
PHYSICAL REVIEW RESEARCH 8, 023311 (2026)

Simulating dynamics of the two-dimensional transverse-field Ising model:
A comparative study of large-scale classical numerics
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The quantum dynamics of many-qubit systems is an outstanding problem that has recently driven significant
advances in both numerical methods and programmable quantum processing units (QPUs). In this work, we em-
ploy a comprehensive toolbox of state-of-the-art numerical approaches to classically simulate the dynamics of the
two-dimensional transverse-field Ising model. Our methods include three different tensor-network techniques—
matrix product states, tree tensor networks, and two-dimensional tensor networks under the belief propagation
approximation—as well as time-dependent variational Monte Carlo with neural quantum states. We focus on two
paradigmatic dynamical protocols: (1) quantum annealing through a critical point and (2) postquench dynamics.
Our extensive results show the quantitative predictions of various state-of-the-art numerical methods providing
a benchmark for future numerical investigations and experimental studies with the aim to push the limitations
on classical and QPUs. In particular, our work connects classical simulability to different regimes associated
with quantum dynamics in Rydberg arrays—namely, quasiadiabatic dynamics, the Kibble-Zurek mechanism,
and quantum quenches.
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I. INTRODUCTION

The last decade has witnessed the rapid development of
quantum processing units (QPUs), supported by both aca-
demic research and growing industrial involvement. These
versatile platforms allow for precise control and manipulation
of many-body quantum systems, therefore offering a tool for
the study of these systems in complex regimes. In particular,
a key promise of these devices is their potential to simulate
many-body quantum systems in regimes that are inaccessible
on classical computers and therefore can be used to discover
or probe emergent, nonequilibrium phenomena. Indeed, in the
absence of noise, it has been shown that QPUs can efficiently
simulate the dynamics of strongly correlated quantum systems
[1,2]. However, current devices are noisy and, in parallel,
classical numerical methods have been actively developed,
giving rise to a stimulating competition pushing the bound-
aries of classical numerical methods and quantum algorithms
for simulations.
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QPUs in digital mode have allowed for the large-scale
quantum simulation of the kicked Ising model [3] and for
the prethermalization study of the digitized Ising model [4].
QPUs in analog mode, meanwhile, have opened the door
to the large-scale study of nonadiabatic effects near spin-
glass transitions [3,5], of thermalization and criticality in the
one-dimensional (1D) XY model [6], and of Haar random
distributions in one-dimensional Ising models [7,8].

While QPU platforms have shown remarkable advances,
the limits of classical simulability remain poorly understood,
particularly in connection with the diverse dynamical phe-
nomena that can be naturally accessed on quantum devices. In
recent years, many works based on classical numerical meth-
ods have softened, or even overturned, claims of quantum ad-
vantage [9–11]. Addressing this gap is therefore essential for
clarifying the boundary between classical and quantum com-
putational capabilities in the study of many-body dynamics.

Numerous numerical methods have been proposed to ad-
dress many-body systems. Whereas state-vector simulations
are limited by the exponential scaling of their memory
requirements with system size, more efficient approaches
to simulating quantum dynamics—based on compact vari-
ational representations of quantum states, such as tensor
networks (TNs) and neural quantum states (NQSs)—have
been developed. Tensor network ansätze include, among oth-
ers, one-dimensional matrix product states (MPSs) [12], tree
tensor networks (TTNs) [13–15], and higher-dimensional ten-
sor networks [two-dimensional tensor network (2DTN) and
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Postquench

FIG. 1. We consider a square layout of atoms and study the transverse-field Ising model with two types of protocols: annealing and quench.
We then use a toolbox of state-of-the-art classical solvers to replicate two types of observables: magnetization and two-point correlations.

three-dimensional tensor network (3DTN)] [11,16,17]. These
architectures can be used to study quantum dynamics by
means of tailored algorithms such as the time-dependent vari-
ational principle (TDVP) [18] and the time-evolving block
decimation [19–21]. In the case of nontree architectures,
the choice of tensor-network contraction algorithm becomes
important, with choices ranging from highly efficient but
approximate belief propagation (BP)-based methods [22–28]
to more accurate but more expensive approaches such as
boundary MPS [16,29,30] and the corner transfer matrix
renormalization group method [31,32]. NQSs are represented
by various types of artificial neural networks, including
restricted Boltzmann machines and convolutional neural
networks. When combined with time-evolution algorithms—
such as time-dependent variational Monte Carlo (tVMC) for
NQS—both approaches have successfully simulated the dy-
namics of relatively large quantum systems, going beyond
brute-force state-vector simulations. Finally, recent works
successfully tackled quantum dynamics with Pauli propaga-
tion methods [33–38].

However, it is evident that these numerical approaches
are not able to accurately capture real-time dynamics across
all regimes, facing limitations in many physically relevant
cases. For tensor-network methods, this limitation arises from
the rapid growth of entanglement, which cannot be faithfully
represented with restricted bond dimensions. For NQS-based
approaches, understanding their limitations remains an open
question. Numerical evidence suggests that these challenges
are not necessarily related to entanglement, but rather to in-
stabilities or sampling complexity in the tVMC algorithm. The
lack of numerical techniques that are valid across all parame-
ter regimes makes a comprehensive and extensive comparison
and benchmark of existing numerical techniques a crucial
requirement.

In this work, we focus on many-body dynamics com-
patible with Rydberg atom QPUs operating in the analog
mode. These versatile platforms have several strengths: ar-
bitrary two-dimensional array geometries, continuous-time
evolution, dynamical control of system parameters, and long
coherence times [39–41].

They therefore allow for the exploration of a wide range
of dynamical phenomena. Notable examples considered here

include annealing protocols for preparing magnetically or-
dered states [42–44], investigations of nonadiabatic effects
associated with universal features [45] and coarsening dy-
namics [46], postquench protocols for studying quantum
thermalization [7,8,47,48], and protocols to study phenomena
related to high-energy physics [49–51].

To assess the capabilities of classical numerics and find
challenging regimes compatible with Rydberg atom QPUs
in a two-dimensional square array, we first consider a cross
benchmark of a toolbox of numerical approaches to simu-
late both annealing and postquench dynamics (see Fig. 1).
Specifically, we employ three tensor-network methods—
MPS, TTN, and 2DTN—as well as tVMC with NQSs.
In an attempt to compare these methods equally, we re-
strict ourselves to equal hardware, namely, access to A100
Nvidia graphics processing unit (GPUs). This analysis is
complemented by more conventional investigations of the
errors associated with each individual method, followed by
a proposed framework to verify expected symmetry con-
straints of observables during the dynamics. We further
verify that mean-field and semiclassical methods cannot cap-
ture the behavior described by the previous methods—an
indication of strong correlation of the studied postquench
dynamics.

The main contribution of this work is to delineate the
capabilities of state-of-the-art numerical methods in describ-
ing different dynamical phenomena that are realizable in
Rydberg array QPUs. Our results show that although the
considered classical numerical methods are complementary
in describing annealing protocols, these approaches strug-
gle to capture postquench dynamics in certain parameter
regimes.

The rest of this paper is organized as follows. In Sec. II, we
introduce the effective model used to describe the dynamics
of Rydberg atom arrays. Section III provides a summary of
the numerical methods employed in this work. In Sec. IV,
we perform a cross benchmark of the different methods for
two dynamical protocols: (1) annealing and (3) postquenches.
Sections V and VI discuss the convergence criteria for each
numerical method. To aid the reader, we give a summary of
all results in Sec. VII. We then address how Ising physics can
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be probed utilizing an array of Rydberg atoms in Sec. VIII.
Finally, Sec. IX summarizes our main conclusions.

II. MODEL AND CHOICE OF THE QUANTUM DYNAMICS

We consider the two-dimensional quantum transverse-field
Ising Hamiltonian (2D TFIM) on a square lattice array

H = J
∑
〈i, j〉

σ z
i σ z

j + hx(t )
∑

i

σ x
i + hz(t )

∑
i

σ z
i , (1)

where J represents the energy scale of the nearest-neighbor
interactions, and hx(t ) and hz(t ) are the time-dependent trans-
verse and longitudinal fields, respectively. Throughout this
work, we consider square lattices with open boundary con-
ditions and N = L × L qubits, where L is the linear system
size. Furthermore, consistent with experimental realizations,
we focus on the TFIM with antiferromagnetic (AFM) interac-
tions, i.e., J > 0.

