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Dynamical tipping in a quantum limit cycle
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Nonequilibrium systems maintain spatiotemporal order through energy dissipation and entropy production.
Here, we demonstrate this principle by engineering a quantum limit cycle that emerges from the interplay
between a first-order absorbing-state phase transition and feedback mechanism coupling order and control
parameters. The quantum limit cycle manifests dynamical correlations driven by multiplicative quantum noise
and periodic traverses through tipping points, which act as a robust early-warning signal for state transitions.
This periodic crossing results in the enhanced dynamical susceptibility and transient rise of long-range corre-
lations near each tipping event and their subsequent disappearance away from it. These critical transitions are
accompanied by a sharp increase in the energy dissipation rate, leading to a stepwise accumulation of dynamical
entropy production over time. Our results provide a way for realizing dynamical fluctuations and long-range
correlations in strongly interacting driven-dissipative open quantum systems.
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I. INTRODUCTION

Spontaneous oscillations, known as limit cycles (LCs),
are exotic states unique to far-from-equilibrium systems.
While extensively studied in classcial system, ranging from
chemical and biological models [1-12], they have recently
been recognized for their profound resemblance to continu-
ous time crystals in quantum systems [13-27]. In spatially
extended systems, the emergence of periodic observables
necessitates synchrony among distant constituents, typically
achieved through the spontaneous breaking of both spatial and
time-translation symmetries [22,28-32]. Although the linear
response to fluctuations in LCs has been thoroughly examined
[11-13,33-36], a fundamental question persists: Can nonequi-
librium fluctuations and dynamical long-range correlations
emerge in spatially extended systems in the absence of spa-
tially periodic order?

Here, we demonstrate such a many-body oscillatory state,
intrinsically interwoven with long-range correlations, in an
open quantum system. Our study is inspired by recent propos-
als to realize quantum contact processes and absorbing-state
phase transitions (APTs) in cold Rydberg gases [37-47]. In
this framework, the activation of an emitter is facilitated by its
active neighbors [38,43] [see Fig. 1(a)]. Within the quantum
regime, the system exhibits bistability, where the order param-
eter (active population) undergoes a discontinuous jump at the
critical threshold of the control parameter (total population).
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Following the principles of self-organized bistability (SOB)
[48,49], we engineer an LC by cycling through the hysteresis
loop. This is realized by interfacing the fast transition dy-
namics with a slow feedback loop on the control parameter
[Fig. 1(b)], as detailed in Ref. [50].

The SOB-induced LC is characterized not only by periodic
switching between absorbing and active phases but also by
oscillatory long-range correlations. Although the LC remains
linearly stable, it manifests a transiently diverging dynamical
susceptibility. The transition from the absorbing to the active
state is marked by a dramatic spike in this susceptibility,
where a single activation seed proliferates catastrophically
through the system—resembling a wildfire sweeping through
a dense forest [see inset, Fig. 1(b)]. This phenomenon is
deeply reminiscent of early-warning signals [51-54] observed
near tipping points across diverse complex systems, ranging
from ecosystems [52,55] and climate dynamics [56] to finan-
cial markets [57].

Furthermore, the broken time-translation symmetry is
sustained by a continuous exchange of energy with the en-
vironment, which offsets the dynamical entropy production
[58,59]. Near the tipping point, each transition from the ab-
sorbing to the active state is accompanied by a sharp surge in
dissipation and a burst of dynamical entropy. In contrast, the
entropy production rate vanishes in the frozen absorbing state
away from the threshold. Our work thus establishes a fun-
damental link between driven-dissipative quantum bistability
and self-organized spatiotemporal order, highlighting the crit-
ical role of tipping points in far-from-equilibrium quantum
systems.

