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Interacting electronic topology of nonlocal crystals
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Nonlocal crystals are systems with translational symmetry but arbitrary-range couplings or interactions
between degrees of freedom. We argue that such systems can realize symmetry-allowed but locality-forbidden
ground-state symmetry eigenvalues. This is demonstrated by constructing an exactly solvable fermionic model
in a one-dimensional translationally invariant setting in symmetry class AIl with inversion symmetry, using
a Hatsugai-Kohmoto-type model. The resulting unique gapped ground state exhibits the size-independent
inversion eigenvalue —1, which is allowed from the fixed-size zero-dimensional viewpoint but forbidden in
both noninteracting band insulators and local crystalline fermionic symmetry-protected topological phases. Our
work establishes Hatsugai-Kohmoto-type nonlocality as a concrete route to realizing symmetry sectors that are

inaccessible in such local phases.

DOI: 10.1103/x226-5mcz

I. INTRODUCTION

The conventional definition of an insulator is a gapped state
of matter that can be described in terms of localized degrees
of freedom [1]. This notion was supplanted by the con-
cept of topological insulators [2,3], where nonlocal features
arise despite the insulating bulk. Key examples are Chern
insulators [4,5], where topology presents an obstruction to ex-
ponential localization of symmetric Wannier functions [6-8].
Such topological phases are encompassed by the classification
of fermionic symmetry-protected topological states (FSPTs)
[9-15] which have gapped, short-range entangled, and non-
degenerate ground states, as well as gapless edge modes that
are protected by symmetry. If the protecting symmetry is a
symmetry of the lattice, these are crystalline FSPTs [16-23].

Despite their nonlocal properties, FSPTs—and topological
phases in general—are born of local Hamiltonians. Locality,
along with the adiabatic theorem, is the key pillar for classify-
ing topological phases in different dimensions. There are two
reasons for this: (1) Their key characteristics, edge states and
quantized topological response functions, are not protected
with infinite-range interactions; and (2) the very notion of
dimensionality seems lost as long-range couplings render any
system effectively zero dimensional (0D). Previous works ex-
plored the resilience of FSPTs with local Hamiltonians under
the addition of long-range interactions [24-26], and asked
whether adding long-range terms enables novel physics [27].
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In this paper, we study how relaxing locality changes
the set of symmetry quantum numbers that can be realized
by gapped translationally invariant ground states. We re-
fer to translationally invariant systems with arbitrary-range
couplings or interactions as nonlocal crystals. At fixed sys-
tem size, such systems can be viewed as zero-dimensional
quantum systems in which translation acts as an internal
symmetry. Thus, the relevant question is not whether non-
locality evades the zero-dimensional viewpoint, but which
symmetry-allowed quantum numbers are forbidden by lo-
cality in one-dimensional (1D) crystalline phases and can
nevertheless be realized by nonlocal crystalline Hamiltonians.

Specifically, we consider electrons arranged on a one-
dimensional lattice with spinful time-reversal symmetry
(TRS), charge conservation, lattice translations, and inver-
sion symmetry. In this setting, we show that an infinite-range
interaction realizes a unique gapped ground state with the
size-independent inversion eigenvalue /(L) = —1, where L is
the linear system size. This inversion eigenvalue is allowed
by the fixed-size zero-dimensional symmetry representation
theory, but is forbidden in both noninteracting band insulators
and local interacting one-dimensional crystalline FSPTs. We
construct an exactly solvable representative of this symmetry-
allowed but locality-forbidden sector, inspired by the model
originally proposed by Hatsugai and Kohmoto (HK) [28],
which has been recently extended to superconductors [29,30].

We also discuss how the comparison between fixed-size
zero-dimensional symmetry representation theory, noninter-
acting band theory, and local interacting crystalline phases
extends to higher dimensions, and comment on possi-
ble platforms for realizing Hatsugai-Kohmoto-type nonlocal
interactions.

