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Nonlocal resources for error correction in quantum low-density parity-check codes
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Quantum low-density parity-check (QLDPC) codes with high-performance and nonlocal stabilizers are an
attractive alternative to the surface code because of their relatively high code rate and distance. However,
unlike the surface code that has simple, geometrically local, stabilizer checks, gLDPC codes with nonlocal
stabilizers are challenging to measure. Recent advances have shown how to deterministically perform high-
fidelity, cavity-mediated many-body gates, enabling the encoding and decoding of nonlocal GHZ states. We
show how to use this resource for constant-depth fault-tolerant stabilizer measurements in hypergraph product
and lifted product codes. Using circuit-level noise simulations, including leakage and collective error from the
noise-optimized cavity-mediated gate, we find promising thresholds of 0.84%—0.60% for the hypergraph product
code and pseudothreshold of 0.3%-0.4% for the lifted product codes, with cavity cooperativities in the range
C ~ 10*-10°. We propose a trilayer architecture, compatible with neutral atom platforms, which enhances circuit

parallelizability.
DOI: 10.1103/x1rk-yg29

I. INTRODUCTION

Scalable quantum computing requires quantum error cor-
rection (QEC) to tame errors accumulated from environmental
noise and imperfect gate operations. Since their invention
[1], a plethora of QEC code families have been developed
characterized by a variety of features including: encoding
rate, the code distance, the set of transversal logical gates
supported by the code, fault tolerance relative to a given
noise model, and the error threshold within that noise model.
The surface code is one of the most extensively studied
QEC codes [2-4] because of its shared advantages: a high
threshold for error rates, relatively straightforward decoding,
and geometrically local stabilizer measurements that makes it
compatible with nearest-neighbor-connected two-dimensional
architectures [5]. These features make it a popular choice
for current experimental implementations of fault-tolerant
quantum computers [6—8]. Despite its advantages, the sur-
face code has significant limitations hindering scalability,
primarily because of a poor encoding rate. Asymptotically,
the encoding rate, defined as the ratio of the number of logical
qubits k to the number of physical qubits n, approaches zero
asn — oo [9].

Surface codes are but one example of a larger class of
codes known as quantum low-density parity-check (qQLDPC)
codes [10]. Inspired by classical LDPC codes, their quantum
cousins are stabilizer codes where the weight of any stabi-

“Contact author: omprakash.chandra@hdr.mq.edu.au

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2025/7(3)/033247(34)

033247-1

lizer is bounded by a constant, and any qubit has overlap
with no more than a constant number of stabilizer checks.
Hypergraph product codes (HGP) [11] and Lifted product
codes (LP) [12] are types of qLDPC codes that offer promis-
ing alternatives to the surface code. Keeping the physical
qubits n fixed, these codes offer higher encoding rate, k/n,
than the surface code. Both their encoding rate and distance
scales favorably with the block size of the code. For the
codes considered in this work, k/n o« O(n%) and d o O(n*),
for some 0.5 < & < 1and 0 < A < 0.5. Recent work demon-
strates that Bivariate-Bicycle codes (BB codes), which are
a type of HGP code exhibit high thresholds [13], which
means they can tolerate higher error rates before failing.
This robustness makes them particularly well suited for near-
term quantum processors, where error rates are still relatively
high. The high thresholds of HGP codes are achieved by
utilizing advanced decoding algorithms, such as BPOSD [14]
and BPLSD [15], in combination with overlapping window
techniques [16], which efficiently manage the complex er-
ror patterns in these codes. However, both HGP and LP
codes encounter difficulties with stabilizer measurement be-
cause their stabilizers are nonlocal. This requires complex
operations that current technology finds challenging to imple-
ment. An alternative approach was proposed in [17], where
locality is enforced by mapping qLDPC codes onto a two-
dimensional architecture with only nearest-neighbor gates,
along with a measurement schedule that reduces the fre-
quency of certain stabilizer checks. Our scheme, on the
other hand, utilizes native nonlocal many-body interactions
enabled by cavity-mediated gates, thereby avoiding the re-
source overhead needed to swap information for syndrome
extraction.

