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Entanglement suppression, quantum statistics, and symmetries in spin-3/2 baryon scatterings
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We explore the interplay among entanglement suppression, quantum statistics, and enhanced symmetries
in the nonrelativistic S-wave scattering involving the lowest-lying spin-3/2 baryons, which can be considered
as four-dimensional qudits. These baryons form a ten-dimensional representation (decuplet) under the SU(3)
light-flavor symmetry and, in this limit, are considered indistinguishable under strong interactions. Treating
the S matrix in the spin-3/2 baryon-baryon scattering as a quantum logic gate in the spin space, we study the
consequence of entanglement suppression and compute the entanglement power of the S matrix. When the
entanglement power vanishes, the S matrix is either an Identity or a SWAP gate and spin-flavor symmetries
and/or nonrelativistic conformal invariance emerge, as previously observed in spin-1/2 baryons. In the case of
scattering identical particles, the entanglement power never vanishes due to constraints from spin statistics, which
we interpret as projection-valued measurements onto symmetric or antisymmetric Hilbert space and define the
entanglement power accordingly. When the entanglement power is nonvanishing but sits at a global or local
minimum, enhanced symmetries still emerge and the S matrix can be interpreted as an Identity or a SWAP gate
acting on the restricted Hilbert space allowed by quantum statistics. In general, when scattering identical spin-s
particles, we identify an enhanced SU(2s + 1)spin symmetry for the Identity gate.
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I. INTRODUCTION

One remaining fundamental challenge in the Standard
Model of particle physics is the nonperturbative dynamics
of the strong interaction. Since all quarks and gluons are
confined inside color-singlet hadrons, in order to gain more
insights, one needs to study hadron properties and hadron-
hadron interactions to reveal patterns from either experimental
data or lattice quantum chromodynamics (QCD) calculations.
For instance, let us consider the nucleon-nucleon interaction at
low energies. A pair of nucleons, being spin-1/2 and isospin-
1/2 particles, in S waves can form either an isospin-singlet 3S1

or an isospin-triplet 1S0 combination. In principle, the interac-
tions in these pairs can be very much different. However, from
experimental data on nuclear force, the interaction strengths in
these pairs are approximately equal [1]. This was traditionally
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explained by considering the large-Nc, with Nc the number of
colors in QCD, limit [3]; however, recently, an explanation
using the so-called entanglement suppression was proposed
[4]. It is thus interesting to explore whether the entanglement-
suppression hypothesis that minimizing the entanglement in
a quantum scattering process leads to an enlarged symmetry
absent in the original action of the theory is universal in the
infrared region of QCD.

Quantum entanglement is the most prominent feature of
quantum mechanics. Yet its significance in the context of
particle scatterings and quantum field theory was not greatly
appreciated until recently [5–14]. One of the most fascinating
results is the observation that entanglement suppression, or
maximization, in 2-to-2 scattering processes could lead to
enhanced symmetries in scattering dynamics [4,15–23]. Other
intriguing developments include using entanglement to under-
stand the flavor patterns in the Standard Model [24] or the
dynamics of electroweak phase transition [25]. These studies
open up a frontier to understand fundamental interactions of
Nature from the information-theoretic perspective and offer
insights into observables in high-energy colliders.

Demanding the S matrix suppresses spin entanglement
leads to emergent symmetries that are not present in the fun-
damental Lagrangian of QCD. In particular, it was found that
[15] when the S matrix is an Identity gate in the two-qubit
space, the resulting symmetry is the spin-flavor symmetry
[26–29], while a SWAP gate gives rise to the nonrelativis-
tic conformal invariance [30,31]. More generally, when the
u, d, and s quarks are taken to be degenerate in mass, the
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FIG. 1. Displayed in the plots are (a) the spin-1/2 ground-state baryon octet and (b) the spin-3/2 baryon decuplet in the SU(3) flavor
symmetry framework. The axes Q, S, and I3 represent charge, strangeness, and the third component of isospin, respectively.

nucleons are part of the eight-dimensional octet represen-
tation under the SU(3) flavor symmetry, which contains
other spin-1/2 baryons, as shown in Fig. 1(a). Analyzing
the 2-to-2 scatterings of the spin-1/2 octet baryons, which
include 64 channels in total, revealed more instances of
enhanced symmetries due to entanglement suppression in
the spin space. This suggests that entanglement suppression
may be regarded as an emergent phenomenological property
of low-energy hadronic dynamics, realized either when the
scattering exhibits larger symmetries than naively expected
or when it approaches the nonrelativistic conformal limit.
The correlation between entanglement and symmetry goes
beyond low-energy QCD, as similar connections were also
pointed out in the fully relativistic scattering of two qubits
in the context of two-Higgs-doublet models [17,23], which
are prototypical models for electroweak symmetry breaking.
Moreover, Ref. [32] recently studied the appearance of sym-
metries in terms of the conservation of nonstabilizerness, also
known as magic, during the scattering processes [33–40].

Building on the observations in the spin-1/2 octet baryons,
in this work we will focus on the nonrelativistic, S-wave scat-
tering of the lowest-lying spin-3/2 light baryons, which form
a ten-dimensional representation (decuplet) under the SU(3)
flavor symmetry, and study the relation between entanglement
suppression and enhanced symmetries. In Fig. 1(b), we show
the electric charge (Q) and the strangeness quantum number
(S) of the decuplet baryons, which are conserved in QCD.
Such a system is interesting for a variety of reasons. First, the
spin-3/2 baryon can be viewed as a four-dimensional qudit in
the spin space [41] and the two-body S matrix would be a
two-qudit quantum gate. There have been attempts to study
entanglement and symmetry in two-qutrit systems, such as
the pion-pion scattering analyzed as a two-qutrit system in the
isospin space [42] or the deuteron-deuteron scattering as a sys-
tem of two spin-1 particles [43]. However, in the limit of exact
isospin symmetry, pions are indistinguishable particles under
strong interactions. They obey Bose-Einstein (BE) statistics

and the S matrix only acts on the sub-Hilbert space with to-
tally symmetric wave functions, which needs to be dealt with
care. Similar subtleties arise in identical deuteron-deuteron
scattering as well [44]. In the limit of exact SU(3) flavor
symmetry, both the spin-1/2 octet and the spin-3/2 decuplet
baryons need to follow the Fermi-Dirac (FD) statistics. The
case of spin-1/2 baryons (qubits) has been analyzed in detail in
Ref. [16]. However, we will see for spin-3/2 baryons (qudits)
a rich and intricate interplay among entanglement, quantum
statistics, and symmetry appears.

Although our calculation is general and could be applied
to any two-qudit systems, it is insightful to compare with
experimental data, lattice QCD studies, and large-Nc analyses
on the scattering of spin-3/2 baryons. For instance, based
on the deuteron in 3S1 NN scattering and the existence of a
virtual state in 1S0 NN scattering, four more zero-strangeness
dibaryons were predicted using an SU(6) model long ago [45],
including two �� dibaryons with (J, I ) = (3, 0) and (0,3).
There has been experimental evidence for the (J, I ) = (3, 0)
dibaryon, namely, d∗(2380) reported by the WASA-at-COSY
Collaboration [46–49]. In addition, lattice calculation for the
�� system is available for the 1S0 channel, leading to a large
scattering length a = 4.6 fm [51]. Finally, large-Nc conse-
quence on the decuplet baryons (mainly in the strangeness
S = 0 sector) has recently been discussed in Ref. [52].

The paper is organized as follows. In Sec. II, we present
the general construction of the S matrix for the nonrela-
tivistic scattering of spin-3/2 decuplet baryons. In Sec. III,
the definition and detailed calculation of the entanglement
power in the spin space for distinguishable particles are
discussed. In Sec. IV, we discuss the conditions for entan-
glement suppression in decuplet-baryon scatterings, followed
by Sec. V for the identification of enhanced symmetries using
group-theoretic reasoning. These symmetries are verified in
the Lagrangian approach using nonrelativistic effective field
theories in Sec. VI. Then, in Sec. VII we present a dedi-
cated analysis for identical particle scatterings. Summary and
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outlook are given in Sec. VIII. We also present two Ap-
pendixes: Appendix A on the classification of the spin and
flavor quantum numbers for decuplet scatterings and Ap-
pendix B on the explicit calculation of entanglement power
in neutron-neutron scattering.

II. S MATRIX FOR S-WAVE SCATTERINGS

In this paper, we primarily study the scattering of two
light decuplet baryons in the low-energy regime [53], which
is dominated by S-wave interactions. Therefore, the total an-
gular momentum of the system is given by the total spin
of the two baryons. Also, we consider the leading order
(LO) of a nonrelativistic effective field theory (NREFT). At
this order, all decuplet baryons are stable as their widths
come from self-energy corrections at loop level, and no
SU(3) breaking operators exist as such operators must contain
powers of the quark mass matrix and are subleading, sup-
pressed by O(ms/�QCD), with ms and �QCD being the strange
quark mass and the nonperturbative QCD scale, respectively.
Thus, we proceed with the discussion assuming exact flavor
SU(3) symmetry though the effects of symmetry breaking
can be important in certain aspects of actual baryon scatter-
ings. Consequently, all emergent symmetries predicted in this
framework should also be regarded as approximate in reality,
just as SU(3) flavor symmetry itself is.

Our focus lies in understanding the spin and flavor symme-
tries of the system, so we define our S matrix as

Ŝ =
∑
J,F

JJ ⊗ FF e2iδJF , (1)

where JJ ⊗ FF ’s denote the projection operators onto sub-
spaces belonging to definite irreducible representations (ir-
reps) of the spin group SU(2) and the flavor group SU(3).
Specifically, J can be regarded as the total spin of this irrep.
Therefore, the S matrix is constructed using these projectors
and the corresponding phase shifts δJF (p)’s as in Eq. (1),
which in general depend on the center-of-mass momentum p
of the scattering, although we often suppress the p dependence
for brevity.