The paper is organized as follows. In Sec. II, we introduce
the setup and the ground-state inversion eigenvalue 7(L)
used throughout this work. We then enumerate the possible
values of I(L) in three settings: fixed-size zero-dimensional
symmetry representation theory, noninteracting band
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insulators, and local interacting one-dimensional crystalline
FSPTs. This identifies the size-independent value (L) = —1
as symmetry allowed at fixed size but forbidden by locality in
one-dimensional crystalline FSPTs. In Sec. III, we construct
an exactly solvable Hatsugai-Kohmoto-type nonlocal model
and show that it realizes this value as a unique gapped ground
state. In Sec. IV, we use Resta’s formula to evaluate the
many-body center of mass of the constructed ground state
under periodic boundary conditions. In Sec. V, we discuss
extensions to higher dimensions. In Sec. VI, we summarize
the results and provide some outlook. In Appendix A, we des-
cribe in detail how locality is imposed on the HK-type
interaction. In Appendix B, we summarize the real-space
construction classification of one-dimensional class-AlIl
crystalline FSPTs with inversion and translation symmetries.
In Appendix C, we explain why the size-independent
inversion eigenvalue is forbidden in the two-dimensional
HK-type construction due to the Chern-number constraint.

II. GROUND-STATE INVERSION EIGENVALUE

This section provides the reference results needed to iden-
tify the nonlocal crystalline phase constructed in Sec. III
In Sec. IT A, we first specify the setup together with relevant
symmetries and then we introduce the ground-state inver-
sion eigenvalue /(L) used as a diagnostic. In Sec. II B, we
show that I(L) = —1 is allowed by symmetry representation
theory from the zero-dimensional viewpoint. In Sec. IIC,
we show that a noninteracting state must have the trivial
inversion eigenvalue I(L) = +1. Finally, in Sec. IID, for
local interacting one-dimensional crystalline FSPTs, the real-
space construction restricts the inversion eigenvalue to the
size-dependent form /(L) = (£1)". These results identify the
size-independent value /(L) = —1 as a symmetry-allowed but
locality-forbidden quantum number, which will be realized by
the HK-type nonlocal interaction in Sec. III.

A. Setup and diagnostic

We consider fermions arranged on a finite ring of L unit
cells, equipped with the translation group Z;. With short-
range Hamiltonians, this is the usual one-dimensional lattice
setting. When locality is abandoned, the systems can instead
be viewed as a zero-dimensional quantum system, where
translation acts as an internal Z; symmetry at fixed L.

We further impose U (1) charge conservation and spinful
time-reversal symmetry, corresponding to symmetry class AIl
in the tenfold way classification [10,11], together with transla-
tion 7R and inversion symmetry 7.Fora unique gapped ground
state |W(L)), we define

TIW(L)) = I(L)|W(L)), (1

where |W(L)) is the ground state for a chain of L unit cells un-
der periodic boundary conditions, and /(L) is the L-dependent
inversion eigenvalue of |W(L)) under the action of inversion
symmetry. We use /(L) to compare the values allowed by
fixed-L symmetry representation theory with those realizable
in noninteracting band insulators and local interacting crys-
talline FSPTs.

B. Fixed-L zero-dimensional viewpoint

We discuss which inversion eigenvalues are allowed by
symmetry alone, without imposing locality. At fixed L, we
consider a translation operator acting as a unitary internal Z;,
symmetry on the Hilbert space.

The corresponding fixed-L symmetry can be written as

UF x zfT

Gro=G" x (ZLx23) and G} = %.

2

2
Here, G#"" is the internal fermionic symmetry of class All
[31]: U(1)F is generated by U(0) = ¢V and ZLT encodes
spinful time reversal 72 = (—1)", with the common fermion
parity Z! identified in the quotient. The crystalline part is

generated by translation R and inversion Z. The nontrivial
actions are

IRI ' =R, TOG)T ' =00, A3)

with all remaining actions taken to be trivial. The second
relation follows from the antiunitarity of 7.

For a unique gapped ground state |W(L)), we write its
symmetry quantum numbers as

U@O)W(L)) =™ |W(L)),
RIW(L)) = 2 PIE (L)),
ZIW(L)) = ni|¥(L)). “)

Here, N is the total charge eigenvalue, p € Z; is the total
crystal momentum, and 7; = =1 is the inversion eigenvalue.
Since Z maps momentum p to —p, a nondegenerate inversion-
symmetric ground state must satisfy

2p=0 mod L. )]

Thus, p = 0 is always allowed, while p = L/2 is also possible
for even L.