II. MODEL

We consider a generic quantum contact model with |a)
(active) and |i) (inactive) emitters [38] [see Fig. 1(a)]. The
active emitter can spontaneously become inactive (at rate I'),
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FIG. 1. (a) Effective four-level scheme with timescale separa-
tion (I", k, 2 > bI', A). An inactive quantum emitter (state |i), gray
sphere) can be activated via coherent (2) and incoherent (k) fa-
cilitated activation by a nearby emitter in the active state |a) (red
sphere). Active emitters spontaneously decay either back to |i) or
into a removed state |0) (blue sphere), causing emitter loss. Emitters
in the pump state |p) (purple sphere) are incoherently transferred
to the inactive state to compensate for losses. The system exhibits
a first-order APT from a zero-excitation absorbing state to a finite-
excitation active state as the total density increases. This is captured
by (b) the effective potential ®(p) for active density p at low (top)
and high (bottom) total densities. The slow loss and pump processes
couple the fast state-switching dynamics to the slow evolution of
the total density, generating a limit-cycle state. Within the cycle, a
tipping point (dashed red circle) occurs when the absorbing state
becomes linearly unstable, allowing a local excitation seed to pro-
liferate throughout the system (inset; facilitation radius marked by a
blue circle).

and the inactive one can be activated only in the vicinity of
active ones either coherently (at rate €2) or incoherently (at
rate k).

Under the Markovian noise, the effective dynamics can
be described by a Lindblad master equation for the density
operator p (h = 1),

op = —ilH. P14+ ) Lub. )
The coherent excitation is described by the Hamiltonian

H=% Za&;‘. )
1

Here, Q2 is the excitation rate, and the local operator ¢ =
Y keq 67¢ counts the number of active emitters in the neigh-
borhood of emitter /, where k, [ label individual emitters and
the summation ) _, _,, runs over the effective nearest neighbors
of the /th emitter. The neighborhood is defined by a facil-
itation shell of radius Ry, and thickness r¢,., such that two
emitters are considered neighbors if their separation R lies
within the range [Ree — racs Rac + Tac] [43].

We define the local transition operators 61“’3 loer) (Bl
(a, B=a, i, p, 0) and the Pauli operator 6; =6, —|—6l+
and 6; = i(6;” — 6,7). The latter serves to flip the quantum
state via the ladder operators 6,7 = 6/ and 6, = 6;*. The
constraint operator C; ensures that spin flips occur only in
the presence of a neighboring active emitter, modeling a

quantum analog of stochastic branching or coagulation pro-
cesses [38,50,60].

Local dissipative and incoherent processes are described
by Lindblad terms of the form

. R | SRR

Lap=Y [Lm,mLf,,J = Sy L, ,a}}, 3)

I
where m € {d, p, e, a, b, c, s} labels each distinct process.
The spontaneous decay of the active emitters is described
by La; = «/F&l’ with rate I, while dephasing of atomic
coherences is described by f,p, 1 = /Vac6/", with rate yg.. We
further introduce a removed state |0), into which a fraction
b of active emitters decay via L,; = \/b_Fc%,O“. To compen-
sate for emitter loss, an incoherent pump process |p) — |i)
injects inactive emitters at a constant rate A, implemented
by L, = ﬁ&lip . This can be realized by laser coupling an
auxiliary ground state to the |p) state to achieve population
inversion [61,62].

Finally, the incoherent facilitated excitation and
decay—corresponding to classical branching and coagulation
processes—are  incorporated via [, = \/Eé‘léﬁ and
Le)= «/EC;&[, respectively, both with rate «. We also
include a weak spontaneous activation at rate v < ' via
IA‘S,Z = ﬁ&f (see the Supplemental Material of Ref. [43] for
a detailed derivation). This process is only significant near
the absorbing state—where the occupation of the active state
is exactly zero—and leads to the additional activation term in
Eq. (7a).