At equilibrium, the 2D TFIM is one of the simplest models
that exhibits both ground-state and finite-temperature phase
transitions between paramagnetic (PM) and magnetically or-
dered phases. As we discuss below, this property gives rise to
various dynamical phenomena that have been explored using
Rydberg atom arrays. Particularly, in such devices (and as
considered in this work), the dynamics of interest start from
an initial fully polarized product state,

|ψ (0)〉 = |↓↓ · · · ↓〉 , (2)

which is time evolved according to

|ψ (t )〉 = T [e−i
∫ t

0 H (t ′ )dt ′ |ψ (0)〉]. (3)

The time-dependent pulse shapes hx(t ) and hz(t ) can then be
chosen such that the system follows either (1) an annealing or
(2) a postquench dynamics, as illustrated in Fig. 1.

A. Quantum annealing

In the quantum annealing protocol, the initial state evolves
under a time-dependent Hamiltonian. Particularly, we con-
sider a parameter sweep driving the system from a region of
the ground-state phase diagram hosting a PM phase to a region
of AFM phase (see Fig. 2).

Such an annealing protocol has recently been explored
both experimentally with Rydberg atoms [42,43] and through
numerical approaches [52,53]. A key feature is that during
the sweep, the system crosses a second-order quantum critical
point with a lowest energy gap � that can vanish at the cross-
ing point, a generic hallmark of continuous quantum phase
transitions (QPTs). For example, in the experimentally rele-
vant regime of finite system size, the gap scales as � ∼ L−z

near the critical point (where L represents the linear size of
the array and z = 1 is the dynamical critical exponent at the
transition point) [54,55].

The dynamics of the annealing can then be understood as
follows. Far from the critical point, the dynamics adiabatically
follows the ground state of the time-dependent Hamiltonian.
In the vicinity of the crossing point, when the finite-size gap is
larger than the typical sweep rate of the parameters (in Fig. 2,
this is characterized by 1/tsweep or 1/tfall), the dynamics can
still be considered quasiadiabatic, which allows one to prepare

FIG. 2. Panel (a) shows a schematic phase diagram for the an-
tiferromagnetic transverse-field Ising model on the square lattice,
while panel (b) displays the sweep profiles characterized by three
timescales: trise, tsweep, and tfall. The corresponding trajectories in
the phase diagram for the two annealing schedules discussed in
Sec. IV A are shown as blue dotted and red dashed lines, which we
denote as Annealings (I) and (II), respectively. In the two cases, we
consider that the initial value for the longitudinal field is h0

z = −8J ,
while the one at the end of the sweep is h f

z = 0. Furthermore,
we consider for (I) triseJ = 1.5, tsweepJ = 1.5, and different values
of tfall and for (II) triseJ = 1.5, tfallJ = 1.5, and different values of
tsweep; more details about the annealing sweeps are presented in the
main text.

a final-time state with the ground-state order. In fact, such pro-
tocols are employed to perform state preparation characterized
by magnetic order [39].

Conversely, when the typical sweep rate is larger than the
finite-size gap, a breakdown of adiabaticity occurs. In par-
ticular, close to the crossing point, such nonadiabatic effects
can be understood in terms of generalizations of early studies
of the dynamics of topological defects in classical systems,
as proposed by Kibble [56] and Zurek [57]. This picture is
known as the quantum Kibble-Zurek mechanism [58] and
manifests itself in physical observables exhibiting universal
scaling behavior [52]. These nonadiabatic effects can also
suppress long-range order at the end of the sweep.

As illustrated in Fig. 2, in Sec. IV we consider two refer-
ence sweeps, which are representative of (I) a quasiadiabatic
regime and (II) an annealing process exhibiting nonadiabatic
effects, in particular, the quantum Kibble-Zurek mechanism.
See the Supplemental Material [59] for confirmation that we
probe such physics.

B. Postquench dynamics

In the postquench dynamics, after a rapid change of
the field, the initial state evolves under the influence of
a time-independent Hamiltonian. Particularly, we focus on
postquench dynamics with hz = 0 and finite values of hx.

Owing to time-reversal symmetry and the fact that the ini-
tial state [Eq. (2)] is described by a real-valued wave function,
the postquench dynamics in the antiferromagnetic TFIM are
equivalent to those following a quench to the ferromagnetic
TFIM [60], i.e.,

HFM = −H. (4)

In particular, since our initial state corresponds to the
ground state of the ferromagnetic TFIM with hx/J = 0, it
is convenient to analyze the quench dynamics within this
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FIG. 3. Panel (a) shows a schematic of the zero-temperature fer-
romagnetic phase diagram of the transverse-field Ising model, HFM,
on the square lattice for hz/J = 0. We highlight the three values
of the transverse field hx/J considered for postquench dynamics in
this work: one at, and two below, the critical field hc/J ≈ 3. Panel
(b) displays the three quench protocols employed in our analysis,
corresponding to the field values of hx/J indicated in panel (a) and
hz/J = 0.

ferromagnetic picture. This viewpoint provides a clearer phys-
ical intuition for the evolution of the system and allows us to
interpret the postquench behavior more transparently as a
function of the ratio hx/J (see Fig. 3).

Recently, several numerical studies have explored the
postquench dynamics of the 2D ferromagnetic TFIM [61–66].
The regime of strong interactions (i.e., hx/J � 1) can be ef-
ficiently simulated using tensor-network approaches, such as
TTN [64–66] and 2DTN [63]. Interestingly, these approaches
have enabled the investigation of various dynamical phenom-
ena in the 2D TFIM. Examples include the mechanism of
Hilbert space fragmentation [67,68], the emergence of con-
finement of excitations [62–64], and the connection between
dynamics of interfaces and the roughening transition occur-
ring at equilibrium [65,66].

The regime of intermediate values of hx, however, is much
less explored, due to limitations of numerical methods, as we
discuss in Sec. IV. In this regime, the long-time behavior of
local observables is expected to be governed by the thermal
states of the ferromagnetic TFIM, allowing the equilibrium
phase diagram to serve as a guide for identifying physically
relevant dynamical regimes [69,70].

In particular, in Sec. IV, we focus on the postquench dy-
namics in the vicinity of the ground-state QPT, which occurs
at hc

x/J ≈ 3.04 [17] (see Fig. 3). This nonperturbative regime
can exhibit nontrivial dynamics related to the QPT.

Furthermore, the dynamical phase transition (DPT), which
is related to the equilibrium thermal transition, is another in-
teresting regime. The DPT is characterized by the asymptotic
behavior of the time-averaged order parameter 〈σ z〉, which
either remains finite or vanishes at long times for an initially
fully polarized state. These two long-time behaviors, which
depend on hx/J , correspond to ordered and disordered dy-
namical phases, respectively [61,71]. The value of the quench
parameter that separates these phases defines the DPT. For
the 2D TFIM, this critical value is expected at h∗

t /J ≈ 1.8
[72–74].

C. Physical observables

We consider experimentally accessible observables to char-
acterize the capabilities of the numerical approaches in
describing the dynamical phenomena described above. These
observables include single-particle quantities, such as the lo-
cal magnetization

mi = 〈
σ z

ri

〉
, (5)

where ri represents the position of a site of the square lattice,
and two-body correlation functions

C(δi ) = 〈
σ z

	r0
σ z

	r0−	δi

〉 − 〈
σ z

	r0

〉〈
σ z

	r0−	δi

〉
, (6)

where δi represents the Euclidean distance to a reference site
	r0. The latter quantity also allows us to probe magnetic long-
range order and universal scaling behavior associated with the
quantum Kibble-Zurek mechanism.

Before proceeding, it is worth emphasizing that the TFIM
serves as an approximate effective description of Rydberg
atom arrays, enabling us to place all numerical methods on
equal footing while still capturing the essential features of the
different dynamical regimes under consideration. While this
work mainly focuses on the dynamics of the TFIM model, in
Sec. VIII, we discuss experimental effects, such as long-range
interactions, inhomogeneities in local longitudinal fields, and
comparisons of the timescales we access with simulations
(which throughout this paper are given in units of [1/J]) with
the experimental timescale in Rydberg arrays QPUs.

III. BRIEF REVIEW OF THE CLASSICAL SIMULATION
TOOLBOX FOR DYNAMICS

Recently, significant efforts have been made to advance
the capabilities of tensor-network and tVMC approaches for
simulating quantum dynamics in 2D arrays. In this section, we
briefly review recent results and challenges associated with
these methods, with a particular focus on simulations of the
dynamics of the 2D TFIM. We also describe technical aspects
of the hyperparameters used to obtain the results presented in
the following sections.

