
PHYSICAL REVIEW RESEARCH 7, 033184 (2025)

Low-temperature Gibbs states with tensor networks
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We introduce a tensor network method for approximating thermal equilibrium states of quantum many-body
systems at low temperatures. Whereas the usual approach starts from infinite temperature and evolves the state in
imaginary time (toward lower temperature), our ansatz is constructed from the zero-temperature limit, the ground
state, which can be found with a standard tensor network approach. Motivated by properties of the ground state
for conformal field theories, our ansatz is especially well suited near criticality. Moreover, it allows an efficient
computation of thermodynamic quantities and entanglement properties. We demonstrate the performance of our
approach with a tree tensor network ansatz, although it can be extended to other tensor networks, and present
results illustrating its effectiveness in capturing the finite-temperature properties in one- and two-dimensional
scenarios. In particular, in the critical one-dimensional case we show how the ansatz reproduces the finite
temperature scaling of entanglement in a conformal field theory.
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I. INTRODUCTION

The Gibbs ensemble describes the state of quantum
systems in equilibrium at finite temperature. Numerical tech-
niques to approximate these states for quantum many-body
systems are thus of fundamental interest. Quantum Monte
Carlo methods [1] provide a powerful approach, limited, how-
ever, to models that do not suffer from the sign problem
[2,3]. Tensor networks (TNs) [4–9] offer a useful alternative,
since they are free of sign problem and can efficiently deal
with quantum many-body states with moderate correlations.
In particular, thermal states of local Hamiltonians at any finite
temperature satisfy an area law [10] and admit efficient TN
approximations [11–13] (see also Ref. [14] for more details
on the problem of approximating quantum many-body Gibbs
states).

Regarding practical methods, the most common TN al-
gorithms for finite temperature try to find thermal states via
imaginary time evolution [15–17]. Namely, starting from a
maximally entangled state between the system and an an-
cillary copy (which can be understood as a maximal-rank
thermal ensemble), the application of the imaginary time
evolution operator prepares a purification of the Gibbs en-
semble (the thermofield state). This method usually works
well at high temperatures, but accumulates error while evolv-
ing to low temperatures, although several strategies have
been developed to mitigate this [18,19]. Another drawback
of the thermofield strategy is that the rank of the state is
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never decreased in the thermal evolution, even though at zero
temperature the state should reduce to the rank-1 density
operator of the ground state (assuming its uniqueness). A
few TN methods exist that use a low-rank description. Sam-
ples of minimally entangled typical thermal states (METTSs)
[20–22] have proven to be effective in representing thermal
properties, especially in gapped systems at temperatures well
below the energy gap [23]. In Ref. [24], a single matrix prod-
uct state (MPS) was constructed to represent a typical thermal
pure state [25] and recover physical quantities with almost no
sampling cost. A recent proposal used tree tensor operators
(TTOs) [26] to represent low-temperature thermal states from
a few individually approximated excitations. An intermediate
approach is taken in Ref. [27], where the standard purification
algorithm is run, but then the resulting state is approximated
with a low-rank TTO.

Here we propose a method that directly targets the low
energy regime to construct a low-rank TN approximation
starting from the zero-temperature limit, and thus is com-
plementary to the standard imaginary time evolution. As
the few-excitation ansatz using TTOs [26], it allows one to
efficiently compute entropy and entanglement properties of
mixed states, but it is computationally more efficient.

Our method is inspired by the properties of critical systems
described by a conformal field theory (CFT) [28].

In a CFT, the ground state plays a key role in the creation
of the conformal tower, acting as the primary state to gen-
erate excited states through specific local operators [28,29].
Similarly, we start from the ground state to define a relevant
subspace for the approximation of a thermal state. Thus, our
method is especially well suited for systems near criticality.
We nevertheless show how the applicability of the method
actually extends to more general low-temperature scenarios
and check this with numerical examples in one- and two-
dimensional models. The rest of the paper is organized as
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follows. In Sec. II we present the method, starting with the
construction of the Gibbs state from the local effective Hamil-
tonian, followed by the implementation details using MPSs
and tree tensor networks (TTNs), and concluding with an
efficient approach for computing thermal and entanglement
properties. Section III provides numerical results, includ-
ing applications in both one- and two-dimensional systems.
Since the approach performs particularly well near criticality,
Sec. IV is devoted to improving its accuracy and applicability
away from critical points. Finally, Sec. V offers a broader
discussion of the results and potential directions for future
work.