The decomposition of S matrix into irreps is determined
from group theory, by the tensor product of the spin and flavor
properties of the individual particles in the 2-to-2 scattering,
similar to the addition of angular momenta in quantum me-
chanics. For two particles belonging to the irreps A and B, the
tensor product A ⊗ B can be decomposed into a direct sum of
irreps:

A ⊗ B = ⊕iCi. (2)

The operator PCi projects the tensor product A ⊗ B into a
specific irrep Ci:

PCi |Cj〉 = δi j |Cj〉, PCi |A〉 ⊗ |B〉 = |Ci〉. (3)

The projectors can be expressed as polynomials of Casimir
operators a · b ≡ ∑

α aα ⊗ bα whose eigenvalues label the ir-
reps. Here, a = {aα} and b = {bα} denote the generators of
the spin SU(2) or flavor SU(3) in the corresponding represen-
tations A and B.

Focusing on the spin space for demonstration purposes,
let us consider the scattering of two distinguishable spin-1/2

particles, such as the neutron-proton scattering in the S wave,
where the total angular momentum is simply given by the total
spin:

1
2 ⊗ 1

2 = 0 ⊕ 1, (4)

so there are two projectors for the two total spin values J = 0
and 1. The Casimir operator is t1/2 · t1/2, with t s the SU(2)
generators in the (2s + 1)-dimensional representation. There-
fore, t1/2 = σ/2, with σ the Pauli matrices. Now we can write
down the S matrix for a 1/2 ⊗ 1/2 system:

Ŝ = J0 e2iδ0 + J1 e2iδ1 , (5)

where

J0 = 1
4 [1 − 4(t1/2 · t1/2)],

J1 = 1
4 [3 + 4(t1/2 · t1/2)]. (6)

It is easy to check

J0|J = 0〉 = |J = 0〉, J0|J = 1〉 = 0, (7)

J1|J = 0〉 = 0, J1|J = 1〉 = |J = 1〉, (8)

where |J = 0〉 and |J = 1〉 denote the states with total spin
J = 0 and J = 1, respectively.

The discussion can be straightforwardly extended to two
distinguishable spin-3/2 particle scatterings in the S wave. The
total spin of two such particles ranges from 0 to 3, which
indicates that the projectors should be cubic polynomials of
the Casimir operator. They read as

J0 = 33
128 + 31

96 (t3/2 · t3/2) − 5
72 (t3/2 · t3/2)2

− 1
18 (t3/2 · t3/2)3, (9)

J1 = − 81
128 − 117

160 (t3/2 · t3/2) + 9
40 (t3/2 · t3/2)2

+ 1
10 (t3/2 · t3/2)3, (10)

J2 = 165
128 + 23

96 (t3/2 · t3/2) − 17
72 (t3/2 · t3/2)2

− 1
18 (t3/2 · t3/2)3, (11)

J3 = 11
128 + 27

160 (t3/2 · t3/2) + 29
360 (t3/2 · t3/2)2

+ 1
90 (t3/2 · t3/2)3, (12)

where t3/2 represent the SU(2) generators in the four-
dimensional representation. The S matrix in the spin space is
then

Ŝ = J0 e2iδ0 + J1 e2iδ1 + J2 e2iδ2 + J3 e2iδ3 . (13)

Of course, the full decuplet-decuplet S matrix involves both
SU(2) (spin) and SU(3) (flavor) projectors. However, as we
will demonstrate in Sec. IV A, when a system is constrained
by quantum statistics, as is the case for octet and decuplet
baryons in the limit of exact SU(3) flavor symmetry, it is often
sufficient to consider only the spin space (or, equivalently,
only the flavor space), which greatly simplifies the analysis.
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III. ENTANGLEMENT POWER FOR
DISTINGUISHABLE PARTICLES

Entanglement measures have been developed to quan-
tify the degree of entanglement present in a given quantum
system. In this section, we focus on systems with distin-
guishable particles, and identical particles will be discussed
in Sec. IV A.

For a bipartite state |ψ〉 ∈ HA ⊗ HB, a widely used entan-
glement measure is the linear entropy, defined as (see, e.g.,
Refs. [16,42])

E (|ψ〉) = 1 − TrA
[
ρ2

A

]
, (14)

where ρ = |ψ〉〈ψ | is the density matrix and ρA = TrB[ρ] is
the reduced density matrix obtained after tracing over subsys-
tem B. E (|ψ〉) is semipositive definite and vanishes only when
|ψ〉 is a tensor product, i.e., |ψ〉 = |ψA〉 ⊗ |ψB〉, as shown in
the Appendix of Ref. [19].

While entanglement measure describes how entangled a
given state is, entanglement power characterizes the capacity
of an operator Û to generate entanglement. It is defined by
averaging the entanglement of the output states produced by
acting Û on all possible product states [54]:

E (Û ) = E (Û |ψA〉 ⊗ |ψB〉) ≡
∫

dωAdωB E (Û |ψA〉 ⊗ |ψB〉),

(15)

where the integral is taken over all elements belonging to
irreps A and B, with dωA,B denoting the corresponding nor-
malized integration measures:∫

dωA =
∫

dωB = 1. (16)

In general, a quantum state in an (m + 1)-dimensional
Hilbert space resides on the manifold CPm, which can be
parametrized as

|ψm+1〉 = (
n0, n1eiν1 , . . . , nmeiνm

)
, νi ∈ [0, 2π ), (17)

where⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

n0 = cos θ1 sin θ2 sin θ3 · · · sin θm,

n1 = sin θ1 sin θ2 sin θ3 · · · sin θm,

n2 = cos θ2 sin θ3 · · · sin θm,

· · · · · ·
nm = cos θm,

θi ∈
[

0,
π

2

)
. (18)

The commonly used Fubini-Study measure is [55,56]

dωm+1 = m!

πm

m∏
i=1

dθi dνi cos θi sin2i−1 θi,

∫
dωm+1 = 1, (19)

which is properly normalized. Note that for a spin-s particle,
m = 2s.

Entanglement power serves as a state-independent measure
of entanglement generation, which is semipositive definite and
vanishes if and only if Û |ψ〉 remains a tensor-product state for
all |ψ〉 = |ψA〉 ⊗ |ψB〉. The entanglement power E (Ŝ) of an S
matrix can then be defined as

E (Ŝ) = 1 −
∫

dωAdωB TrA
[
ρ2

A

]
, (20)

where

ρ = |ψout〉〈ψout|, |ψout〉 = Ŝ|ψin〉, |ψin〉 = |ψA〉 ⊗ |ψB〉.
(21)

For distinguishable particles, the S matrix acts on the full
Hilbert space spanned by the initial state |ψin〉. The unitarity
of the S matrix ensures that the density matrix is properly
normalized: Tr[ρ] = 1. In the spin space, this averaging in-
tegration in Eq. (20) can be understood as originating from
the fact that the directions of the spins in the initial states can
be arbitrary.

We first take the 1/2 ⊗ 1/2 system for example. |ψA〉 and
|ψB〉 are two distinguishable spin-1/2 particles. Setting m +
1 = 2s + 1 = 2 in Eq. (17),

|ψ2〉 = (cos θ1, sin θ1 eiν1 )T , (22)

with θ1 ∈ [0, π/2) and ν1 ∈ [0, 2π ). The integral measure
dω2 then reads as

dω2 = 1

π
dθ1 cos θ1 sin θ1dν1. (23)

This parametrization is identical to the usual Bloch sphere
parametrization for a qubit with (θ, φ) as θ1 = θ/2 and
ν1 = φ.

Now we can calculate the entanglement power for various
cases. For distinguishable particles, the result for the 1/2 ⊗
1/2 S matrix in Eq. (5) has been known [4,16]:

E (Ŝ) = 1
6 sin2 [2(δ0 − δ1)], (24)

and E (Ŝ) = 0 yields two possible solutions (modulo multiple
times π ):

|δ0 − δ1| = 0 or
π

2
. (25)

Note that we restrict the phase shifts to the range δ ∈ [0, π )
because they only appear in the form of e2iδ . Moreover, the so-
lutions for |δ0 − δ1| = π/2 are δ0 = 0 and δ1 = π/2 (or vice
versa), as will be proven in Sec. VI. We highlight here these
two particularly important phase shift values associated with
the noninteracting limit and unitary limit [57], respectively;
see more discussions in Sec. VI.

For the scattering of distinguishable spin-3/2 particles, the
S matrix is given in Eq. (13) and we obtain

E (Ŝ) = 1
200 000 {77 482 − 2100 cos [2(δ0 + δ1 − δ2 − δ3)] − 2100 cos [2(δ0 − δ1 + δ2 − δ3)]

− 2100 cos [2(δ0 − δ1 − δ2 + δ3)] − 1200 cos [2(δ0 − 2δ1 + δ2)] − 4200 cos [2(δ0 + δ2 − 2δ3)]

− 8400 cos [2(δ1 − 2δ2 + δ3)] − 375 cos [4(δ0 − δ1)] − 10 800 cos [2(δ0 − δ2)] − 625 cos [4(δ0 − δ2)]

− 875 cos [4(δ0 − δ3)] − 2175 cos [4(δ1 − δ2)] − 26 376 cos [2(δ1 − δ3)]

− 5481 cos [4(δ1 − δ3)] − 10 675 cos [2(δ2 − δ3)]}, (26)
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which vanishes when all the cosines are valued at +1 and
leads to the following nonentangling solutions:

δ0 = δ2 = δeven, δ1 = δ3 = δodd,

|δeven − δodd| = 0 or
π

2
. (27)

We observe an intriguing feature of the solutions: the phase
shifts for all channels with even total spin are equal, and
similarly, those for odd total spin are also equal, with the two
sets differing by either 0 or π/2. This turns out to be a general
pattern that we prove in the next section.

IV. ENTANGLEMENT SUPPRESSION
IN DECUPLET SCATTERING

A. A general result for two qudits

In this section, we begin with the observation made at the
end of the previous section and formulate a general result
concerning entanglement suppression for two-qudit systems.
Although we focus on spin-3/2 particles as four-dimensional
qudits, the generalization to arbitrary qudits is straightfor-
ward. Additionally, we consider the connection between
quantum statistics and quantum entanglement. The discussion
here provides an alternative perspective to the general reason-
ing in Ref. [22].