A. Tensor-network approaches

Tensor-network approaches are among the most used and
successful techniques to describe quantum many-body sys-
tems in nonperturbative limits. The strength of these methods
lies in an efficient encoding of the entanglement structure in
the tensor-network description of the quantum state, which
can be considered almost exact in some scenarios where
entanglement area laws [75,76], or treelike spread of correla-
tions can be exploited. While initially conceived for studying
ground states of 1D systems with MPS [77,78], the technical
developments of the field in the last decades have led to algo-
rithms to study unitary time evolutions [18–21,79,80], and the
introduction of more general architectures such as TTN and
2DTN [16,17], also referred to as 2D projected entangled pair
states. Notably, the tensor-network toolbox has been recently
leveraged to efficiently and accurately simulate [9,63,81,82]
some of the most recent large-scale experiments on qubit-
based QPUs [3,5], and to investigate other dynamics scenarios
in square lattices up to 16 × 16 qubits [64] and 24 × 24 [83].
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Here, we briefly discuss some key technical aspects of
the three tensor-network approaches used in this work,
namely, MPS and TTN ansätze, where dynamics are imple-
mented in a time-dependent variational principle, and a 2DTN
architecture, where gate-based dynamics are simulated with
the help of the BP approximation [22–24], while expectation
values are measured with a more accurate boundary MPS
contraction scheme [16,29,84].

1. MPS-TDVP approach

The MPS simulations in this work are carried out using
the Python package emu-mps [85]. Time evolution is imple-
mented through the two-site TDVP algorithm. We define the
MPS on a snaking path across the square lattice: Beginning
from the bottom-left corner, the path proceeds rightward along
the first row and then continues from the left of the second
row. All simulations are performed with the largest available
bond dimension for each lattice size, chosen in multiples of
100, and executed on an NVIDIA A100 GPU with 40 GB of
memory. The time step for the evolution is set to �t ∼ 0.01/J ,
ensuring sufficient resolution of the dynamics.

2. TTN-TDVP approach

The TTN simulations are performed using the Julia pack-
age TTN.jl [86]. For the time evolution, we implement the
one-site TDVP algorithm, applied to a binary tree structure
following the approach of Ref. [66]. As in the MPS case,
we employ the largest available bond dimension for each
lattice size, here chosen in multiples of 20, compatible with
the memory of a 40 GB NVIDIA A100 GPU. The real-time
dynamics are simulated using a time step of �t = 0.01/J .

3. 2DTN-BP approach

In this approach, a 2DTN representation of the quantum
state is used whose structure reflects the underlying 2D square
lattice geometry. The amount of entanglement is controlled
by the dimension of the virtual bonds of the tensor network
χ2D. To evolve the state in time, we use a Trotterized gate
evolution of the Hamiltonian using a small time step �t2D.
To truncate the state following the application of a two-site
gate, a truncated SVD is performed conditioned on incident
tensors that form a rank-1 approximation of the environment.
These can be obtained efficiently via the belief propagation
algorithm [22–24]. Such an approximation is exact for tree
tensor networks, but is also often reasonable in lattices with
small loops when the correlation length is small or only a
small number of singular values are discarded in the SVD.
Finally, to compute local and nonlocal expectation values at
a given evolution time t , we first truncate the 2DTN state
down to χ ′

2D < χ2D using BP-conditioned SVDs, and then
use a boundary MPS contraction scheme of the network, with
MPS’s of dimension r2D, to compute the observables [16,29].
In the present work, we implement this approach by means of
the TensorNetworkQuantumSimulator.jl package [87],
an open-source Julia package for quantum simulation with
tensor networks of generic topology built on top of the
ITensors.jl [88] library. Unless otherwise specified, we
fix χ2D = 40, χ ′

2D = 24, r2D = 32, and �t2DJ = 0.01. The
Trotterized time evolutions are executed on an AMD EPYC

9654 CPU, using a maximum peak random access memory
(RAM) of �50 GB. The computation of observables using
boundary MPS is performed on a 40 GB NVIDIA A100 GPU.

B. NQS-tVMC approach

tVMC has emerged as a promising alternative to
tensor-network approaches for simulating dynamics in two-
dimensional arrays. These methods can be implemented with
a wide range of ansätze, ranging from physically inspired
wave functions to artificial neural networks, also referred
to as NQSs. An appealing aspect of these variational states
is that their expressive power is not necessarily constrained
by entanglement and may, in principle, circumvent both
the exponential scaling of exact methods and the entangle-
ment limitations of tensor networks [89–92]. Previous results
have already demonstrated their success in specific physical
regimes. Examples include the verification of the quantum
Kibble-Zurek mechanism in 2D [52], the quasiadiabatic dy-
namical preparation of many-body states [53,93,94], and
simulations of the dynamical structure factor in the vicinity
of quantum critical points [95].

However, these approaches encounter limitations and
shortcomings in several physically relevant regimes [96]. Un-
derstanding these issues remains an active area of research,
with previous studies indicating numerical instabilities asso-
ciated with solving the equations of motion [97], as well as
difficulties related to the complexity of Monte Carlo sampling
in certain regimes [98]. The precise origins of these limita-
tions are still not fully understood. As a consequence, it is
often difficult to determine a priori whether the tVMC ap-
proach will succeed or fail in simulating a given dynamics. In
this work, we investigate the capabilities of tVMC (in particu-
lar, the NQS approach) by performing cross benchmarks with
tensor-network methods across different dynamical regimes
relevant to Rydberg array experiments.

Methodological aspects

We consider NQS based on convolutional neural network
(CNN) [97]. In particular, we consider a two-layer CNN
with α and α − 1 channels in the two consecutive layers,
with a filter with linear size F = L/2 and with suited zero
padding of the computational basis configuration to account
for the open boundary conditions. We also consider symmetry
projections—including spatial reflection, rotation—that are
applied during the simulation. In the present work, we imple-
ment this approach by means of the open-source jVMC [99]
library.

Furthermore, an important technical detail is that we
consider simulations in a local basis that differs from the
computational basis of the Hamiltonian (1). This aspect is
fundamental, as product states aligned with the computational
basis, such as the initial state considered here, are pathological
for the TDVP algorithm. In addition to overcome this issue,
we observe that the choice of specific bases can improve the
results for the dynamics. See the Supplemental Material [59]
for more details.

In all NQS-tVMC simulations, we restrict our hardware
access to NVIDIA A100 GPUs with 40 GB of RAM, applying
parallelization where appropriate.

023311-5



JOSEPH VOVROSH et al. PHYSICAL REVIEW RESEARCH 8, 023311 (2026)

IV. CROSS BENCHMARKING OF CLASSICAL NUMERICS

In this section, we present results of simulations of the
quantum annealing and postquench dynamics discussed in
Sec. II. Particularly, we focus on system sizes and timescales
where no established ground-truth results exist. We thus base
the evaluation of the reliability of the numerical outcomes
mainly on cross benchmarks of the various methods discussed
in the previous section. In addition to presenting the time
evolution of the magnetization, 〈σ z

ri
〉, and the connected corre-

lations, C(δi ), we perform quantitative comparisons between
results of different approaches at representative times of the
dynamics.

We define the discrepancy between the results of two ap-
proaches, A1 and A2, through

εz =
2

∑
i

∣∣〈σ z
ri

〉
A1

− 〈
σ z

ri

〉
A2

∣∣
L

. (7)

Similarly, for the connected correlations, we consider

εzz =
∑

i |C(δi )A1 − C(δi )A2 |∑
i C(δi )A1

, (8)

where the sum over the indices i is taken along the subset of
sites lying on the same horizontal line as a center-most site.

A. Quantum annealing

We start by considering cross benchmarks of the two rep-
resentative annealing sweeps illustrated in Fig. 2.

We anticipate that these two parameter regimes correspond
to distinct physical scenarios, distinguished by how AFM cor-
relations develop during the parameter sweep. In particular,
in Annealing (I), the finite-size gap near the crossing point
prevents nonadiabatic effects from destroying the AFM order
characteristic of the ground-state Hamiltonian at the end of
the sweep. Conversely, in Annealing (II), nonadiabatic effects
suppress the AFM order in the final state. In the following two
subsections, we cross benchmark the numerical approaches in
these two regimes and then provide a more detailed discussion
of nonadiabatic effects and the quantum Kibble-Zurek mech-
anism in Sec. IV A 3.

1. Results: Annealing I

In the annealing sweep (I) (see Fig. 2), the system enters
the antiferromagnetic dome from the top by tuning the trans-
verse field hx(t ), while keeping hz/J = 0; the maximum value
of the transverse field in this case is hm

x /J = 3.5. The rate of
this sweep is determined by tfall. Here, we focus on cross-
benchmarking classical numerical methods for an annealing
protocol with total time t f J = 6.0 and tfallJ = 3.0. We note
that the crossing point to the antiferromagnetic phase occur at
t1J ≈ 3.2. See the Supplemental Material [59] for additional
results for other sweep rates.

We first compute the residual energy, i.e., the difference
between the instantaneous and ground-state energies, at the
end of the sweep, and we observe that the latter remains low
in this case.