II. METHOD

A. Gibbs state from the local effective Hamiltonian

At finite temperature T = 1/β, the equilibrium state of
a system governed by a Hamiltonian H is described by
the Gibbs ensemble ρβ = e−βH/Z = (

∑
n e−βEn |En〉 〈En|)/Z ,

where |En〉 (n = 0, . . . , dN − 1) are the eigenstates of H with
energies En and Z = Tr(e−βH ) is the partition function. At
zero temperature (β → ∞), and assuming the ground state
|E0〉 is unique, this reduces to the rank-1 density operator
ρ∞ = |E0〉 〈E0|. At finite β, contributions from higher energy
states are suppressed exponentially by their excess energy
above the ground state, and thus at low temperatures we
may expect the Gibbs state to be well approximated by a
low-rank operator.

Arceci et al. [26] proposed a TN algorithm to explicitly
construct such a low-rank approximation by approximating
each of the few first excitations by a TTN ansatz, found
variationally, and explicitly constructing their mixture with
corresponding Boltzmann weights. This approach can ac-
curately capture the behavior at very low temperatures but
becomes computationally challenging when the number of
required levels increases, for instance in cases with closely
spaced energies, as in critical systems. Moreover, the mixture
constructed using a given number of eigenstates does not
necessarily produce the best approximation with fixed rank.

It is thus more desirable to have an efficient descrip-
tion of a relevant subspace that allows us to reconstruct the
low-temperature properties. In the case of critical systems
described by a CFT, such subspace could be spanned by the
Schmidt vectors of the ground state, based on the observation
that excited states can be expanded in this basis [31].

This suggests a method to obtain the low-rank approxi-
mation of ρβ from the ground state of a 1D critical system.
Considering a bipartition of the ground state into subsystems
A and B, the corresponding Schmidt decomposition reads
|ψGS〉 = ∑D

α λα |φα
A〉 |φα

B〉, where |φα
A(B)〉 are the Schmidt vec-

tors for the A (B) partition. They define isometries �A(B) that
map the corresponding dNA (resp. dNB ) dimensional physical
space to a virtual degree of freedom of dimension D. Their
tensor product U = �A ⊗ �B is thus an isometry that maps
the Hamiltonian onto the D2-dimensional subspace spanned
by tensor products of Schmidt vectors, as H̃ = UHU †. For
a given inverse temperature β, we can then approximate the
Gibbs state by that of the effective Hamiltonian H̃ , embedded
in the physical space as e−βH ≈ e−βU †H̃U = U †e−βUHU †

U .

(1) (2)

(3) (4)

FIG. 1. Graphical representation of the proposed TN method.
(a) Description of the method. (1) The TN for the ground state
in canonical form with respect to a bond defines the isometries
�A(B); d is the physical dimension and D is the bond dimension.
(2) Projecting the full Hamiltonian with the Schmidt vectors of the
ground state �A(B) yields the corresponding effective Hamiltonian
H̃ . The dimension of the isometry φA ⊗ φB is D2 × 2N , yielding an
effective Hamiltonian H̃ dimension of D2 × D2. (3) Diagonalizing
H̃ , through, e.g., exact diagonalization (ED), provides the set of
eigenvalues Ẽ and eigenvectors |Ẽ〉. (4) Thermal state representation
via TN of the reduced Hamiltonian H̃ and its decomposition in terms
of energy eigenvalues and eigenvectors. The circle in the vertical
bond represents the Boltzmann weights from Ẽ . (b) Basic elements
for the computation of entanglement quantities. On the left, a TN rep-
resentation of the reduced density matrix when subsystem B is traced
out, ρ̃A. This would allow computing the Von Neumann entropy of
the thermal state. On the right, a TN representation of the partial
transpose ˜ρTA , necessary when computing logarithmic negativity,
a valid measure of entanglement for mixed states [30]. (c) Basic
elements for the computations of observables and expectation values.
First, ρ̃ needs to be mapped back into the physical space, using the
isometries from step 1 in panel (a), yielding an approximation for the
thermal state ρβ . Then, any operator O can be applied to the TTO.
In picture, a single site operator, acting on site 2, O2. To compute
Tr(ρβO), we need to perform standard contractions of the physical
legs of the resulting TTO, as graphically indicated by the dashed
lines.

B. Implementation with MPS/TTN

This scheme is readily implementable with MPS and TTN
with the following algorithm, which we illustrate graphically
in Fig. 1.

