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Characteristic oscillations in frequency-resolved heat dissipation of linear time-delayed Langevin
systems: Approach from the violation of the fluctuation response relation
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Time-delayed effects are widely present in nature, often accompanied by distinctive nonequilibrium features,
such as net heat flow from a single thermal bath to the system. To elucidate detailed structures of the dissipation,
we study the frequency decomposition of the heat dissipation in linear time-delayed Langevin systems. We
decompose the heat dissipation into frequency spectrum using the Harada-Sasa equality, which relates the
heat dissipation to the violation of the fluctuation response relation (FRR). We find a characteristic oscillatory
behavior in the spectrum, and the oscillation asymptotically decays with an envelope inversely proportional to the
frequency in the high-frequency region. Furthermore, the oscillation over the low-frequency region reflects the
magnitude and sign of the heat dissipation. We confirm the generality of the results by extending our analysis to
systems with multiple delay times. Since the violation of FRR is experimentally accessible, our results suggest
an experimental direction for detecting and analyzing detailed characteristics of dissipation in time-delayed
systems.

DOI: 10.1103/x2dm-9p8m

I. INTRODUCTION

Time delay is a paradigmatic non-Markovian mechanism
that introduces memory effects into dynamical processes, a
feature that is pervasive in both natural and engineered sys-
tems [1–24]. These delays often arise from finite information-
transmission times and finite response latencies. For instance,
in gene regulatory networks, delays arise from finite response
speeds in processes such as transcription and translation, lead-
ing to stochastic oscillations in protein concentrations [16].
In neurodynamics, time delays in signaling between different
nodes are critical for the emergence of slow oscillations and
anticorrelated spatiotemporal patterns of cortical networks
[17]. In mechanical and optoelectronic systems, properly de-
signed control with time delay can improve the performance
and enable applications such as stabilization by Pyragas con-
trol [3–5] and optical chaos communication [2,25,26]. Recent
studies also utilize time-delayed feedback control of colloidal
particles to simulate and investigate the collective behaviors
of active matter [27–29].

In real-world scenarios, systems are often subject to
noise due to random environmental perturbations or intrin-
sic fluctuations. From an energetic perspective, stochastic
thermodynamics provides a powerful tool to quantify ther-
modynamic quantities like work and entropy production at
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the level of individual trajectories, and bridges these quanti-
ties to fluctuating statistics of dynamics [30–32]. Key results
include fluctuation theorems [33–36] that generalize the sec-
ond law of thermodynamics and thermodynamic uncertainty
relations [37–39] that bound the precision of currents with
thermodynamic quantities. While these results were initially
established for Markovian systems, the framework of stochas-
tic thermodynamics has been successfully extended to various
non-Markovian scenarios. These include dynamics with mem-
ory arising from coarse-grained degrees of freedom [40–48],
as well as systems with time delay [22,23,49–58]. For time-
delayed systems, one of the remarkable behaviors is negative
apparent heat dissipation, where the heat on average flows into
the system from a single thermal bath [22,23,49–51]. This can
be understood through information-thermodynamic principles
in the context of feedback control, where the apparent energy
gain is offset by hidden costs associated with measurement
and feedback processes [52,53]. Fluctuation theorems and
thermodynamic uncertainty relations have also been general-
ized to time-delayed Langevin systems [54–58].

Despite these advances in understanding the thermody-
namics of time-delayed systems, most studies have primarily
focused on building formal theoretical frameworks or deriving
general principles. A concrete and detailed analysis of thermo-
dynamic features of time-delayed systems, beyond observing
a single quantity such as negative heat dissipation, is crucial
for understanding the time-delayed effects. Moreover, discov-
ering these thermodynamic features is also experimentally
important as it can help us identify the time-delayed effects
and effectively measure their thermodynamic behaviors.

In this study, we focus on linear time-delayed overdamped
Langevin systems and analyze their characteristic proper-
ties of heat dissipation. Specifically, we use the Harada-Sasa
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equality [59] to decompose the heat dissipation rate into dy-
namical quantities in the frequency domain, which can be
readily calculated from trajectory information, and study the
detailed features of this frequency decomposition. We show
that the spectrum resolved from the heat dissipation rate man-
ifests a typical oscillation over the entire frequency domain.
The shape of the spectrum at low frequencies largely deter-
mines the sign and the magnitude of the heat dissipation rate.
In the high-frequency limit, the spectrum exhibits a sinusoidal
oscillation whose frequency corresponds to the delay time
τ , with a decaying envelope of scaling 1/ω. These proper-
ties highlight characteristics of linear time-delayed systems,
which suggests a direction to identify and analyze time-
delayed effects in experimental systems.

This paper is organized as follows. In Sec. II, we introduce
a general class of Langevin systems with linear time-delayed
forces and review the Harada-Sasa equality for general time-
delayed Langevin systems. In Sec. III, we analytically solve
the dynamics of linear Langevin systems with a single delay
term and calculate the heat dissipation rate and its frequency-
resolved spectrum. We discuss the behaviors of the spectrum
in detail. In Sec. IV, we extend our results to the systems with
multiple delay times. Section V concludes the paper.

II. SETUP AND THE HARADA-SASA EQUALITY

We start with a general class of time-delayed systems de-
scribed by a stochastic delay differential equation (SDDE):

mẍ(t ) = −γ ẋ(t ) + F (x(t ), x(t − τ1), . . . , x(t − τn))

+ ξ (t ) + ε f p(t ), (t > tinit ),

x(t ) = φ(t ), (t ∈ [tinit − τmax, tinit]),

ẋ(tinit ) = v0. (1)

Here, m and γ denote the mass and friction coefficient, respec-
tively. The term F (x(t ), x(t − τ1), . . . , x(t − τn)) includes
both time-local and time-delayed forces in the dynamics.
We assume delay times τ1, . . . , τn are constants and τmax =
max{τ1, . . . , τn}. The term ξ (t ) is the white Gaussian noise
with mean 〈ξ (t )〉 = 0 and correlation 〈ξ (t )ξ (t ′)〉 = 2γ T δ(t −
t ′), where T is the temperature of the surrounding heat bath.
Throughout this study, we assume that the delay time τ is
sufficiently longer than the physical timescale of the envi-
ronmental noise correlation, thus the noise can be safely
modeled as uncorrelated in time. We also add a perturbation
force ε f p(t ) with a small strength ε to define the response
function below. The dynamics starts at t = tinit with a spec-
ified historical trajectory φ(t ) over t ∈ [tinit − τmax, tinit] and
an initial velocity v0. Equation (1) encompasses overdamped
systems by setting m = 0 and removing the initial condition
for the velocity ẋ(tinit ). The SDDE dynamics apply to various
fields including ecology [12], biophysics [18], and engineer-
ing [6,7,21]. In experiments, such time-delayed dynamics can
also be implemented using an optically levitated particle un-
der time-delayed feedback control in underdamped [22,23]
and overdamped [24,29] cases.

