is second order. (c) Log-negativity Ey and the ratio of Ey to that of
a two-mode squeezed thermal state of the same purity and total photon number. With u = 0.1, D = 3, there are n = 30 total photons in the
cavity. (d) Fano ratio for various strengths of Kerr nonlinearity u at fixed k = 1 as a function of driving strength D.

VI. PHASE DIFFUSION

We now turn from the steady-state properties to dynam-
ics on the semiclassical attractor manifold. In the presence
of quantum noise, the semiclassical motion acquires random
diffusive motion along the attractor manifold. In the O(N)
case, we parametrize the attractor manifold by N — 1 angular
coordinates {¢“}, and quantum noise leads to phase diffusion
with diffusion matrix D*# given by

([9%(1) — d*(O)[p" (1) — 9P (0)]) ~ 2D*P¢.

Because drive is coherent, it does not introduce additional
pump noise that appears in conventional incoherently pumped
systems, and one might expect the resulting phase diffusion to
be smaller. This indeed happens in some parameter regions of
our model.

To make a connection with laser physics, we focus on the
minimal N =2 case, where the model has U(1) symmetry
and only a single angular mode on the attractor manifold.
In this case, the diffusion matrix becomes a diffusion coef-
ficient and is directly related to the laser linewidth, which
can be compared to the standard Schawlow-Townes limit. We
show that with a careful choice of parameters, the diffusion
coefficient can be reduced by a factor of 2 relative to the
Schawlow-Townes limit, which we attribute to the absence of
incoherent pump noise.

(20)

Our exact solution method for the quantum model unfor-
tunately only yields steady-state quantities, and hence cannot
directly yield dynamical quantities (e.g., the spectrum of the
Lindbladian, which could be used to infer the phase diffusion
rate [40]). As such, we consider the large photon number
regime, where, similar to standard laser theory [41], a semi-
classical description can be used to describe how phase noise
arises from quantum fluctuations. In such an approach, one
adds classical white noise to the semiclassical phase evolution
equation [Eq. (10)], with the strength of this noise chosen
to mimic the effects of quantum noise. We thus obtain a
semiclassical Langevin equation for the phase of the form

Jr

¢ = h + du/ngdy; + \/n_é&l, (21
% (By)) = —Kk 8y + k& (22)

Here, &;(t) are independent, real-valued zero-mean white
noise processes, with autocorrelation functions (&;(t)€;(t")) =
%8,- ;8(t — ') chosen to reproduce the correct quantum fluctu-
ations. The normalization here corresponds to our convention
for quadratures (i.e., vacuum noise yields a quadrature vari-
ance of 1/4).

Equation (10) shows that phase diffusion occurs both di-
rectly through the noise &;(¢), but also through a coupling to
the noise y-quadrature amplitude fluctuations [i.e., & (¢) also

033264-6



QUANTUM LIMIT CYCLES WITH CONTINUOUS ...

PHYSICAL REVIEW RESEARCH 8, 033264 (2026)

contributes]. As a result, the total phase diffusion contains two
independent contributions, given by

K 2ulng K
Dy = —=—11
¢ 8ngs + K 8 (

16 2.2
+%) (23)

Using the semiclassical total photon number ng, we find
Dy = ~r? with r = 4D/k. As the transition threshold is ap-

8ngs
proached from above, r — 17, the phase diffusion approaches

Dy — (24)

8ngs
Expressed in units of « /ng, this is a factor of 2 below the
standard quantum limit on the phase diffusion (or linewidth)
of a laser oscillator, i.e., the Schawlow-Townes limit [42].
At a heuristic level, this factor of 2 reduction can be under-
stood intuitively. For a standard incoherently pumped laser
or limit-cycle oscillator, vacuum fluctuations from both the
loss reservoir and the pumping reservoir contribute equally to
the phase diffusion. In our setup, we eliminate one of these
sources of noise, as the pumping is now fully coherent, hence
a factor of 2 improvement. The situation is more nuanced
than this, however, because of the amplitude-phase coupling
inherent in Eq. (10).

The above regime of reduced phase diffusion is achieved
just above threshold, requiring a drive amplitude D — « /4.
Note that one can still independently tune the size of the limit
cycle and the total average photon number, as this depends
on the size of the nonlinearity u: ngs ~ D/u. To access the
regime of reduced phase diffusion, one should operate in a
regime near the transition threshold with weak nonlinearity,
which is achieved using a hierarchy of scales u < D < «.
Coupling the phase mode to an output field then realizes
a laser with linewidth I' = 2Dy = « /4ng, which is half the
Schawlow-Townes linewidth of a conventional laser [17].

From basic number-phase uncertainty, one might expect
that the reduced phase noise of our limit cycle will result in
enhanced amplitude or number fluctuations, i.e., fluctuations
of the x quadratures that are normal to the limit cycle. The
impact of these fluctuations is conventionally characterized by
the steady-state Fano ratio, which is the normalized variance
of the photon number. Using the exact solution, we find

Var(i) _ Var(#1) l
Mean(?)  (A) 2’

(25)

where m is the number of pair excitations in the doubled
system with Var(/) = (i@ — 1)) + () — ()2, The aver-
age and variance of these pair excitations can be computed
exactly:

A R84+ 1,8+ 1;0)

oy , 26
V) = S T Fa(1:8,55 %) (20
o 222 1Fr(36+2,8+2;))
(hGh — 1)) = e
88*(+ D)(6*+ 1) 1B (1568, 8% 1)
@7

Recall that for a simple coherent state, the Fano ratio would be
1. We find using the above expressions that in the limit of u —
0, the above expression converges to Fano — 1 + %W
above threshold (see Appendix C). Thus, as D — « /4, the

Fano ratio diverges, indicating strongly enhanced amplitude
fluctuation near the limit-cycle threshold [see Fig. 2(d)].
Remarkably, while the semiclassical prediction of the
mean photon number agrees with the exact solution only
when (i) > O(10?), the Fano ratio calculated from semiclas-
sics agrees well with the exact solution even when (i1) ~
O(1). For strong driving D > «, the photon statistics quickly
approach Poissonian limit (F — 1), consistent with the emer-
gence of large photon coherent state. The phase diffusion in
Eq. (23) is minimized when drive strength D = « /(Zﬁ),
where Dy min = ﬁs, and at this point the Fano ratio is
F = 1.5. The same value also appears in the weak drive limit
D — 0. For comparison, the steady state of the quantum van
der Pol oscillator in the large photon number limit also has
Fano ratio F' = 1.5. In our model, the large photon number
limit can be reached either by sending u — 0 or D — oo,
and these two limits lead to different steady-state behavior. In
the weak nonlinearity limit # — 0, the Fano ratio approaches
F—>1+ W above threshold, and gives F = 1.5 at

D = «/(2+/2). In contrast, in the strong drive limit, the Fano
ratio approaches F' — 1, indicating smaller amplitude fluc-
tuations compared to the quantum van der Pol model (see
Appendix G).