In the following, we focus on the sector relevant to the
ground states considered in this work: fixed even charge and
total momentum p = 0. The even-charge condition is com-
patible with spinful time-reversal symmetry, for which T? =
(—1)", and avoids a Kramers degeneracy of the ground state.
Within this fixed sector, the symmetry algebra imposes no
further constraint on 5;. Therefore, both

=41, n=-—1 6)

are allowed by fixed-L symmetry representation theory. In this
sector, the ground-state inversion eigenvalue introduced above
is simply I(L) = ;.

C. Band insulators

Next, we consider the noninteracting case [Fig. 1(a)]. In
systems with spinful TRS, any gapped ground state forms a
single Slater determinant of Kramers pairs, which transform
trivially under spatial symmetries since the two electrons in
each pair carry complex-conjugate eigenvalues [32]. In par-
ticular, when acting with the inversion operator on the ground
state, the inversion eigenvalue is

I(L) = +1, 7
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FIG. 1. Schematic illustration of hopping and interaction terms
in (a) noninteracting phases, namely, band insulators, (b) interacting
local phases, and (c) interacting nonlocal crystals. Systems invariant
under translations by a lattice vector a are considered. (d) “Band
structure” of the nonlocal crystal model in Eq. (12), showing the
many-body energies E; of H; as a function of momentum k in
the half-filling sector (two particles for each momentum), at V| =
0.7,V, = 0.3, © = 0.1. Blue (yellow) circles indicate +1 (—1) in-
version eigenvalue of the ground state, which is defined at k = 7
(k=0).

irrespective of the details of the Hamiltonian and the system
size L. Thus, the inversion eigenvalue is always trivial for band
insulators.

D. Interacting local phases

We now introduce interactions while keeping the Hamilto-
nian local [Fig. 1(b)]. In 1D, there are no nontrivial FSPTs
with the symmetries of class AIl [33-35]. Including inver-
sion and translation symmetries, 1D crystalline FSPTs can
be classified by the real-space construction [20,21,36-38].
Specifically, such classification is given by enumerating all
the distinct reference states compatible with the global and
crystalline symmetries, which in this case can be obtained by
considering different zero-dimensional block “decorations”
with states “charged” under inversion, meaning that the states
transform with eigenvalue £1 under inversion. In fact, there
are no topologically nontrivial 1D phases in class All, and
inversion leaves only isolated points of the lattice invariant;
therefore, it can only protect 0D FSPTs located at the inver-
sion invariant points. There are two locations in the unit cell
of the lattice that can be decorated by 0D FSPTs: the center
and the edge of the unit cell, corresponding to the la and 1b
Wyckoff positions, respectively. By “decorating OD blocks,”
we specifically mean stacking states localized at points in the
lattice corresponding to either the 1a or 15 Wyckoff positions.
The reference state of the crystalline FSPTs obtained by dec-
orating 0D blocks can be written as

L—-1
W(L)) = @) 1¥i1a)|Vi10). ®)
i=0

Here, |; 14/15) indicates an electronic state localized at either
the la or 15 Wyckoff positions of the ith unit cell, on which

inversion acts as

IWita) = Wit i) = £lY_iw).  9)

Any of the inversion eigenvalues in Eq. (9) can be explicitly
realized in a class of reference states known as Mott atomic
limits (MALs) with the symmetries of class AIl [31,39],
which take the form [MAL) =[], Oj'|vac), where |vac) de-
notes the vacuum state, and OA}L creates n electrons localized in
the ith unit cell, and have the advantage that they can be gener-
ically obtained as a gapped ground state of a local Hubbard
Hamiltonian [39,40]. While 1D band insulators form a subset
of MALs in class AIl, MALSs can encode interaction-enabled
states that cannot be connected to any noninteracting states
[32,39].