The dynamics may converge to a stationary process or
diverge indefinitely depending on the functions F (x(t ), x(t −
τ1), . . . , x(t − τn)) and initial conditions. In the following,
we assume the convergence and take the limit tinit → −∞

to focus on the steady state. We use 〈· · · 〉ε to express the
steady-state average over all possible realizations of trajecto-
ries with the perturbation strength ε.

The stochastic heat dissipation rate J (t ) is defined through

J (t )dt ≡ [γ ẋ(t ) − ξ (t )] ◦ dx(t ), (2)

where ◦ represents the Stratonovich product [30]. Here,
−γ ẋ(t ) + ξ (t ) represents the friction force and the random
thermal force applied to the system by the environment.
Therefore, J (t )dt represents the work done by the system’s
counterforce on the environment over the displacement dx
within time dt at the level of a single trajectory. This en-
ergy transfer is interpreted as heat dissipation. When this
heat dissipation rate is positive (J (t ) > 0), energy flows from
the system to the environment. The Stratonovich product in
Eq. (2) ensures the validity of the first law of thermodynam-
ics (see Ref. [30] for details). For Markovian systems that
satisfy Einstein’s relation, the average heat dissipation rate
is always non-negative, consistent with the second law of
thermodynamics. However, time-delayed systems may have a
negative heat dissipation rate on average. This is compensated
by extra heat dissipation in the external degrees of freedom
that exert the time-delayed force to the system, which are not
modeled explicitly in Eq. (1). For example, the extra heat dis-
sipation may arise due to the thermodynamic cost associated
with the recorded information in the feedback-control agency
[22,52,60,61].

This heat dissipation rate is related to two dynamical quan-
tities of the system, as originally reported in Ref. [59]. The
first quantity is the response function Rv (t ) in the steady state,
defined as

Rv (t − t ′) ≡ δ〈ẋ(t )〉ε
δ[ε f p(t ′)]

∣∣∣∣
ε=0

, (3)

which yields

〈ẋ(t )〉ε = vs + ε

∫ t

−∞
Rv (t − s) f p(s)ds + O(ε2), (4)

where δ/δ[ε f p(t )] represents the functional derivative and
vs ≡ 〈ẋ(t )〉0 is the steady-state velocity independent of t . No-
tice that Rv (t ) = 0 when t < 0 because of causality. The other
quantity is the time-correlation function of velocity in the
absence of perturbation in the steady state,

Cv (t ) ≡ 〈[ẋ(t ) − vs][ẋ(0) − vs]〉0, (5)

which satisfies Cv (−t ) = Cv (t ).
The Harada-Sasa equality relates these two quantities to

the heat dissipation rate in the steady state by the following
identity [59]:

〈J〉0 = γ

{
v2

s +
∫ ∞

−∞

[
C̃v (ω) − 2T R̃′

v (ω)
]dω

2π

}
. (6)

Here and throughout this paper, we define the Fourier trans-
form of a function f (t ) as f̃ (ω) ≡ ∫ ∞

−∞ f (t ) exp(iωt )dt and
R̃′

v (ω) denotes the real part of R̃v (ω). Notice that C̃v (ω) repre-
sents the power spectral density of the velocity and εR̃v (ω)
corresponds to the velocity response to the specific pertur-
bation force ε f p(t ) = εeiωt . The fluctuation response relation
(FRR) C̃v (ω) = 2T R̃′

v (ω) always holds for all frequencies in
equilibrium systems [62,63], and thus the response and the

013039-2



CHARACTERISTIC OSCILLATIONS IN … PHYSICAL REVIEW RESEARCH 8, 013039 (2026)

power spectral density are always balanced. In contrast, FRR
is generally violated in nonequilibrium systems. The Harada-
Sasa equality shows that the FRR violation corresponds to
a positive (negative) contribution to the heat dissipation rate
if the power spectral density is stronger (weaker) than the
response. The Harada-Sasa equality was first proved for
overdamped Langevin systems [59], and then generalized
to underdamped Langevin systems [63,64], systems with
colored noise [63,65], density-field variables [66], quantum
systems [67], and active matter [68,69]. It has been used to
experimentally measure heat dissipation in Brownian particles
[70,71] and biological systems [72–74].

The Harada-Sasa equality holds for general time-delayed
systems in Eq. (1). The proof of Eq. (6) for time-delayed
systems can be done in exactly the same way as the proof for
Markovian Langevin systems in Ref. [63]. Notably, our setup
is regarded as a special case of the setup in Ref. [75], and thus
Eq. (6) is a special case of the Harada-Sasa equality proved in
Ref. [75]. For completeness, we provide a proof of Eq. (6) in
Appendix B.

III. LINEAR SYSTEMS WITH A SINGLE DELAY TIME

In this section, we focus on a simple yet insightful class of
time-delayed systems described by the following overdamped
Langevin equation:

γ ẋ(t ) = ax(t ) + bx(t − τ ) + ε f p(t ) + ξ (t ), (t > tinit ),

x(t ) = φ(t ), (t ∈ [tinit − τ, tinit]), (7)

where a is the strength of a linear force without time delay, b
is the strength of a linear time-delayed force, and τ denotes
a single constant delay time (τ > 0). We assume that the
other parameters share the same meaning as in Eq. (1). The
analytical solution to Eq. (7) has been provided by Küchler
and Mensch [76], which reads

x(t ) = x0(t − tinit )φ(tinit ) + b

γ

∫ tinit

tinit−τ

x0(t − s − τ )φ(s)ds

+ 1

γ

∫ t

tinit

x0(t − s)[ξ (s) + ε f p(s)]ds, (8)

where x0 is the fundamental solution, generally defined as the
solution to the deterministic version of Eq. (7) satisfying the
following conditions:

ε = 0, T = 0, tinit = 0, φ(t ) = 0 (t < 0), φ(0) = 1.

(9)

For the linear dynamics with single delay [Eq. (7)], x0(t )
reads [76]

x0(t ) =

t/τ�∑
k=0

(b/γ )k

k!
(t − kτ )ke(a/γ )(t−kτ ). (10)

Notice that the first two terms of Eq. (8) are history-dependent
deterministic functions in general, while the last term cor-
responds to a history-independent function with a Gaussian
distribution.