A natural starting point is to consider the form of the
operators implied by the phase-shift relations in Eq. (27). If
|δeven − δodd| = 0, meaning all four phase shifts are equal,
the resulting S matrix is simply an Identity operator with
an overall phase, which clearly has zero entanglement power
(it leaves any tensor-product state invariant). The other solu-
tion |δeven − δodd| = π/2 is particularly interesting, with the
nonentangling S matrix proportional to

−(J0 − J1 + J2 − J3) =
∑
odd J

JJ −
∑

even J

JJ . (28)

Note that channels with an odd total spin J correspond to
the symmetric part of the 3/2 ⊗ 3/2 tensor-product space,
while those with an even J correspond to the antisymmetric
part, so the above operator is precisely a SWAP gate [15],
which is a quantum logic gate exchanging the two substates,
thus yielding 1 when acting on symmetric states and −1 on
antisymmetric states.

In general, the SWAP operator can be defined as follows for
a bipartite system with equal dimensions: HR ⊗ HR, where R
is a certain irrep of a group G. The tensor product decomposes
as

R ⊗ R = (⊕iSi ) ⊕ (⊕ jA j ), (29)

where Si and Aj denote symmetric and antisymmetric irreps,
respectively. The SWAP is then given by the sum of projectors
onto symmetric irreps (Si) minus the sum of projectors onto

antisymmetric ones (A j):

SWAP =
∑

i

Si −
∑

j

A j ≡ PS − PA,

∑
i

Si ≡ PS,
∑

j

A j ≡ PA, (30)

where PS and PA are the projection operators into the sym-
metric and antisymmetric parts of the bipartite Hilbert space,
respectively,

PS |Si〉 = |Si〉, PS |Ai〉 = 0 ,

PA|Ai〉 = |Ai〉, PA|Si〉 = 0, (31)

which implies that |Si〉 and |Aj〉 are eigenstates of SWAP with
+1 and −1 eigenvalues:

SWAP|Si〉 = |Si〉, SWAP|Aj〉 = −|Aj〉. (32)

Note that PS and PA are complete in the sense that PS +
PA = 1 is the Identity operator over the entire Hilbert space.
In fact, if we choose a basis consisting of symmetric and
antisymmetric base vectors, PS is an Identity operator over
the symmetric part of the Hilbert space and vanishes over the
antisymmetric part. Conversely for PA.

Under the definition in Eq. (30), one can show that SWAP
interchanges the two qudits. Let us consider an arbitrary initial
product state written as

|ψ〉 = |a〉 ⊗ |b〉, |a〉 =
∑

i

ai|φi〉, |b〉 =
∑

j

b j |φ j〉,

(33)

where {|φi〉} is a set of basis vectors for HR. The SWAP gate
acts on it as follows:

SWAP|ψ〉 = SWAP

⎛
⎝∑

i

ai|φi〉 ⊗
∑

j

b j |φ j〉
⎞
⎠

= SWAP

( ∑
i, j

aib j + bia j

2
|φi〉 ⊗ |φ j〉

+
∑
i, j

aib j − bia j

2
|φi〉 ⊗ |φ j〉

)

=
∑
i, j

aib j + bia j

2
|φi〉 ⊗ |φ j〉

−
∑
i, j

aib j − bia j

2
|φi〉 ⊗ |φ j〉

= |b〉 ⊗ |a〉, (34)

which is simply the product state with the two qudits inter-
changed.

It has also been shown that, for bipartite systems HR ⊗
HR, the Identity and the SWAP are the only two gates that
would always map a product state to another product state
[15,58–60]; these are the only two minimally entangling
quantum gates. If we consider the group G = SU(2)spin, this
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directly provides the minimal-entanglement condition for the
S-wave scattering between two spin-s particles. The total spin
can range from 0 to 2s, corresponding to (2s + 1) phase shifts.
Entanglement power of its S matrix vanishes, E (Ŝ) = 0, if and
only if the phase shifts for even total spins are all equal (δeven),
the phase shifts for odd total spins are all equal (δodd), and

|δeven − δodd| = 0 or
π

2
. (35)

This is the entanglement-suppression condition for distin-
guishable particles in the spin space.

In the cases of octet-octet and decuplet-decuplet scatter-
ings, the S matrix involves the projection operators in both
the spin and flavor spaces, as shown in Eq. (1). In this case,
the group G = SU(2)spin ⊗ SU(3)flavor and an irrep R of G can
be written as the tensor product of irreps R = Rspin ⊗ Rflavor.
As we focus on minimal entanglement in the spin space, it is
convenient to define the Identity and SWAP operators acting
on the spin and the flavor spaces separately. For instance,
consider the action of SWAPspin ⊗ SWAPflavor on the qudits:

SWAPspin ⊗ SWAPflavor|s1, f1〉 ⊗ |s2, f2〉 = |s2, f2〉 ⊗ |s1, f1〉,
(36)

where si and fi refer to the spin and flavor quantum numbers,
respectively.

If the qudits further obey quantum statistics—BE for
bosons or FD for fermions—we obtain

|s2, f2〉 ⊗ |s1, f1〉 =
{+|s1, f1〉 ⊗ |s2, f2〉, BE,

−|s1, f1〉 ⊗ |s2, f2〉, FD.
(37)

Therefore, we immediately conclude [16]

SWAPspin ⊗ SWAPflavor =
{+1spin ⊗ 1flavor, BE,

−1spin ⊗ 1flavor, FD.
(38)

Moreover, one can similarly derive

SWAPspin ⊗ 1flavor =
{+1spin ⊗ SWAPflavor, BE,

−1spin ⊗ SWAPflavor, FD.
(39)

From the above discussion, we arrive at the following con-
clusion: in the presence of quantum statistics, the ability of
an operator to generate entanglement in the spin space is
equivalent to its ability to entangle in the flavor space [16], or
more generally in the rest of all other spaces. This will greatly
simplify the analysis of decuplet-baryon scattering in the next
section.

B. Spin-3/2 baryon scatterings

Light decuplet baryons have spin 3/2 and belong to the 10
irrep of the SU(3) flavor group. The spin and flavor structures
of the decuplet-decuplet system can be decomposed, respec-
tively, as

3

2
⊗ 3

2
= 0 ⊕ 2︸ ︷︷ ︸

antisymmetric

⊕ 1 ⊕ 3︸ ︷︷ ︸
symmetric

, (40)

10 ⊗ 10 = 27 ⊕ 28︸ ︷︷ ︸
symmetric

⊕ 10 ⊕ 35︸ ︷︷ ︸
antisymmetric

. (41)

Due to FD statistics, spin-symmetric components project
into flavor-antisymmetric irreps, while spin-antisymmetric

components project into flavor-symmetric irreps. Hence, the
corresponding decuplet-decuplet S matrix takes the form

Ŝ = J0 ⊗ (
F27 e2iδ0,27 + F28 e2iδ0,28

)
+ J1 ⊗ (

F10 e2iδ1,10 + F35 e2iδ1,35
)

+ J2 ⊗ (
F27 e2iδ2,27 + F28 e2iδ2,28

)
+ J3 ⊗ (

F10 e2iδ3,10 + F35 e2iδ3,35
)
, (42)

where FF is the projector into a certain flavor irrep F . Recall
that

∑
J JJ = 1spin and

∑
F FF = 1flavor.

As discussed in the previous section, the nonentangling S
matrix in the spin space must be proportional to the Identity
or SWAP gate in the spin space. The Identity gate can be
achieved when all eight phase shifts are equal:

δ0,27 = δ2,27 = δ0,28 = δ2,28 = δ1,10 = δ3,10 = δ1,35 = δ3,35,

(43)

in which case

Ŝ ∝ (J0 + J2) ⊗ (F27 + F28) + (J1 + J3) ⊗ (F10 + F35)

= 1spin − SWAPspin

2
⊗ 1flavor + SWAPflavor

2

+ 1spin + SWAPspin

2
⊗ 1flavor − SWAPflavor

2

= 1

2
[1spin ⊗ 1flavor − SWAPspin ⊗ SWAPflavor]

= 1spin ⊗ 1flavor, (44)

where in the second line above we have used the definition
of a SWAP gate in Eq. (30) to write SWAPspin and SWAPflavor as
the difference between the projectors in the symmetric and the
antisymmetric irreps,

SWAPspin = −(J0 − J1 + J2 − J3),

SWAPflavor = F27 + F28 − F10 − F35, (45)

while in the last line we have imposed FD statistics on the
decuplet baryons and applied Eq. (38). On the other hand, the
SWAPspin gate can be achieved only when

δ0,27 = δ2,27 = δ0,28 = δ2,28,

δ1,10 = δ3,10 = δ1,35 = δ3,35,

|δ0,27 − δ1,10| = π

2
, (46)

so that

Ŝ ∝ −(J0 + J2) ⊗ (F27 + F28) + (J1 + J3) ⊗ (F10 + F35)

= −1spin − SWAPspin

2
⊗ 1flavor + SWAPflavor

2

+ 1spin + SWAPspin

2
⊗ 1flavor − SWAPflavor

2

= 1

2
[SWAPspin ⊗ 1flavor − 1spin ⊗ SWAPflavor]

= SWAPspin ⊗ 1flavor. (47)

Although we include in Eq. (42) all possible flavor irreps,
not all scattering channels involve every irrep. This is be-
cause scattering processes in QCD conserve both electric
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charge Q and strangeness S. As a result, an initial baryon
pair in a given (Q, S) sector can only scatter into final states
within the same sector. Consequently, imposing vanishing
entanglement power on these channels yields less stringent
constraints than in Eqs. (43) and (46), a fact that has been
observed in the scattering of spin-1/2 octet baryons [16]. For
instance, in the (Q, S) = (0, 0) sector, which includes two
pairs (�−�+,�0�0), only 27, 28, and 35 irreps are involved.
Therefore, in this sector, the condition of entanglement sup-
pression leads to

δ0,27 = δ2,27 = δ0,28 = δ2,28, δ1,35 = δ3,35 ,

|δ0,27 − δ1,35| = 0 or
π

2
. (48)

The classification of (Q, S) sectors for decuplet-decuplet scat-
tering and their corresponding flavor irreps involved can be
found in Appendix A.