(1) Given the Hamiltonian of interest H, we start by vari-
ationally optimizing the corresponding TN representation of
the ground state with bond dimension D, and write it in canon-
ical form with respect to a chosen bipartition (e.g., illustrated
is the half system case). The Schmidt vectors |φα

A(B)〉 then
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directly correspond to each half network, as indicated in the
figure by yellow and blue colored tensors.

(2) The original Hamiltonian is then projected onto the
space spanned by the products of Schmidt vectors.

(3) Diagonalizing the projected H̃ yields a set of eigen-
values {Ẽk} and eigenvectors {|Ẽk〉}, where k = 1, ..., χ = D2.
This diagonalization can be done exactly, as we explore in this
work, or, for larger values of D, using iterative methods that
target a fraction of the eigenstates.

(4) The thermal state of the reduced Hamiltonian H̃ for
inverse temperature β, i.e., the state that minimizes the free
energy, is constructed as ρ̃ = (

∑χ

k=0 e−βẼk |Ẽk〉 〈Ẽk|)/Z̃ , with
Z̃ = ∑

k′ e−βẼk′ .
Our ansazt for the thermal state of H is then obtained by

mapping back ρ̃ onto the physical space, as graphically shown
in Fig. 1(c), allowing to compute observables and expectation
values. Explicitly,

ρβ = U †
χ∑

k=0

e−βẼk

Z̃
|Ẽk〉 〈Ẽk|U = U †ρ̃U . (1)

Notice that the reduced Hamiltonian H̃ corresponds to the
effective Hamiltonian on a bond of the tensor network. This
construction is closely connected to the constructions in Refs.
[32,33], in which the effective Hamiltonian corresponding to
one or two sites was extracted from an MPS approximation
to the ground state and shown to access a significant part of
the spectrum of the original Hamiltonian in the critical case.
Our Hamiltonian, instead, is the effective one for a zero-site
block, and thus corresponds to the effective Hamiltonian in
the subspace generated by tensor products of the ground state
Schmidt vectors.

C. Efficient calculation of thermal and entanglement properties

With this construction, the thermal state is described by
a low-rank mixed TN [illustrated in Fig. 1(c)]. Expectation
values of few-body observables can be efficiently computed
in this state, using standard MPS [4,5] or TTN [7,34] contrac-
tions.

Thermodynamic quantities can be easily obtained from the
spectrum of H̃ . In particular, the free energy reads

F (ρβ ) = Tr(Hρβ ) − T S(ρβ )

= Tr(H̃ ρ̃ ) − T S(ρ̃) = −T ln Z̃, (2)

using the cyclic property of the trace and the fact that ρβ and
ρ̃ are related by an isometry. All the other thermodynamic
properties can then be obtained starting from the free energy.

The ansatz allows also access to entanglement quantities,
typically not accessible from the most standard purification
algorithm. The isometry relating ρβ to ρ̃ has a tensor product
structure, therefore it does not change the entanglement prop-
erties with respect to the corresponding bipartition. It is then
possible to compute such quantities directly for ρ̃, without the
need for mapping the state back onto the physical space.

As an example, we describe how to compute the logarith-
mic negativity [30,35] [see the right side of Fig 1(b)].

Let us consider two partitions A and B described by a den-
sity matrix ρAB, and denote by ρTA the partial transpose with

respect to partition A. The logarithmic negativity is defined as

ε(ρ) = ln (2N (ρ) + 1), (3)

where the negativity N (ρ) is the sum of negative eigenvalues
of ρTA ,

N (ρ) =
∑

σ (ρTA )<0

|σ (ρTA )|. (4)

N (ρ) is positive if and only if the partial transpose of ρ

is not positive, i.e., ρ violates the positive partial transpose
condition [35–38]. While being a valid entanglement measure
for mixed states, computing the negativity requires the full
spectrum of ρTA , which in general is exponentially costly in a
many-body state. With our ansatz, however, the spectrum of
ρTA is equivalent to the spectrum of the partial transpose of
ρ̃, ˜ρTA , which can be computed in the reduced space (see also
Refs. [26,27]).

III. NUMERICAL RESULTS

In this section, we benchmark the performance of the
method for one- and two-dimensional problems, using a TTN
ansatz. In the one-dimensional case we find that, as can be
expected, at, and near, critical points (i.e., when the energy gap
is relatively small), the method works at its best. When the gap
increases, the performance worsens, reflecting the fact that
the ground state Schmidt vectors in this case do not capture
a large enough subspace [18]. We find that the method can be
improved by combining the information of further excitations
above the ground state and using the effective Hamiltonian for
the highest computed one (Sec. IV), we can thus interpolate
between our method and the one in Ref. [26]. Finally, we
apply the method to a two-dimensional system (Sec. III B).