In the following, we assume that the solution converges to
a stationary process in the long-time limit. The mathematical

condition for the convergence is either

(a + b) < 0 and (a − b) � 0 (11)

with an arbitrary delay time τ > 0, or

(a + b) < 0, (a − b) > 0, and

0 < τ <
γ arccos(−a/b)

(b2 − a2)1/2
(12)

as shown in Ref. [76]. In these cases, limt→∞ x0(t ) = 0 and
the stationary distribution in the long-time limit has zero mean
position and velocity:

lim
t→∞〈x(t )〉 = 0, vs = lim

t→∞〈ẋ(t )〉 = 0. (13)

From the solution in Eq. (8), we can readily calculate the
quantities of interest in the steady state (see Appendix C for
the derivation). The linear response function and the time-
correlation function in the steady state read

Rv (t ) = 1

γ 2
[ax0(t ) + bx0(t − τ )] + 1

γ
δ(t ), (14)

Cv (t ) = 2T

γ 3
{(a2 + b2)K (t ) + ab[K (t + τ ) + K (t − τ )]}

+ 2T

γ 2
[ax0(|t |) + bx0(|t | − τ )] + 2T

γ
δ(t ), (15)

where we define K (t ) ≡ ∫ ∞
0 x0(s)x0(s + t )ds, whose explicit

formula is provided in Appendix C. We can also obtain the
average heat dissipation rate for τ > 0:

〈J〉0 = T

γ
a + 2T

γ 2
[(a2 + b2)K (0) + 2abK (τ )]. (16)

Note that this expression of the heat dissipation rate has
been derived in Refs. [49,50] from the time-delayed Fokker-
Planck equation [77]. In the vanishing delay limit (τ →
0), the expression of 〈J〉0 in Eq. (16) approaches −bT/γ .
However, when τ is exactly 0, Eq. (16) is no longer valid,
and the heat dissipation rate strictly becomes zero since the
heat dissipation is purely due to the time-delay force in
the present setup. Thus, 〈J〉0 shows a discontinuity in the
limit τ → 0 in the current overdamped model [49,50]. Such
unphysical picture of the discontinuity originates from the
failure of 〈ξ (t )ξ (t − τ )〉 = 0 and 〈x(t − τ )ξ (t )〉 = 0 in de-
riving Eq. (16) when the delay time τ is comparable to the
timescale of the environmental noise correlation in physical
scenarios (see Appendix C and Chapter 9 of Ref. [53] for
related discussion).
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FIG. 1. The heat dissipation rate 〈J〉0 for different values of a, b,
and τ (here, a < 0 and |b| < |a|). We fix T = 1 and γ = 1.

The heat dissipation rate may become negative depending
on the parameters a, b, and τ . For example, we show the
curves of heat dissipation with a restoring nondelayed linear
force (a < 0) in Fig. 1. Specifically, the heat dissipation rate
can be negative for moderate delay times with a positive
delayed force (b > 0), while it always remains positive with
a negative delayed force (b < 0). When a and b are fixed, a
shorter delay time results in lower (higher) heat dissipation
rate when b > 0 (b < 0). The phenomena of negative heat
dissipation have also been mentioned in several studies related
to time-delayed feedback cooling [22,23,50–52]. In particular,
Ref. [51] reported similar curves of heat dissipation of a linear
system with a delta-distributed memory kernel.

As the main result of the present paper, we analyze the
heat dissipation rate in more detail by decomposing it into the
frequency components using the Harada-Sasa equality. From
Eqs. (14) and (15), we can analytically calculate the Fourier
transforms C̃v (ω), R̃′

v (ω) and the spectral decomposition of
the heat dissipation C̃v (ω) − 2T R̃′

v (ω) (see Appendix D for
the derivation):

R̃′
v (ω) = − 1

γ

a2 + b2 + 2ab cos(ωτ ) + bγω sin(ωτ )

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2
+ 1

γ
,

(17)

C̃v (ω) = − 2T

γ

a2 + b2 + 2ab cos(ωτ ) + 2bγω sin(ωτ )

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2

+ 2T

γ
, (18)

C̃v (ω) − 2T R̃′
v (ω)

= −2T
bω sin(ωτ )

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2
. (19)

As shown in Fig. 2(a), throughout the frequency do-
main, the spectral decomposition of heat dissipation shows a
long-lasting oscillation centered at zero with the period 2π/τ .
A longer delay leads to an oscillation of the spectrum with a
shorter period [Fig. 2(c)]. The amplitude of the decaying oscil-
lation increases as the magnitude of the strength of the delay
term |b| increases, and a negative strength of the delay force
(b < 0) changes the overall sign of the spectrum [Fig. 2(d)].
In particular, in the high-frequency domain (ω � |a|/γ and
ω � |b|/γ ), the denominator of C̃v (ω) − 2T R̃′

v (ω) is domi-
nated by (γω)2; hence,

R̃′
v (ω) ∼ 1

γ
− b

γ 2ω
sin(ωτ ) + O

(
1

ω2

)
, (20)

C̃v (ω) ∼ 2T

γ
− 4T

γ 2ω
b sin(ωτ ) + O

(
1

ω2

)
, (21)

C̃v (ω) − 2T R̃′
v (ω) ∼ − 2T

γ 2ω
b sin(ωτ ) + O

(
1

ω2

)
. (22)

The asymptotic behavior of these spectra in high frequen-
cies reveals nontrivial information about the time-delayed
force: The envelope of the spectral curve decays inversely
with frequency ω and is proportional to the strength b
of the time-delayed force. In the vanishing limit of b,
the entire spectrum tends to zero. This shows an essen-
tial nonequilibrium behavior due to the presence of the
time-delayed force.

There are two timescales of the dynamics that are
important in determining corresponding thermodynamic be-
havior: τ/π and min{γ /|a|, γ /|b|}. By sweeping ω from
0 to ∞, the FRR violation C̃v (ω) − 2T R̃′

v (ω) periodi-
cally vanishes when ω is an integer multiple of π/τ ,
which leads to the oscillatory spectrum. In other words,
the time-delayed force breaks FRR and contributes to heat
dissipation only at timescale ω−1 off-resonant with mul-
tiples of τ/π . Furthermore, the envelope of the violation
spectrum starts to decay around ω−1 � min{γ /|a|, γ /|b|}.
This means that the violation of FRR, and hence the
contribution to the heat dissipation, is most prominent in
timescales longer than the intrinsic relaxation timescale,
ω−1 � min{γ /|a|, γ /|b|}. For small timescales (ω−1 �
min{γ /|a|, γ /|b|}), the asymptotic scaling of the spectrum
(∼1/ω) in the high-frequency region and its oscillation
around zero together lead to a negligible contribution to the
heat dissipation.