Finally, some scattering sectors contain only one fla-
vor irrep, corresponding to single-channel identical particle
scatterings. For such scatterings, entanglement suppression
exhibits a completely unique property, which we will discuss
in Sec. VII.

V. GROUP-THEORETIC IDENTIFICATION
OF SYMMETRIES

Entanglement suppression has revealed relations between
phase shifts, which implicitly hint at unique symmetries.
As demonstrated in Ref. [16] for light octet baryons, these
constraints manifest as emergent symmetries across different
scattering sectors when implemented at the Lagrangian level.
These symmetries can also be determined via group-theoretic
counting by combining irreps of SU(2)spin and SU(3)flavor into
irreps of the larger emergent symmetry, which provide further
insights into the interplay between entanglement suppression
and quantum statistics. We start by illustrating the counting in
the spin-1/2 baryons and then apply it to the spin-3/2 cases.

A. Spin-1/2 octet baryons

Recall that octet baryons belong to the 8 irrep of the
SU(3) flavor group. The spin and flavor structures of two octet
baryons can be decomposed as

SU(2)spin :
1

2
⊗ 1

2
= 0︸︷︷︸

antisymmetric

⊕ 1︸︷︷︸
symmetric

, (49)

SU(3)flavor : 8 ⊗ 8 = 1 ⊕ 8S ⊕ 27︸ ︷︷ ︸
symmetric

⊕ 8A ⊕ 10 ⊕ 10︸ ︷︷ ︸
antisymmetric

. (50)

There is a single six-dimensional sector with (Q, S) = (0,−2)
in which scatterings involve all six flavor irreps. Minimizing
the entanglement power in this sector leads to two enhanced
symmetries [16]: (1) an SU(16) spin-flavor symmetry associ-
ated with an Identity gate S matrix and (2) an SU(8) flavor
symmetry corresponding to a SWAP gate S matrix. Let us
consider them in turn.

When the S matrix is an Identity gate, one observes the
universality of interaction strengths across all channels [16],

δ1 = δ8S = δ27 = δ8A = δ10 = δ10, (51)

and a large SU(16) symmetry emerges, representing a full
spin-flavor symmetry under which the eight baryons and the
two spin states combine to form a 16, the fundamental rep-
resentation. Hence, the scattering of two spin-1/2 baryons in
this case can be decomposed as

SU(16)spin+flavor : 16 ⊗ 16 = 136︸︷︷︸
symmetric

⊕ 120︸︷︷︸
antisymmetric

. (52)

FD statistics dictates that the scattering can only occur in the
antisymmetric channel, 120, which can be obtained by com-
bining the symmetric 1 ⊕ 8S ⊕ 27 with the 1S0 spin singlet
and the antisymmetric 8A ⊕ 10 ⊕ 10 with the 3S1 spin triplet:

(1 + 8 + 27) × 1 + (8 + 10 + 10) × 3 = 120. (53)

We emphasize that this is a consequence of the scattering
dynamics being universal in all spin and flavor channels.

The SWAP gate is obtained when [16]

δ1 = δ8S = δ27 = δS, δ8A = δ10 = δ10 = δA ,

|δS − δA| = π

2
, (54)

in which case all scattering phases within the symmetric or
antisymmetric irreps are of equal strength but there is a dif-
ference between the symmetric and antisymmetric irreps. In
this case, Ref. [16] identified an SU(8) flavor symmetry where
all flavor-symmetric states combine into one single irrep and
similarly for all flavor-antisymmetric states:

SU(8)flavor : 8 ⊗ 8 = 36︸︷︷︸
symmetric

⊕ 28︸︷︷︸
antisymmetric

. (55)

The counting works out as expected:

1 + 8 + 27 = 36 and 8 + 10 + 10 = 28. (56)

The SU(8) flavor symmetry dictates that there are only two
independent scattering channels: the flavor-symmetric and the
antisymmetric ones.

Next, there are several three-dimensional sectors (e.g.,
p�-p�0-n�+) that scatter into 8S ⊕ 27 ⊕ 8A ⊕ 10 ⊕ 10 sec-
tors. Entanglement suppression in the three-dimensional
sectors arises from the conditions [16]:

δ8S = δ27 ≡ δS, δ8A = δ10 = δ10 ≡ δA ,

|δS − δA| = 0 or
π

2
. (57)

Since the 1 irrep is absent in this case, the numbers of sym-
metric and antisymmetric flavor states are

symmetric : 27 + 8 = 35,

antisymmetric : 8 + 10 + 10 = 28. (58)

It turns out that the SO(8) group has a rank-2 traceless
symmetric irrep with dimension 35 = 8(8 + 1)/2 − 1 and a
rank-2 antisymmetric irrep with dimension 28 = 8(8 − 1)/2,
which match the counting above. Indeed, the SO(8) flavor
symmetry was discovered in Ref. [16] via the Lagrangian
approach in the case of the Identity gate. One can verify that,
in the case of the S-matrix being a SWAP gate, the Lagrangian
also maintains the same SO(8) symmetry.
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B. Spin-3/2 decuplet baryons

Now we identify the possible emergent symmetries in the
spin-3/2 baryon scatterings. In Sec. IV B, we demonstrated
that the S matrix in the spin space is an Identity gate if all
scattering phases are equal, as Eq. (43) shows. Again the
universal strength of interactions in all channels suggests a
large symmetry under which every scattering channel belongs
to the same irrep. The total number of spin and flavor states is

(27 + 28) × (1 + 5) + (10 + 35) × (3 + 7) = 780, (59)

where the number of spin states is given by (2J + 1), J =
0, 1, 2, 3. This number matches the dimension of the rank-
2 antisymmetric representation of SU(40), arising from the
product of two fundamental representations (40):

SU(40)spin+flavor : 40 ⊗ 40 = 820︸︷︷︸
symmetric

⊕ 780︸︷︷︸
antisymmetric

. (60)

This indicates that the ten spin-3/2 baryons, each with four
spin states, fully occupy 40 of SU(40). Moreover, 780 is
precisely what the FD statistics demands, as the two-baryon
system must be antisymmetric under state exchange!

On the other hand, the SWAP solution for the S matrix
in Eq. (46) requires the scattering dynamics to be universal
only within the symmetric or antisymmetric flavor channels,
which is similar to the spin-1/2 baryon case in Eq. (54). This
suggests a symmetry group where all 55 = 27 + 28 flavor-
symmetric states combine into one single irrep and similarly
for all 45 = 10 + 35 flavor-antisymmetric states. Thus, there
is an enhanced SU(10) flavor symmetry:

SU(10)flavor : 10 ⊗ 10 = 55︸︷︷︸
symmetric

⊕ 45︸︷︷︸
antisymmetric

. (61)

As discussed in Sec. IV A, the ability of the S matrix to
entangle spin states is correlated with its ability to entangle
flavor states, due to quantum statistics. Thus, FD statistics
dictates that an enhanced symmetry in flavor space implies an
enhanced symmetry in spin space as well, which is manifest
in the observation that J = 0 and J = 2 states now share the
same scattering dynamics and similarly for J = 1 and J = 3
states. This results in an emergent SU(4)spin symmetry, under
which J = 0, 2 states form a six-dimensional rank-2 anti-
symmetric irrep and J = 1, 3 states form a ten-dimensional
symmetric irrep:

SU(4)spin : 4 ⊗ 4 = 10︸︷︷︸
symmetric

⊕ 6︸︷︷︸
antisymmetric

. (62)

In the end, the enhanced symmetry is SU(4)spin ×
SU(10)flavor.

It is interesting to compare the SWAP solutions between
spin-1/2 octet baryons and spin-3/2 decuplet baryons. In the
former case, the enhanced symmetry is SU(8)flavor, while in
the latter case it is SU(4)spin × SU(10)flavor. Again, this is due
to the fact that there is more than one single spin channel
contributing to the symmetric or antisymmetric flavor states.
As a result, the symmetry in the spin space is enhanced from
SU(2) to SU(4). This emergent spin symmetry is not affected
by whether exact flavor SU(3) symmetry is assumed, and it
remains exact since its starting point, the spin SU(2) sym-
metry, is itself exact as long as no spin symmetry breaking

effect, e.g., spin-orbital coupling, is considered. Considering
a single scattering channel, e.g., �0�+, it will still exhibit
an SU(4) spin symmetry after suppressing entanglement. The
role of assuming exact flavor SU(3) symmetry is to relate the
scattering in this channel to that in other channels, thereby
allowing the emergence of a larger SU(40) spin-flavor symme-
try. If flavor symmetry is not taken into account at all, then the
emergent symmetry from entanglement suppression is simply
the SU(4) spin symmetry (in this channel solely). Moreover,
when scattering spin-s baryons with s > 1/2, we generally
expect the spin symmetry to be enhanced to SU(2s + 1)spin.
We will see in Sec. VII that the existence of two spin channels
within the symmetric or antisymmetric flavor states also gives
rise to a richer phenomenology when scattering two identical
particles.

VI. FIELD-THEORETIC IDENTIFICATION
OF SYMMETRIES

As shown in Ref. [16], an explicit identification of emer-
gent symmetries can be achieved in the Lagrangian approach.
This requires establishing a connection between the phase
shifts and the parameters in the Lagrangian. Since we are in-
terested in the very low-energy phenomenon, our description
does not need to contain explicit pseudoscalar meson degrees
of freedom. In this context, one often considers NREFT with
short-range interactions, which can be matched to the effective
range expansion (ERE) [61–63].