To characterize the dynamical behavior of the system, we
begin with the Heisenberg-Langevin equations of motion for

the Pauli and density operators & */ v/aa

at 59 = tfy — ]"(}l”a + QCIO'Z + I(Cl(fll - 25’;1“) + é‘_.laa

(4a)
N, + o
o671 = -V sx _li6f — QPG + & (4b)
N,
8,6}: %Ay—KCZO’I +QPIO'I
+2QC; (A — 26/“) + &, (4¢)
iy = —bU6 + 167 + ], (4d)
where the local density f; = 67 + 6/', Ny = 3o ks B =

Y ke 65> and y =T + yg.. The Langevin noise operators
élx/ v/aajn are determined by quantum fluctuation-dissipation
relations [38,50,63-65].

In the following, we adopt a semiclassical continuum
approach, replacing the operator formalism with the re-
spective expectation values. The covariance of the classi-
cal Langevin noises derived from the underlying quantum
Langevin noise operators is given by (fl"tsﬁ ) =00 —
"), (9,(6),67 t) % (6, l)al p 6l‘ft8,(al J+He) (v,Be
{x,y,aa}), where H.c. stands for the Hermitian conjugate
[38,50,63-65]. We focus on the continuum limit, which is
justified when the number of atoms within a facilitation sphere
is sufficiently large. Under this condition, we define the active
and total density fields as p(r, 1) = (Tr{6/“p}), and n(r, 1) =
(Tr{n; p})r, respectively. Here, (---), demgnates a spatial
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average over a facilitation sphere centered at position r [50].
The coherence fields, o*/*, are defined similarly.

Based on the resultant Langevin equations for these
classical fields, we further perturbatively eliminate the fast
coherence fields o*/¥ via the Janssen-De Dominicis-Martin-
Siggia-Rose procedure [66—69]. This procedure, valid under
quantum dephasing and weak driving, yields a path integral
for the active density field [50],

Z — \/‘D[,O, p]efs[p,i)]’ (5)

with the action

Slp, pl= / PLO: — D, V2 + uz)p + uzp” + usp® — ppl
(6)

and the coupled Langevin equations for active and total den-
sities [50],

%p =DpV2p —wp —wsp® —wp’ +tn+,, (Ta)
on=DrVn—bp+ 1 +E&,. (7b)

Here, the coefficients are given by wu, =1—nk —
256m°Q* /(nk + v), uz = 2[k — 2nQ2%/(nk + )], and uy =
8Q2/(nk + y). The terms &, and &, represent Gaus-
sian white noises with zero mean, characterized by the
variance-covariance matrix elements M,, = (1 +n«)p +
4nQ2p?/(nk + y)? = 2 and M,,, = bp. Furthermore, the ef-
fective diffusion constant is defined as D, = Dr + ruthz»ac /2,
where Dt accounts for the thermal diffusivity.

III. RESULTS

A. Effective local potential for active density

With the total density » held fixed, the active-density equa-
tion (7a) defines an effective local potential ®(p) conditioned
on n. Omitting spatial fluctuations, variation with respect to p
and p yields the Hamilton-Jacobi equations [70]

p = —0pHa = pluz + 2usp + 3uap®) — B (11 + 2u2p),
(8)
Op = 0Ha = —(u2p + u3p” + usp*) + 21p. (8b)

Here, the density-dependent coefficient is given by u =
wip + pap?, with uy = (1 4+nk)/2 and ws = 2nQ%/(nk +
y)?. The corresponding classical Hamiltonian, Hy, is ex-
pressed as

Ha = —p(u2p + u3p* + usp’) + up’. 9

The increment of the action along the optimal path (with
H. = 0) described in Eq. (8) connecting a pair of noiseless
(p = 0) states is defined as the difference in the effective local
potential between them [71].