Our focus here has been on unavoidable fluctuations
in the limit-cycle state (both phase and amplitude) arising
from the vacuum fluctuations in dissipative reservoirs. We
note that a very different phase-noise suppression mecha-
nism was studied in Ref. [23], in a fully classical version
of our N = 2 setup. The focus there was on classical noise
arising from fluctuations in the parametric drive frequency.
The noise-reducing mechanism they find is unrelated to the
factor-of-2 suppression of phase noise due to quantum noise
described above. We also note that phase noise due to quantum
fluctuations has been studied in a two-mode NDPO setup
that unlike our system has a dissipative nonlinearity stem-
ming from pump-depletion effects [42]; in contrast, we have
a fully Hamiltonian, Kerr-type nonlinearity. While the setup
in Ref. [42] does not have amplitude-phase coupling, it also
exhibits a suppression of phase noise by a factor of 2 below
the usual Schawlow-Townes limit.

VII. DYNAMICS OF THE N-MODE MODEL

A. Basic features of the O(V) limit-cycle phase

We now turn to the new kinds of dynamical phenomena
that arise for N > 2 in the O(N) model introduced in Eq. (1).
As in the two-mode case, the semiclassical attractor manifold
is determined by a constraint on the amplitude of the x quadra-
tures. For the N modes, one obtains

N

> X7 =ng, (28)

i=1

which defines an (N — 1) sphere SV~!.

Although the antisymmetric matrix K does not change the
quantum steady state, it modifies the late-time dynamics as it
approaches the steady state, which will be our focus here. In
particular, the antisymmetric coupling #K generates persistent
oscillation on S¥~!, giving rise to oscillatory states that are
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delocalized over the N modes. The y-quadrature amplitudes
all vanish on the attractor manifold, y; = 0. As in the two-
mode case, linearizing around the semiclassical steady state
yields N — 1 undamped (gapless) modes, corresponding to
tangential motion along the steady-state manifold. In contrast,
the single radial fluctuation away from the limit cycle involv-
ing only x quadrature is massive (i.e., decays exponentially),
as are the y-quadrature fluctuations. The N — 1 gapless modes
are the multimode generalization of the single phase mode
of the U(1) limit cycle. We note that a different kind of
nonequilibrium O(N) limit-cycle model was recently studied
in Refs. [5,43].

Parametrizing the sphere SV ~! by angular coordinates ¢¢,
with ¢ =1, ..., N — 1, we can decompose fluctuations in
the local tangent basis on the sphere. Recall that in the case of
N = 2 [see Eq. (10)], there is only a single ¢ that corresponds
to the tangential direction on S', whose motion couples to
the fluctuation of y-quadrature tangential to the limit cycle.
For general N, each ¢* labels a direction on SN-1 and 8y~
denotes the component of the y-quadrature fluctuations along
that direction. The linearized dynamics then take the form (see
Appendix A)

0% = 0 + dungdy*,  3(8y*) = —k8y*. 29)
The tangential y-quadrature fluctuations are damped, and the
N — 1 angular variables govern the long-time dynamics on the
attractor manifold.

In practice, the explicit form of w* is complicated, and the
dynamics are more transparent after bringing K to a canonical
block form. For a general antisymmetric matrix K, one can
perform an orthogonal transformation O € O(N) such that
K = 0T 0, where

N/2]

= P rlioy) @ (30)
r=1

0, ifNisodd,
¢, if Nis even.

We define new modes b = Oa, and write b = ¢ (q + ip),
where q,p are real N-component vectors. In this basis,
the antisymmetric matrix K is block diagonal, and the dy-
namics decomposes into | N/2] independent two-dimensional
planes, each associated with one 2 x 2 blocks of K. Within
each of the rth plane spanned by q” = (¢2,_1, ¢2,)", p” =
(par—1, p2r)T, where r=1, ..., [N/2], the semiclassical
equations of motion are

3q" = (2un + 2D cos(20))p"” + hr,Jq",  (31)

3p") = (—2un + 2D cos(26))q" — kp® + hr,Jp™, (32)

where n is the total photon number, 6 = % arcsin(k /4D)
and J = —io, generates rotation within the 2D plane. These
equations are the generalization of the two-mode quadrature
equations in Eq. (7). In the semiclassical steady state, the
vector q" in the rth plane precesses at frequency A, subject
to a fixed length q%r_ |+ q%r = p?. Therefore, the oscillatory
dynamics in the O(N) model reduce to a collection of coupled
amplitude modes together with several independent phase

rotations in each of the 2 x 2 subspace.

(a) q3
V nSS
Pr
q2
q1
(b)
/\2//\1 = \/E q2
— Az/Al =2 rl
/o)
44
"
/oy,
X

FIG. 3. (a) Attractor manifold for N =3 with antisymmetric
coupling in the first two modes, in coordinates that block diago-
nalizes K. Red and green are two realizations on the semiclassical
steady-state solution, depending on the initial condition. (b) Stereo-
graphic projection of a Clifford torus 7% C S into R3, parametrized
by (r1€", r,e) and subject to 17 + 17 = ng. Left: When A,/A, is
irrational, the trajectory is quasiperiodic and fills the torus; when
it is rational, the trajectory closes onto a periodic orbit. Right: The
corresponding circular motion in 2 x 2 blocks with radii »; and
angular velocity hA;.

As in the two-mode case, we can parametrize the vector
q"” in polar form

4 =, (2?5((3:))), (33)

where p, is the radius of S¥~! projected to the rth plane and
0, is the angular variable. These p, are not independent, and
they must satisfy the overall amplitude constraint

LN/2]
Yo P+t =n (34)
r=1

Here, ¢ is the leftover coordinate when N is odd, and it
is zero when N is even. This constraint expresses the fact
that the total radius on the S¥~! manifold is fixed, while the
amplitude p, determines how the radius is distributed among
the different rotation planes. Figure 3(a) shows the resulting
attractor manifold for N = 3 the mode.
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For each of the rth block, the steady-state solution is

q(()r) = p,f. We decompose fluctuations around it as

547 = 8p. 8+ pr6,8, (35)

8p" = po, &+ s, (36)

where £, § are the radial and tangential unit vectors to the
circle on the rth plane, respectively. This is the analog of
the decomposition of fluctuation into radial and tangential
directions on a circle in the two-mode case. The linearized
equation of motion yields

dung

8t9r = h)"r + Pll.,r» 8l10r = 4unsspi,ra (37)

while both py . and p, , decay at rate « (see Appendix A).
Therefore, in the long-time limit, the radii p, settle to a fixed
value subject to the constraint in Eq. (34), which selects a
particular circle within the corresponding 2D plane, while the
phase 6, exhibits uniform oscillation along the circle with
frequency hA,.