A. NREFT for decuplet baryons

Operators in an NREFT Lagrangian are ordered in powers
of momenta or derivatives, and the LO Lagrangian contains
only constant contact terms. The LO Lagrangian for decuplet-
decuplet interaction in NREFT reads as [64]

L = c1(T †
abcTabc)(T †

def Tdef )

+ c2(T †
abc�

αTabc)(T †
def�

αTdef )

+ c3(T †
abc�

αβTabc)(T †
def�

αβTdef )

+ c4(T †
abc�

αβγ Tabc)(T †
def�

αβγ Tdef )

+ c5(T †
abcTabd )(T †

def Tcef )

+ c6(T †
abc�

αTabd )(T †
def�

αTcef )

+ c7(T †
abc�

αβTabd )(T †
def�

αβTcef )

+ c8(T †
abc�

αβγ Tabd )(T †
def�

αβγ Tcef ), (63)

where ci’s are eight Wilson coefficients, also known as low-
energy constants (LECs) in the context of low-energy effective
field theories. Here, the decuplet baryons are represented by
the totally symmetric three-index tensor T :

T111 = �++, T112 = 1√
3
�+, T122 = 1√

3
�0, T222 = �−,

T113 = 1√
3
�∗+, T123 = 1√

6
�∗0, T223 = 1√

3
�∗−,
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T133 = 1√
3
�∗0, T233 = 1√

3
�∗−,

T333 = �−. (64)

We also introduced unity, �α , �αβ , and �αβγ , corresponding
to scalar, vector, rank-2, and rank-3 tensor operators, respec-
tively. The operators �α/2 are simply the generators of SU(2)
in the four-dimensional representation: �α/2 = tα

s=3/2, and

�αβ = 1

8
(�α�β + �β�α − 10δαβ ),

�αβγ = 1

36
√

3
[5(�α�β�γ + �γ �α�β + �β�γ �α

+ �α�γ �β + �β�α�γ + �γ �β�α )

− 82(�αδβγ + �γ δαβ + �βδγα )]. (65)

It will be convenient to project the contact operators into irreps
of SU(3) flavor symmetry, and the corresponding SU(3)-
symmetric Wilson coefficients are [64]

C0,27 = 1
27 (−54c1 + 810c2 − 405c3 + 6300c4 + 6c5

− 90c6 + 45c7 − 700c8), (66)

C2,27 = −2c1 + 6c2 + 9c3 + 140
3 c4 + 2

9 c5 − 2
3 c6 − c7

− 140
27 c8, (67)

C0,28 = 1
3 (−6c1 + 90c2 − 45c3 + 700c4 − 6c5

+ 90c6 − 45c7 + 700c8), (68)

C2,28 = −2c1 + 6c2 + 9c3 + 140
3 c4 − 2c5

+ 6c6 + 9c7 + 140

3
c8, (69)

C1,10 = 1
3 (−6c1 + 66c2 − 9c3 − 420c4 + 2c5

− 22c6 + 3c7 + 140c8), (70)

C3,10 = −2c1 − 18c2 − 3c3 − 20
3 c4

+ 2
3 c5 + 6c6 + c7 + 20

9 c8, (71)

C1,35 = 1
3 (−6c1 + 66c2 − 9c3 − 420c4

− 2c5 + 22c6 − 3c7 − 140c8), (72)

C3,35 = −2c1 − 18c2 − 3c3 − 20
3 c4 − 2

3 c5

− 6c6 − c7 − 20
9 c8. (73)

The ERE at LO [61–63] establishes the relationship between
the phase shift δ and the Wilson coefficient C [16,19]:

lim
p→0

p cot δ = −1

a
= − 2π

μC
− �, (74)

where p is the magnitude of the center-of-mass momentum,
a is the S-wave scattering length, μ = m/2 is the reduced
mass with m being the decuplet baryon mass, and � is the
ultraviolet cutoff.

Utilizing Eq. (74), we can deduce the Wilson coefficient C
for certain phase shift values. In particular, the noninteracting
and unitarity limit cases are of great importance at LO:

δ = 0 : a = 0 or C = 0, (75)

δ = π

2
: a = ∞ or C = − 2π

μ�
. (76)

Both the free theory (δ = 0) and the unitarity limit (δ = π/2)
exhibit an enhanced symmetry: they are invariant under
the Schrödinger group [15,31], the nonrelativistic conformal
group that leaves the Schrödinger equation invariant. Addi-
tionally, these two cases correspond to the fixed points of
the renormalization group flow for nonrelativistic two-body
scattering governed by short-range interactions [30].

Furthermore, if we know the relation between the phase
shifts of different channels, we can also use Eq. (74) to derive
relations between the corresponding Wilson coefficients. In
particular, entanglement suppression provides two relations
between the phase shifts (denoting the two relevant channels
as α and β):

δα = δβ : aα = aβ (77)

or

|δα − δβ | = π

2
:

1

aαaβ

= lim
p→0

p2 cot δα cot δβ = lim
p→0

(−p2).

(78)

The former implies that the two channels have identical
scattering lengths, meaning that their corresponding Wilson
coefficients are equal at a given cutoff. The latter, in the limit
of p → 0, indicates that one of the scattering lengths diverges
(i.e., its phase shift reaches π/2), which in turn requires the
phase shift of the other channel to vanish, and then their
Wilson coefficients are given by Eqs. (75) and (76).

The symmetry of the Lagrangian can be made more
transparent in one operator basis than in another. This will
be helpful for analyzing emergent symmetries in the next
subsections. Therefore, we rewrite the Lagrangian using an
alternative set of operators:

L = d1(T †
abcT †

def )(TabcTdef )

+ d2(T †
abc�

α∗T †
def )(Tabc�

αTdef )

+ d3(T †
abc�

αβ∗T †
def )(Tabc�

αβTdef )

+ d4(T †
abc�

αβγ ∗T †
def )(Tabc�

αβγ Tdef )

+ d5(T †
abcT †

def )(Tabd Tcef )

+ d6(T †
abc�

α∗T †
def )(Tabd�

αTcef )

+ d7(T †
abc�

αβ∗T †
def )(Tabd�

αβTcef )

+ d8(T †
abc�

αβγ ∗T †
def )(Tabd�

αβγ Tcef ), (79)

where di’s are the LECs in the new operator basis and �’s,
along with their complex conjugates �∗’s, are defined as

�α = exp

(
−iπ

�y

2

)
�α. (80)
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In this new basis, the corresponding Wilson coefficients read
as

C0,27 = −8d1 + 8
9 d5, C2,27 = 4

3 (−9d3 + d7), (81)

C0,28 = −8(d1 + d5), C2,28 = −12(d3 + d7), (82)

C1,10 = 40
3 (−3d2 + d6), C3,10 = − 400

9 (3d4 − d8), (83)

C1,35 = − 40
3 (3d2 + d6), C3,35 = − 400

9 (3d4 + d8). (84)

In the following, we will switch between Eqs. (63) and (79)
as needed.

B. 27 ⊕ 28 ⊕ 10 ⊕ 35 sectors

Having set up the theoretical framework, we can now ana-
lyze the emergent symmetries that entanglement suppression
predicts in various sectors, starting from the global minimum
in sectors containing all four flavor irreps 27 ⊕ 28 ⊕ 10 ⊕ 35.

Let us first examine the sectors that involve all eight spin-
flavor irreps. These include

(�−�++,�0�+), (�−�∗+,�0�∗0,�+�∗−),

(�−�∗0,�0�∗−, �∗−�∗0),

(�+�∗−,�0�∗0, �∗0�∗0, �∗+�∗−),

(�∗−�∗−,�−�−), (�∗−�∗0, �∗0�∗−,�−�0), (85)

and their I3-conjugate partners (see Appendix A), when they
exist.

The first nonentangling condition requires all eight phase
shifts, and consequently all eight Wilson coefficients, to be
equal, which sets c2,...,8 = 0. As a result, Eq. (63) reduces to

L = c1(T †
abcTabc)(T †

defTdef ) (86)

or equivalently, in the particle basis,

L = c1(T †i · T i )2, (87)

where

T = (�++,�+,�0,�−, �∗+, �∗0, �∗−, �∗0, �∗−,�−),
(88)

and i = 1, 2, 3, 4 denotes the spin index. This Lagrangian
exhibits a maximal SU(40) symmetry, which was identified
using group-theoretic reasoning in Sec. V B.

Another two minimal-entanglement solutions from
Eq. (46) are

C0,27 = C2,27 = C0,28 = C2,28 = − 2π

μ�
,

C1,10 = C3,10 = C1,35 = C3,35 = 0 (89)

and

C0,27 = C2,27 = C0,28 = C2,28 = 0,

C1,10 = C3,10 = C1,35 = C3,35 = − 2π

μ�
. (90)

These two solutions correspond to the Lagrangians

L = 2π

μ�

[
1

4
(T †

abcTabc)(T †
def Tdef ) − 1

4
(T †

abcTdef )(T †
def Tabc)

]

= 2π

μ�

[
1

4
(T †i · T i )2 − 1

4
(T †i · T j )(T † j · T i )

]
(91)

and

L = 2π

μ�

[
1

4
(T †

abcTabc)(T †
def Tdef ) + 1

4
(T †

abcTdef )(T †
def Tabc)

]

= 2π

μ�

[
1

4
(T †i · T i )2 + 1

4
(T †i · T j )(T † j · T i )

]
, (92)

respectively. A Fierz transformation has been employed to
simplify these operators:

1
4δi jδkl + 1

20 (�α )i j (�
α )kl + 1

6 (�αβ )i j (�
αβ )kl

+ 3
200 (�αβγ )i j (�

αβγ )kl = δilδk j . (93)

Equations (91) and (92) exhibit an SU(4)spin × SU(10)flavor

symmetry, in addition to the Schrödinger symmetry contained
in Eqs. (89) and (90). Moreover, observe that the (T †i · T i )2

interaction preserves the spins of the incoming baryons after
scattering, while (T †i · T j )(T † j · T i ) interchanges the spins.
In other words, Eqs. (91) and (92) are proportional to

1spin − SWAPspin

2
and

1spin + SWAPspin

2
, (94)

which are precisely the antisymmetric and symmetric projec-
tors in spin space, respectively, again consistent with Eqs. (89)
and (90).