We can preliminarily infer the sign of the heat dissi-
pation and its parameter dependence from the information
of the spectrum decomposition in the low-frequency region.
Here, we focus on cases with a restoring nondelayed force
(a < 0). Specifically, for a positive delayed force b > 0,
the major contribution to the integral comes from the first
valley below zero and the subsequent peak above zero. A
shorter delay time results in a longer period of oscillation
in the frequency domain, which shifts the first peak towards
higher frequency without changing the decay of the enve-
lope [Fig. 2(c)]. Thus, a shorter delay time leads to a lower
heat dissipation for b > 0. In contrast, for negative strength
of the delayed force b < 0, the contribution from the first
positive peak of the spectrum dominates, which results in
positive heat dissipation [Figs. 1 and 2(d)]. Experimentally,
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(a) (b)

(c) (d)

(e) (f) (g)

FIG. 2. The upper row: frequency-resolved spectrum of heat dissipation rate of a linear Langevin system with (a) a single delay and
(b) two delays. Blue solid lines denote the frequency-resolved spectrum C̃v (ω) − 2T R̃′

v (ω), green dashed lines show the asymptotic forms:
(a) −2T b sin(ωτ )/(γ 2ω) and (b) −(2T/γ 2ω)[A1 sin(ωτ1) + A2 sin(ωτ2)], and purple crosses denote results of numerical simulations (red
error bars show the standard error of the mean). Parameters: (a) a = −2, b = 1, τ = 1, T = 0.1, γ = 1; (b) A0 = −3, A1 = A2 = 1, τ2 =
2τ1 = 2, γ = 1, T = 0.1. The middle row: how the single delay time τ and delay strength b affect the resolved spectrum of heat dissipation
rate. We fix a = −1, T = 1, and γ = 1. (c) The spectrum with different delay times τ . We fix b = 0.5. (d) The spectrum with different
strengths b of the time-delayed force. Here, τ = 1. The lower row: how the two delay times τ1, τ2 and corresponding delay strengths A1, A2

affect the resolved spectrum of heat dissipation rate. We fix A0 = −1, T = 1, and γ = 1. (e) The spectrum with different delay times τ1, τ2.
Here, A1 = A2 = 0.2. (f) The spectrum with different delay strengths A1, A2 of the same sign. Here, τ1 = 1 and τ2 = 2. (g) The spectrum with
the same delay strengths A1, A2 of different signs. Here, τ1 = 1 and τ2 = 2.

these properties allow us to infer the heat dissipation rate of
the linear time-delayed systems with relatively small sampling
resources.

IV. LINEAR SYSTEMS WITH MULTIDELAY TIMES

Next, we examine a broader class of time-delayed systems
to test the generality of these results. We consider a Langevin
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equation with multiple delay times:

γ ẋ(t ) =
N∑

i=0

Aix(t − τi ) + ε f p(t ) + ξ (t ), (t > tinit ),

x(t ) = φ(t ), (t ∈ [tinit − τ, tinit]), (23)

where A0 is the strength of a linear force without delay
(τ0 = 0), Ai for i = 1, . . . , N are the strength of a linear time-
delayed force term with a constant delay time τi (τi > 0),
and τ = maxi{τi}. Other parameters share the same meaning
as in Eq. (1). Instead of Eq. (11) or Eq. (12), we require
A0 < −∑N

i=1 |Ai| to ensure the existence of a unique station-
ary solution, which can be shown by the method of Lyapunov
functionals [78,79]. The solution of Eq. (23) is given by

x(t ) = x0(t − tinit )φ(tinit ) + 1

γ

N∑
i=1

Ai

∫ tinit

tinit−τi

x0(t − s − τi )φ(s)ds + 1

γ

∫ t

tinit

x0(t − s)[ξ (s) + ε f p(s)]ds, (24)

in which x0(t ) is defined as the solution to Eq. (23) with the conditions in Eq. (9).
Following the same routes as in Sec. III, we can obtain the linear response function and the time-correlation function in the

steady state as

Rv (t ) = 1

γ 2

N∑
i=0

Aix0(t − τi ) + 1

γ
δ(t ), (25)

Cv (t ) = 2T

γ 3

N∑
i, j=0

AiAjK (t + τi − τ j ) + 2T

γ 2

N∑
i=0

Aix0(|t | − τi ) + 2T

γ
δ(t ). (26)

The Fourier transforms C̃v (ω), R̃′
v (ω) and the spectral decomposition of the heat dissipation C̃v (ω) − 2T R̃′

v (ω) read

R̃′
v (ω) = − 1

γ

∑N
i, j=0 AiAj cos(ω(τi − τ j )) + γω

[∑N
i=1 Ai sin(ωτi )

]
[∑N

i=0 Ai cos(ωτi )
]2 + [

γω + ∑N
i=1 Ai sin(ωτi )

]2 + 1

γ
, (27)

C̃v (ω) = −2T

γ

∑N
i, j=0 AiAj cos(ω(τi − τ j )) + 2γω

[∑N
i=1 Ai sin(ωτi )

]
[∑N

i=0 Ai cos(ωτi )
]2 + [

γω + ∑N
i=1 Ai sin(ωτi )

]2 + 2T

γ
, (28)

C̃v (ω) − 2T R̃′
v (ω) = −2T

ω
[∑N

i=1 Ai sin(ωτi )
]

[∑N
i=0 Ai cos(ωτi )

]2 + [
γω + ∑N

i=1 Ai sin(ωτi )
]2 . (29)

In the high-frequency domain (ω � |A0|/γ ), we have

R̃′
v (ω) ∼ 1

γ
− 1

γ 2ω

N∑
i=1

Ai sin(ωτi ) + O

(
1

ω2

)
, (30)

C̃v (ω) ∼ 2T

γ
− 4T

γ 2ω

N∑
i=1

Ai sin(ωτi ) + O

(
1

ω2

)
, (31)

C̃v (ω) − 2T R̃′
v (ω) ∼ − 2T

γ 2ω

N∑
i=1

Ai sin(ωτi ) + O

(
1

ω2

)
.