In this way, the N — 1 gapless modes naturally split into
two kinds: |N/2] phase modes 6, describing rotations in each
of the 2 x 2 blocks, and N — 1 — |[N/2] amplitude modes
describing how the fixed total radius is shared among different
blocks. In the presence of noise, the amplitude mode redis-
tributes the fixed total radius among different 2 x 2 blocks
while staying on the S¥~! manifold, and the phase fluctuation
changes the angle inside each block.

B. Emergence of quantum limit tori

For N > 4, our model can support several independent
oscillation frequencies and therefore realizes a quantum limit
tori rather than a simple limit cycle [20]. When these frequen-
cies are commensurate, the trajectory eventually closes, and
the motion is periodic with a well-defined period. In contrast,
when they are incommensurate, the trajectory never closes,
and the system exhibits quasiperiodic motion on an invari-
ant torus 7" = (S')", where n = |[N/2] [see Fig. 3(b)]. Each
block contributes one independent angular variable oscillating
with frequency A2, and the torus is simply the product of
these independent circular motions. The resulting torus is em-
bedded in S¥~!, which realizes the geometry of a generalized
Clifford torus.

Starting from an initial condition, the massive fluctuations
decay first, and the system relaxes toward the attractor mani-
fold. Initial condition determines how the total radius ./ng is
distributed among the different p,, which determines a partic-
ular torus 7" embedded in S¥~!. The frequency of oscillation
is directly set by the structure of the coupling matrix K. In
this sense, the geometry of the motion is highly tunable: By
simply changing the coupling matrix, one can change the set
of frequencies h),, and hence control whether the resulting
motion is periodic or quasiperiodic.

In the presence of quantum noise, fluctuations induce slow
diffusion along the N — 1 gapless direction on the attractor
manifold. In the U(1) case, noise drives the single angu-
lar mode to diffuse along the circle, and the dynamics is
characterized by a single diffusion coefficient. For a higher-
dimensional manifold, quantum noise not only changes the

angular variable 6,, but also slowly redistributes the ampli-
tude p, subject to the total radius constraint. Therefore, the
resulting dynamics on the manifold is captured by a diffusion
matrix. Quantum fluctuations cause the system to wander
not only along a given semiclassical torus, but also between
nearby tori compatible with the total radius constraint. At
finite ng, this diffusion eventually restores the full O(NV)
symmetry at long times, with rate vanishing as 1/ng in the
thermodynamic limit.

VIII. SYMMETRY-BREAKING TERMS
AND CONNECTIONS TO OTHER LIMIT-CYCLE
MODELS BASED ON PARAMETRIC DRIVES

Our general O(N) symmetric model provides a unifying
framework for understanding how parametric driving in a
much wider class of models can give rise to limit cycles. As
we show here, the same basic mechanism we describe still
holds even if the precise symmetry in our model is weakly
broken. The symmetry-breaking terms lead to the limit-cycle
phase only existing for a finite range of drive amplitudes.
For large amplitudes, these terms give rise to a phase-locking
effect. We discuss this more below for the simplest N =2
case, and show that previously studied parametrically driven
models that gave limit cycles without U(1) symmetry [25,44]
can be understood as symmetry-broken versions of our model.

To be concrete, we perturb the nonlinear interaction in
our N = 2 model with a term that explicitly breaks the U(1)
symmetry:

Ay = u(fy + A0)? — 2 8u iy, (38)

Here, Su controls the strength of the symmetry-breaking per-
turbation. The du term corresponds to a mismatch between
self-Kerr and cross-Kerr interactions. Its effect is to introduce
a phase-locking term in the equation of motion of the phase
variable. For weak du, the leading-order phase dynamics [i.e.,
Eq. (10)] is modified and becomes an Adler-type equation (see
Appendix F):

2udu

¢ =h+ n? sin(4¢). (39)

K
We now have a simple way to understand the effect of Su.
When the product of this perturbation and the bare limit-cycle
size n2, is small compared to the oscillation frequency, the
phase variable can still wind continuously, and the system re-
tains limit-cycle dynamics. In contrast, for a sufficiently large
drive, the phase-locking term dominates and pins the phase,
thus destroying the limit cycle. Since the total photon number
scales as ng o< D/u, the boundary between phase locking and

limit cycles is given by

Su _,
h o —D>. (40)
uK

This discussion shows that our symmetric model can be un-
derstood as a kind of parent model in which parametric drive
and symmetry generators give rise to limit-cycle behavior. In
the symmetric case, an arbitrarily strong drive can lead to
robust limit-cycle behavior with any finite . With symmetry-
broken interactions, driving generates a phase-locking term,
producing a competition between phase winding and phase
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locking. The persistence of limit-cycle behavior over a fi-
nite range of oscillation frequencies, even in the presence of
symmetry-breaking interactions, demonstrates the robustness
of our model against experimental imperfections.

IX. DISCUSSION

Our work presents a symmetry-based principle for con-
structing a broad class of exactly solvable, parametrically
driven multimode bosonic systems exhibiting robust limit-
cycles behavior. The key observation is that while parametric
drives break the U(1) phase symmetry of each individ-
ual mode, the full dynamics can still retain a weak O(N)
symmetry in mode space. This allows parametric drive and
continuous symmetry to coexist in a surprisingly simple and
experimentally relevant setting.

Semiclassically, the dynamics quickly relaxes toward an
SN=1 attractor manifold, which spontaneously breaks the
O(N) symmetry. Motion normal to the manifold is damped,
while the N — 1 tangential directions are gapless and govern
the long-time dynamics. At the full quantum level, the Lind-
bladian admits a unique steady-state density matrix, which
restores the O(N) symmetry. Therefore, the dynamics exhibits
a separation of scales: Trajectories quickly settle toward the
attractor manifold and then undergo slow phase diffusion
along it due to quantum noise. In the two-mode case, this
process is described by a single phase diffusion, with diffusion
coefficient scaling as Dy ~ 1/ng. For general N, this late-time
process is characterized by a diffusion matrix on the attractor
manifold.

Another central result of our work is that the antisymmetric
coupling matrix K reshapes the late-time dynamics without
changing the steady-state density matrix. The matrix K pro-
duces a persistent oscillation along the attractor manifold,
giving rise to a variety of dynamical phenomena, such as limit
cycle and limit tori, depending on the choice of K. This rich-
ness in dynamics is not captured by the steady-state density
matrix alone but also in how the system approaches the steady
state at late time. It would therefore be very interesting in
future works to develop techniques that study this quantum
dynamics beyond the semiclassical description.

Another interesting direction for future work would be to
study the properties of the output field. The O(N) symmetric
model studied here provides a natural starting point to engi-
neer an unusual kind of coherent multimode light source. The
coherence of the outgoing light would be characterized (like
our limit cycle) by an order parameter living in S¥~!, and this
coherence would be effectively delocalized over many modes.
Since the internal modes supporting the limit cycle support
gapless collective modes associated with broken O(N) sym-
metry at the semiclassical level, one may expect the emitted
light exhibit strong multimode entanglement and high-order
quantum correlations inherited from the underlying symmetry
structure.