C. Other sectors

In this subsection, we employ another set of LECs di,
which will facilitate the identification of the emergent
symmetry. The following sectors involve the 27, 28, and
35 irreps: (�−�+,�0�0), (�0�∗−,�−�∗0),
(�−�∗−, �∗−�∗−), (�∗−�∗−,�−�∗−), (�∗−�∗0,�−�∗0),
and their I3-conjugate partners, if they exist. The phase-shift
relations are given by

δ0,27 = δ2,27 = δ0,28 = δ2,28, δ1,35 = δ3,35 , (95)

δ0,27 − δ1,35 = 0,
π

2
, or − π

2
. (96)

The Lagrangian corresponding to the case where δ0,27 = δ1,35
is

L = d1(T †
abcT †

def )(TabcTdef )

+ d2(T †
abc�

α∗T †
def )(Tabc�

αTdef )

+ 2
3 d1(T †

abc�
αβ∗T †

def )(Tabc�
αβTdef )

+ d4(T †
abc�

αβγ ∗T †
def )(Tabc�

αβγ Tdef )

+ (
3
5 d1 − 3d2

)
(T †

abc�
α∗T †

def )(Tabd�
αTcef )

+ (
9

50 d1 − 3d4
)
(T †

abc�
αβγ ∗T †

def )(Tabd�
αβγ Tcef ). (97)
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For δ0,27 = π/2 and δ1,35 = 0, the Lagrangian becomes

L = π

4μ�
(T †

abcT †
def )(TabcTdef )

+ d2(T †
abc�

α∗T †
def )(Tabc�

αTdef )

+ π

6μ�
(T †

abc�
αβ∗T †

def )(Tabc�
αβTdef )

+ d4(T †
abc�

αβγ ∗T †
def )(Tabc�

αβγ Tdef )

− 3d2(T †
abc�

α∗T †
def )(Tabd�

αTcef )

− 3d4(T †
abc�

αβγ ∗T †
def )(Tabd�

αβγ Tcef ). (98)

Similarly, when δ0,27 = 0 and δ1,35 = π/2, the Lagrangian
takes the form

L = d2(T †
abc�

α∗T †
def )(Tabc�

αTdef )

+ d4(T †
abc�

αβγ ∗T †
def )(Tabc�

αβγ Tdef )

+
(

3π

20μ�
− 3d2

)
(T †

abc�
α∗T †

def )(Tabd�
αTcef )

+
(

9π

200μ�
− 3d4

)
(T †

abc�
αβγ ∗T †

def )(Tabd�
αβγ Tcef ).

(99)

In all three scenarios displayed above, it can be seen that at
least two terms in the Lagrangian can be eliminated, indi-
cating the presence of an enhanced symmetry. Only d1, d2,
and d4 remain as free parameters, and d1 is further fixed if
the interaction strength is specified in the latter two cases.
An explicit identification of the symmetry in the Lagrangian
remains to be further investigated. However, there are in-
dications from the group-theoretic arguments presented in
Sec. V. Notably, the flavor-symmetric (spin-antisymmetric)
sector exhibits precisely the same symmetry structure as in
the preceding subsection. This provides conclusive evidence
for the existence of SU(4)spin × SU(10)flavor symmetry in the
27 ⊕ 28 channels. As for the 35 channels, an SU(4) spin
symmetry can be verified, since 3 + 7 = 10 spin states in this
flavor irrep share the same coupling strength, thus forming a
rank-2 symmetric representation of SU(4).

Finally, the following one-dimensional sectors involve the
28 and 35 irreps: �−�0, �−�∗−, �−�∗−, and their I3-
conjugate partners. An SU(4) spin symmetry can always
be concluded in these flavor irreps by counting numbers.
Additional enlarged symmetries are suggested by relations
between phase shifts or Wilson coefficients in the LO
effective Lagrangian. However, identifying the underlying
group-theoretic structure remains challenging.

D. Large-Nc limit and dibaryons

In the large-Nc limit, where the number of colors Nc → ∞,
the intrinsic SU(2)spin × SU(3)flavor symmetry is enlarged to
the SU(6) spin-flavor symmetry. In this scenario, the spin-
1/2 octet and spin-3/2 decuplet baryons combine to form
a 56-dimensional representation described by a completely
symmetric three-index field �αβγ . The LO effective La-

grangian contains only two operators (3):

L = −(ã �
†
αβγ �αβγ �†

μνρ�μνρ + b̃ �
†
αβγ �αβρ�

†
μνρ�μνγ ).

(100)

In this limit of SU(6) spin-flavor symmetry, the eight Wilson
coefficients are related to ã and b̃ in the above [52]:

C0,27 = C1,10 = 2

(
ã + b̃

27

)
,

C2,27 = C1,35 = 2

(
ã − b̃

27

)
,

C0,28 = C3,10 = 2

(
ã − b̃

3

)
,

C2,28 = C3,35 = 2

(
ã + b̃

3

)
. (101)

We observe that each line in Eq. (101) equates one spin-
symmetric component with one spin-antisymmetric compo-
nent, in contrast to the global entanglement suppression
prediction, for which

C0,27 = C2,27 = C0,28 = C2,28,

C1,10 = C3,10 = C1,35 = C3,35. (102)

The only solution that simultaneously satisfies both SU(6)
symmetry and entanglement suppression is to choose C0,27 =
C1,10, which immediately implies that all Wilson coeffi-
cients are equal. As can be directly seen from Eq. (101),
this corresponds to setting b̃ = 0. Once again, an emergent
SU(40) symmetry appears in the decuplet-decuplet sector.
In fact, the Lagrangian in Eq. (100) with b̃ = 0 also ex-
hibits an SU(16) symmetry in the octet-octet sector and an
SU(56) symmetry when considering the full octet + decuplet
system—necessary for consistency in the large-Nc limit.
While an approximately vanishing b̃ has been observed in
lattice calculations in the octet-octet sector [29,65], such a
result has not yet been seen in the sectors involving decuplet
baryons.

Let us also discuss the possible �� dibaryons in the frame-
work of entanglement suppression. The �� systems with
(J, I ) = (3, 0) and (0,3) are in the irreps (J, F ) = (3, 10) and
(0, 28), respectively, in the three-flavor case. The potential
existence of the (3, 10) resonance d∗(2380) suggests that this
channel approaches the unitarity limit, which might serve
as an additional input for the sector (�−�++,�0�+) that
involves the flavor 10 irrep. Demanding δ3,10 = π/2 in this
sector leads to two possibilities: (1) all eight irreps reach the
unitarity limit or (2) spin-antisymmetric irreps are noninter-
acting and spin-symmetric irreps are at the unitarity limit, as
shown in Eq. (90). The former solution means that d∗(2380)
is in the 780 multiplet under SU(40); in particular, this would
predict d∗(2380) to have a partner of (J, I ) = (0, 3).

VII. IDENTICAL PARTICLES
AND SUBUNITARY S MATRICES

A special scenario that deserves a dedicated analysis is
the scattering of two identical particles into a single flavor
channel. For spin-1/2 octet baryons, such a case includes
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{nn, pp, �+�+, �−�−, �−�−, �0�0}, all of which scatter
into the symmetric 27 irrep of SU(3)flavor. In this case, FD
statistics constrains the total angular momentum in the S-wave
scattering to be in the antisymmetric spin singlet 1S0 channel,
which is already maximally entangled [16]. The S matrix
contains a single channel:

ŜA = J0 ⊗ F27 e2iδ0,27 , (103)

which is neither Identity nor SWAP. Notice that FD statis-
tics restricts the physical states to the antisymmetric part of
the total Hilbert space; in the symmetric part of the Hilbert
space, there can be neither free propagation nor scattering
dynamics. Therefore, ŜA is not a unitary operator over the
entire Hilbert space; instead, it vanishes over the symmetric
Hilbert (sub)space and is unitary only over the antisymmetric
Hilbert (sub)space. In this case, we call ŜA “subunitary” over
the antisymmetric Hilbert space. Moreover, the entanglement
power of ŜA in Eq. (103) is constant, independent of the
scattering phase δ0,27.

For spin-3/2 decuplet baryons, a more interesting scenario
appears because both J = 0 and J = 2 are antisymmetric,
so there can be two different angular momentum chan-
nels, thereby allowing for interferences between the two
when computing the entanglement power. For instance, the
(Q, S) = (−2,−6) sector, i.e., ��, scatters into a single
flavor-symmetric irrep 28 with two phase shifts δ0,28 and
δ2,28:

ŜA = J0 e2iδ0,28 + J2 e2iδ2,28 . (104)

In this case, the entanglement power is not a constant anymore
and depends on the phase difference δ0,28 − δ2,28. There are
two other such channels for spin-2/3 baryons: �−�− and
�++�++, which are the I3 conjugate of each other. A similar
scenario arises in the spin-1 deuteron-deuteron (dd) scatter-
ing, which was studied in Ref. [43]. In what follows, we will
base our discussion on FD statistics; the generalization to BE
statistics can be carried out trivially.