(32)

As an example, we consider systems with two delay times
[N = 2 in Eq. (23)]. Similarly to the case of a single delay, the
decomposition spectrum shows an oscillation over the whole
frequency domain [Fig. 2(b)]. The amplitude of the oscillation
of the spectrum increases as the delay strengths |A1|, |A2|
increase [Fig. 2(f)]; larger delay times τ1, τ2 lead to a shorter
period of the oscillation [Fig. 2(e)]. In the high-frequency
limit, the spectrum becomes a superposition of sinusoidal
waves corresponding to different delay times, with a decaying
envelope of scaling 1/ω.

For systems with two delay times, the contribution to
heat dissipation still originates predominantly from the

low-frequency region [Fig. 2(b)]. Therefore, we can examine
the parameter dependence of the heat dissipation by analyz-
ing the resolved spectrum based on Eq. (29). For positive
strengths of time-delayed forces (A1, A2 > 0), shorter delay
times generally yield lower heat dissipation [Fig. 2(e)]. In
Fig. 2(f), positive force strengths (A1, A2 > 0) can induce
negative heat flow, whereas negative strengths (A1, A2 < 0)
produce positive heat flow; the absolute value of heat dissi-
pation increases with the magnitude of delay strengths of the
same sign. Time-delayed forces with opposing signs of the
strengths (A1 > 0, A2 < 0 or A1 < 0, A2 > 0) result in higher
heat dissipation compared to the both-positive case with the
same magnitudes. Notably, flipping the sign (from positive to
negative) of the force associated with the shorter delay time
generates more dissipation than flipping that of the longer
delay time [Fig. 2(g)].

V. DISCUSSION

In this work, we have studied the spectral decompo-
sition of the heat dissipation rate C̃v (ω) − 2T R̃′

v (ω) in
linear time-delayed Langevin systems using the Harada-Sasa
equality. Our main results are summarized as follows: (1)

013039-6



CHARACTERISTIC OSCILLATIONS IN … PHYSICAL REVIEW RESEARCH 8, 013039 (2026)

The frequency-resolved spectrum of heat dissipation of lin-
ear time-delayed overdamped Langevin systems shows a
characteristic oscillation with asymptotic scaling 1/ω. The
magnitude of the oscillation reflects the strength of the de-
layed force, and its period reflects the delay time. Overall,
such asymptotic behavior reveals nontrivial information about
the time-delayed force. (2) The frequency-resolved spectrum
in the low-frequency region reflects the sign and the magni-
tude of the heat dissipation. In experiments, the power spectral
density C̃v (ω) can be directly obtained from the recorded
trajectories, while the response function R̃′

v (ω) is measured
by applying a small oscillatory perturbation and analyzing
the system’s output (see Appendix A for a brief recipe). Our
study provides a perspective for identifying and analyzing
time-delayed effects in diverse systems, such as active matter,
and for effectively quantifying the energetic costs in systems
like colloidal particles, electrical circuits, and mechanical os-
cillators under time-delayed feedback control.

The 1/ω scaling and asymptotic oscillation of frequency-
resolved spectrum of heat dissipation are arguably a specific
feature of time-delayed systems. This is suggested by a known
result for Markovian systems [80]: For general discrete-state
Markovian systems with a general perturbation, the real part
of the linear response function, the time correlation function,
and the spectrum of heat dissipation approach their respective
limits as ω → ∞ by 1/ω2, as shown by the Taylor expansion
of Eq. (6) in Ref. [80]. Furthermore, we suspect that the
asymptotic oscillations of C̃v (ω) and R̃′

v (ω) are not specific
to linear systems but may also arise in some nonlinear time-
delayed systems (e.g., see [81]). A systematic verification of
this behavior in a broader class of nonlinear time-delayed
stochastic systems is an interesting direction for future the-
oretical investigation.

Additionally, time-delayed systems are often analyzed us-
ing enlarged models that explicitly incorporate additional
degrees of freedom (for instance, through Markovian embed-
ding using the linear chain trick [53,58,82], or by directly
modeling the feedback mechanism as an explicit degree of
freedom [52]). Understanding our results using such enlarged
models is also an interesting direction for gaining further
physical insights into these characteristics.
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APPENDIX A: NUMERICAL METHODS

We briefly sketch the method of numerical calculation. The
procedure is in principle applicable in experimental setups
as well.

For a single trajectory x(t ) at resolution δt , we as-
sume the steady state after a sufficiently long time t = t0
and take discrete Fourier transform of the data in [t0, t0 +
T ] (T = Nspδt ), as suggested in the Supplemental Material
of Ref. [80]:

x̃(ωk ) =
√

δt√
Nsp

Nsp∑
j=1

x(t0 + jδt ) exp[−iωk (t0 + jδt )], (A1)

where ωk = 2πk/Nspδt (k = 0, . . . , Nsp − 1). The power
spectral density of velocity C̃v (ω) is obtained by

C̃v (ω) = 〈|ṽ(ω)|2〉 = ω2〈|x̃(ω)|2〉, (A2)

where 〈· · · 〉 represents the ensemble average over a suffi-
ciently large number of trajectories. For the response function
R̃′

v (ω0) for a specific ω0, first, we plug f p(t ) = eiω0t into
Eq. (4):

〈ẋ(t )〉 = vs + ε

∫ t

−∞
Rv (t − s)eiω0sds + O(ε2)

= vs + εR̃v (ω0)eiω0t + O(ε2). (A3)

It is more practical to consider the response to a real perturba-
tion f p(t ) = cos(ω0t ) = Re[eiω0t ], which is given by taking
the real part of Eq. (A3) (vs = 0 in the steady state and
ignoring O(ε2)):

〈ẋ(t )〉 = ε{Re[Rv (ω0)] cos(ω0t ) − Im[Rv (ω0)] sin(ω0t )},
(A4)

which is equivalent to

〈x(t )〉 = ε

ω0
{Re[Rv (ω0)] sin(ω0t ) + Im[Rv (ω0)] cos(ω0t )}

+ constant. (A5)

The real part of R̃v (ω0) is extracted by taking the inner product
of averaged trajectories 〈x(t )〉 in [t0, t0 + T ] with sin(ω0t ):

Re[Rv (ω0)] ≈ 2ω0

εNsp

Nsp∑
j=1

〈x(t0 + jδt )〉 sin[ω0(t0 + jδt )].

(A6)

In numerical simulations, we compute ω2|x̃(ω)|2 for each
trajectory without any perturbation force and then take the
average C̃v (ω) and the standard deviation σC over an ensem-
ble of N trajectories. Similarly, for a specified frequency ω0,
we add a perturbation f p(t ) = cos(ω0t ) and compute the ex-
pression 2ω0(εNsp)−1 ∑Nsp

j=1 x(t0 + jδt ) sin[ω0(t0 + jδt )] for
each trajectory. Then, we take the average as R̃′

v (ω0) and the
standard deviation σR′ over N trajectories. Since σC and σR′

are computed from different dynamical processes and noise
realizations, the error bars for the spectrum C̃v (ω) − 2T R̃′

v (ω)
are given by

√
(σ 2

C + 4T 2σ 2
R′ )/N .