Our model is directly realizable in a variety of supercon-
ducting circuit platforms and provides a minimal setting in
which robust limit cycle with continuous symmetry can be
realized via purely coherent drive. The dynamics of each
bosonic mode can be monitored by weakly coupling it to a
waveguide and measuring the outfield field using homodyne

or heterodyne detection [45]. It thus provides a natural starting
point to study a variety of other interesting phenomena, such
as quantum synchronization and phase entrainment in the
presence of small symmetry-breaking perturbations.
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APPENDIX A: STABILITY ANALYSIS
OF SEMICLASSICAL EOM

In this Appendix, we show that the semiclassical solutions
are stable against perturbation by performing a linear stability
analysis. Recall that semiclassical equation of motion of the
two-mode system is given by

2
. . . * K
a; = —i2una; + i2D;a; — Ea,- + hjz_;Jjaj, (A1)

where n = |a;|* + |az|* and J = —io, is a 2 x 2 matrix.
Writing a; = e (x; + iy;), we pick 6 = 1 arcsin(k /4D) to se-
lect the x quadrature whose damping is exactly canceled by
the coherent drive, and only the y quadrature is damped. We
arrive at

X% = (2un + 2D cos(26))y; + hJx;, (A2)

Vi = (—2un + 2D cos(20))x; — «y; + hJ;jy;. (A3)

We would like to go into a rotating frame to eliminate the
h term. In the rotating frame, we define ¥; = (e~ M )ijx; and
§i = (e, ;- One steady-state solution is y; = 0 and the x
quadrature has a fixed value determined by the constraint x7 +
X3 =ng = 2,/1 —«2/16D?. For D < « /4, the steady state
is trivial with ngs = 0, and the threshold transition occurs at
D =« /4.

We linearize the solution around the steady-state solution
X = X0 + 6%, § = 8§ such that X)Xy = ny,, the equation of
motion (EOM) becomes

8K = 4ung 8y, 8y = —4u(8% - X)Xy — kY. (A4)

Decompose the vector into radial and tangential directions to
the attractor manifold via

0% = 6X F + 0%, 0§ =5y, F+ 8y, (AS)

where F is a unit vector such that X) = ,/n.F and 6% - f =
0,8y, - £ = 0, we obtain

85"(“ = 4un556§'”, (SSL’H = —K(sy“, (A6)

8%, = 4ungdy,, 8y, = —dungdi, —kdy.. (A7)
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The radial direction 8%, ,8y, are both damped. The eigen-
value of the tangential mode for 6% and 6y, are A =0,
A = —k, respectively. The tangential fluctuation X changes
the direction of the radial vector r of the S! manifold and
corresponds to the gapless phase modes. The above stability
analysis generalizes naturally to the N-mode case. We find 6%
to be an (N — 1)-dimensional vector tangential to the SV~
sphere, with N — 1 gapless modes.

Let £ = (cos ¢, sing). Then, §X; = 8%;§ with § = 94f =
(—sing, cos¢) and 8% (t) = \/ns¢(t). The EOM for the
phase variable, in the unrotated frame, is

¢ =h+ 414\/ nssayH,

The phase mode rotates at frequency / and couples to the
amplitude fluctuation of the y quadrature in the tangential
direction.

For N modes, the unit vector is a function of N — 1 angular
variables, given by £ =r(¢!, ..., #"'). Decomposing the
tangent vector in terms of ¢* withae =1, ..., N — 1 gives

(SiH = «/nssqb"‘aaf',

To find the oscillation frequency in the laboratory frame, we
first need to introduce a metric on S¥~!. Since df = 3,#d¢®,
we find the induced metric to be

8)'7” = —K 5)7” . (A8)

5 = 8y 0k (A9)

ds* = dt - dt = 3,F - 9pRd ¢ ddP = gup = 0,F - Ist.
(A10)

In the laboratory frame, hK¥ is the direction of the drift tan-
gent to the manifold. Expanding in the basis of tangent vectors
gives hKt = w”9d,t, where we find

w® = hg*P st - KE, (Al11)
where g‘)‘ﬁgﬂy =4y. Using Eqs. (A6) and (A9), we find the
EOM for the phases to be

P = % + du/ngdy*, 8y* = —k8y”

foraa =1, ..., N — 1 gapless mode. We can use the metric
to lower the index and obtain ¢, = 8ap PP

In practice, finding the frequency w* is complicated. To
make the dynamics manifest, one should work in a coordinate
system where the antisymmetric matrix K is brought to a
block canonical form: K = O O, where

N/2
Z_L/Jk(. )@ 0, ifNisodd,
- 1 r{i0y @, if Nis even.

r=

(A12)

(A13)

Immediately, one sees that there are only |N/2] independent
frequencies hA,, instead of the naive N — 1 frequencies. The
rest of the nonoscillating gapless mode corresponds to the
radial degree of freedom that sets the radius of the circle in
each of the 2 x 2 blocks. Let ¢ = Ox and p = Oy be the ro-
tated quadratures. Restricting to (2r — 1, 2r) blocks, Eq. (A2)

becomes
4" = un + 2D cos(26))p” + hr,Jq", (Al4)

p" = (—2un + 2D cos(20))q"” — kp” + hr, Jp™". (A15)

Let us work in the rotating frame with frequency hA, for each
block, which gives

q(r) = Qun+2D cos(29))P(r)’
P = (—2un + 2D cos(20))q"” — kp".

(A16)
(A17)

Expanding around the steady-state solution to study fluctua-
tions, we write

q)) = ok, 897 =5p8+ 0,68 84" = dunysp",
(A18)
subject to the constraint "M p2 4 ¢2 = n. From which,
we find
; . dungg
8py = dungdpL,. b = —Ssp ) (A19)

r

where we decomposed §p” = §p, ,f + 8p),8, which has
EOM

8pLr= _4”(2 Pr’SPr'>pr —K8pLr, 8Py = —KEp).r.
=

(A20)

In the long-time limit, the fluctuations ép, ,,dpy,, damp
away, and we are left with, in the laboratory frame

or =0, 0,=h\,. (A21)

Within each 2 x 2 block, it picks a circle with radius p, with
frequency hA,.

APPENDIX B: QUANTUM EXACT SOLUTION

In this Appendix, we derive the exact steady-state density
matrix by finding a purification of the original system. A
priori, finding the correct purification requires knowing the
exact spectrum of the original system. However, as pointed
out in Ref. [36], the original system can be purified by finding
another system that can coherently absorb all the photon loss,
which in this case is the system itself. These models are
solvable via the coherent quantum absorber method [46] and
exhibit “hidden” time-reversal symmetry [47] in the steady
state.