Results of the time evolution of the magnetization 〈σ z
r0
〉

and the nearest-neighbor connected correlation C(δ1), where
δ1 represents a vector connecting the reference site r0 to its

nearest-neighbor site, are presented in panels (a1) of Figs. 4
and 5, respectively, for a system with N = 100. We note that
results of MPS, TTN, and NQS qualitatively agree throughout
the whole annealing. Results of 2DTNs, however, deviate
from the other approaches at larger times.

More precisely, we observe that all methods properly
describe the buildup of nearest-neighbor AFM correlations
appearing at tJ ≈ 3.0 [see panel (a1) of Fig. 5]. This is con-
sistent with the proximity of the crossing point to the ordered
phase, occurring at tJ = 3.2. To further inspect the onset of
AFM long-range order for tJ � 3.2, we consider the spatial
distributions of the local magnetization, 〈σ z

ri
〉, and connected

correlations, C(δi ), along a horizontal line of the square lattice
[see panels (a2) and (a3) of Figs. 4 and 5]. In particular, for
the final-time state, we observe that MPS, TTN, and NQS
describe the long-range AFM correlations, while 2DTN fails
to capture such behavior [see panel (a3) of Fig. 5]. The latter
can be explained by the fact that the BP approximation is poor
when the correlation length is very large and the loops in the
tensor network are small. It is worth mentioning, however, that
this can sometimes be overcome if BP is replaced by more
accurate contraction algorithms when applying gates. While
this comes at much higher computational expense, it has been
frequently and effectively employed in ground-state studies
[17,100] of two-dimensional models.

We also assess the quantitative differences between the
results of different approaches by considering the discrepan-
cies of the magnetization εz and relative correlations εzz in
relation to MPS results. We choose MPS as the benchmark,
not because it is likely to be the ground truth in these regimes,
but because it is the most established and widely used method
as well as known to be exact for systems of low entanglement.
In particular, we focus on two specific times: t1J ≈ 3.0, and
another at final time, t f J = 6.0. Panels (a4) and (a5) of Fig. 4
show that εz does not exceed 10−2 for the MPS-NQS and
MPS-TTN cross benchmarks; for MPS-2DTN, the results give
εz ≈ 100 for all considered system sizes at the final time,
although MPS-2DTN still agrees with a great precision with
other approaches for t = t1. Similar trends are also observed
for the correlations as illustrated in Figs. 5(a4) and 5(a5).

The NQS results for N = 196 exhibit convergence dif-
ficulties arising from the initialization of the state in the
rotated basis. See the Supplemental Material [59] for more
details. While alternative NQS architectures may mitigate this
problem, addressing it lies beyond the scope of this work. We
therefore restrict our analysis for NQS to N � 144.

2. Results: Annealing II

In our second example, we consider an annealing sweep
in which the system enters the AFM dome from the side by
tuning the longitudinal field, hx(t ), while the transverse field
is kept constant at the value hm

x /J = 0.5 (see Fig. 2). In this
case, the rate of sweep is characterized by tsweep. As before,
we focus on cross benchmarks of classical numerics in an
annealing with total time t f J = 6.0.

Results of the time evolution of magnetization and nearest-
neighbor correlations are presented in panels (b1) of Figs. 4
and 5, respectively, for a system with N = 100. In contrast to
the quasiadiabatic case, MPS and 2DTN qualitatively match
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FIG. 4. Annealing (magnetization). Cross benchmarks of local magnetization, 〈σ z
ri
〉, obtained with different numerical methods (MPS,

TTN, NQS, and 2DTN) during the two annealing sweeps described in Fig. 2. The sets of panels labeled (a) and (b) correspond to sweeps (I)
and (II), respectively. In panels (a1) and (b1), we present the time dependence of 〈σ z

r0
〉. Panels (a2) and (a3) [panels (b2) and (b3)] show the

spatial distribution of 〈σ z
ri
〉 along a horizontal line at two representative times, t1 and t f . Panels (a4) and (a5) [panels (b4) and (b5)] display εz

between each method and MPS results at t1 [t f ] for different system sizes.

throughout the whole sweep, while TTN and NQS deviate
from those results.

More specifically, we note that all methods describe a
buildup of nearest-neighbor AFM correlations at tJ ≈ 4.0. A
further inspection of the onset of order at the end of the sweep
is made in panels (b2) and (b3) of Figs. 4 and 5. Different from

the Annealing (I), all methods show that the correlations decay
to zero with the distance δi, which is a clear evidence that the
quantum state at t f does not exhibit long-range AFM order.
As we discuss in more detail below, nonadiabatic effects play
an important role in this case, which explains the suppression
of magnetic order at the final time.

FIG. 5. Annealing (correlations). Cross benchmarks of connected correlations, C(δi ), obtained with different numerical methods (MPS,
TTN, NQS, and 2DTN) during the two annealing sweeps described in Fig. 2. The sets of panels labeled (a) and (b) correspond to sweeps (I)
and (II), respectively. In panels (a1) and (b1), we present the time-dependence of nearest-neighbor correlations, C(δ1). Panels (a2) and (a3)
[panels (b2) and (b3)] show the spatial distribution of C(δi ) along a horizontal line at two representative times, t1 and t f . Finally, panels (a4)
and (a5) [panels (b4) and (b5)] display the discrepancies between the results obtained by the different methods, εzz, at t1 and t f in relation to
MPS results for different system sizes.
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Although all the methods seem to agree qualitatively in
regard to physical properties of the annealing, we observe a
clear quantitative discrepancy in the results. To characterize
such discrepancies, we consider εz and εzz at t1J ≈ 3.8 and
t f J = 6.0 in panels (b4) and (b5) of Figs. 4 and 5, respectively.
For the magnetization, we observe that εz ≈ 0.1 at the end
of the sweep for MPS-TTN and MPS-NQS, while for MPS-
2DTN εz < 0.01, signaling a great agreement between these
approaches.

It is worth anticipating that, as will be discussed in Secs. V
and VI, 2DTN and MPS provide ground-truth results in this
regime for L = 10. However, we observe that for TTN and
NQS, we cannot obtain convergence with those results for
the variational state used here. When increasing the system
size beyond L = 10, we observe that the error between MPS
and 2DTN increases considerably. We expect that in such
large systems 2DTN is the most accurate method, since this
ansatze and the BP approximation capture efficiently short-
range correlated states in 2D. On the other hand, while MPS
seems to provide a ground truth at L = 10, the required bond
dimension for fixed error is expected to grow exponentially
with the system size due to the MPS 1D mapping of the
2D lattice. In contrast, for a 2DTN ansatz, the required bond
dimension for a finite error at a given time should saturate with
system size.

3. Quantum Kibble-Zurek mechanism

Before closing this section, we clarify some aspects
related to the physical properties of Annealings (I) and (II).
In particular, we probe the Quantum Kibble-Zurek (QKZ)
mechanism by assessing the expected universal scaling of
C(δi ) for parameters in the vicinity of the crossing points;
see the Supplemental Material [59] for more details. Our
results show that for Annealing (II), the values of C(δi ) for
different sweep rates can be well described by a universal
scaling function, while for Annealing (I) we do not observe
such a collapse of the results. This behavior is consistent
with the scenario in which, due to finite-size, the dynamics
is quasiadiabatic for Annealing (I), while for Annealing (II),
nonadiabatic effects play an important role and, as a result,
the properties of observables in the vicinity of the crossing
point are described by the QKZ mechanism [52].

B. Postquench dynamics

We now consider postquench dynamics for hz/J = 0. As
discussed in Sec. II B, the time evolution of the fully polarized
initial state is equivalent to the dynamics described by a ferro-
magnetic Hamiltonian [i.e., HFM = −H , where H is defined
in Eq. (1)].

As a guide to our analyses, it is worth commenting on
some expected results for the magnetization, 〈σ z〉. In the
regime of strong interactions, hx/J 
 1, the dynamics of the
initial state, which is described using perturbation theory,
couples only to the zero-momentum superposition in the sin-
gle spin-flip subspace. This leads to approximately two-level
dynamics, where the 〈σ z〉 oscillates with a monochromatic an-
gular frequency related to the ferromagnetic gap, 	FM ≈ 4J .
Conversely, in the opposite regime of weak interactions, i.e.,
hx/J � 1, the dynamics are characterized by Rabi oscilla-

tions. In this case, 〈σ z〉 oscillates between its two extremal
values with a monochromatic angular frequency 	R ≈ 2hx.

Below, we consider three postquench evolutions to hx/J =
0.5, 2.0, and 3.0 (with hz/J = 0.0 in all cases), as illustrated in
Fig. 3. The last two cases correspond to regimes in the vicin-
ity of a dynamical phase transition and the quantum critical
point of the 2D TFIM, respectively, where the perturbative
arguments described above are no longer valid.