As an example, consider two spinful orbitals, s and p,
with even and odd parity under inversion, at the 1a Wyckoff
position. The local state

1
— AT AT AT AT
Wita) = E(Ci,la,x,¢ci,1a,p,¢ = Citas Citap)lvac)  (10)

respects TRS and transforms as T |Vi1a) = —|¥_i14) under
the inversion. Here, 6;1%“‘0 (6i.1a.0.0) creates (annihilates) an
electron at the 1la Wyckoff position of the ith unit cell, with
orbital « € {s, p} and spin o € {#, |}. An analogous con-
struction can be repeated for the 15 Wyckoff position. From
Egs. (8) and (9), we deduce that the ground state of a crys-
talline FSPT in class All with inversion symmetry transforms
under the action of inversion symmetry as

I(L) = (£, an

where (—1)F holds if |1,) and |/1;) transform with the
opposite sign under inversion, and (+1)" holds otherwise.

Thus, the size-independent pattern /(L) = —1 is allowed
by fixed-L nonlocal (effectively zero-dimensional) symmetry
representation theory, but is excluded by the classification
of local one-dimensional crystalline FSPTs. In the follow-
ing, we show that an HK-type nonlocal interaction realizes
this symmetry-allowed but locality-forbidden inversion eigen-
value as a unique gapped ground state.

III. NONLOCAL CRYSTALLINE MODEL
A. Model

In this section, we construct a minimal nonlocal model
whose ground state realizes the size-independent inversion
eigenvalue /(L) = —1 [Fig. 1(c)]. We employ an exactly
solvable HK-type interaction [28], which is diagonal in mo-
mentum space and therefore arbitrarily long-ranged in real
space. HK-type models have recently been used to study
interacting topological phases [41-50], where the topologi-
cal structure usually originates from local one-body terms.
In contrast, our construction uses the HK-type interaction to
realize the symmetry-allowed but locality-forbidden inversion
eigenvalue.

Following Hatsugai and Kohmoto [28], we consider a
momentum-space diagonal Hamiltonian H = « H fora 1D
spinful system with two orbitals, s and p, located at the la
Wyckoff position. The two orbitals are even and odd under
inversion, respectively [Fig. 1(c)]. We denote the creation and
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annihilation operators by &, and & 4.5, Where o € {s, p}
and o € {71, |}. The Hamlltonlan reads

Hi =Vi cos k[C] (k)Co(k) — CT(k)C (k)]

+iVa sink[C](k)C1 (k) — €] (k)Ca (k)]
+ Z 6Z,a’g6k,a,aa 12)
a=s,p

o=1]

with real parameters Vl, V, > 0, and we have introduced

AT AT At
Ci(k)= f(ck N Tckp ! ck,wck’p’?), (13)
oy =¢) el (14)

which are TRS and transform under inversion as
ICi I = -Cl(—k), ZCJ)I™"'=Cj(—k). (15

The chemical potential term (0 < 2u < Vi, V,) ensures that
the ground state exists in the half-filling sector. The Hamilto-
nian in Eq. (12) preserves TRS and inversion symmetry

(A, T1=[A,7]1=0. (16)

B. Ground state and inversion eigenvalue

Here, we obtain the exact ground state in the half-filling
sector and compute the ground-state inversion eigenvalue.
Since each momentum k has four internal states originating
from the two spinful orbitals and is occupied by two electrons,
the Hilbert space dimension is dim H; = 6. The Hamiltonian
(Hy) in Eq. (12) thus acts on a six-dimensional Hilbert space
and takes the matrix form

—Vicosk+2u —iV> sink 0O 0 0 O
iV, sink Vicosk+2u | 0 O O O
a0 — 0 0 2u 0 0 O
k= 0 0 0 2n 0 0|
0 0 0 0 2u O
0 0 0 0 0 2u
(I7)

with the six basis states obtained by applying the following
operators to the vacuum state |vac):

{C‘T(k),é;( ), f(cvaékp¢+cleck»P,T)’

i i i
Ckmckpuckmckm’cksﬁcm} (18)

By diagonalizing the matrix in Eq. (17), we obtain six eigen-
values

Ec =21 £V (Vicosk)? + (Vosink)?, 2. (19)

Note that E, = 2u is fourfold degenerate. The ground-state
energy is given by E; = 2u — /(V; cosk)? + (V3 sink)? and
the corresponding eigenstate takes the form