We first make some observations. The hopping term is
proportional to the generator of the O(N) symmetry. Since
our steady state is unique, the steady state is invariant under
the O(N) action. We set & = 0 in the following derivation as
it will not change the steady state. A nonzero & leads to a pair
of imaginary eigenvalues whose real part decays to zero in the
thermodynamic limit, generating metastable persistent oscil-
lation. Consider the cascaded master equation of the doubled
system

N
& prr = —i[Hrr, Prr] + K ZD[&LL —a;rlprr,  (B1)
i1
where ﬁLR = HL - ﬁR — éK Z;L(&,T,L&LR — &i,L&zT,R)’ with
H =H®]I,Hy; =1 ® H. For the steady state to be pure, it
must satisfy

Higl¥) =0, (@i — aip)ly) = 0. (B2)
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Requiring the pure steady state to be the dark state of the
collective jump operators allows us to rewrite the constraints:

(Heit.r. — Hetr )W) =0, (@i — &ip)l¥) =0,  (B3)
where Hoy = H — %K > &j&i. If the constraints are solvable,
we can obtain an expression for |i/), and the steady state of
the original system is obtained by tracing out the auxiliary
system, given by pgs = Trg|¥) (¥ |. The pure state |i/) is then
the purification of the original system.

J

(u(N +N,3)Z(aﬁﬂ, +Bja:) —2D Z(aﬁﬂ* +He)— —IC Z(&',B, + Bla; ))w) =0,
= i=1 =

. N
(u(z% +Nﬁ)ZBfai—2DZ&,T3§ ~ %xzm-)m =0,

i=1 i=l

where N, = YV oo and Ny = YV | A7 B;. Factoring out
Bf and dropping 1\7,3 using the second constraint, we find

Zﬁf«“(’% +1) - %x)&i - 2D&§>|w> —0. (BS)

The steady state is factorized into symmetric and antisym-
metric part ) = |V )|¥g) and |g) = |0) such that it is
annihilated by f;. The symmetric part satisfies

<<u(z\7a +1)— é/c)&i—zD&j)wfa) =0. (B9)

Deﬁne.pair-.creation operator K, = ! SV (@])?. This has the
following nice commutation relation:

&, K)=¢, [&.R1=0, [N, K.]=2K,. (B10)

One can also show that [N,, (K, )"] = 2m(K,)". Using the
ansatz

a) = 3 cn(B)"10) (B11)
m=0

gives the following recursion relation:
m(Zmu - éK)Cm —2D¢, 1 =0, form>1, (B12)
which allows us to solve for the coefficient c,,:

(%)
Cm =\ — Y . ¢o,
W) mi(l— i),

Therefore, the (unnormalized) steady state takes the form

1 (D\"[1< "
L el INT"aiat
|w>—m2_(:)m!(5)m(u) <2Za,.a,.) 1001005, (BI4)

i=1

co=1. (B13)

with § = 1 — . The normalization is given by

- 1 D\" (D\"
W= 2 ) G (Z> <Z>

x (O](K_)" (K4)"|0)

(B15)

The collective jump operator constraint motivates us to
define

aip+airg 5 L — iR
=—7", pi=—7%7—, (B4)
V2 V2
satisfying
(&, &]1=[Bi. B]1=6:;. & Bl=0.  (BS)

Using the second constraint B;|) = 0, we can rewrite the first
constraint in terms of the symmetric and antisymmetric modes

&;, B; as

(B6)
(B7)
[
2m
‘Z (N/2) 1 (D) B16)
« (8)n(8*)m m!
= 1F(N/2;8, 8% (D/u)?). (B17)

In the second line, we used generalized Binomial expansion
to write

N
. 1 m!
Ry = — . T 2k; B18
(Ky) 2mk;:mk1!~~kmg(“') . (BIY)
which gives
1 (m!)?
01(R_)"™ (RL)™0) = Sy —— I
(O1(R-)" (R+)"10) T Z BT
> ki=m
N
x [J@kot = (mhH(N/2),.  (B19)
i=1

For two-mode model, we have (y|y) = 1 F>(1;8, 8*;(D/u)?).

APPENDIX C: MEAN PHOTON NUMBER AND FANO
RATIO FROM EXACT SOLUTION

In this Appendix, we will use the exact solution to compute
some observables. Let A = (D/u)>. We define a generating
function

ZO) = (YY) = 1F(N/2;8, 8% 0).

To compute the mean photon number, we first observe that
N(K,)"|0) = 2m(K,)"|0). Thus, (K,)"|0) contains 2m ex-
citations, distributed equally among the left and right modes.
The unnormalized expectation value of N = Y% | aa;is

o) 2m
=> @m) N/2)m i<9) = 20Z'(M).
u

L) (8 !

(ChH

(WIN|y)
(C2)

For the convenience of calculation, we introduce a new set of
states defined by |m) = (K )™|0), which tracks the number of
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pair excitations. Note that this set of states {|m)} is orthog-
onal but not complete. We also introduce an operator 7 that
probes the number of pair excitations such that n%(lﬁr )Y*0) =
m(K,)™|0). We find that

1 (y|N AZ (O
W:_WI ) _ A% (3)

2 (Yly) Z(k)
The mean photon number of the original system 71 =
Zfi | Ez; 11 in terms of &;, B; are given by

G+ Blai + &l B+ B B (C4)

i=1

=
Il

| =

To compute the mean photon number, we first note that our
steady state are of the form |y) = ) ¢,,Im), and the relevant
matrix elements are

(o ) = S em. (i m) = 8,0 (m” + T ). (C3)

It follows that
A(N/Z) 1FB(N/24+1;841,84+1; 1)

() = (i) =25 Fa(NJ2;8, 8% 1)

. (Co)

where we note that j—lez(a;b, cA) = poib(a+ 1,0+
1, ¢ + 1; A). Furthermore, from

i) = )+ 57, )
we find that the variance of 7 is given by
. T ST N ) BT IO PN
Var(f) = (A7) — ()" = (") + —= — ()" = Var(it)+ 3 ().
(C8)

Using (m(# — 1)) = ,\2%, we find

» (N/2)(N/2+ 1) 1Fa(N/2+2;8+ 2,8+ 2; 1)
88*(8+ 1)(6*+ 1) 1F2(NJ2; 8, 8%, M)

+ (m) — (m)*. (C9)

The Fano ratio, computed from the exact solution, is given by

_ Var(#) _ VL(m) n l

Var(ii) = A

Fano ~ - . (C10)
() (rit) 2
In the limit of kx — 0, Y& _ 1 "and the steady state is

(i) 2’
Poisson distributed.