Results

Results of the time evolution of magnetization, 〈σ z
ri
〉, and

nearest-neighbor connected correlations C(δi ) obtained with
different numerical methods are presented in Figs. 6 and 7.

For hx/J = 0.5, the dynamics is characterized by persistent
small oscillations of the 〈σ z

ri
〉 and C(δ1) up to the largest

timescales considered in the simulations, which is consistent
with the perturbative regime of strong interactions discussed
earlier [see Figs. 6(a1) and 7(a1)]. In this case, the results
of all methods exhibit good agreement up to the maximum
time considered for the dynamics [101]. We point out that
approximate methods are also able to properly describe the
dynamics, which highlights the low amount of entanglement
involved.

Away from the perturbative regime, the dynamics is char-
acterized by damping of the oscillations of 〈σ z〉. For hx/J =
3.0, and times tJ < 1.5, for example, there is a qualitative
agreement between the methods. In particular, 〈σ z

ri
〉 oscillates

around zero with a period of oscillation of T J ≈ 1, and cor-
responding angular frequency 	 ≈ 2πJ , which is close to the
Rabi frequency, 	R = 2.0hx, expected in the regime of weak
interactions, i.e., hx/J � 1. For hx/J = 2.0, we observe that
the results of 〈σ z

ri
〉 for all methods tend to a stationary value

close to zero, suggesting that the system thermalizes.
However, for the correlations, we observe appreciable de-

viations between the results of all methods beyond a certain
time, which hinder the understanding of the physical prop-
erties of the dynamics for longer times. In particular, for both
hx/J = 2.0 and hx/J = 3.0, we observe that all results deviate
for times tJ > 2.0 when L � 10 [see Figs. 6(b1)–6(c1) and
7(b1)–7(c1)].

A more nuanced discussion of the results for tJ < 2.0
is provided in Figs. 6(b2)–6(c2) and 7(b2)–7(c2). For ex-
ample, although we observe good quantitative agreement in
the local magnetization between MPS and TTN results, we
clearly see discrepancies in the nearest-neighbor correlations
for times tJ < 1. Such discrepancies are also evident in the
decay of correlations at tQJ = 1.5. We also observe larger
discrepancies between NQS and MPS for tJ > 1.0; this is
also evident in the distribution of magnetization and in the
decay of correlations presented in Figs. 6 and 7(b2)–7(c2).
See the Supplemental Material [59] for a further discussion
of these cases. Finally, when comparing 2DTN and MPS,
we observe quantitative agreement both in the local magne-
tization and correlations for tJ < 1, which seem to indicate
that both methods provide relatively well converged results in
this regime at L = 10. Eventually, for tJ ≈ 1.5, we start to
see a discrepancy between the 2DTN and MPS results. Such
discrepancy increases with the system size, as shown in panels
(b3) and (c3) of Figs. 6 and 7. Since we expect a faster scaling
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FIG. 6. Postquench (magnetization). Cross benchmarks of local magnetization, 〈σ z
ri
〉, obtained with different numerical methods (MPS,

TTN, NQS, and 2DTN) for postquench dynamics. The sets of panels (a), (b), and (c) correspond to quenches for hx/J = 0.5, hx/J = 2.0, and
hx/J = 3.0, respectively. In panels (a1), (b1), and (c1), we present the time dependence of 〈σ z

r0
〉. Panels (a2), (b2), and (c2) show the spatial

distribution of 〈σ z
ri
〉 along a horizontal line at the representative time tQ. Finally, panels (a3), (b3), and (c3) display the discrepancies between

the results obtained by the different methods, εz, at tQ in relation to MPS results for different system sizes.

of the error with the system size in the MPS method, due
to the 1D mapping of the 2D lattice, we predict that 2DTN
could be the most accurate method to simulate early-time

postquench dynamics in this system. Nevertheless, even for
such method it seems very challenging to accurately describe
the dynamics beyond tJ ≈ 2, as shown in Figs. 6 and 7. See

FIG. 7. Postquench (correlations). Cross benchmarks of correlations, C(δi ), obtained with different numerical methods (MPS, TTN, NQS,
and 2DTN) for postquench dynamics. The sets of panels (a), (b), and (c) correspond to quenches for hx/J = 0.5, hx/J = 2.0, and hx/J = 3.0,
respectively. In panels (a1), (b1), and (c1), we present the time dependence of nearest-neighbor correlations, C(δ1). Panels (a2), (b2), and
(c2) show the spatial distribution of C(δi ) along a horizontal line at the representative time tQ. Finally, panels (a3), (b3), and (c3) display the
discrepancies between the results obtained by the different methods, εzz, at tQ in relation to MPS results for different system sizes.
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the Supplemental Material [59] for more details on the scaling
of the accuracy of the 2DTN method with computational
resources.

See the Supplemental Material [59] for the full time dy-
namics of the bulk observables across all three regimes and
all system sizes studied. Furthermore, in the Supplemental
Material [59] we detail the run-times, and corresponding scal-
ing, required to obtain these results.

Mean-field and semiclassical approaches. To provide a
comprehensive benchmark, we also employ efficient simu-
lation techniques that are based on spin mean field (SMF)
[102], parity-violating fermionic Gaussian states (PV-FGS)
[103], and simulations based on the discrete truncated Wigner
approximation (TW) [104]. Here, we are mostly focusing on
the capabilities of these methods to describe the emergent dy-
namics; see the Supplemental Material [59] for the technical
description of these methods. We remark at this point that
while SMF disregards all true spin-spin correlations C(δi ) =
0, the FGS and TW methods capture certain correlations
due to, e.g., the nonlocal spin-fermion mapping or the use
of sampled semiclassical trajectories [104–107], respectively.
See the Supplemental Material [59] for the comparison of the
performance of these methods to MPS grouped for different
parameter regimes (a), (d) hx/J = 0.5, (b), (e) hx/J = 2, (c),
(f) hx/J = 3.0, and mean-field quantities 〈σ z

r0
〉 [panels (a)–(c)]

and connected correlation functions C(δ1) [panels (d)–(f)]. As
mentioned above, SMF is unable to predict any nonvanish-
ing value of C. We find that PV-FGS is able to reproduce
the initial dynamics of the MPS in the perturbative regime
hx/J = 0.5. Complementary to that regime, TW is able to
reproduce the MPS dynamics in the regime hx/J = 3.0 at least
on short to intermediate timescales. Most notably, all three
methods fail to describe the dynamics at a point in time well
before the more strongly correlated methods such as MPS
start becoming unreliable. This particular example but also the
partial failure of the considered mean-field and semiclassical
methods in certain regimes highlights that a reliable descrip-
tion of strong correlations is needed for a correct unraveling
of the dynamics.

V. CONVERGENCE OF DIFFERENT
NUMERICAL RESULTS

To complement our cross-benchmark analysis described
above, we discuss a more standard approach to verify the
convergence of the different numerical results. For this pur-
pose, we consider metrics that quantify the accumulated
error of the various time-dependent algorithms used to evolve
tensor-network or NQS ansätze. Such errors, inherent to the
approximations (or truncations) required to formulate time-
dependent algorithms, are referred to here as the projection
error.

While some aspects of this discussion have been addressed
previously, additional considerations are introduced in this
paper. We therefore provide the relevant details regarding the
definition of the projection error for the different approaches.
Readers who are not interested in the technical aspects of
the methods may wish to proceed directly to Sec. V D that
contains a summary of the results.

A. Matrix product states

In TDVP-based time evolution, the MPS tensors are up-
dated locally while maintaining a fixed maximum bond
dimension χmax. After each local evolution step, the up-
dated tensor is decomposed via singular value decomposition
(SVD), and the singular values are truncated to preserve this
bond-dimension constraint. The discarded singular values in-
troduce a local truncation error, which quantifies the deviation
of the evolved tensor from the exact result within the varia-
tional manifold.

Formally, if M = USV † denotes the local tensor after an
update, and only the largest χmax singular values {si}χmax

i=1 are
retained, the local truncation error is given by

ε2
loc =

∑
i>χmax

s2
i . (9)

This represents the loss of norm due to truncation at that up-
date step. Over a full TDVP sweep, the cumulative truncation
error for a given time step can be estimated by summing over
all local contributions,

εMPS =
∑

updates

ε2
loc, (10)

which provides a practical measure of the accumulated
deviation from the exact time evolution within the fixed
bond-dimension manifold. Monitoring εMPS thus serves as an
indicator of simulation accuracy and convergence [80,108].