[Y (k) = (Y1 (k)CT (k) + Y (k)CT (k))vac),  (20)
with
w(k)—lcosg, w(k)_sng 21

Here, we have introduced

@(k) = tan™! (% tan k). (22)

1

Thus, the total ground state of the full Hamiltonian |¥) =
Qepz 1V (k) is given by

= l_[ W1 ()] (k) + P2(k)C3 (k)| vac). (23)
keBZ
We now compute the inversion eigenvalue of this ground
state. Since inversion maps k to —k, the contributions from
generic momenta k # 0, m cancel pairwise in the product
state. Therefore, the many-body inversion eigenvalue is de-
termined only by the inversion-invariant momenta:

i

where fhﬂ(k)) §k|1/f(k)) at k =0, w. From Eq. (23), the
ground state at k = 0 is 1C (0)|vac), whereas the ground state

atk =m is CT(n)|Vac). Using the inversion transformation of
C‘r and CA';, we find
§i=0 = —1, &j=p = +1. (25)

Thus, for both even and odd L, the many-body ground state
has

L even,

L odd, @4

I(L) = —1. (26)

This realizes the size-independent inversion eigenvalue that is
allowed by fixed-size symmetry representation theory but for-
bidden in noninteracting band insulators and local interacting
one-dimensional crystalline FSPTs.

C. Gap closing for the local limit

Finally, we examine what happens when locality is im-
posed on the HK-type interaction. We restrict the interaction
range in real space to a finite cutoff A and study the resulting
finite-size gap (Fig. 2). A subtle but rarely discussed issue
arises when imposing locality on HK-type interactions: Fixing
the interaction range A leads to a ground-state energy scaling
Egs ~ O(LY), violating the expected energy extensivity of
local Hamiltonians, which would require Egs ~ O(L') in 1D.
To restore extensivity, we multiply the HK-type interaction
by the system size L (see Appendix A). Figure 2 shows the
system-size dependence of the energy gap between the ground
state and the first excited state at half-filling for interaction
range cutoffs A =1,2,3. In all cases, the energy gap ap-
proaches zero for L — oo, indicating that the ground state
is gapless. This supports that the gapped realization of the
size-independent inversion eigenvalue /(L) = —1 relies on the
fully nonlocal HK-type interaction.

IV. RESTA’S FORMULA UNDER PERIODIC
BOUNDARY CONDITIONS

In Sec. III, we constructed a unique gapped ground state
with the symmetry-allowed but locality-forbidden inversion
eigenvalue /(L) = —1. We now ask what additional ground-
state information can be extracted from this state under
periodic boundary conditions.
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FIG. 2. System-size dependence of the energy gap between the
ground state and first excited states in the half-filling sector, as
obtained from the exact diagonalization (V, =V, = 1.0, u = 0.1).
The interaction range cutoff A is chosen as A = 3 (orange), A =2
(blue), and A = 1 (green).

For fully nonlocal Hamiltonians, neither open-boundary
diagnostics nor the coupling to background gauge fields is
canonical. Open boundaries are ambiguous because the inter-
action range scales with the system size, and a Peierls-type
prescription for introducing gauge fields is not uniquely de-
fined for arbitrary-range many-body interactions.

We therefore focus on Resta’s formula, which defines a pe-
riodic boundary conditions’ analog of the many-body position
directly from the finite-size ground-state wave function [51]:

where 71, denotes the local particle number operator. The
quantity P is defined modulo one. The coordinate x includes
the intra-unit-cell position of the corresponding orbital. In-
tuitively, P captures the center of mass of the ground-state
electron distribution under periodic boundary conditions. In
ordinary local insulators, it is identified with the electric po-
larization.

We stress that, although Eq. (27) is well defined as a ge-
ometric quantity of the finite-size ground state, there is no
general basis for identifying this quantity with a physical elec-
tric polarization in the fully nonlocal setting considered here.
Likewise, its adiabatic variation cannot in general be identified
with transported charge. The conventional identification relies
on locality in real space, for which the coupling to an external
electromagnetic field and the associated current response are
well defined. For fully nonlocal HK-type interactions, how-
ever, it is not obvious how the interaction should be coupled
to an inserted flux. Additionally, the current inferred from the
continuity equation is singular in the long-wavelength limit
[52]. In the present work, we therefore use Eq. (27) only
as a geometric quantity of the finite-size ground state under
periodic boundary conditions for the explicitly constructed
HK-type solvable state.