We use the programming language JULIA and the pack-
age DIFFERENTIALEQUATIONS.JL [83] and STOCHASTICDE-
LAYDIFFEQ.JL [84] for numerical simulations using the
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Euler-Maruyama method [85]. For C̃v (ω) or R̃′
v (ω0) (with

a selected ω0), we set the steady-state time t0 = 200 and
simulate for a duration of T = 500 with a resolution of
δt = 0.001 over N = 50 000 trajectories in both single- and
two-delay cases.

APPENDIX B: PROOF OF THE HARADA-SASA EQUALITY
FOR SYSTEMS WITH TIME-DELAYED FORCES

We prove the Harada-Sasa equality in Eq. (6) based on
Refs. [63,75]. For convenience, we write the external force
at time t as

Fε (t ) ≡ F (x(t ), x(t − τ1), . . . , x(t − τn)) + ε f p(t ), (B1)

which is a stochastic quantity.
We first consider overdamped systems (m = 0) and use the

path-integral formalism [86,87]. We consider discrete time
points ti ≡ tinit + i�t , for i = 0, 1, . . . with a small interval
�t . We take the following discrete-time evolution, which con-
verges to the original time evolution in Eq. (1) in the �t → 0
limit:

γ�xi = F i
ε�t +

√
2γ T �W i, (B2)

where �xi ≡ x(ti+1) − x(ti ), F i
ε ≡ Fε (ti ), and �W i is

the Wiener increment obeying the Gaussian distribu-
tion with mean 〈�W i〉 = 0 and correlation 〈�W i�W j〉 =
δi j�t (

√
2γ T �W i/�t � ξ (ti)). Given an initial history

{φ(s) | tinit − τ � s � tinit}, the external force F i
ε is regarded

as a function of {�x0, . . . ,�xi−1}.
We consider a path from time tinit ≡ t0 to tN . Given

an initial condition {φ(s) | tinit − τ � s � tinit}, a realization
{�x0, . . . ,�xN−1} is completely determined by the realiza-
tion of the noise {�W 0, . . . ,�W N−1}. The noise obeys a
multivariate Gaussian distribution, and thus the probability
density of a path {�x0, . . . ,�xN−1} is given by

P[{�x0, . . . ,�xN−1} | {φ(·)}]

= J
N

exp

{
− 1

4γ T �t

N−1∑
i=0

[
γ�xi − F i

ε�t
]2

}
, (B3)

where

J =
∣∣∣∣det

[
∂ (�W 0, . . . ,�W N−1)

∂ (�x0, . . . ,�xN−1)

]∣∣∣∣ (B4)

is the Jacobian and N = (
√

2π�t )N is the normaliza-
tion constant. The Jacobian matrix consists of the el-
ements ∂ (�W i )/∂ (�x j ). Using Eq. (B2), we can find
∂ (�W i )/∂ (�x j ) = 0 for j > i, and thus the Jacobian matrix
is a lower triangular matrix. Thus, the determinant is the
product of the diagonal elements,

∏N−1
i=0 ∂ (�W i )/∂ (�xi ) =

(
√

γ /2T )N . Notably, this determinant does not depend on the
perturbation force ε f p(t ).

Taking the continuous limit (�t → 0), the probability den-
sity of a path {x(s) | tinit < s � t} is given by the path integral

P[{x(·)} | {φ(·)}] = J
N

exp[−Sε ({x})], (B5)

Sε ({x}) ≡
∫ t

tinit

1

4γ T
[γ ẋ(s) − Fε (s)]2ds, (B6)

with N and J independent of ε f p(t ).
Now, we use this path integral to prove the Harada-Sasa

equality. For s′ �= s, we can rewrite the response function as

Rv (s′ − s) ≡ δ〈ẋ(s′)〉ε
δε f p(s)

∣∣∣∣∣
ε=0

= δ

δε f p(s)

[
J
N

∫
D{x} e−Sε ({x})ẋ(s′)

]∣∣∣∣∣
ε=0

= −J
N

∫
D{x} e−S0({x})ẋ(s′)

δSε ({x})

δε f p(s)

∣∣∣∣∣
ε=0

= J
N

∫
D{x} e−S0({x})ẋ(s′)

1

2γ T
[γ ẋ(s) − F0(s)]

= 1

2γ T
〈ẋ(s′)[γ ẋ(s) − F0(s)]〉0. (B7)

Combining this with the definition of the correlation function
in Eq. (5), we obtain

Cv (s′ − s) − 2T Rv (s′ − s)

= 〈[ẋ(s′) − vs][ẋ(s) − vs]〉0 − 1

γ
〈ẋ(s′)[γ ẋ(s) − F0(s)]〉0

= 1

γ
〈ẋ(s′)F0(s)〉0 − v2

s . (B8)

So far, we have performed calculations for s′ �= s. We use this
relation to rewrite the heat dissipation rate as

〈J〉0 = 〈F0(s) ◦ ẋ(s)〉0

= lim
t→0+

1

2
〈F0(s + t )ẋ(s) + F0(s − t )ẋ(s)〉0

= γ v2
s + lim

t→0+

γ

2
{[Cv (t ) − 2T Rv (t )]

+ [Cv (−t ) − 2T Rv (−t )]}. (B9)

On the other hand, the singularity of Cv (0) is given by
γ −2〈ξ (s)ξ (s)〉 = (2T/γ )δ(0) and the singularity of Rv (0) is
γ −1δ[ε f p(s)]/δ[ε f p(s)] = γ −1δ(0). Thus, the combination
Cv (0) − 2T Rv (0) has no singularity. Therefore, we can ap-
ply the equality

∫ ∞
−∞ f̃ ′(ω) dω

2π
= 1

2 limt→0+[ f (t ) + f (−t )] to
f (t ) = Cv (t ) − 2T Rv (t ). This leads to the Harada-Sasa equal-
ity in Eq. (6).