By defining the absorbing state (with p = 0) as the refer-
ence point where the potential vanishes [®(p = 0) = 0], the
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FIG. 2. Mean-field (MF) phase diagrams for (a) x = 0.3 and (b)
€ = 0.5 at fixed total density n. Color indicates the active density p.
In the classical (quantum) regime, the system exhibits a second-order
(first-order) APT from the absorbing with p = 0 to an active state
with finite p, marked by solid (dashed) lines. The two transitions
meet at a tricritical point (dot). Within the first-order APT regime,
the tipping point (dash-dotted lines) marks where the absorbing state
becomes linearly unstable (1, = 0). The region between the tipping
line and the first-order APT line is a coexistence regime where the
absorbing and active states are both stable.

effective local potential for an arbitrary state is given by

P 2 3
o= [ anf 27 )
0 H1X + pox

G5
m2l 2 ug [

us | u u
n _4[_2 n ﬂ<ﬂ ~ —3)} In(u2p + ). (10)
Mo Us M2 \ M2 U4

Typical effective local potential curves for low and high total
densities are shown in Fig. 1(b). At low total density n, the
system favors the absorbing state, whereas high n shifts the
equilibrium toward the active state. The interplay between
slow loss (at rate bI") and pumping (at rate A) couples the
fast transition dynamics to the slow evolution of the total
density, triggering an LC phase along the hysteresis loop of
a first-order APT, as described in detail below.

B. First-order absorbing-state phase transition
and tipping point

Based on the effective action (6) for the active density,
we obtain the MF phases by identifying the noiseless saddle-
point solutions at a fixed total density n. The corresponding
phase boundaries are illustrated in Fig. 2. In the quantum
regime (2 > k), the excitation density changes discontinu-
ously from zero to a finite value as the total density n crosses
a critical threshold (dash-dotted line), marking a first-order
APT. This discontinuous jump forms a key ingredient of the
SOB-induced LCs discussed later. As the classical activation
rate x increases, the system enters a classical regime char-
acterized by a second-order transition (solid line), consistent
with self-organized criticality in driven-dissipative Rydberg
gases [42,43,72].

In the coexistence regime, further increase of the total den-
sity destabilizes the absorbing state. This behavior is captured
by the linear coefficient u,, which characterizes the inverse
recovery rate of a homogeneous system near the absorbing
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state. When u, > 0, the absorbing state is linearly stable and
fluctuations in the active-density fields dampen over time.
In contrast, u; < O indicates linear instability, where even
an infinitesimal perturbation can trigger an abrupt surge in
the active density. The susceptibility of the system is also
manifested in the spatial propagation of an active seed. To
quantify this, we analyze the spatiotemporal fluctuations of
the active-density field at a fixed total density n. Linearizing
Eq. (7a) near the absorbing state py, = 0 and performing a
Fourier transform yields the following evolution equation:

8ok = —(k* + u2)8 s + &, an

Consider an initial configuration where all sites are ab-
sorbing except for a single seed localized at ry, expressed as
Pri=0 = apd(r —ry), with 0 < ap < 1. Applying a Laplace
transform leads to

(k* + uy + iw)8pp = &, + age *™, (12)

where the shorthand notation @ = (w, k). After averaging
over the noise and performing the inverse Fourier transform,
the real-space dynamics are given by

2
(5prs) / pilorth—ry)] =l

, 13
a a)kz—{—uz—l—ia) < tdr2 (13

where d denotes the spatial dimension. Consequently, for
uy > 0, the activation remains exponentially localized within
a characteristic length scale of & ~ u, 2 In contrast, for
uy < 0, the initial seed proliferates, leading to a spreading
activation front across the entire system.

Consequently, within the first-order APT regime, any pa-
rameter x € {n, 2, k} satisfying u, = 0 identifies a tipping
point [52,53,56,73], marking the onset of propagating ac-
tivation seeds (represented by dash-dotted lines in Fig. 2).
Our analysis focuses on this threshold while disregarding the
secondary transition from the active to the absorbing state (the
dashed lines in Fig. 2). Unlike the correlated collective activa-
tion that drives the tipping point, the latter is governed merely
by stochastic, local, and uncorrelated inactivation events.