B. 2D tensor networks

In the belief propagation method, the dynamics are sim-
ulated by applying one and two-qubit gates to the 2DTN
via a Trotterization of the evolution operator. When applying
a two-qubit gate exactly to a state with a bond dimension
χ2D, |�i(χ2D)〉, the resulting state |�i+1(χ ′

2D)〉 has a bond
dimension χ ′

2D that is enlarged by a multiplicative factor r
equal to the rank of the two-site gate. Thus, it often needs
to be truncated back down to |�i+1(χ2D)〉 to keep the calcu-
lation manageable when sequentially applying large numbers
of gates.

This is done via an SVD conditioned on rank-1 environ-
ment tensors found via belief propagation. The error made via
this truncation can be approximated as the sum of the square
of the discarded singular values [84], i.e.,

ε
gate
BP,i ≡

χ ′
2D∑

j=χ2D+1

σ 2
BP, j ≈ 1 − | 〈�i+1(χ2D)| Gi |�i+1(χ2D)〉 |2.

(11)
where Gi is a given gate and we assumed that the tensors are
normalized such that

∑χ2D
j=1 σ 2

BP, j = 1. Note that this approx-
imation is exact only in the case the virtual bonds of |�i+1〉
do not form loops. If the Trotter step has m gates, we can
then approximate the average gate infidelity in a Trotter step
as [84,109]

εBP ≈ 1 −
(∏

m

1 − ε
gate
BP,i

) 1
m

. (12)
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As a final remark, here we focus on the gate error for the
2DTN-BP approach, which is assumed to be the dominant
source of error for the dynamics considered in this work.
However, note that even in the case εtrotter

BP ≈ 0, one should
also consider the errors associated with the Trotterization of
the dynamics using a small but finite �t2D and the fact that
the computation of observables at a final time involves a
truncation of the state to χ ′

2D � χ2D, followed by a boundary
MPS contraction with r2D.

C. Tree tensor-network and neural quantum state approaches

Finally, we consider a metric that quantifies the error accu-
mulated during the TDVP algorithm (also denoted as TDVP
error) to quantify errors of the TTN and tVMC approaches
used in this work.

It is worth stressing that this approach is applicable to all
variational methods formulated as follows: Given a quantum
state |ψ	θ (t )〉, where the time-dependent vector 	θ (t ) represents
the parameters of the variational state, the TDVP minimizes
the objective function

s2(t ) = D(|ψ	θ (t+δt )〉 , e−iĤδt |ψ	θ (t )〉)2, (13)

where D denotes the distance measured by the Fubini-Study
metric.

An expansion up to second order in the time step δt yields
the infinitesimal formulation of the distance measure. For the
NQS-tVMC approach, by doing such expansion one obtains
(see, e.g., Ref. [96])

εNQS = ds2 = dt2(	̇θT S	̇θ − 2Re[ 	F ]T 	̇θ + Varψθ
[Ĥ]), (14)

where S is the quantum Fisher matrix and 	F the so-called
force vector. See the Supplemental Material [59] for more
details. Similarly, one can define for TTN

εTTN = ds2 = dt2(Varψθ
[P̂Ĥ ]

− 2[〈Ĥ P̂Ĥ〉 − E 〈P̂Ĥ〉] + Varψθ
[Ĥ ]), (15)

See the Supplemental Material [59] for a derivation. These
quantities evaluate by how much the time-evolved variational
state deviates from an exactly evolved one at each time step.

For the NQS-tVMC, we also consider the accumulated
error up to a maximum time

R̃2(t ) =
∫ t

0

√
ds2 =

∫ t

0

√
εNQS. (16)

Note that this quantity does not represent the actual, exact
error of the time evolution; instead, it acts as an upper bound.

It is worth noticing that

r2(t ) = D(|ψ	θ (t+δt )〉 , e−iĤδt |ψ	θ (t )〉)2

D(|ψ	θ (t+δt )〉 , |ψ	θ (t )〉)2
(17)

has been used as an alternative error measure used in the liter-
ature [90,97]. This measure of the TDVP error can, however,
be biased by physical properties of the dynamics, because
D(|ψ	θ (t+δt )〉 , |ψ	θ (t )〉)2 = Varψθ

[Ĥ]. While the denominator is
intended to serve as a natural scale to quantify the error, it
becomes deceptive in cases of small or vanishing variance.

D. Results

We start discussing the results of the projection errors for
MPS and TTN simulations, as defined in Eqs. (10) and (13),
respectively (see Fig. 8). For the MPS, the error remains
small, of order O(10−6), until the two-site TDVP algorithm
reaches the maximum accessible bond dimension within the
40 GB memory limit, at which point the error increases
exponentially. In contrast, the TTN simulations employ the
one-site TDVP algorithm, for which the bond dimension is
fixed throughout the evolution. In this case, the accumulated
error remains small up to the point where the entanglement
growth exceeds the representational capacity of the chosen
TTN, leading to a rapid rise in the error thereafter. These
trends reflect the characteristic limitations of tensor-network
methods: As entanglement grows, the restricted expressive-
ness of the network results in an abrupt loss of accuracy once
the effective bond dimension becomes insufficient. Specifi-
cally, for the quench dynamics, where entanglement typically
grows linearly in time, this breakdown occurs early in time.
For the annealing protocols, the entanglement peaks near the
critical point, producing sharp increases in the truncation error
before tJ � 3.0 for Annealing (I) and tJ � 3.8 for Annealing
(II). Despite their algorithmic and structural differences, both
MPS and TTN display this same qualitative behavior, with the
onset of large TDVP errors signaling the failure of the tensor
network to efficiently capture the entanglement dynamics.

For the case of 2DTN, the approximate error per Trotter
gate during the time evolution [Fig. 8(c)] also shows a similar
trend as the truncation error of MPS and TTN TDVP evo-
lutions, as it starts to increase exponentially once the bond
dimension χ2D saturates. We see that this exponential increase
is particularly fast for the postquench case. The annealing
results highlight the regimes in which dynamics are well
captured by a 2DTN-BP evolution: While for Annealing (II),
the error remains very low and only starts to increase at later
times, for Annealing (I) the error starts to grow much earlier,
and even shows a discontinuous behavior at tJ ≈ 5. The latter
can be attributed to numerical instabilities due to a failure of
the BP approximation, which are also reflected in the local
quantities shown in panels (a) of Figs. 4 and 5.

Finally, we consider the projection error for the NQS-
tVMC approach in Fig. 9; in this case, we consider the
accumulated error, as defined in Eq. (16). In our analysis,
we examine results obtained with NQS based on a two-layer
CNN, focusing on the dynamics defined by Annealings (I) and
(II), as well as the postquench dynamics to hx/J = 2.0. We
note that, while for Annealing (I) the quantity R̃2 systemat-
ically decreases as the network size increases, for the other
two cases, larger NQS do not reduce R̃2 beyond a certain
threshold time. This shows that NQS approaches are suit-
able for describing quasiadiabatic annealing processes [such
as Annealing (I)], whereas stronger nonadiabatic effects hin-
der their performance. As increasing the ansatze complexity
does not improve the results, the approach seems limited by
ineffective optimization, not expressivity. Interestingly, we
observe that the time at which R̃2 abruptly increases in those
cases approximately coincides with the point in time where
the NQS starts to deviate from the MPS and 2DTN results in
the cross benchmarks discussed in the previous section.
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Postquench

FIG. 8. Temporal behavior of the projection errors for tensor-network approaches: (a) MPS-TDVP, (b) TTN-TDVP, and (c) 2DTN-BP.
For each case, we consider results for the three different physical regimes, (1) Annealing (I) (or slow annealing), (2) Annealing (II) (or fast
annealing), and (3) quench dynamics to hx/J = 2. In all the cases, we fix the system size to L = 10.

VI. SYMMETRY ERRORS OF OBSERVABLES

Convergence criteria based purely on projection or trun-
cation error can be overly rigid and may fail to reflect the
true accuracy of physically relevant quantities. Specifically,
using truncation error as the sole measure of convergence is
somewhat arbitrary: While it does detect when errors begin
to affect the approximate wave function, it does not account
for the fact that local observables can remain well-converged
even when global properties are not. Setting a hard cutoff
on truncation error therefore risks discarding results where
local observables are still accurate. For example, in Fig. 8 we
observe that the truncation error rises exponentially well
before tJ = 1 for postquench dynamics, meaning that a rea-
sonable truncation-based cutoff would likely be hit very early.
Yet, as shown in Figs. 6 and 7, MPS continues to agree closely
with 2DTN results for local observables up to tJ ≈ 1.5, indi-
cating that the truncation error is not a reliable proxy for the
convergence of physically relevant quantities.