A. Numerical results in 1D

To benchmark the method, we focus on the one-
dimensional transverse field Ising (1D TFI) model, whose
Hamiltonian reads

H = J
∑
〈i, j〉

σ z
i σ z

j − g
∑

i

σ x
i , (5)

where 〈i, j〉 denotes the summation over nearest-neighbor
pairs. The analytically solvable 1D TFI has a phase transition
at gc/J = 1, and thus allows us to benchmark our results in
different regimes (in the rest of the paper, we set J = 1).
First, we compare the free energy obtained with our method,
using a TTN ansatz, with the exact value. The results, in
Fig. 2(a) (dark blue symbols), show that the ansatz correctly
reproduces a range of temperatures T � 0.1, before deviating
from the exact value (solid black line). The results shown in
the plot correspond to bond dimension D = 100, enough for
convergence, as indicated by the error bars, smaller than the
symbols (see Appendix A for details on the numerical errors).

In order to investigate the source of the error, we com-
pare our results with those from the exact solution truncated
to a certain number of excitations. We observe that the ac-
curacy of our result is comparable to including the first
k = 150 exact excitations in the mixture (blue solid line).
We may wonder whether this corresponds to the number of
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FIG. 2. Numerical results for the 1D TFI. (a) Free entropy (main plot) and relative error in energy spectrum δER
k (inset) at g = 1, L = 128

with open boundary conditions. Error bars (obtained comparing D′ = 70 and D = 100) are smaller than the size of the markers. (b) Dependence
on the field g of the maximal temperature that can be simulated while keeping the relative error in free energy below a predefine threshold
εth = 10−2. Two system sizes L = 64, 128 are shown (filled symbols), along with the exact energy gap 
 computed for L = 128 (dashed line).
(c) Entanglement negativity for the critical case with periodic boundary conditions. The inset shows a fit of our data to the low-temperature
prediction of εs(T ). The bond dimension used for all system sizes is D = 102 and the number of excited states included in the thermal ensemble
is χ = 104.

individual eigenenergies that get accurately captured by H̃ .
However, this is not the case, as shown in the inset of Fig. 2,
which displays the relative error in the successive eigenval-
ues of H̃ with respect to the exact energies. This error is
already on the order of 10−1 after approximately 20 energy
levels.

Nevertheless, it is worth noticing that the first 10–12 ex-
citations are obtained with high accuracy, with a relative
error below 1%, and this at a low computational cost: our
method requires a single run of the variational tensor network
optimization (i.e., a single state) to obtain the effective Hamil-
tonian. This is to be compared with the usual strategy to obtain
multiple excitations with a TN ansatz, which would require
the sequential optimization of each level, with overall cost
scaling with the square of the number of desired excitations
[39,40] [in particular, for trees [7] O(k2D4)].

Our current implementation of the method fully diagonal-
izes H̃ , with a computational cost O(D6) (see Appendix B for
details). Whereas the rank of the effective Hamiltonian can be
D2 (see Fig. 1), we can further truncate the effective Gibbs en-
semble by keeping a smaller number of effective eigenstates χ

[truncating the sum in Eq. ((1), so that we can mimic the result
of a few-excitation ansatz. The lighter symbols in Fig. 2(a)
show how the higher the value of χ , the larger the range
of temperatures that are accurately described. Because 1 �
χ � D2, extending the temperature range even more would
require increasing the bond dimension D of the ground state,
which serves as a free parameter in our method. Increasing D
expands the Hilbert space accessible to the Schmidt vectors,
with the dimension scaling as D2 × D2.

Even though the method is inspired by CFT arguments, we
can probe the ansatz away from criticality. To evaluate perfor-
mance in such cases, we estimate the maximum temperature
Tmax at which the relative error εR in the free energy remains
below a certain threshold, εth, for different values of g. The
results, depicted in Fig. 2(b), show that, whereas the method
still performs well away from criticality, the range of valid
temperatures decreases as the gap grows. As we can expect,
the range of temperatures decreases when the system size
grows, since the effective excitations captured by our ansatz

correspond to an O(1) energy excess, and thus to vanishing
energy density in the thermodynamic limit. Yet, our results
show that the method can be used in combination with finite
size ansatzes to explore a sizable low-temperature regime in
systems of a couple of hundred sites. Any function of ρ that
is invariant under the U = �A ⊗ �B isometry can be directly
computed in the effective subspace. Remarkably, our method
thus allows computing entanglement quantities that are diffi-
cult to access otherwise.