C. The realization of limit-cycle state

In the regime of first-order APTs, introducing loading and
loss processes couples the dynamics of the active density to
its control parameter, the total density. Within the coexistence
regime, as illustrated in Fig. 3(a), the fixed point of the equa-
tion for total density (7b) can be either stable or unstable fixed
point of the equation for active density (7a), depending on the
loading rate A. A critical loading rate, A., is defined as the
condition where the steady-state active density that nullifies
Eq. (7b) coincides with the active density at the critical total
density of the first-order phase transition (represented by the
black dashed line). This critical loading rate demarcates two
distinct regimes: a stationary state for A > A, [Fig. 3(b)] and
an LC regime for A < A, [Fig. 3(c)].

In Eq. (7a), a weak, rare spontaneous activation process at
arate T < k, Q prevents the system from being permanently
trapped in the absorbing state. Without this term, the activa-
tion dynamics would cease, resulting in overloading. Once
the absorbing state is reached, this rare process restores the

(b) 4
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A>Ac p

2.0 2.6 3.2 0 9%0 1900

FIG. 3. MF picture of limit cycle state induced by self-organized
bistability. (a) For a given loading rate A, the stationary solution
to the coupled equations (7a) and (7b) corresponds to the intersec-
tion between the yellow curve [fixed points of the active-density
equation (7b) at fixed total density; solid/dashed segments indicate
stable/unstable branches] and the horizontal dashed line [fixed point
of total-density equation (7b)]. The coexistence regime is shaded yel-
low. A critical loading rate A. separate two regimes: (b) limit-cycle
state for A < A. and (c) stationary state for A > A..

dynamics over a characteristic timescale of (tN)~!, where N
is the total number of emitters. This mechanism counteracts
potential overloading and is essential for sustaining long-term
phase coherence in finite-sized systems [50].

Furthermore, in finite dimensions, the robustness of these
LCs is intimately linked to the underlying first-order transi-
tion; consequently, they are expected to persist for d > 2 [50].
For simplicity, the following analysis focuses on the three-
dimensional case where stable LCs have been established,
using the parameter set Dy, D, =1,k =0, 2 =05, y =
2, 7=10"7,and b = 1072.

D. Linear stability of limit-cycle state

We now demonstrate that the tipping point triggers in-
stantaneous long-range correlations without compromising
the stability of the LC. To investigate this, we consider
the fluctuations ép,, and én,, around the MF trajectory
(po.s, no,) within a Gaussian approximation. By expand-
ing Eqgs. (7a) and (7b) and performing a Fourier trans-
form, we define the fluctuation fields as 0k, = ks — Po.s
and dng, = ng, — no,. The linearized equations of motion
for the correlation functions, written in the vector form
Crv = (Opkidpics).  (Oprudnis). (Smeidn i), are
governed by

atCk,z = Lk,tck,z + 2Mk,l7 (14)

where the superscript “7T” denotes the transpose, and the noise
covariance vector is M = (M,,, O, M,,)" . The linear
response matrix L(k,t) is derived from the Jacobian ma-
trix Jop = (9Fy )0 — 3a,,3k2 (with «, B € { p,n}), where F,
and F, represent the deterministic components of Eqgs. (7a)
and (7b), respectively. The subscript “0” indicates evaluation
along the MF values p = pp, and n = np,. The matrix L is
then explicitly given by

2,y 2 0
L=\|Jyp Joop+Jdim Jon]. (15)
0 2an 2‘]"}1
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FIG. 4. (a) Floquet multiplier that corresponds to fluctuations of
active-density fields with respect to MF trajectory as a function of A
for k = 0. (b) The dynamical behavior of the active density (upper)
and correlation function (lower) Sy = (60x.,6,0—k,) Within Gaussian
approximation for £k = 0.1x. In line with a negative Floquet multi-
plier in panel (a), the correlation function S is periodic and finite
with peaks corresponding to the tipping point, where the system is
about to jump from the absorbing state toward the absorbing state
and is therefore susceptible to fluctuations.