TABLE I. Summary of results listing the ground-state inversion
eigenvalue /(L) and polarization P for (1) noninteracting, (2) inter-
acting local, and (3) interacting nonlocal cases in the presence of
spinful TRS, charge conservation, and inversion symmetry in 1D.

I(L) P
(1) Noninteracting (local or nonlocal) +1
(2) Interacting local (£ 0
(3) Interacting nonlocal crystal (£DE, -1 1/2

Before evaluating the HK-type ground state, we first con-
sider the two local reference classes discussed in Sec. II. In
noninteracting band insulators in class All, occupied states
form Kramers pairs. Inversion symmetry quantizes the Berry
phase of each member of a Kramers pair to 0 or 1/2, while
TRS makes the two partners carry the same Berry phase. Thus,
each Kramers pair contributes either O or 1 to P, and the total
Resta quantity is (Table I)

P=0 modl. (28)

For local interacting one-dimensional crystalline FSPTs, the
real-space construction reduces the calculation to MALs. A
symmetric local block compatible with spinful TRS carries
an even charge; otherwise, an odd-charge block would form
a Kramers doublet. Therefore, both the 1a and 156 Wyckoft-
position blocks contribute an integer to Eq. (27), and the
corresponding local interacting phases also have (Table I)

P=0 modl. (29)

We now evaluate the same quantity for the HK-type ground
state in Eq. (23). Since the twist operator shifts the momentum
of each creation operator by Ak = 2 /L, the pair creation
operators obey

2CT (k)" = Cl(k + Ak). (30)

Therefore, the expectation value of Z factorizes into a discrete
Berry phase of the two-component wave function | (k)):

(WzIw) = [ (wk+ ALy (k). €29}

keBZ

Taking the thermodynamic limit, Eq. (31) gives

1
P = —_—
21 BZ

dk (Y (k)10 (k). (32)

The Berry phase in Eq. (32) is fixed by inversion eigen-
values at the inversion-invariant momenta. Indeed, inversion
symmetry implies |y (—k)) = €?® L]y (k)), and hence

P = L log [&i] mod 1 (33)
2r k=0 7

where 7| (ko)) = & | (ko)) for ko = 0, . For the HK-type
ground state in Eq. (23), we found ;o = —1 and &, = +1.
Thus, we have (Table I)

pP= (34)

1
3
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TABLE II. Allowed inversion eigenvalue patterns for BIs (Band
insulators), MALs, and nonlocal crystalline phases. In the entries, v/
indicates that there exists a model realizing the specified inversion
eigenvalue and — indicates the absence of such a model.

1D 2D
L) +1 (=D =1 41 (Db (Db -1
BI v - -V - - -
MAL Y - - -
Y N N A J -

Therefore, under periodic boundary conditions, the HK-
type ground state is distinguished not only by the locality-
forbidden inversion eigenvalue I(L) = —1, but also by a
quantized many-body center-of-mass position. Resta’s for-
mula assigns this state the nontrivial value P = 1/2, indi-
cating that the many-body center of mass is pinned to the
nontrivial inversion-symmetric position.

V. GENERALIZATION

While we have focused on inversion symmetry in 1D, our
construction naturally generalizes to higher spatial dimen-
sions. In Table II, we list the possible inversion eigenvalues
I(L) for systems in 1D and I(L,, L) in 2D. The 1D case
has been discussed in detail in this paper, and the central
result is that /(L) = —1 is excluded in the noninteracting and
local FSPT settings considered above, but is realized by the
HK-type nonlocal model.