For underdamped systems (m �= 0), we similarly consider
the path integral by taking the velocity v(s) ≡ ẋ(s) as the vari-
able. Given an initial condition {φ(s) | tinit − τ � s � tinit} and
an initial velocity v0, the path of the velocity {v(s) | tinit < s �
t} completely determines the path of the position {x(s) | tinit <
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s � t} and hence the time-delayed force. By a similar pro-
cedure as above, we find the path-integral expression of the
probability density,

P[{v(·)} | {φ(·)}, v0] = J
N

exp[−Sε ({v})], (B10)

Sε ({v}) ≡
∫ t

tinit

1

4γ T
[mv̇(s) + γ v(s) − Fε (s)]2ds, (B11)

with the Jacobian J and the normalization N independent
of ε f p(·).

We can prove the Harada–Sasa equality for underdamped
systems similarly to Eqs. (B7)–(B9). The response function is
calculated from the path integral as

Rv (s′ − s) = 1

2γ T
〈v(s′)[mv̇(s) + γ v(s) − F0(s)]〉0.

(B12)

Combining this with the definition of the correlation function,
we obtain

Cv (s′ − s) − 2T Rv (s′ − s)

= 1

γ
〈v(s′)[−mv̇(s) + F0(s)]〉0 − v2

s . (B13)

The heat dissipation rate is thus given by

〈J〉0 = 〈[−mv̇(s) + F0(s)] ◦ v(s)〉0

= lim
t→0+

1

2
〈[−mv̇(s) + F0(s)][v(s + t ) + v(s − t )]〉0

= γ v2
s + lim

t→0+

γ

2
{[Cv (t ) − 2T Rv (t )]

+ [Cv (−t ) − 2T Rv (−t )]}. (B14)

Since there is no singularity of delta functions for un-
derdamped systems, we can readily use the equality∫ ∞
−∞ f̃ ′(ω) dω

2π
= 1

2 limt→0+[ f (t ) + f (−t )] to reproduce the
Harada-Sasa equality.

APPENDIX C: DERIVATIONS OF Cv (t ), Rv (t ), AND 〈J〉0

We directly calculate the linear response function and the time correlation function of the linear time-delayed overdamped
Langevin systems with a single time-delay term [Eq. (7)]. From the formal solution Eq. (8), the velocity is given by

ẋ(t ) = (historical terms) + 1

γ 2

∫ t

tinit

[ax0(t − s) + bx0(t − τ − s)][ξ (s) + ε f p(s)]ds + 1

γ
[ξ (t ) + ε f p(t )]. (C1)

Taking the limit tinit → −∞, the historical terms vanish. By taking the average 〈· · · 〉0, we find that the steady-state velocity
vanishes: vs = 〈ẋ(t )〉0 = 0.

By taking the functional derivative of Eq. (C1), we obtain the linear response function at steady state,

Rv (t ) ≡ δ〈ẋ(s)〉ε
δε f p(s − t )

∣∣∣∣
ε=0

= 1

γ 2
[ax0(t ) + bx0(t − τ )] + 1

γ
δ(t ) (C2)

for all t . In particular, we have Rv (t ) = 0 for t < 0.
Next, using Eq. (C1) and the steady-state velocity vs = 0, the time correlation function in the steady state is expanded as

Cv (t ) ≡ 〈[ẋ(s) − vs][ẋ(s + t ) − vs]〉0 = 〈ẋ(s)ẋ(s + t )〉0

=
〈(

1

γ 2

∫ s

−∞
[ax0(s − s′) + bx0(s − τ − s′)]ξ (s′)ds′ + ξ (s)

γ

)

×
(

1

γ 2

∫ s+t

−∞
[ax0(s + t − s′) + bx0(s + t − τ − s′)]ξ (s′)ds′ + ξ (s + t )

γ

)〉

= 2T

γ 3

∫ s

−∞
[ax0(s − s′) + bx0(s − τ − s′)][ax0(s + t − s′) + bx0(s + t − τ − s′)]ds′

+ 2T

γ 2
[ax0(|t |) + bx0(|t | − τ )] + 2T

γ
δ(t ), (C3)

where we neglect additional finite terms that are only present at t = 0 because they will not contribute to the Fourier transform
of Cv (t ). Noting that x0(t ) = 0 for t < 0, we can replace the integral

∫ s
−∞ ds′ in the last expression with

∫ ∞
−∞ ds′. Defining

K (t ) ≡
∫ ∞

0
x0(s)x0(s + t )ds =

∫ ∞

−∞
x0(s)x0(s + t )ds, (C4)

which satisfies K (t ) = K (−t ), we can rewrite Eq. (C3) as

Cv (t ) = 2T

γ 3
{(a2 + b2)K (t ) + ab[K (t + τ ) + K (t − τ )]} + 2T

γ 2
[ax0(|t |) + bx0(|t | − τ )] + 2T

γ
δ(t ) (C5)

for all t . By similar calculations, we can obtain the expressions of Cv (t ) and Rv (t ) for the systems with multiple delay times in
Eqs. (25) and (26).
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The steady-state heat dissipation rate for the system with a single delay time τ > 0 [Eq. (7)] can be calculated as

〈J〉0 ≡ 〈[γ ẋ(t ) − ξ (t )] ◦ ẋ(t )〉 = 〈[ax(t ) + bx(t − τ )] ◦ ẋ(t )〉

=
〈
[ax(t ) + bx(t − τ )] ◦ 1

γ
{[ax(t ) + bx(t − τ )] + ξ (t )}

〉

=
〈(

1

γ

∫ s

−∞
[ax0(s − s′) + bx0(s − τ − s′)]ξ (s′)ds′

)

◦
(

1

γ 2

∫ s

−∞
[ax0(s − s′) + bx0(s − τ − s′)]ξ (s′)ds′ + ξ (s)

γ

)〉

= T

γ
a + 2T

γ 2
[(a2 + b2)K (0) + 2abK (τ )], (C6)

where we used 〈[∫ s
−∞ f (s′)ξ (s′)ds′] ◦ ξ (s)〉 = 1

2 (2γ T ) f (s) due to the Stratonovich product. We also used 〈ξ (t − s)ξ (t )〉 = 0 for
s � τ , and accordingly 〈x(t − τ )ξ (t )〉 = 0. The quantities K (0) and K (τ ) have the following analytical expressions under the
conditions Eq. (11) or Eq. (12) [76]:

K (0) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γ · b sinh(lτ/γ )−l
2l (a+b cosh(lτ/γ )) , (|b| < −a)

bτ−γ

4b , (b = a)

γ · b sin(lτ/γ )−l
2l (a+b cos(lτ/γ )) , (b < −|a|)

(C7)

K (τ ) =

⎧⎪⎪⎨
⎪⎪⎩

K (0) · cosh(lτ/γ ) − γ sinh(lτ/γ )
2l , (|b| < −a)

K (0) − τ
2 , (b = a)

K (0) · cos(lτ/γ ) − γ sin(lτ/γ )
2l , (b < −|a|)

(C8)

where we define l =
√

|a2 − b2| and note that a and b in Ref. [76] correspond to a/γ and b/γ in this paper. In the τ → 0 limit,
K (0) approaches −γ /[2(a + b)] and 〈J〉0 approaches −bT/γ .