Due to the time periodicity of pg, and ng,, the drift matrix
L and the diffusion vector M are inherently time dependent.
Consequently, the correlation functions Cy; also exhibit cor-
responding temporal oscillations. Given that the dynamics of
the active and total density fields occur on widely separated
timescales, we can employ a separation of variables approach.
By neglecting all correlation components in Eq. (14) except
for the active-density autocorrelation Si; = (§ 0k, p—k.), the
evolution simplifies to

Skt = 2Jpp Sk +2M . (16)

For the mth period, defined as t € ((m — 1)T, mT], with T
being the limit cycle period, the formal solution under the
initial condition Si o = 0 is given by

t
Sk,t - 2/ dXMpp(x)ezfx dyJpp(y)
0

l=m—1"q4+D)T t .
=2( X / + f dx{Mppezfxdyjf’ﬂ} (17)
1=0 IT mT

1— emT//,k

— S dxd,p (x)
Sk1—mr + 2e Ser T

)

where the Floquet multiplier [11-13,33,74] is given by

2 T
Ui = ?/0 dxJ,,(x) = po — 2k%. (18)

It follows from Eq. (17) that the LC becomes unstable if u; >
0 for any k.

The zero-mode Floquet multiplier o (at k = 0), ob-
tained via numerical integration of Eq. (18), is presented in
Fig. 4(a). Notably, o remains negative throughout the pa-
rameter regime where the LC exists. Since u; < po for all
k > 0, all finite-k modes are likewise stable. Consequently,
the correlation function Sy, remains bounded, consistent with
the results from the direct numerical integration of Eq. (16)
[see Fig. 4(b)].

As illustrated in Fig. 4(b), Sy manifests a sharp peak within
each period, signaling a transient but pronounced enhance-
ment in the system’s response to perturbations (lower panel)
immediately prior to the transition from the absorbing to the
active state (upper panel). As discussed in the previous sec-
tion, this enhanced sensitivity to fluctuations coincides with
the linear instability of the absorbing phase, which occurs
when the total density n satisfies J,,|,=0 = u2(n) = 0. This
condition corresponds precisely to the tipping point indicated
by the dash-dotted lines in Fig. 2. At this point, the system
reacts strongly to fluctuations in the active field, triggering
an abrupt surge in the active density. Importantly, this phe-
nomenon does not signify an instability of the LC itself;
rather, it reflects a dramatic spike in dynamical susceptibility
during the switching from the absorbing to the active state.

In the following, we present the results obtained from nu-
merical simulations of Eqgs. (7a) and (7b). These simulations
employ an operator-splitting scheme [50,75,76] to ensure nu-
merical stability and accuracy.

E. State-dependent entropy production rate

LCs are nonequilibrium species that break time-translation
invariance. To sustain such dynamical asymmetry, these sys-
tems require a continuous influx of energy and a persistent
rate of entropy production [58,77]. In this context, entropy
associated with the breaking of time-reversal symmetry is
defined as dynamical entropy, distinguishing it from the static
entropy related to spatial symmetries. This dynamical entropy
provides a rigorous measure of path irreversibility, typically
expressed as the log ratio between the probabilities of for-
ward and time-reversed trajectories [78]. Correspondingly, the
steady-state entropy production rate per unit volume, arising
from the dynamics of the active-density field, is defined as

1 dpdp’ , pLi(p, 0")
0, = — _ In| ————|. (1
S() =+ ; f 1o, ) n[pﬁ;(php) (19)

In this expression, p;,(p, p’) represents the probability for a
local trajectory at site ! to evolve from p to p’ over a short
interval dt. The superscript “R” specifies the time-reversed
trajectory.