A. Density matrix and entanglement power
for identical particles

Formally speaking, the subunitary S matrix can be viewed
as a unitary S matrix projected into the antisymmetric Hilbert
space:

ŜA ≡ PAŜ PA = Ŝ PA = PA Ŝ, [Ŝ,PA] = 0, (105)

where PA is the projection operator in the antisymmetric
Hilbert space defined in Eq. (30). Notice that Ŝ†

AŜA = PA, im-
plying unitarity over the antisymmetric Hilbert space, which is
manifest when we go to a basis where PA is an Identity opera-
tor over the antisymmetric Hilbert space [66]. It is easy to see
that ŜA in Eq. (104) indeed satisfies Ŝ†

AŜA = J0 + J2 = PA.
The resulting density matrix constructed out of |ψout〉A ≡
ŜA|ψin〉 is not normalized to 1:

ρ = |ψout〉A A〈ψout| = ŜA|ψin〉〈ψin|Ŝ†
A,

Tr[ρ] = A〈ψout|ψout〉A = 〈ψin|PA|ψin〉 < 1. (106)

This situation is similar to the projection-valued measurement
in quantum mechanics, in which case the properly normalized

density matrix is [67]

ρ̃ = PA ρ PA

Tr[ρ PA]
= |ψout〉A A〈ψout|

A〈ψout|ψout〉A
= ρ

〈ψin|PA|ψin〉 . (107)

Then, we have Tr[ρ̃] = 1.
The calculation of entanglement power for subunitary

S-matrices also needs to be modified. The definition of entan-
glement power in Eq. (15) employs an averaging procedure
over the entire Hilbert space, which is clearly not applica-
ble now given the restriction of the subunitary S matrix to
the antisymmetric Hilbert space. Instead, we propose that
the entanglement power only averages over the physically
accessible sub-Hilbert space, where the subunitary S matrix
projects into, and define the kth-order-weighted entanglement
power for linear entropy:

Ek (Ŝ) = 1∫
dωAdωB〈ψin|PA|ψin〉k

×
∫

dωAdωB〈ψin|PA|ψin〉k
(
1 − TrA

[
ρ̃2

A

])
= 1 −

∫
dωAdωB〈ψin|PA|ψin〉k TrA

[
ρ̃2

A

]∫
dωAdωB〈ψin|PA|ψin〉k

. (108)

It can be verified that the above expression satisfies all es-
sential conditions required for an “entanglement power.” For
example, when the two subsystems have the same dimension
n, the original entanglement power ranges from 0 to 1 − 1/n
[21], and the values of Ek also fall within this range. Addi-
tionally, for neutron-neutron (nn) scattering, Ek (Ŝ) = 1/2 for
any k (see Appendix B for a proof), which is precisely what
we expect given that the S-wave nn system is always in a
maximally entangled 1S0 spin singlet state.

It is computationally straightforward to calculate Ek with
k = 2, as the 〈ψin|PA|ψin〉2 factors cancel out the denominator
in Eq. (107):

E2(Ŝ) = 1 −
∫

dωAdωB TrA
[
ρ2

A

]∫
dωAdωB〈ψin|PA|ψin〉2

, (109)

using which we can compute the entanglement power for the
�� S matrix in Eq. (104):

E2(Ŝ) = 1
48 {25 − cos [4(δ0,28 − δ2,28)]}. (110)

We find that E2(Ŝ) never vanishes, since the �� state itself is
highly entangled already. Nevertheless, there are two minima,
which take place when

|δ0,28 − δ2,28| = 0 or
π

2
. (111)

Since the lattice result for the scattering length in 1S0 channel
of �� system is rather large, about 4.6 fm at a nearly physical
pion mass mπ � 146 MeV [51], it may suggest δ0,28 = π/2,
so δ2,28 = 0 or π/2.

B. Identity and SWAP gates for identical particles

Let us interpret the two minima found in Eq. (111). Substi-
tuting δ0,28 = δ2,28 into Eq. (104) yields

ŜA ∝ J2 + J0 = PA, (112)
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which is the projection operator onto antisymmetric states∑
i Ai and, as commented previously, can be interpreted as the

Identity operator 1A in the sub-Hilbert space spanned by anti-
symmetric states. On the other hand, substituting δ0,28 = π/2
and δ2,28 = 0, we obtain

ŜA = J2 − J0 ≡ SWAPA, (113)

which is the analog of the SWAP gate acting on the antisym-
metric Hilbert space. Observe that (SWAPA)2 = PA = 1A, just
like (SWAP)2 = 1 for the unrestricted Hilbert space.

These considerations lead to

J0 = PA − SWAPA

2
, J2 = PA + SWAPA

2
. (114)

Moreover, |J = 0〉 and |J = 2〉 states are eigenstates of SWAPA

with ∓1 eigenvalues:

SWAPA|J = 2〉 = |J = 2〉, SWAPA|J = 0〉 = −|J = 0〉,
(115)

which is parallel to the definition of SWAP in Eq. (32) for
the unrestricted Hilbert space. The analogy can be developed
further by considering the Jz = 0 states in both J = 0 and
J = 2:

|α〉 = 1√
2

(|J = 2; Jz = 0〉 + |J = 0; Jz = 0〉), (116)

|β〉 = 1√
2

(|J = 2; Jz = 0〉 − |J = 0; Jz = 0〉), (117)

and then the action of SWAPA becomes

SWAPA |α〉 = |β〉 , SWAPA |β〉 = |α〉 , (118)

which indicates that it exchanges the states |α〉 and |β〉.
Notice that it is the existence of two scattering channels in

J = 0 and J = 2 that makes it possible to define an operator
like SWAPA in two-qudit scattering. For a two-qubit system
such as the nn scattering, only one channel exists and one
cannot introduce the SWAPA operator.

C. Emergent symmetries for identical particles

It is important to point out that the solution in Eq. (111)
indeed yields enhanced symmetries. When the S matrix is
PA, which is the Identity gate over the antisymmetric Hilbert
space, there is a “spin symmetry” since δ0,28 = δ2,28 and the
scattering dynamics is independent of the total spin of the
system.

The symmetry group can be identified as follows. As the
spin of the � baryon is 3/2, there are four spin states with Jz =
±1/2,±3/2, and the spin symmetry group is SU(4) under
which the four states form the fundamental representation 4.
Then, the relation δ0,28 = δ2,28 is enforced by the SU(4) spin
symmetry as the J = 0 and J = 2 states now furnish the rank-
2 antisymmetric irrep 6. Out of the two possibilities shown in
Eq. (62), 6 is realized because of FD statistics. On the other
hand, Schrödinger symmetry emerges when the S matrix is
SWAPA, |δ0,28 − δ2,28| = π/2, and δ0,28 = π/2, as suggested
by the lattice result in Ref. [51]. In other words, although the
entanglement power in Eq. (110) never vanishes for identical
particle scattering, there are still enhanced symmetries when
the entanglement power is minimized.

A similar conclusion can be reached in the case of spin-1
dd scattering, which was first considered in Ref. [43]. Due
to BE statistics, the S-wave dd scattering has total angular
momentum J = 0 and J = 2, which is similar to the two spin
channels in identical spin-3/2 �� scattering (but here J = 0
and J = 2 are symmetric components). Using Eq. (109), the
entanglement power for dd scattering can be written in terms
of the phase difference in the J = 0 and J = 2 channel [68]:

E2(Ŝ) = 171 − 70 cos [2(δ0 − δ2)] − 20 cos [4(δ0 − δ2)]

594
.

(119)

Notice the dependence on both 2(δ0 − δ2) and 4(δ0 − δ2).
Consequently, the entanglement power has a global minimum
at δ0 = δ2 and a local minimum at |δ0 − δ2| = π/2. This is in
contrast with the entanglement power for spin-3/2 �� scatter-
ing in Eq. (110), which only depends on 4(δ0,28 − δ2,28) and
both solutions, |δ0,28 − δ2,28| = 0 or π/2, are global minima.
It is intriguing that SWAPS corresponds to the local minimum
in dd scattering while PS gives the global minimum. How
general this observation is remains to be investigated further.

Following the discussion of enhanced symmetries in ��

scattering, the enhanced spin symmetry in dd scattering for
δ0 = δ2 is SU(3)spin, under which the Jz = 0,±1 states form a
3 of SU(3) and the group theory now dictates

SU(3)spin : 3 ⊗ 3 = 6︸︷︷︸
symmetric

⊕ 3︸︷︷︸
antisymmetric

. (120)

The symmetric 6 is realized in dd scattering because of BE
statistics. The other scenario |δ0 − δ2| = π/2 can be realized
if one of the channels flows to the unitarity limit and exhibits
Schrödinger symmetry, as discussed previously.

More generally, when scattering two identical spin-s par-
ticles in the S wave, quantum statistics determines that the
total angular momentum J can only take even values for both
fermions and bosons [69]. According to the general result in
Sec. IV A, the S matrix is an Identity gate when all scatter-
ing phases are equal. In this case, group-theoretic counting
indicates that there is an enhanced SU(2s + 1)spin symmetry,
under which the (2s + 1) spin states furnish a fundamental
representation. In this case,

SU(2s + 1)spin : (2s + 1) ⊗ (2s + 1)

= (s + 1)(2s + 1)︸ ︷︷ ︸
symmetric

⊕ s(2s + 1)︸ ︷︷ ︸
antisymmetric

. (121)

The dimensions of rank-2 symmetric and antisymmetric irreps
agree with the numbers of symmetric and antisymmetric J
states, respectively,∑
even J,J�2s

(2J + 1) =
{

(s + 1)(2s + 1), for integral s,
s(2s + 1), for half-integral s.

(122)

VIII. SUMMARY AND OUTLOOK

In this paper, we explored the consequence of the con-
jectured entanglement suppression in the 2-to-2 S-wave
scattering of spin-3/2 baryons, which are four-dimensional
qudits in the spin space. This hypothesis posits that under
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certain conditions, low-energy scatterings minimize entan-
glement in the spin degrees of freedom, which can lead to
the emergence of enhanced symmetries. Spin-3/2 baryons
transform as a ten-dimensional irrep under the light-flavor
SU(3) symmetry and are considered indistinguishable under
strong interactions. Our analysis places particular emphasis
on the interplay between spin and flavor symmetries due to
the constraints of quantum statistics.

Using the general result that, for a bipartite system of equal
dimensions, entanglement suppression takes place only for the
Identity and SWAP gates, we presented the conditions on the
scattering phases leading to entanglement suppression in spin-
3/2 decuplet scattering. Using group-theoretic arguments, we
identify a large SU(40)spin+flavor when the S matrix is an
Identity gate, as well as an SU(4)spin × SU(10)flavor symmetry
combined with the Schrödinger symmetry in the case of the
SWAP gate. These observations are subsequently verified us-
ing nonrelativistic effective field theories for spin-3/2 baryons.
These findings generalize the results from the scattering of
spin-1/2 octet baryons.