Note that when τ = 0, 〈bx(t − τ ) ◦ ξ (t )/γ 〉 in the second line of Eq. (C6) will contribute an additional term bT/γ ,
leading to 〈J〉0 = −bT/γ + bT/γ = 0. This abrupt emergence of the additional term is due to the mathematical as-
sumption of white noise 〈ξ (t − τ )ξ (t )〉 ∝ δ(τ ). Physically, the white-noise assumption becomes invalid when τ is as
short as the timescale of the environmental noise correlation, and this additional term should gradually emerge when τ

approaches zero.

APPENDIX D: DERIVATIONS OF C̃v (ω) AND R̃v (ω)

We calculate the Fourier transform of linear response function Rv (t ) and the time correlation function Cv (t ) for systems with
a single delay time. The Fourier transform of Rv (t ) is

R̃v (ω) =
∫ ∞

−∞

{
1

γ 2
[ax0(t ) + bx0(t − τ )] + 1

γ
δ(t )

}
eiωt dt = 1

γ 2
(a + beiωτ )x̃0(ω) + 1

γ
. (D1)

Here, x̃0(ω) is the Fourier transform of the fundamental solution, which can be calculated as follows. Recalling that the
fundamental solution x0(t ) is the solution of Eq. (7) with the conditions in Eq. (9), we have

ẋ0(t ) = 1

γ
[ax0(t ) + bx0(t − τ )] + δ(t ), (D2)

where the delta function arises from the discontinuity of x0(t ) at t = 0 from 0 to 1 due to the choice of the historic trajectory
φ(t ) in Eq. (9). Using this relation, we obtain

∂

∂t
[x0(t )eiωt ] = 1

γ
[ax0(t ) + bx0(t − τ )]eiωt + iωx0(t )eiωt + δ(t )eiωt . (D3)

Integrating Eq. (D3) from t = −∞ to t = ∞ and using the definition of the Fourier transform gives

[x0(t )eiωt ]

∣∣∣∣
t=∞

t=−∞
= 1

γ
[ax̃0(ω) + bx̃0(ω)eiωτ ] + iωx̃0(ω) + 1. (D4)
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The left-hand side vanishes because x0(t ) = 0 for t < 0 and limt→∞ x0(t ) = 0. Rearranging gives

x̃0(ω) = − γ

[a + b cos(ωτ )] + i[γω + b sin(ωτ )]
. (D5)

Inserting Eq. (D5) into Eq. (D1) gives

R̃′
v (ω) = Re[R̃v (ω)] = 1

γ 2
Re[(a + beiωτ )x̃0(ω)] + 1

γ

= − 1

γ

[a + b cos(ωτ )]2 + b sin(ωτ )[γω + b sin(ωτ )]

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2
+ 1

γ

= − 1

γ

a2 + b2 + 2ab cos(ωτ ) + bγω sin(ωτ )

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2
+ 1

γ
. (D6)

Next, the Fourier transform of the time correlation function in Eq. (C5) reads

C̃v (ω) = 2T

γ 3

∫ ∞

−∞
{(a2 + b2)K (t ) + ab[K (t + τ ) + K (t − τ )]}eiωt dt + 4T

γ 2
Re

[∫ ∞

0
[ax0(t ) + bx0(t − τ )]eiωt dt

]
+ 2T

γ

= 2T

γ 3
[(a2 + b2) + ab(e−iωτ + eiωτ )]K̃ (ω) + 4T

γ 2
Re[(a + beiωτ )x̃0(ω)] + 2T

γ
. (D7)

We have already calculated Re[(a + beiωτ )x̃0(ω)] in Eq. (D6). We need to calculate the Fourier transform of K (t ). We rewrite
the definition of K (t ) in Eq. (C4) using the inverse Fourier transform x0(t ) = ∫ ∞

−∞ x̃0(ω)e−iωt dω
2π

as

K (t ) =
∫ ∞

−∞
x0(s)x0(s + t )ds =

∫ ∞

−∞
ds

∫ ∞

−∞

dω

2π

∫ ∞

−∞

dω′

2π
x̃0(ω′)e−iω′sx̃0(ω)e−iω(s+t )

=
∫ ∞

−∞

dω

2π

∫ ∞

−∞

dω′

2π

∫ ∞

−∞
ds x̃0(ω′)x̃0(ω)e−i(ω′+ω)se−iωt

=
∫ ∞

−∞

dω

2π

∫ ∞

−∞
dω′x̃0(ω′)x̃0(ω)δ(ω′ + ω)e−iωt =

∫ ∞

−∞

dω

2π
x̃0(−ω)x̃0(ω)e−iωt . (D8)

Comparing this expression with K (t ) = ∫ ∞
−∞ K̃ (ω)e−iωt dω

2π
, we obtain the Fourier transform of K (t ),

K̃ (ω) = x̃0(−ω)x̃0(ω) = γ 2

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2
. (D9)

Inserting into Eq. (D7) gives

C̃v (ω) = 2T

γ

a2 + b2 + 2ab cos(ωτ )

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2
− 4T

γ

a2 + b2 + 2ab cos(ωτ ) + bγω sin(ωτ )

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2
+ 2T

γ

= −2T

γ

a2 + b2 + 2ab cos(ωτ ) + 2bγω sin(ωτ )

[a + b cos(ωτ )]2 + [γω + b sin(ωτ )]2
+ 2T

γ
. (D10)

For the dynamics with multiple delay times, we assume the condition A0 < −∑N
i=1 |Ai|, so that limt→∞ x0(t ) = 0. Following

the same approach used for the single-delay case, the Fourier transform of the fundamental solution x0(t ) of Eq. (23) can be
expressed as

x̃0(ω) = − γ

iγω + ∑N
i=0 Aieiωτi

. (D11)

Then,

K̃ (ω) = x̃0(ω)x̃0(−ω) = γ 2[∑N
i=0 Ai cos(ωτi )

]2 + [
γω + ∑N

i=1 Ai sin(ωτi )
]2 , (D12)

where we use sin(ωτ0) = 0. By a similar calculation to the case of a single delay time, we conclude Eqs. (27) and (28).
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