In the steady state, spatial translation invariance allows
the marginal probability to be expressed as p;,(p, p') =
[ dnPS5(n, p)P(p — p'), where PS5(n, p) is the steady-state
probability density of average total and active densities at
time ¢, and P(p — p’) is the short-time propagator associated
with the Langevin equation (7a). Within the Onsager-Machlup
framework [66—69], this transition probability takes a Gaus-
sian form:

(10/_,0 _det)z

_——, 20
2M,,dt } 0)

1
P(p— p)= ———ex
(o= p) bt P [

where the deterministic drift F, is evaluated at the initial state
p. Its time-reversed counterpart PR(p’ — p) is obtained by
exchanging the initial and final states while maintaining the
functional form of the drift. The backward path probability is
thus pR (0, p) = [dnP55(n, p)PR(p' — p) [78]. By substi-
tuting the stochastic evolution p' = p+ (F, +&,)dt into the
definition of the entropy production rate (19), we arrive at the
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FIG. 5. Time series of (a) the spatially averaged total 7 and
active p densities, (b) instantaneous entropy production rate 9,5, and
(c) total entropy production S. Gray dashed lines mark transitions
from the absorbing to the active state. The instantaneous entropy
production rate peaks at the tipping point where the system switches
from the absorbing to active states. Parameters for panels (a)—(c) are
L=64and A =32 x 1073,

ol
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following integral expression:

%
e Mpp

PSS(n p)ZFP(FP + ép) .

V2mM,, My

0;S(t) = /dpdndép
(21

After integrating over the noise &,, the entropy production rate
simplifies to the following form:

PP

F2
3,5(t) = 2<M—"> , (22)
1

where (---); denotes the spatial average over all sites. This
expression corresponds to the generalized energy dissipation
rate for the overdamped Langevin dynamics in Eq. (7a).
Specifically, it represents the ratio of the squared general-
ized force to its associated diffusion coefficient [68,79,80].
Consequently, this result highlights the fundamental balance
between entropy production and energy dissipation within the
system’s nonequilibrium steady state.

Temporal integration of the entropy production rate, 9,5,
yields the total accumulated entropy, S. As illustrated in
Fig. 5(b), the entropy production rate exhibits a sharp peak
during the transition from the absorbing to the active state,
which manifests as a characteristic steplike rise in the ac-
cumulated entropy S [Fig. 5(c)]. In regions away from this
transition, the entropy production increases only marginally
and remains nearly stationary within the absorbing state. This
intermittent burst of entropy production serves as a thermo-
dynamic signature of the discontinuous switching process,
reflecting the dissipative cost required to cross the tipping
point manifold.

1]000

FIG. 6. Dynamical spatial correlations of limit-cycle state.
(a) Amplitude of the pairwise correlation functions of the active-
density field in Fourier space, |Si|, colored by time. The curve is
highlighted in red when the absorbing-to-active transition occurs
(also marked by gray lines therein). The autocorrelations G, are
colored in orange. (b) Temporal behavior of real-space correlation
functions G, (color coded) where the insert provides an enlarged
view of how long-range correlations emerge and disappear as the
system crosses the tipping point enclosed by the magenta frame.
Parameters for panels (a) and (b) are L = 64 and A = 3.2 x 107,

2000

1500
t

F. Dynamical spatial correlations

Building upon the analysis of global correlations and en-
tropy production, we now examine the spatial organization of
the system. This is quantitatively assessed through two-point
spatial correlation functions, which reveal the underlying
structural order and collective behavior. Due to the system’s
invariance under rotation and displacement, the real-space
correlation function G,, depends solely on the relative dis-
tance r,

Gri = (8p1,18 it 8(r — I —1kl))y s (23)

whose Fourier transform yields the static structure factor Sy,
[79]. Under the assumption that nonlocal correlations are sub-
ordinate to those induced by quantum noise, the steady-state
autocorrelation can be estimated as Gy ~ p/2d.