To address this, we propose an alternative convergence
criterion that treats observables individually, using the under-
lying lattice symmetries as a guiding principle. Importantly,
unlike 2DTN and NQS approaches, MPS and TTN an-
sätze inherently break the full spatial symmetries of a

Postquench

FIG. 9. Temporal behavior of the accumulated TDVP error for
the NQS-tVMC approach in three different physical scenarios:
(a) Anneal (I), (b) Anneal (II), and (c) postquench dynamics for
hx/J = 2. In all the cases, we fix the system size to L = 10. In
addition, we implement our simulations with a two-layer CNN with
α and α − 1 channels in the two consecutive layers.

two-dimensional (or higher) lattice because they impose a
lower-dimensional tensor-network structure. When the bond
dimension is too small, this symmetry breaking becomes in-
creasingly pronounced and manifests first in global quantities,
before affecting local observables. By explicitly monitoring
deviations from lattice symmetries, our approach detects the
onset of these errors and provides a physically meaning-
ful, observable-dependent convergence check, avoiding the
unnecessary rejection of accurately converged local results.
In particular, we enforce observables that conserve quan-
tities that are dependent on geometric symmetries of the
Hamiltonian.

Given the uniformity of the external magnetic field and the
square grid register, the Hamiltonian exhibits D4 symmetry,
depicted in Fig. 10(a), such that rotating sites about angles
of 0, π/2, π , and 3π/2 around the grid center, as well as
reflections about the x, y, x = y, and x = −y axes (where x =
y = 0 is the grid center), leave the Hamiltonian invariant. The
local observables should also preserve these symmetries, such
that observable 〈Oi〉 should equal observable 〈Oi′ 〉, where
i → i′ is the reindexing given any one of the eight symmetry
transformations. We denote the reindexed observable 〈Ok

i 〉
for k ∈ 1, . . . , 7 for each of the nontrivial transformations
(excluding the identity). From this, we define a measure called
the symmetry error εi that quantifies the maximum degree of
D4 asymmetry of a given site i among the local observables as

εi = max
k

({∣∣〈Oi〉 − 〈Ok
i 〉

∣∣}7

k=1

)
. (18)

We define the relative symmetry error truncated to a precision
of ξ > 0 for 〈Ōi〉 = (|〈Oi〉| + ∑7

k=1 |〈Ok
i 〉|)/8:

εrel
i =

⎧⎨
⎩

if〈Ōi〉 > ξ, max
k

(∣∣{〈Oi〉 − 〈
Ok

i

〉}7

k=1

∣∣/|〈Ōi〉|
)
,

if〈Ōi〉 � ξ, max
k

(∣∣{〈Oi〉 − 〈
Ok

i

〉}7

k=1

∣∣/ξ
)
.

(19)

Let us denote the maximum (relative) symmetry error over
all observables as ε (rel) = max

i
(εrel

i ). By asserting that the

observables should obey the D4 symmetries, we use ε (rel) to
benchmark the quantum simulations as values ε (rel) > 0 are
due to error in the numerical method.

023311-12



SIMULATING DYNAMICS OF THE TWO-DIMENSIONAL … PHYSICAL REVIEW RESEARCH 8, 023311 (2026)

FIG. 10. (a) Schematic representation of the D4 symmetry group of the square lattice and the symmetry-equivalent bulk sites considered
in panels (b)–(e): Red sites indicate the pairs used to compute connected correlations, while green sites are used for local magnetization.
(b) Symmetry error ε (rel) for the local magnetization obtained from MPS (black) and TTN (orange) for postquench dynamics of an L = 10
square lattice with hx/J = 2.0. (c) Local magnetization results with the convergence criterion ε (rel) < 0.4 applied; vertical lines indicate the
time beyond which results are no longer considered converged. (d), (e) Same as panels (b) and (c), but for the connected correlation functions,
showing both the growth of the symmetry error and the time at which convergence is lost.

In Fig. 10, we present the symmetry-based error metrics for
postquench dynamics of both the local magnetization and the
connected correlations, computed for MPS and TTN. We find
that these errors remain small over the time window where, for
example, MPS and 2DTN agree in the aforementioned plots,
consistent with the discussion above. By setting a threshold of
ε (rel) < 0.4, we capture two important features: First, we can
detect the point at which observables measured on symmetry-
equivalent sites in the bulk (see Fig. 10) begin to deviate from
one another; an unphysical result that signals insufficient con-
vergence. Second, this threshold highlights the time at which
MPS and TTN results begin to disagree, indicating that at least
one of the methods has left the converged regime. This ap-
proach therefore provides a single convergence criterion that
acts on each observable individually as a necessary condition
for the validity of the results, flagging precisely when that
observable becomes unreliable. As an illustrative example, we
observe that TTN outperforms MPS for local magnetization,
likely due to its slightly higher effective dimension, but its
connected correlations deteriorate much earlier. This rapid
loss of correlation accuracy is a consequence of the TTN
structure, where bulk nodes communicate primarily through
the top node of the tree, leading to an early breakdown of
long-range information.

The convergence criteria proposed in this work acts as a
lower bound on the validity of results obtained with MPS
and TTN methods. An upper bound could be obtained by
restricting the same criteria to symmetrically equivalent sites
of those that are directly of interest. Furthermore, while the
convergence criterion defined here is formulated specifically
for square lattices with a globally symmetric Hamiltonian,
the underlying idea is entirely general. In practice, the same
approach can be extended to any system where the MPS or
TTN ansatze breaks exact symmetries of the original prob-
lem, by constructing analogous error measures based on those
symmetry operations.

VII. SUMMARY OF RESULTS

In this section, we provide a summary of the analyses
of capabilities of each numerical approach and connect our
results with previous works.

The primary limitation of tensor-network methods, both
MPS and TTN, arises from the growth of entanglement. In
the smallest systems we consider, L = 8, MPS accurately
captures the dynamics in all regimes and at all times. As
system size increases, and with it the entanglement gener-
ated, these methods begin to fail, with long-time postquench
dynamics being the most challenging, followed by Anneal-
ing (II). We identify that these failures manifest as spurious
anisotropies in the spatial distributions of magnetization and
two-body correlations. Motivated by this observation, we in-
troduce the symmetry error of observables as a diagnostic to
probe the convergence of both MPS and TTN approaches.
Based on the symmetry error, we observe that, while a similar
performance is seen in both MPS and TTN for local magne-
tization, in almost all regimes considered, a TTN approach
starts to struggle to capture the dynamics of correlations at
earlier times compared to MPS.

We also investigate the capabilities of two emerging nu-
merical approaches, namely, 2DTN and NQS. We observe that
the 2DTN-BP algorithm captures well the short-time dynam-
ics in all the regimes and system sizes considered here. One
of the advantages of this approach is that the representation is
adapted to the 2D lattice geometry, leading to a preservation
of its symmetries and a better scaling of the computational
complexity with the system size. For instance, in the large L
limit the 2D ansätze can still capture efficiently the fact that
at early times the entanglement is expected to play a role only
for sites that are close in the 2D plane.

As a drawback of such an approach, we note that the 2DTN
algorithm fails abruptly when the BP approximation breaks
down significantly, i.e., when the correlations in the lattice
deviate strongly from a treelike behavior. In this situation,
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encountered in the quasiadiabatic annealings and later times
of postquench dynamics, the method can become unstable, as
signaled by a pathological behavior of local observables (see
Figs. 4–7), even at the relatively small system size L = 8. This
suggests more accurate contraction methods may be needed
to controllably make truncations to the state. This, however,
can come at great computational expense and actually lower
the effective entanglement that can be captured by the 2DTNs
due to bounded computational resources—resulting in even
less accurate results than a BP-based update approach at long
times [3,5,11].

For the NQS, the results for the quasiadiabatic dynamics
show consistent convergence throughout the entire evolution.
In contrast, for annealing protocols dominated by non-
adiabatic effects and for quenches near phase transitions,
above a certain timescale, convergence is not achieved even
with an increased number of NQS parameters. It remains an
open problem to identify the reasons behind these limita-
tions. Previous works indicate that this issue is not necessarily
related to the expressive power of the NQS, but rather to
numerical challenges in computing and solving the tVMC
equation of motion using Monte Carlo sampling. Examples of
challenges include (1) the required regularization of the quan-
tum Fisher matrix [97] and (2) the intractably large variance
of certain Monte Carlo estimators needed to obtain the tVMC
equation of motion [98]. Finally, it is worth mentioning that
in this work we employ dynamics in different local bases. See
the Supplemental Material [59] for more details. In addition
to addressing issues related to the representation of the initial
state, this approach appears to mitigate some of the difficulties
observed in the quench dynamics. The underlying reason for
this mitigation, however, remains to be investigated.

VIII. SIMULATING ISING-LIKE HAMILTONIANS
WITH ARRAYS OF RYDBERG ATOMS:
EXPERIMENTAL CONSIDERATIONS

In this section, we describe how the quantum dynamics
that we investigate numerically could also be simulated on
a Rydberg-based QPU, where neutral atoms are trapped in
programmable tweezer arrays [39–41].