In particular, we benchmark the calculation of entangle-
ment negativity, which can be used to probe quantum critical
points at finite temperature [41]. The difference between the
negativity at finite temperature and its value at T = 0εs(T ) ≡
ε(T ) − ε(0), for a CFT in periodic boundary conditions, is
predicted to scale (at intermediate T ) as

εs(T ) = c

2
ln

(
1 − e−2λ

2λ

)
+ f (e−2λ), (6)

where λ = π lT , l is the subsystem size, and c is the central
charge of the underlying CFT [41,42]. In Fig. 2(c), we com-
pare the results obtained for εs(T ) with our ansatz with the
theoretical prediction. By fitting our data to expression (6), we
obtain a central charge c ≈ 0.508, in excellent agreement with
the exact value c = 1/2. At low temperatures, the expansion
in [41] predicts a different behavior for the same quantity.
Our data also fit well this region, as shown by the inset of
Fig. 2(c) (see also Appendix D). In the opposite limit, at
high temperatures, εs(T ) saturates (see Appendix B), again
as expected from CFT predictions [41].

B. Numerical results in 2D

In order to probe the more challenging two-dimensional
case, we consider the TFI in Eq. (5) on a square lattice of
dimension L × L, for sizes up to L = 12. The phase diagram
of the model, sketched in the inset of Fig. 3(b), exhibits a
quantum phase transition at gc ≈ 3.044 [44], and a thermal
phase transition for g < gc, which occurs at Tc ≈ 2.269 for
g = 0 [45], and has been studied in detail with quantum Monte
Carlo simulations [46].
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FIG. 3. Numerical results for the 2D TFI model on a L × L
square lattice with periodic boundary conditions. (a) Free energy
(main plot) and relative error in energy spectrum δER

k (inset) at
g = 1.8, L = 4, for bond dimensions D = 40 (light circles) and 100
(dark circles), compared to results from exact diagonalization in full
(black solid line), or truncated to a fixed number of excitations (blue
solid line). (b) Absolute value of the average magnetization | 〈Z〉 | as
a function of temperature. Results are presented at g = 2.5 for L = 8
(purple diamonds) and 12 (green circles), and at g = 3.04 for L = 12
(blue circles). L = 8 is shown for D = 70 and L = 12 is shown for
both D = 100 (darker) and D = 70 (lighter symbols), to illustrate
convergence in D. The red line indicates the expected critical temper-
ature for g = 2.5 [43], and the inset shows schematically the phase
diagram, with the probed values of g marked by vertical lines.

To benchmark the method, we first consider a small sys-
tem L = 4 at g = 1.8, for which the energy gap is small at
this size. We compute the energy spectrum Ek and the free
energy F using our method, and compare it with exact di-
agonalization results in Fig. 3(a). While the first few energy
levels are accurately captured, we observe that the relative
errors in the eigenenergies δER

k (shown in the inset) increase
rapidly for higher levels. Nevertheless, the free energy is well
approximated in the low-temperature regime, showing that the
ability of our ansatz to capture thermodynamic properties goes
beyond the ability of reproducing the energy spectrum level by
level, consistent with our observations in the 1D case.

We furthermore test the method on larger systems (up to
L = 12) at values of the field g = 2.5 (for which the transition
happens at T ≈ 1.2737 [46]) and g = 3.04 (near critical at
T = 0). Figure 3(b) shows the temperature dependence of the
average magnetization | 〈Z〉 | = |(1/N )

∑
i σ

z
i |, which acts as

an order parameter. At g = 3.04 we find the order parameter to
vanish at all T , as the system is in the disordered phase at any

T . Further from the critical point, at g = 2.5, we observe the
magnetization decaying as temperature grows, from a plateau
at small T (converged in system size) to a vanishing value at
high temperatures, consistent with a disordered phase. Rather
than an abrupt drop, as expected in the thermodynamic limit,
we obtain a smooth variation for the finite system, but becom-
ing sharper as L increases, and compatible with the literature
[43,46–48].