It would also be of interest to compute the Fano ratio
from the semiclassical EOM to see when the semiclassical
approximation matches the quantum solution. Surprisingly, it
matches well with the exact solution down to small photon
number. We will try to compute the mean and variance of n
from the linearized semiclassical EOM. We note that since
n = |x|> + |y|?, we can expand to first order in fluctuation and
find

n=x3 + 2x08x,, (C1D)

where we recall that 5x, is fluctuations normal to the attrac-
tor manifold S¥~!. Since fluctuations have zero mean, this
implies

(n*) = x§ + 4x2(8x3). (C12)

Therefore, the Fano ratio is given by
Fano = 4(5x?). (C13)

Recall from the linearized EOM that

Sx1\ 0 dung \ [ 8x1 &
o(5r:) = (om0 (502) + 5 2) e
with (§()&;(t")) = i(S,-j(S(t —t"). The covariance matrix sat-
isfies the Lyapunov equation
C(t) = AC(t) + C(HAT + Q, (C15)

and at stationary, we have 0 = AC + CA” + Q and gives
0 dung\ (Cni Ci2
—4ungg —K Gy Cp

C11 C12 0 —4unss 1 K 0 _
+(Czl C22)<4Wlss —K >+Z 0 « =0.

(C16)
The variance in 8x is given by
ST (C17)
"y 32un2 )
Therefore, the semiclassical calculation gives
K2 K2
Fano=14——=14+ ————
2,2 2
et = (1= )
1 1
(C18)

+ 2(@4D/k)? —1°

This agrees well with the quantum solution of Eq. (C10),
down to O(1) total photon number. Note that the semiclassical
formula is only valid in the limit-cycle phase, when D > « /4
and diverges at the threshold.

APPENDIX D: THERMODYNAMIC LIMIT OF OUR
BOSONIC MODEL

In this Appendix, we offer a complementary perspective on
the thermodynamic limit used in the main text. We introduce a
dimensionless parameter ng, associated with the total photon
number, and define the thermodynamic limit as ng; — oo. In
general, a large photon number limit can be reached by either
sending u — 0, or D — 00, or u — 0 and D — oco while
keeping their ratio fixed. The appropriate scaling is one in
which the semiclassical equation of motion, written in terms
of rescaled amplitude, becomes independent of ng [37]. This
ensures that the equation of motion is well defined, while the
total photon number diverges.

For the present model, the semiclassical equation of mo-
tions is [see Eq. (6)]

2
. . ., K

&; = —i2una; + i2Da; — 74+ h ;:Jijaj, (D1)
where n = |a;|*> + |ay|*>. We define the scaled amplitude

a; = a;/ \/ns. With this scaling, total photon number becomes
proportional to ng while &@; ~ O(1). The equation of motion
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of the scaled amplitude is
B 2
& = —i2ung|a®a; + i2Da’ — Sai+h ;J,-,a,. (D2)

To ensure that the equation of motion is independent of ng,
we need to hold @i = ung, drive D, and dissipation « fixed.
In the thermodynamic limit of ng; — 00, the original variable
scales as

u—0, D,k, fixed. (D3)

This is the same scaling as we considered in the main text.

It is useful to contrast this scaling with a bosonic mode
subject to linear drive and Kerr nonlinearity. The semiclassical
equation of motions is given by

.. 2 K

ia = (A + ula| )a—l§a+F, (D4)
where A is detuning and F is linear drive strength. Following
the above procedure by introducing a control parameter ng

and a rescaled amplitude @ = a/./ngs, the scaled semiclassical
equation of motion becomes

i = (A + ungla®)a — i§a+ (D5)

F
N~

Ensuring the equation of motion to be independent of ng
requires us to define

F

nSS

i=ung, F= (D6)
Therefore, the thermodynamic limit ng, — o0 is realized by
u — 0, F — oo such that their ratio uF* ~ O(1), consistent
with Ref. [37]. Unlike the parametrically driven case, a linear
drive requires the driving strength to scale with ng in order to
produce a well-defined thermodynamic limit.

APPENDIX E: STEADY-STATE ENTANGLEMENT

In this Appendix, we review the derivation of log-
negativity Ey of a two-mode squeezed thermal state and
discuss the behavior of Ey for the b-mode partition described
in Eq. (5). A thermal state density matrix is given by

oo k
R i
Pin = k) (k. (ED)
th ; (nth + 1)k+1

where ny, is the mean photon number. A TMSTA is thained
by applying the squeezing operator $(r) = ¢" @' =40 (o the
thermal density matrix

prvst = S(r)[Pin.a @ pnslS (1), (E2)

where r is the squeezing strength. Since unitary evolution will
not change the purity of this state, the purity is given by

= tr(Piyst) = tr(pi,A)tr(l@tzh,B)
1 1 1
2+ 12m,+ 1 Qug + 1)

(E3)

where we assume n, = nj, = ny,. Let N = a‘a + b'h. The to-
tal photon number is given by (N) = tr(N prmst). Using

ST (raS(r) = acosh(r) 4+ b' sinh(r),
ST(nbS(r) = beosh(r) + a' sinh(r), (E4)

we find
(N) = tr(N prmst) = cosh(2r)2ny, + 2 sinh?(r)

= % cosh(2r) — 1, (ES)

where we used 2 sinh?(r) = cosh(2r) — 1. The ratio of the
total photon number to the thermal photon is

(N) 2 sinh?(r)
~—L =cosh(2r) + ———=,
]Vth Nth

(E6)
with Ny = 2n4,.

To compute log-negativity using the covariance matrix,
we first note that the covariance matrix of the thermal
state is given by V = (ny + 1/2)14. The squeezing opera-
tor is a Gaussian unitary, which transforms the quadrature
X = (x1, p1, X2, pz)T according to x — S(r)x with matrix el-
ement

S(r) = (cosh(r)]

sinh(r)Z
sinh(r)Z ) ’ (E7)

cosh(r)Il

The covariance matrix transforms as V. — V = S(r)VS(r).
Computing the partial transpose amounts to sending p, —
—p»2, and one finds the symplectic eigenvalue of V' to be

Do = (ng + 1/2)e” . (E8)

Therefore, the log-negativity is
2r —In(2 1
Ey = max{0, —log,(2V_)} = max {O, +§;h+)}

(E9)

Increasing ny, leads to a decrease in Ey. Furthermore, we

have the relation 2ng, = ﬁ — 1, which allows us to write J_

in terms of purity. To use TMST as a benchmark for Ey, we
compared Ey of the two models with the same total photon
number and purity.

Since the steady state of our model is non-Gaussian, one
needs to explicitly construct the density matrix and perform
exact diagonalization of the partial transposed density ma-
trix to obtain log-negativity. The most efficient way is to
directly construct the reduced density matrix without explic-
itly building the creation operators. We outline the method
below, which allows us to construct density matrix up to a
Hilbert space truncation of Ny, = 200 levels per mode. The
main bottleneck is thus the time required to diagonalize the
matrix, and in practice we use Ny,x = 100 level per mode. To
construct the density matrix, one can utilize the fact that the
steady state only depends on two symmetric mode o, o;. One

033264-14



QUANTUM LIMIT CYCLES WITH CONTINUOUS ...