In this platform, the local qubit is encoded in the atomic
ground state and a Rydberg state. The Hamiltonian of the
QPU, consisting of N neutral atoms trapped in a 2D square
lattice geometry (given by interatomic distances ri j) can be
expressed in terms of Pauli matrices as

HQPU =
∑
i< j

Ji jσ
z
i σ z

j + hx(t )
∑

i

σ x
i + hz(t )

∑
i

σ z
i

+
∑

i

�z,i[Ji j]σ
z
i . (20)

Here, Ji j = C6

4r6
i, j

is the fast-decaying atom-atom interaction,

whose strength is characterized by the van der Waals coef-
ficient C6, and leads to an NN interaction J for ri j being
NN. We also identify hx(t ) = h̄	(t )

2 , being 	(t ) the Rabi
frequency of the ground-Rydberg transition, and hz(t ) =
− h̄δ(t )

2 + ∑
i, j Ji j/N , being δ(t ) the detuning of the laser

with respect to the ground-Rydberg transition. Finally, �z,i =∑
j Ji j − ∑

l, j Jl j/N .

When comparing Eqs. (1) and (20) we observe two differ-
ences between HQPU and H . On the one hand, HQPU exhibits
a site-dependent longitudinal field �z,i, which is nonzero for
site-dependent coordination numbers

∑
j Ji j . However, this

coordination number is constant in the bulk of the square
lattice, so we do not expect an impact in the large system size
limit. On the other hand, HQPU exhibits long-range interac-
tions beyond NN. Nevertheless, due to their fast r−6

i j decay,
they are not expected to change the main dynamical phenom-
ena observed under HQPU and H , but just slightly modify the
parameter regimes of both models.

Therefore, it would be interesting to compare the perfor-
mance of Rydberg-based QPUs in simulating HQPU against the
numerical methods that we considered in this work to investi-
gate the dynamical properties of H . Indeed, for the annealing
dynamics the works [42,110,111] already showed that in this
platform one can explore annealing paths with parameter and
timescale regimes similar to the ones we considered in this
work. For postquench dynamics, similar 1D experiments were
carried out recently [7,8]. In the platform, the interaction scale
J is typically of a few rad/µs, and the coherence time tQPU,
where unitary dynamics can be well approximated, is usu-
ally assumed to be in the few microsecond timescale. Thus,
timescales of a few units of tJ = tQPU (µs)J (rad/µs) � 1 can
be achieved to explore the timescales where, e.g., postquench
dynamics seem challenging to be captured for the numerical
methods considered in this work (see Figs. 6 and 7).

IX. CONCLUSIONS AND OUTLOOK

In this work, we performed a careful analysis of the
capabilities of various state-of-the-art tensor-network-based
algorithms, as well as a neural quantum state method, for the
simulation of the dynamics of different regimes of the 2D
TFIM: quasiadiabatic dynamics, Kibble-Zurek dynamics, and
postquenches dynamics with quenches before and around the
quantum phase transition. We first performed a cross bench-
marking of the different approaches to highlight the regimes
of convergence and regimes where discrepancies emerge. We
then verified that these regimes of convergence and discrep-
ancy are qualitatively in accordance with a projection error
analysis. Furthermore, we proposed a convergence criteria
for local observables for methods based on mapping onto
an ansatze with a reduced dimensionality compared to the
problem.

We found that Annealing (I) can be well captured by MPS,
TTN, and NQS, which describe well the buildup of correla-
tions when entering into the antiferromagnetic phase. In this
regime, at later times, we found that a 2DTN struggles to
efficiently simulate the system due to the strong correlations
and small loops in the systems.

In the case of the Annealing (II) (Kibble-Zurek regime),
meanwhile, we observe an overall agreement between MPS
and 2DTN, which seem to capture well the dynamics, whereas
TTN and NQS differ when the diabatic effects start to play an
important role. The efficacy of a 2DTN approach here is in
agreement with similar simulations of quantum annealing in
both two and three dimensions [11].

For the postquench dynamics well below the quantum
phase transition, all the methods agreed and captured well
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the oscillations predicted by perturbation theory, as verified
by mean-field and semiclassical simulations. However, for the
postquench dynamics around the critical point, all methods
struggle to capture the dynamics at long time: NQS falls short
in capturing these dynamics even at small system sizes; MPS
and TTN capture well the dynamics at small system sizes but
the errors increase dramatically with the system sizes; 2DTN
also captures the short time dynamics well, and the errors are
seen to scale much more favorably with system size than other
methods.

We then discussed the potential of neutral atom QPUs for
simulating these regimes. We first showed that these regimes
are accessible on the current generation of devices. While
QPUs will not perform better than classical numerics for
quenches in the perturbative regime such as hx/J = 0.5, we
expect that they should be competitive for regimes hx/J = 2.0
and hx/J = 3.0.

It is important to emphasize that, while some classical
algorithms are very mature such as MPS methods, the field
is evolving quickly for other emerging methods. For example,
the current limitations of NQS do not necessarily arise from
computational complexity related to entanglement, as is the
case for tensor-network approaches, but rather from numerical
instabilities or sampling issues in the tVMC algorithm. These
limitations could be unlocked in the next generation of NQS
algorithms. While we have performed a cross benchmark of
the more well-known methods, there are other promising nu-
merical algorithms for dynamics, such as Pauli propagation
[35–38] or influence functional BP [26–28].

On the experimental side, we emphasize that, to claim
such an advantage, it is essential to carefully address several
aspects related to the limitations of the current Rydberg-based
analog QPUs. The latter are related to the accuracy of such
QPUs in simulating unitary dynamics in the few microsecond
duration regime, where it is very challenging for classical nu-
merical methods to deliver a reliable result in some parameter
regimes.

First, it is imperative to conduct a careful noise characteri-
zation of the QPU to assess whether the corresponding noise
levels in current devices enable the accurate capture of both
local magnetization and magnetic correlations with an error
similar to or better than the classical numerical methods. In
particular, the characterization of noise at large system sizes,
where the numerical methods benchmarked in this work begin
to exhibit inaccuracies, can potentially be addressed, given,
for example, the recent theoretical evidence showing that for

analog QPUs, the errors of physically relevant observables
depend only on the noise rate and the simulation time, and
not on the system size [112,113].

A second aspect concerns the classical simulability of the
dynamics of QPUs in the presence of noise. In this context,
studies on the dynamics of digital quantum circuits indicate
that noise effects leading to reduced fidelity can make clas-
sical simulations more tractable [38,114]. To the best of our
knowledge, it remains unexplored how these results translate
to the unitary dynamics realized by analog QPUs based on
Rydberg atom arrays. Furthermore, simulations of quantum
many-body physics may be more noise robust in general
[113]. Conducting further research to address this question
will be paramount for benchmarking quantum advantage in
the future.

Looking forward, continued improvements in the scalabil-
ity and accuracy of QPUs, particularly in analog platforms
such as Rydberg atom arrays, are expected to open avenues for
experimentally exploring and validating quantum dynamics in
regimes inaccessible to classical simulation in the near future.
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[64] L. Pavešić, D. Jaschke, and S. Montangero, Constrained dy-
namics and confinement in the two-dimensional quantum Ising
model, Phys. Rev. B 111, L140305 (2025).

[65] W. Krinitsin, N. Tausendpfund, M. Rizzi, M. Heyl, and
M. Schmitt, Roughening dynamics of interfaces in the two-
dimensional quantum Ising model, Phys. Rev. Lett. 134,
240402 (2025).

[66] W. Krinitsin, N. Tausendpfund, M. Heyl, M. Rizzi, and M.
Schmitt, Time evolution of the quantum Ising model in two
dimensions using tree tensor networks, Phys. Rev. B 112,
134310 (2025).

[67] A. Yoshinaga, H. Hakoshima, T. Imoto, Y. Matsuzaki, and R.
Hamazaki, Emergence of Hilbert space fragmentation in Ising
models with a weak transverse field, Phys. Rev. Lett. 129,
090602 (2022).

[68] O. Hart and R. Nandkishore, Hilbert space shattering and
dynamical freezing in the quantum Ising model, Phys. Rev.
B 106, 214426 (2022).

[69] R. Mondaini, K. R. Fratus, M. Srednicki, and M. Rigol, Eigen-
state thermalization in the two-dimensional transverse field
Ising model, Phys. Rev. E 93, 032104 (2016).

[70] R. Mondaini and M. Rigol, Eigenstate thermalization in the
two-dimensional transverse field Ising model. II. Off-diagonal
matrix elements of observables, Phys. Rev. E 96, 012157
(2017).
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