IV. IMPROVING THE METHOD AWAY FROM
CRITICALITY

As intuitively expected from the CFT motivation of our ap-
proach, and shown in Fig. 2(b), the performance of the method
decreases for gapped systems. For instance, for the 1D TFI
model studied in Sec. III A if we consider the case g = 1.5, at
which the gap is significant, we find the temperature threshold
at Tmax ≈ 0.03 for L = 128 to be compared to Tmax ≈ 0.12
for the critical g = 1 at the same size. In the gapped case,
a smaller bond dimension suffices to capture accurately the
ground state (and a few excitations), but the corresponding
Schmidt vectors do not capture a large enough subspace [32].
We may thus try to improve out method by combining it with
a multiexcitation ansatz in the spirit of Ref. [26]. More con-
cretely, we could find a few of the lowest-energy eigenstates
by the recurrent variational optimization and combine their
Boltzmann-weighted individual contributions to the thermal
state with that of an effective Hamiltonian obtained from a
state different from the ground state.

To test this idea, we variationally find the ground and first
excited state of the 1D TFI (5) and write the improved ansatz
(up to normalization) as

ρβ ∝ e−βE0 |E0〉 〈E0| + U †
1

(
χ∑

k=1

e−βẼ (1)
k

∣∣Ẽ (1)
k

〉 〈
Ẽ (1)

k

∣∣)U1,

(7)

where U1 and Ẽ (1)
k are defined in terms of the effective Hamil-

tonian obtained from the first excitation. As shown in Fig. 4,
this improves the performance moderately. The figure com-
pares the results obtained with the original method and with
this modification with exact results. First, we observe that
including one additional energy level in Eq. (7) yields a lower
value of the free energy than the version using only the ground
state.

To check that the observed improvement does not simply
correspond to having two very accurate estimates for the first
two energy levels, we compare the results with those obtained
from keeping only these two levels, but exactly computed
(light gray line in Fig. 4). This produces a worse value of
the free energy than our original method. Using the modified
ansatz (7) seems comparable, instead, to having five exactly
computed excitations (darker gray line in the figure), in this
case.

By increasing the number of individual excitations and
using the effective Hamiltonian for the highest computed one,
we could devise a hybrid method that extends the procedure
in Ref. [26] with an additional effective subspace.

Interestingly, we find that a similarly accurate estimate of
the free energy is obtained using only the information from the

033184-5



COCCHIARELLA AND BAÑULS PHYSICAL REVIEW RESEARCH 7, 033184 (2025)

FIG. 4. Performance of our method and its one-excitation exten-
sion in the gapped regime. The figure shows the free energy as a
function of temperature for the 1D TFI at g = 1.5, for L = 96, using
D = 100, for our original ansatz (blue circles) and the improved
one in Eq. (7) (squares). Solid lines indicate the result from a fixed
number k of exactly computed excitations, from k = 2 (lightest gray,
less accurate than our ansatz) to k = 5 (comparable to the improved
ansatz) and the full exact result (black line, for reference).

first excited state, i.e., ρβ ∝ U †
1 e−βH̃1U1, where H̃1 is obtained

projecting the Hamiltonian with the Schmidt isometries from
the first excited state. We observe that the spectrum of H̃1 also
captures the ground state energy E0 with good accuracy, which
can be understood since our ansatz gives an approximation for
the ground state and a first excitation orthogonal to this one
that will contain some component of the actual ground state.

V. DISCUSSION

We have presented a method to obtain a low-rank tensor
network approximation of the thermal equilibrium state of
a quantum many-body system at low temperatures, starting
from the zero-temperature limit. Our method is thus comple-
mentary to the standard imaginary time evolution approach,
which accumulates error as the temperature decreases (see
Appendix C). This approach is inspired by CFT arguments:
as the ground state acts as a primary state from which to
generate excited states through specific local operators, we
use the Schmidt vectors of the ground state to define a relevant
subspace for the approximation of a thermal state. Our numer-
ical results show how the applicability of the method actually
extends to more general low-temperature scenarios and higher
dimensions. While the performance degrades with the ansatz
capturing a smaller range of temperatures as the gap opens, it
is possible to improve the results by constructing a mixture of
our ansatz, computed from an excited state, and lower single
excitations components, in a way interpolating between our
method and that in Ref. [26].