In 2D, we find that I(L,, L,) = (—1)"L can be obtained
with the real-space construction of crystalline FSPTs.i.e., by
tiling the system with 0D localized wave functions with odd
inversion parity. Similarly, stacking 1D chains of the 1D non-
local crystalline phase of Eq. (12) in real space along one
direction in a weak topological fashion leads to I(L,, L) =
(=D or (—1)&. Interestingly, in contrast to the 1D case,
we find that I(L,, Ly) = —1 cannot be realized, even with
the HK-type interaction, due to constraints imposed by the
Chern number (Appendix C). Extensions to three or higher
dimensions and other point group symmetries can also be
cataloged within our framework.

VI. DISCUSSION

In this paper, we have shown that HK-type nonlocal in-
teractions provide an explicit route to realizing ground-state
symmetry sectors that are allowed by fixed-size symme-
try representation theory but forbidden by locality in local
one-dimensional crystalline FSPTs. In particular, we con-
structed an exactly solvable HK-type model whose unique
gapped translation-invariant ground state has the system-
size-independent inversion eigenvalue /(L) = —1, which is
inaccessible in both noninteracting band insulators and lo-
cal interacting one-dimensional crystalline FSPTs with the
same symmetries. We also evaluated Resta’s formula for
the constructed HK-type ground state under periodic bound-
ary conditions and found that the corresponding finite-size
ground-state quantity takes the quantized value P = 1/2. We

further discussed how the comparison between fixed-size
symmetry representation theory, noninteracting band theory,
and local crystalline FSPTSs extends to higher dimensions.

Long-range interactions realized in trapped ions, ultracold
atoms, and Rydberg arrays [27,53-55] may enable the exper-
imental realization of nonlocal crystalline models. Synthetic
dimensions offer another promising route, where tunable
components in 0D systems emulate HK-type interactions and
have already supported both noninteracting [56] and many-
body models [57].
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APPENDIX A: LOCALITY OF THE HK-TYPE
INTERACTION IN REAL SPACE

In this Appendix, we provide a detailed procedure to im-
pose locality on a Hamiltonian with an HK-type interaction
in real space. A generic HK-type interaction term contains
operators of the form ), 6;0(6,(7 gCh.yCr.s. From the Fourier
transformation of the creation and annihilation operators

At 1 ikx AT ~ 1 Z —ikx A
¢ =—Eec Cho = —= e "¢ (Al)
k,a X, ,o X,a0
VL = VL&
we have
At At A oA
ck,ack,ﬂck,yck,a
k
—i ik +o—x—x)at AT A a4
- L2 € Cxl.acxz,ﬂCX},VC)u.tS
k  X1,..X4
_l 8 _ _ /\-I- AT A A
=7 (x1 +x —x3 x4)cxl,achqlch3,)/CX4,5'
XQyenns X4
(A2)

The delta function in the last line implies that the term in
Eq. (A2) preserves the center of mass of the electronic states
that are created and annihilated. Therefore, we can rewrite the
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terms as

AT AT A A
E ck’ack’ﬂck,yckﬁg
k

2L—1 7
L >3 ek ey frn G
8L Moo B g Ry e
R=0 ri,ry

At At o A
+ ¢, éL.,. Crr Crin
RT”.,(X Rt%,ﬁ Pt A
+ CA‘# f‘T Cr-ry CRer
ke (R g T, CRin 5

AT AT A ”
* C’%’uac’%,ﬂc“%,yc”%ﬁ]’ (A3)
where we have introduced the center of mass coordinate R/2
of a pair of created or annihilated electrons, with R ranging
from O to 2L — 1. The summation over the variables ry, r»
is restricted to the following ranges, depending on the parity
of R:

if Risodd:r;,n=1,3,...,2A -1, (A4)

if Riseven:r;,rn=0,2,...,2A —2. (AS)

The value A specifies the cutoff for the interaction range, and
A = L corresponds to the original HK-type interaction.

The factor 1/8 in Eq. (A3) originates from the following
considerations: In Eq. (A3), since we need to maintain the
center of mass at R/2, we must sum over all allowed com-
binations. If only the first term within the brackets [%] is
considered, it always creates (annihilates) the fermions with
internal degrees of freedom « () at locations greater than R/2
and with internal degrees of freedom B () at locations smaller
than R/2. This incomplete coverage of the configuration space
breaks the translation invariance when A < L. Hence, all four
permutations must be summed. Furthermore, a given config-
uration appears in two sets of parameters: {R, ri, 2}, {R +
L,ri+L,rn+L}. As a result, the overall factor becomes
1/4 x 1/2=1/8.