PHYSICAL REVIEW RESEARCH 8, 033264 (2026)

— u=0.1
0.7 1
=
w
2
S 0.5
(V]
=2
o 0.4 1
o
—
0.34 . . .
0 1 2 3

Drive D/k

u=20.3
1.00 /
0.75 1
0.50
0.25 1
0 1 2 3
Drive D/k

FIG. 4. Log-negativity Ey and the ratio of Ey to that of a two-mode squeezed thermal state of the same purity and photon number in the
b-mode partition, where the Hamiltonian has the form of an NDPO. We set k = 1.

can rewrite the state via
Nmax Nmax_i

= Z Z A j12i) ® 12)) ® 0, 0),,

i=0 j=0

o] <g)"+&/—<2i)!<2j_>! (E10)
Oy e

and we can convert the symmetric/antisymmetric mode basis
to left/right basis via

In),10)y = Y o k)l — k. (E11)
k=0
Therefore, the wavefunction is given explicitly by
2i 2j
Al JJ i : |k)]L
i=0 j=0 k=0 p=0 2
X 20 = k)1r1P)2r|2) — Phog (E12)
2i 2j
Nax Nax—i 20 2] k p
=22 2 2 Ay
i 2
i=0 j=0 k=0 p=0
X k(Nmax + 1) + p) 12 — k)(Nax + 1)
+@2j =Pk (E13)

where in the last line we reshaped (nj,n;) into a sin-
gle index n;(Nmax + 1)+ np. Schematically, let |¢) =
2. Capla)|B)r. Then,

p=TlY) (Wl =" capch slade’| (E14)
a0 B
= Paa = an‘ﬂCZ/‘ﬁ or p= ZVﬂV;. (E15)

B B

We directly construct the matrix element p, ,, which has size
(Nmax + 1)?> X (Nmax + 1)?, allowing efficient construction of
the density matrix.

To construct the density matrix in the (by, by) basis, we
used the fact that

1

a) = E(blL + big + byr + bag),
1

oy = Z(blL + big — by — bap). (E16)

Then, we find

i"/nlm!
|n,m)a|o,o>ﬁ=2nT Z Z (—1)Ptrs
Zf‘ ki=n Z{‘ pi=m
\/(k + i
1_[ p |k1+P1>1L|k2 + P2)ir

X k3 + p3)orlks + pa)og (E17)

Figure 4 shows the log-negativity as a function of drive for
various u in the b-mode partition. Below threshold (D < « /4),
we expect nonlinearity to play a small role and the Hamilto-
nian is that of parametric amplifier, which realizes a thermal
squeezed state in the steady state. Indeed, comparison against
TMST shows a comparable value below threshold. Above
threshold, the log-negativity decreases toward a constant value
and the ratio with TMST decreases toward zero.

APPENDIX F: SYMMETRY-BREAKING NONLINEARITIES

In this Appendix, we show how the two-mode model
without U(1) symmetry can nevertheless display limit-cycle
behavior over some parameter regime. The key observation
is that such model can be viewed as weakly symmetry-
broken version of the U(1) symmetric parent model studied
in the main text [see Eq. (4)]. In a suitable rotating-frame,
symmetry-breaking term become fast oscillating and can be
neglected within a rotating-wave approximation (RWA), lead-
ing to effective U(1) dynamics. Beyond this approximation,
the symmetry-breaking terms generate phase locking, which
destroys the limit cycle at sufficiently large drive.
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The model considered in Eq. (4) has a weak U(1) symme-

try given by
1 cosf sinf\ [a;
( 2) - ( —sinf  cos 6) <&2>' (FD)
The nonlinearity respects this U(1) symmetry by having an
equal magnitude of self-Kerr and cross-Kerr. In many exper-

iments, these couplings are not exactly equal. We therefore
consider the more general interaction

D

HNL = ul(fl% + ﬁ%) + 2u2ﬁ1ﬁ2 = M1N2 — 2(1/!1 — uz)fllﬁz,

(F2)

where N = 71| + 715, and we recover the interaction in Eq. 4)
when u; = up, = u. It turns out to be easier to work in the
rotated basis by, by, defined as

N a +ia A a) — iy

b = , b= , (F3)

V2 V2

where the U(1) symmetry acts as b, — b, and b, —
e b,. The generator of the symmetry is Q = b’;bl - b;bz.
In this basis, the Hamiltonian is H = Hxi, + Harive + Heotates
where

N uy + uy A UL — U nen N

L= — 5 2R 4+ 2 5 26Ty + b5y, (F4)
Hasive = —2D(b}b} + b1b»), (F5)
Arowe = —h(biby — blby). (F6)

Let éu = u; — up. We note that the term proportional to du
does not commute with Q. In the rotating frame generated
by the unitary U(r) = e~h9! the noncommuting terms pick
up an oscillatory factor e**" and the nonlinear Hamiltonian

becomes
H'n = i+ g2 M ;”2 (&M (B by)? + &4 (B1b, 2
+ 2f1i + N), (F7)

where 7, = i)ji), When 44 > |u; — uy|, the oscillatory term
can be neglected within a RWA approximation, yielding an
effective Hamiltonian with U(1) symmetry:

“ ;”21\72 + 1 i + )

— 2D(1;J{1;+2 + byby),

Hrwa =

[Hrwa, Q1 =0.  (F8)

Although the starting Hamiltonian has no U(1) symmetry, the
effective dynamics over an intermediate time is governed by
an effective U(1) symmetric Hamiltonian. Thus, we expect
limit-cycle behavior to exist over a range of parameters.
Since the exact dynamics is not U(1) symmetric, we would
like to find out how the presence of symmetry-breaking term
affects the dynamics. We treat Su to be small and derive
corrections to the semiclassical equation of motion given in
Eq. (A6). The equation of motion of the phase variable, given
in Eq. (A8), shows that, to leading order, only the fluctuations
of the y-quadrature tangential to the limit cycle affect the
phase dynamics. Therefore, we focus only on y quadrature
and find that the y-quadrature equation of motion receives the

following correction:

yi=28umx;+---, yr=28unmx;+---. (F9)

Expanding near the semiclassical limit-cycle solution xy =
Jnsst and projecting onto the tangential direction § =
(—sin(¢), cos(¢)) gives the following expression of Sy :

U 3,

1)
8_)')“ = —K(SyH + ?I’lSS 51n(4¢) (FIO)

In the large « limit, we approximate 8y ~ g—,‘:ni/ % sin(4¢).