Our method enables the efficient computation of thermo-
dynamic and entanglement properties. Compared to other
multiexcitation methods, we find that our method produces
a better approximation with fixed rank at a comparably lower
computational effort. We have presented the algorithm for tree
tensor networks, which allows us to study finite 2D systems,

with different geometries and boundary conditions, despite
not inherently fulfilling an area law. MPS can straightfor-
wardly be used as a particular case of TTN, but an extension
for other TN ansatzes could also be possible. A natural can-
didate is the multiscale entanglement renormalization ansatz
(MERA) [49], which effectively captures scale-invariant be-
havior and supports the construction of excitations [50].
Applying the method to other two-dimensional TNs like pro-
jected entangled pair states (PEPS) is more challenging due to
the absence of a canonical form. Although variational excita-
tion methods exist [51], the concrete procedure to apply our
method is nontrivial. There are however subfamilies of PEPS
with such canonical structure, as sequentially generated states
[52,53], or isometric TNs [54], which could be investigated as
a promising platform for extending our method, for computing
excitations and thermal states.

In its current version, our method is applicable to systems
of finite size, as the ansatz approaches a state with vanish-
ing energy density in the thermodynamic limit. It would be
interesting to investigate whether the method can be further
extended to describe states with finite energy density in the
thermodynamic limit, while preserving some of its computa-
tional advantages.

Whereas we focused here on the properties of the ansatz
in different settings, practical applications may include the
exploration of very low T thermal phase transitions in 2D
systems and comparison with existing 2D tensor networks
algorithms at finite temperature, or critical fan regimes [55]
in 1D.

ACKNOWLEDGMENTS

We thank J. I. Cirac, Y. Liu, T. Roscilde, and C. Hotta
for inspiring discussions and for pointing us to relevant
references. We thank A. Weichselbaum and W. Li for sharing
useful data for the comparison of our results with XTRG.
D.C. thanks S. Lu for discussions on 2D models and G. Giu-
dice for feedback on the manuscript. This work was partially
supported by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) under Germany’s Excellence
Strategy—EXC-2111—390814868 and Research Unit FOR
5522 (Grant No. 499180199), and by the EU-QUANTERA
project TNiSQ (BA 6059/1-1).

DATA AVAILABILITY

The data that support the findings of this article are openly
available [56].

APPENDIX A: CONVERGENCE OF THE METHOD

The convergence of tensor network methods can be eval-
uated by systematically increasing the bond dimension D of
the tensors in the network. As D grows, the solution becomes
more accurate but computationally more expensive. If the
Schmidt vectors of the ground state |ψGS〉 = ∑D

α λα |φα
A〉 |φα

B〉
form a complete basis, the isometry defined as U = �A ⊗ �B

is a unitary matrix, and our ansatz will converge to the exact
result. However, practical convergence is limited by the phys-
ical properties of the system under consideration. At critical
points, the Schmidt values typically decay algebraically, al-
lowing for better convergence with increasing D compared to
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FIG. 5. Convergence of the results with bond dimension as a
function of temperature, for the 1D TFI at g = 1, L = 128. The
upper panel shows entanglement negativity in PBC, while the main
figure shows the free energy in OBC, for the same set of bond
dimensions.

gapped systems, where Schmidt values decay exponentially.
In this case the ground state may not span the entire Hilbert
space, as a finite D can already capture the essential physics
of the system. Artificially increasing D beyond the rank of
the ground state might enlarge the isometry, but the addi-
tional singular vectors are no longer derived from the ground
state. Consequently, the improvement is not guaranteed to be
smooth or systematic as D approaches its exact value.

In practice, we increase the bond dimension D of the
TTN until results are converged within a predefined precision.
Figure 5 shows, as a concrete example, the convergence of
the entanglement negativity and free energy (inset) with bond
dimension for a system of size L = 128, at the critical point
g = 1.

In order to evaluate the performance of the method
when the exact solution is known, we establish a relative
error threshold εth = 0.01 for the free energy and define
Tmax(εR < εth) as the maximum temperature at which the rel-
ative error εR in the free energy remains below εth, as shown
in Fig. 2(b).

APPENDIX B: COMPUTATIONAL COST
OF THE ALGORITHM

We summarize the computational costs of the algorithm’s
key steps, focusing on their scaling with the bond dimension
D. A more detailed understanding of these estimates can be
obtained by referring to Refs. [4,40] for the MPS case and to
Ref. [7] for TTN.

(1) Ground state search and creation of the bond-0 effec-
tive Hamiltonian H̃ : The ground state search is performed
iteratively by optimizing individual tensors in the network.
Once the ground state is obtained, the bond-0 effective Hamil-
tonian H̃ is constructed. The computational cost is dominated
by the most expensive tensor contraction in these steps, scal-
ing as O(D3) for MPS and as O(D4) for TTN.