Transitions from the absorbing to the active state are
accompanied by sharply enhanced spatial correlations, as
illustrated in Figs. 6(a) and 6(b). These results align with
our Gaussian analysis, where the dynamical instability near
the tipping point—manifesting as a sudden surge in active
density—triggers a transiently heightened susceptibility to
perturbations [Fig. 4(b)]. As the system approaches and then
passes the tipping point, the rapid proliferation of active
emitters and the concomitant emergence of long-range corre-
lations resemble a wildfirelike spread through a dense emitter
network. This burst of collective activation is subsequently
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(a)

FIG. 7. (a) Level scheme for pump process. Emitters are opti-
cally driven from the auxiliary ground state |g,) to the pump state
|p), which then transfers population to the inactive state |i) via an in-
coherent coupling with strength «,. (b) MF time series of active (p),
total (n), and pump (n,,) particle densities for the quantum limit cycle.
The left axis shows p and n; the right axis shows 7, and its difference
from total density (n, —n). Time is rescaled by the pumping rate
(incoherence coupling rate) k, = A/n,(t = 0), with initial reservoir
density 1,(0) = 100 and injection parameter A = 3.2 x 1073.

quenched by the depletion of the emitter population, leading
to the eventual disappearance of long-range order.

G. Experimental implementation

Finally, we discuss potential experimental implementa-
tions. The proposed model can be realized using coherent
laser-driven Rydberg atoms in the facilitation (antiblockade)
regime. In this setup, the electronic ground and Rydberg states
are mapped to the inactive and active states, respectively,
while additional auxiliary levels can represent the removed
state [38,42,43,47]. The facilitation radius in our model corre-
sponds to the Rydberg blockade radius. Since our framework
focuses on two-body contact processes, its validity holds for
densities where at least two Rydberg atoms reside within a
single facilitation sphere. Furthermore, the relative weight
between coherent and incoherent activation can be tuned via
the driving lasers.

Meanwhile, the injection of inactive emitters can be imple-
mented via atomic pumping using Raman processes [61,62].
The pump state |p) is initially prepared by laser coupling an
auxiliary ground state |g,) to | p) to achieve a population inver-
sion, thereby establishing the initial population r,,(t = 0), and
pump process is then realized through an incoherent coupling
between |p) and |i) [see Fig. 7(a)]. In a real experimental
setup, however, the population in the pump state will even-
tually deplete over time. If the system is initialized with a
high population in the pump state and a low pumping rate
kp, the limit cycle can last for many cycles. This is demon-
strated in Fig. 7(b), where we initialize the system with a high
pump-state density n,(0) = 100 (corresponding to 100 emit-
ters within a single facilitation sphere) and a low pump rate
kp = A/ny(0), with A = 3.2 x 1073, The limit cycle persists
for many cycles, exhibiting small variations in oscillation am-

plitude alongside a steady decrease in the pump-state density,
until the dynamics halts when n, = n.

IV. DISCUSSIONS AND CONCLUSION

To summarize, in this work, we demonstrate the emergence
of quantum LCs that exhibit dynamical spatial correlations
and entropy production in an open quantum system. The peri-
odic long-range correlations originate from the multiplicative
quantum noises inherent to the system and from the repeated
sweeping through a tipping point. The features are captured
qualitatively by a Gaussian-Floquet analysis and confirmed
quantitatively by numerical simulations.

However, it is important to note that the long-range cor-
relations stemming from the tipping point are insufficient
to stabilize sustained oscillations—stable LCs are essential.
Rather, it is the combined effects of three key elements: (1)
the enhanced dynamical susceptibility near the tipping point;
(2) the active seed generation through the rare spontaneous
activation process; and (3) the independent local dissipation,
which together produces the regular, periodic, back-and-forth
collective switching between the absorbing and the active
state. As our previous analysis indicates, the robustness of
SOB-induced LCs is directly linked to the stability of first-
order APTs under quantum fluctuations [50]. Therefore, in
low spatial dimensions where first-order APTs are absent, the
corresponding lack of tipping points precludes for the emer-
gence of such dynamical synchrony among distant emitters.

By demonstrating how tipping points give rise to long-
range correlations in strongly interacting driven-dissipative
quantum many-body systems, our work extends the notion of
critical thresholds and early-warning signals to the far-from-
equilibrium quantum realm [51]. Moreover, it also shows how
SOB—as a certain type of Hopf bifurcation [74,81]—can
aid in stabilizing the phase coherence of LCs in diffusively
coupled, spatially extended, and noisy systems through self-
organized correlations.
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