We also carefully examine the scattering of identical par-
ticles and the related computation of entanglement power.
While this case has been considered previously in the liter-
ature, there are subtleties arising from the fact that quantum
statistics restricts that only the symmetric or antisymmetric
portion of the two-particle Hilbert space is physically acces-
sible, which needs to be dealt with deliberately. In particular,
we propose that the entanglement power only averages over
the symmetric or antisymmetric Hilbert space, depending on
whether the interaction satisfies the BE or FD statistics, and
proceed to demonstrate that one can define the corresponding
Identity and SWAP gates for identical particle scattering. Fur-
thermore, even though the entanglement power is generally
nonvanishing due to quantum statistics, enhanced symmetries
still appear at the global or local minimum. For the scattering
of identical spin-s particles, we identify the enhanced sym-
metry groups to be SU(2s + 1)spin and/or the nonrelativistic
conformal group.

It is worth emphasizing that the scattering dynamics of
systems beyond two identical qubits contains a rich phe-
nomenology and offers important insights into the interplay
between entanglement suppression, enhanced symmetries,
and quantum statistics. This is because in two-qubit systems
the S matrix in the symmetric or antisymmetric Hilbert space
only contains one single scattering channel in the spin space,
which renders the entanglement power constant. It is the ex-
istence of two or more scattering channels that results in the
possibility of global or local minimum in the nonvanishing
entanglement power. In the end, the entanglement power does
not have to vanish to lead to enhanced symmetries. A global
or local minimum is sufficient.

As a natural continuation of the current framework, octet-
decuplet scattering involves a bipartite system with differing
dimensions for the subsystems. This scenario will be studied
in the future.
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APPENDIX A: CLASSIFICATION OF
DECUPLET-DECUPLET CHANNELS

The channels of the decuplet-decuplet scattering and their
charge Q, total isospin I , total spin J , and corresponding
flavor irreps F in the S-wave scattering are summarized in
Tables I–VII. Each table is classified in terms of the
strangeness (hypercharge) S (Y ) of the system, and there-
fore the (Q, S) sectors can be found from the tables. The
spin-antisymmetric (spin-symmetric) component JA = 0, 2
(JS = 1, 3) and their corresponding flavor-symmetric (flavor-
antisymmetric) irreps FS = 27, 28 (FA = 10, 35) are shown in
the [JA, FS] ([JS, FA]) column in each table. The isospin, spin,
and flavor irreps in the lower half of each table are omitted,
as they are identical to those of the I3-conjugate channels
presented in the upper half.

The flavor irrep 10 does not contain the S = −4,−5,
and −6 sectors, and therefore the channels in Tables V–VII
are within the 27, 28, and 35 irreps. Moreover, in the case
of S = −6, the channel with �� belongs to only 28 and
their spin components are restricted to antisymmetric ones
J = 0, 2, as discussed in Sec. VII. On the other hand, the
channels including all possible flavor irreps can be found in
the S = 0,−1,−2, and −3 sectors.

APPENDIX B: ENTANGLEMENT POWER
IN nn SCATTERING

Here, we show that the kth-order-weighted entanglement
power in Eq. (108) gives the desired result Ek (Ŝ) = 1/2 for
the nn scattering, independent of k. For the nn scattering, the
S matrix is given by a single component

Ŝ = J0 e2iδ0 , (B1)
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TABLE I. The decuplet-decuplet scattering channels and their charge Q, total isospin I , total spin J , and corresponding flavor irreps F for
the strangeness (hypercharge) S = 0 (Y = 2) sector. Channels in the bottom half are the I3 conjugate of those in the upper half and have the
same spin and flavor irreps.

Channels for S = 0 Q I [JA, FS] [JS, FA]

�−�− −2 3 [0, 28], [2, 28]
�−�0 −1 2,3 [0, 28], [2, 28] [1, 35], [3, 35]
�−�+, �0�0 0 1,2,3 [0, 27], [0, 27], [2, 28], [2, 28] [1, 35], [3, 35]
�−�++, �0�+ 1 0,1,2,3 [0, 27], [0, 27], [2, 28], [2, 28] [1, 10], [1, 10], [1, 35], [3, 35]
�0�++, �+�+ 2
�+�++ 3
�++�++ 4

TABLE II. Same as Table I but for the S = −1 (Y = 1) sector.

Channels for S = −1 Q I [JA, FS] [JS, FA]

�−�∗− −2 5/2 [0, 28], [2, 28] [1, 35], [3, 35]
�0�∗−, �−�∗0 −1 3/2, 5/2 [0, 27], [2, 27], [0, 28], [2, 28] [1, 35], [3, 35]
�−�∗+, �0�∗0, �+�∗− 0 1/2, 3/2, 5/2 [0, 27], [2, 27], [0, 28], [2, 28] [1, 10], [3, 10], [1, 35], [3, 35]
�0�∗+, �+�∗0, �++�∗− 1
�+�∗+, �++�∗0 2
�++�∗+ 3

TABLE III. Same as Table I but for the S = −2 (Y = 0) sector.

Channels for S = −2 Q I [JA, FS] [JS, FA]

�−�∗−, �∗−�∗− −2 2 [0, 27], [2, 27], [0, 28], [2, 28] [1, 35], [3, 35]
�−�∗0, �0�∗−, �∗−�∗0 −1 1,2 [0, 27], [2, 27], [0, 28], [2, 28] [1, 10], [3, 10], [1, 35], [3, 35]
�+�∗−, �0�∗0, �∗0�∗0, �∗+�∗− 0 0,1,2 [0, 27], [2, 27], [0, 28], [2, 28] [1, 10], [3, 10], [1, 35], [3, 35]
�+�∗0, �++�∗−, �∗+�∗0 1
�++�∗0, �∗+�∗+ 2

TABLE IV. Same as Table I but for the S = −3 (Y = −1) sector.

Channels for S = −3 Q I [JA, FS] [JS, FA]

�∗−�∗−, �−�− −2 3/2 [0, 27], [2, 27], [0, 28], [2, 28] [1, 10], [3, 10], [1, 35], [3, 35]
�∗−�∗0, �∗0�∗−, �−�0 −1 1/2, 3/2 [0, 27], [2, 27], [0, 28], [2, 28] [1, 10], [3, 10], [1, 35], [3, 35]
�∗0�∗0, �∗+�∗−, �−�+ 0
�∗+�∗0, �−�++ 1

TABLE V. Same as Table I but for the S = −4 (Y = −2) sector.

Channels for S = −4 Q I [JA, FS] [JS, FA]

�∗−�∗−, �−�∗− −2 1 [0, 27], [2, 27], [0, 28], [2, 28] [1, 35], [3, 35]
�∗−�∗0, �−�∗0 −1 0,1 [0, 27], [2, 27], [0, 28], [2, 28] [1, 35], [3, 35]
�∗0�∗0, �−�∗+ 0

043306-15



HU, SONE, GUO, HYODO, AND LOW PHYSICAL REVIEW RESEARCH 7, 043306 (2025)

TABLE VI. Same as Table I but for the S = −5 (Y = −3) sector.

Channels for S = −5 Q I [JA, FS] [JS, FA]

�−�∗− −2 1/2 [0, 28], [2, 28] [1, 35], [3, 35]
�−�∗0 −1

with J0 = PA. The projection operator can be written as

J0 = |J = 0〉 〈J = 0| , |J = 0〉 = 1√
2

(|↑↓〉 − |↓↑〉).

(B2)

Let us write the initial state in the computational basis [16]:

|ψin〉 = α |↑↑〉 + β |↑↓〉 + γ |↓↑〉 + δ |↓↓〉 , (B3)

where α, β, γ , and δ are complex coefficients satisfying
|α|2 + |β|2 + |γ |2 + |δ|2 = 1. Multiplying the projection op-
erator J0 to the initial state |ψin〉, we obtain

J0 |ψin〉 = β − γ√
2

|J = 0〉 . (B4)

This means that the normalization factor is

〈ψin|PA |ψin〉 = 〈ψin|J0 |ψin〉 = |β − γ |2
2

, (B5)

and the normalized density matrix is nothing but the projec-
tion operator

ρ̃ = ŜA |ψin〉 〈ψin| Ŝ†
A

〈ψin|PA |ψin〉 =
β−γ√

2
|J = 0〉 〈J = 0| (β−γ )∗√

2
|β−γ |2

2

= J0.

(B6)

TABLE VII. Same as Table I but for the S = −6 (Y = −4) sector.

Channels for S = −6 Q I [JA, FS] [JS, FA]

�−�− −2 0 [0, 28], [2, 28]

Because this normalized density matrix is independent of the
angles ωA and ωB of the initial state, the entanglement power
is independent of k:

Ek (Ŝ) = 1 −
∫

dωAdωB〈ψin|P|ψin〉k TrA
[
ρ̃2

A

]∫
dωAdωB〈ψin|P|ψin〉k

= 1 − TrA
[
ρ̃2

A

]
. (B7)

Moreover, this is the entanglement entropy of the maximally
entangled Bell state, and therefore we find

Ek (Ŝ) = 1
2 (nn scattering). (B8)

This result is to be expected because the initial state is con-
strained by FD statistics to be a maximally entangled Bell
state and Ŝ is proportional to J0, which is an Identity gate over
the antisymmetric Hilbert space. So, the S matrix preserves
the entanglement of the initial state to be 1/2. When averaging
over the antisymmetric Hilbert space, the entanglement power
remains at 1/2. Without the proper volume normalization in
Eq. (B7), the entanglement power would not have come out
correctly.

Note that the simple result in Eq. (B6) is obtained because
of the single-component S matrix as in Eq. (B1). For multi-
component S matrix such as Eq. (104) for �� scattering, the
normalized density matrix depends on the phase shifts and the
angles ωA and ωB, and the cancellation in Eq. (B7) does not
hold.
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