(2) Diagonalization of H̃ : H̃ is a D2 × D2 matrix. In
the current version of the proposed method, we have fully
diagonalized H̃ , therefore the cost of this step is O(D6). If

FIG. 6. Relative errors of free energy in a spin-1/2 XY chain
with OBC. The relative error |∂F/F | is plotted as a function of
temperature T for system sizes L = 48 (light blue), L = 64 (dark
blue) using our method, and compared with XTRG data for L = 50
(hollow circles), taken from Ref. [18]. All the data are reproduced
with a bond dimension D = 100.

only few energies are needed, the cost can be reduced to
O(D4).

(3) Entanglement negativity: This step involves two main
computational processes. First, the partial transposition of the
density matrix, which scales as O(D4), and second, the spec-
trum of the partially transposed matrix, which has a higher
computational cost of O(D6).

(4) Expectation values: Computing the expectation value
of a local observable acting on a specific site requires
the contraction of only three tensors, provided the TTN is
center-gauged to the tensor associated with that site. This
computation is independent of the system size N and scales
as O(D4).

APPENDIX C: RELATION TO OTHER METHODS

Standard imaginary time evolution techniques construct
thermal states starting from high temperatures, accumulat-
ing errors as the temperature decreases. Our approach, in
contrast, targets the low-energy regime directly and it ac-
cumulates error as the temperature increases. To illustrate
the complementary regimes of applicability between our
low-temperature method and standard high-temperature algo-
rithms based on imaginary time evolution, we provide a direct
benchmark against published data from Fig. 5 of Ref. [18],
where the exponential thermal renormalization group (XTRG)
is applied to the spin-1/2 XY chain with open boundary con-
ditions (OBC), for a chain of length L = 50. XTRG achieves
excellent accuracy at intermediate to high temperatures, and
our approach, tailored for the low-energy regime, maintains
a comparable level of accuracy at low temperatures. This is
demonstrated in Fig. 6, where we directly compare the rela-
tive error in free energy from our method, for system sizes
L = 48, 64, using D = 100 and those reported in Ref. [18]
for L = 50, using the same bond dimension D = 100. We
take three points corresponding to their lowest simulated
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FIG. 7. Low-temperature behavior of the entanglement negativ-
ity. We show our data for L = 128 (blue circles) and L = 192 (purple
circles), and the corresponding fits to Eq. (D1) (orange lines), for the
1D TFI at criticality.

temperatures, using their most precise method. The error
points emphasize the natural division of strengths: XTRG is
well suited in the high/intermediate-temperature regime, and
our method offers an efficient and accurate alternative in the
low-temperature limit.

APPENDIX D: ENTANGLEMENT NEGATIVITY AT LOW
AND HIGH TEMPERATURES: FIT FROM PREDICTIONS

In the next paragraphs, we provide details about the fits
for the entanglement negativity shown in the main text. In
Ref. [41], a universal scaling form for the finite temperature

negativity was derived. In the limit of low (T � l , where
T is the temperature and l is the subsystem size) and high
temperatures (T � l), the expansion of this universal form
can be obtained by means of the operator product expansion
(OPE). At high temperature, the negativity attains a constant
nonuniversal value. The study of the approach to this constant
value requires the knowledge of the subleading terms in the
OPE, a more involved analytical calculation. It is remarkable
that our data finds the saturation naturally, as can be appre-
ciated in Fig. 5. At intermediate T , CFT predicts [41,42] the
behavior shown in Eq. (3). Fitting our data to this formula, we
indeed recover the central charge value c = 0.508, in good
agreement with the theoretical c = 0.5. At low temperature,
the contribution to the negativity is of the form

εs(T ) = c(π lT )2

12
+ Ck (lT )4
k + · · · . (D1)

The first contribution to this expression is analytic and comes
from the stress-energy tensor. The second is a nonanalytic and
nontrivial term. The constant Ck is undetermined and 
k is a
scaling dimension [41]. Understanding which contribution is
more relevant depends on the precise operator content of the
theory and is indeed an interesting check [41]. Our method
allows us to directly extract these terms numerically, from the
fit of our computed data to the expression in Eq. (D1). In par-
ticular, we obtain for L = 128, 
k ∼ 0.76, and for L = 192,

k ∼ 0.8 while Ck ∼ −4.6 for L = 128, and Ck ∼ −5.7 for
L = 192, as reported in Fig. 7.
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