As aremark, we point out a subtle issue that arises from the
inherent nature of the HK-type interaction when locality is im-
posed on the Hamiltonian. Once locality is imposed (i.e., the
interaction range A is fixed irrespective of the system size L),
the interaction term in Eq. (A3) remains of order O(L®). This
is because a prefactor proportional to 1/L appears, as shown
in Eq. (A3), when the HK-type interaction is Fourier trans-
formed into real space. However, for a Hamiltonian composed
of local terms, it is natural to expect that the ground-state
energy scales extensively with system size, in accordance with
the standard assumptions of thermodynamics. Note that this
deviation from extensivity is not a peculiarity of our specific
model, but rather an intrinsic property of HK-type models,
although it has rarely been discussed in the literature. To
address this aspect, we multiply the HK-type interaction term
in the Hamiltonian by a factor of L in our numerical simula-
tions to restore extensivity. In Fig. 2, we follow the procedure
described above to construct the real-space representation of
the Hamiltonian in Eq. (12) with a finite interaction range.

Additionally, we note that not all nonlocal models suffer
from a lack of energy extensivity. Indeed, as discussed in
Sec. I A of Ref. [27], when the exponent « satisfies o > d

for interactions of the form V (r) >~ 1/r“ in spatial dimension
d, the energy extensivity is preserved despite the long-range
nature of the interaction.

APPENDIX B: CLASSIFICATION OF FSPTs
BY REAL-SPACE CONSTRUCTION

For completeness, here we report the FSPT classification
of 1D systems in class AIl with inversion and lattice transla-
tion symmetries, as obtained from the real-space construction
[20,21,36-38]. Note that we omit the 27 term in the classifi-
cation counting the total number of electrons in the unit cell.

1. Noninteracting case

For the noninteracting case, the topological classification
is 27 x 27. Each 27Z factor in the classification corresponds
to the difference in the number of single-particle states with
inversion eigenvalues £1 localized at the 1a or the 15 Wyckoff
positions, respectively.

2. Interacting case

For the interacting case, the classification is given by
Zy X Ly X Ly X Zy. These four Z, factors, respectively, cor-
respond to the parity of the total number of electrons localized
at the 1la Wyckoff position divided by 2 (i.e., the parity of
the number of Kramers pairs), the inversion eigenvalue of the
many-body wave function of the electrons localized at the la
Wyckoff position, and the analogous two quantities evaluated
for the 15 Wyckoff position.

APPENDIX C: CHERN-NUMBER CONSTRAINT
IN THE TWO-DIMENSIONAL HK-TYPE CONSTRUCTION

We briefly explain the constraint used in Table II for
the two-dimensional HK-type model. Consider a translation-
invariant HK-type ground state of the form

WLy, Ly)) = ) 19 (K)),

keBZ

(ChH

and assume that L, and L, are both even, so that the four
inversion-invariant momenta I', X, Y, and M are present. As
in the one-dimensional case, all generic momenta k # —k
contribute pairwise to the many-body inversion eigenvalue.
Hence, the many-body inversion eigenvalue is determined
only by the inversion eigenvalues at the inversion-invariant
momenta:

I(Ly, Ly) = &réxéyéu.

On the other hand, for an inversion-symmetric two-
dimensional wave function |y (k)), the product of inversion
eigenvalues at the four inversion-invariant momenta gives the
parity of the Chern number,

EréxEyEy = (=1,

as in the standard single-particle argument [58,59]. The same
argument applies here because the HK-type ground state de-
fines a smooth momentum-space wave function |y (k)) as
long as the gap remains open. Since time-reversal symmetry

(623

(C3)
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enforces Ch = 0, we obtain
I(Ly,Ly) = +1 (C4)

for even L, and L,. Therefore, in contrast to the
one-dimensional case, the size-independent pattern

I(L;,Ly) =—1 is excluded in the two-dimensional
time-reversal-symmetric HK-type ground state.

For odd L, or Ly, not all four inversion-invariant momenta
are present, and the above constraint does not apply in this
form.
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