The equation of motion of the phase variable becomes

b=h+ @ni sin(4¢). (F11)
This has the form of Adler equation: The first term drives
the uniform phase winding, while the second term tends to
lock the phase. From this perspective, parametrically driven
oscillator with persistent oscillation without U(1) symmetry
can be viewed as symmetry-broken version of the U(1) sym-
metric model studied here. Related persistent beating regime
in coupled parametric oscillators were studied in Ref. [25].
Persistent oscillation survives only when the winding term
dominates. For

; (F12)

a fixed point exists and the limit cycles is replaced by a phase-
locked steady state. In the large drive D limit, we have ng o
D/u, and the phase-locking term grows as D?. The boundary
between phase locking and limit cycles is given by

8
h —MDZ.
uK

(F13)

For any fixed symmetry-breaking nonlinearity §u, increasing
drive eventually drives the system into a phase-locked regime.
This suggests that the loss of persistent oscillation at strong
parametric drive studied in Ref. [25] can be understood as
phase locking induced by explicit symmetry breaking.

APPENDIX G: QUANTUM VAN DER POL OSCILLATOR

AU(1) symmetric limit-cycles model provides a clean start-
ing point for studying synchronization and may also serve as
a useful model of a laser, where a neutral phase degree of
freedom is desired. A standard example is the quantum van
der Pol (vdP) oscillator, in which incoherent single-photon
gain is balanced by a nonlinear two-photon loss in the steady
state. In this Appendix, we highlight some interesting features
of quantum vdP oscillators. In particular, we point out that the
Fano ratio approaches F = 1.5 in the thermodynamic limit,
compared to our model, which gives F = 1 in the large drive
(large photon) limit.

Consider a harmonic oscillator H = wa'a subject to linear
pump and nonlinear two-photon loss. In the rotating frame
with frequency w, the Lindblad master equation of the quan-
tum vdP is

b = «Dlalp + yiDla'1p + . DIa*1p. (G1)
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Expanding in Fock basis p = Zmn Pm.n|m)(n|, the EOM becomes

,bm,n = K+/ (m + 1)(” + 1)/Om+l,n-',-] + VNV MNPpm—1 n—1 + VZ\/(m + 1)(m + 2)(” + 1)(” + 2);0111+2,n+2

(G2)

m+n m+1+n+1 mm—1)+nn—1)
—\K P + v ) +J/2 ) m,n -

The off-diagonal component decays away, and the steady
state is diagonal in the Fock basis. This gives

Om = k(M 4 1)pps1 + Yimpm—1 + va(m + 1)(m + 2) puyo

—(km~+yi(m+ 1) + yom@m — 1)) oy, (G4

subject to the boundary condition p_, =0 for n > 1. At
steady state p,, = 0, this recursive relation is solved via the
Frobenius method. Let A(z) =), pnz”. We multiply both
sides by z”" and summing over m. This gives

(1= A" @)+ (1= )k = YDA (D)= (1 - D)y1Az) =0,
(G5)

(1+2)9A" (@) + (k — n2)A'(2) — y1A@R) = 0. (G6)

Let a = «/y2, b = y1/y>. Furthermore, define u = (1 + z)b,
the above second-order ordinary differential equation (ODE)
takes the form of confluent-hypergeometric equations

uA"(u)+ (a+b—wA' (u) — A(u) =0, (G7)
whose solution regular at u = 0 is

K
Aw)=c Fi(l;a+bu)=c 1F1<1; —+ &; &(1 +z)).
2 Y2 V2

(G8)

Setting z = 1 and using the fact that ), p,, = 1, we find the
normalization coefficient to be

1
c= . (G9)
1F (1 % + %;2%)
To extract p,,, we use the fact that
1 d"
Pm = — —A(2)].=0 (G10)
m! dz"
1 d"
= c—'—lFl(l;a+b;b(1 + 2)|:=0 (G11)
m! dz™
1 am
=c—b"—Fi(1;a + b;u)|,=p (G12)
m!  dum
=c— A +m;a+ b+ m;b). G13
(a—i—b)ml 1( ). (G13)

Writing in terms of the original variable

_ n/y2)"
((c +y)/v2Im

1Fi(L+m; (k +y1)/v2 +m;v1/y2)
1F1(1; (e + v1)/v2: 2v1/ v2)

m

p= pulm)iml, (G14)
m=0

gives the steady-state density matrix.

(G3)

We can use the steady-state density matrix to compute
observables. The mean photon number is given by

o]

() = Zm v1/v2)
= (k+y)/ym

1A +m;(k+y)/va+msyi/yv2)

R+ yD/vs2n/v)

To facilitate calculation, we define generating function

ZQ2a) = 1A (18, 2a) with B = (kK +y)/v2.00 = y1/72.

Then, p,, = w,/Z with w,(a) = (g—)lFl(l +m; B+ m;a).
We note that

(G15)

> d = R
’;aawm(a) = ZW;)mwm(Ol) = ()

In(Z(2a)), (G16)

=«
9(2a)

where we used a%wm(a) = mwy(a) + (m+ Dy ().

The mean photon number is

B m g 1oy = G AZEH120)
(1) = oy g B+ 1200 = St
(G17)

When « = 0, the semiclassical EOM of the vdP oscillator is
& = (y1/2 — y»|a|*)a, from which we find the semiclassical
mean photon number to be ngmi = y1/2y». Indeed, we find

. 1F@n/v2+ 1520 /v2)

(A) = n/r—>oQ

L (G18)
1F1 (L1 /v2: 271/ v2) 2y,

The generating function method becomes especially use-
ful when we compute higher-moment correlation function,
since it allows us to relate the correlation function to deriva-
tives of hypergeometric functions. Define D = aﬁ. Using
ZQa) = 1F1(1; B; 2a), we have

Z'(2a)

(7)) = DInZQa) = 00

(G19)

A direct computation shows that

1 o0
~ > Dlwu(@)
m=0

m=0
o 1
= (n") — §<n), (G20)
from which we find the second moment to be
7" (2 Z'(2
i) = 22 G0, 200 (G21)
ZQ2u) Z(2x)
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The variance is given by

) — (y? = 2Z2'C) | Z'Qa) o (7(20) : G22)
Z(2a) Z(2a) Z(2a)
= Z"‘—ﬁ<ﬂ j_‘ CIF(32B 4 2:20) + 1 Fi (2 + 1:20) - ;—ﬂ(nFl(Z;ﬂ + 1;2a>2>), (G23)
where Z' = %1F1(2; B+ 1;2w),Z2" = mlﬂ(& B + 2;2a). The Fano ratio is given by
Fo <n2> — <n)2 —1s g( 2,8 1F1(3;,3 +2,20[) . 1F1(2;,B + 1,2(1)) (624)
T om0 B\ B+ LIRB+L20)  F(LB52a) )

When x = 0, the large photon limit (y;/y>, — o0) gives F' = 1.5. This shows that the Fock space distribution is not Poissonian.

Furthermore, the Fano ratio increases as we increase k.
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