Recent research has demonstrated the potential to
implement HGP codes in real quantum systems. For instance,
the experimental advancement of neutral atom quantum
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computing using Rydberg interactions has made rapid
progress [18-20]. To enable nonlocal gates, several strategies
are available. It is experimentally demonstrated that distant
qubits can be connected by physically shuttling the constituent
atoms in the tweezer trap arrays [21]. However, shuttling is
a complex and time-consuming process that reduces the
number of stabilizers that can be measured simultaneously
and also introduces errors during the process. There have also
been proposals to perform long-range Rydberg gates with
the atoms in place by targeting different Rydberg excitations
according to interqubit spacing [22,23]. However, because
the strength of the van der Waals interaction decreases as
1/r5, the range of the interaction is limited to <7 lattice sites.
Additionally, parallelization is restricted in these cases: When
performing a coupling gate, no other coupling gates can be
executed within the Rydberg blockade radius [24]. The first
issue inhibits implementing long-range HGP codes, which
offer a very high encoding rate and fairly high distance. The
second issue hampers circuit parallelizability, increasing the
overall QEC time and introducing several other errors. Finally,
it has been proposed to use neutral atoms or trapped ions
coupled to an array of optical cavities to nondeterministically
create Bell states that then enable pairwise nonlocal gates in a
register [25].

We present a scheme that provides a solution for im-
plementing long-range multiqubit gates in qLDPC codes.
Recent advancements have demonstrated high-fidelity non-
local many-body gates by coupling qubits to a common
bosonic mode, which enables the preparation of nonlocal
GHZ states and more general multiqubit gates with the qubits
in place [26]. This approach avoids the complexity associ-
ated with shuttling. As suggested in [26], we can integrate
these nonlocal gates into the DiVincenzo-Aliferis method for
fault-tolerant stabilizer measurement [27]. The advantage of
our approach is that each stabilizer measurement requires
at most four rounds of nonlocal operations. The first round
uses nonlocal gates to encode the ancilla block into a GHZ
state, while the remaining rounds decode each ancilla block
individually, including the redundified ones. We extend this
technique to long-range HGP and LP codes and present nu-
merical results demonstrating high thresholds. We propose a
scheduling scheme for measuring stabilizers using a trilayer
architecture to enhance the circuit parallelizability. We also
discuss some near term algorithms that are implementable
using our scheme.

The rest of the article is organized as follows. In Sec. II,
we review essential concepts including nonlocal many-body
gates in Sec. II A, syndrome extraction circuits in Sec. II B,
and stabilizer quantum codes in Sec. IIC. In Sec. III, we
implement the DiVincenzo-Aliferis method of syndrome ex-
traction, utilizing nonlocal many-body gates. In Sec. IV, the
method is applied to HGP and LP codes. Section V introduces
a trilayer architecture for efficient syndrome extraction. We
discuss the strategic placement of cavities and explore the
scheduling and parallelizability of syndrome measurements.
Finally, in Sec. VI, we summarize our study, discussing the
challenges and near-term algorithms applicable to Rydberg
atom quantum computers, followed by a discussion of future
directions.
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FIG. 1. Illustration of the basic setup for the scheme with a cavity
containing an array of three level spins spanned by a qubit and an
excited state |e). The cavity mode is driven by an external classical
field 7(t)e™ and decays at rate k', while |e) leaks at a rate y to states
outside the qubit space. The highlighted qubits are the ones involved
in nonlocal interactions for preparing the GHZ state.

II. TOOLS
A. Nonlocal many-body gates

We recapitulate the scheme introduced in [26] for cavity-
mediated many-body nonlocal gates. This method is appli-
cable to a variety of platforms where a quantum register is
strongly coupled to an electromagnetic cavity including: Ryd-
berg atoms coupled to optical [28] or microwave cavities [29],
and polar molecules [30] or superconducting fluxonium qubits
[31] coupled to microwave cavities. The embedding architec-
ture is described in Sec. V. The setup shown in Fig. 1 consists
of N three-level systems with computational basis states |0)
and |1), and an excited state |e¢) with transition frequencies wq
for |0) <> |1) and w, for |1) <> |e). A cavity mode, with anni-
hilation (creation) operators a(a’) and frequency w,, couples
the transition |1) <> |e) with coupling strength g. This cavity
mode is driven by a complex classical field, 1(¢), according to
the Hamiltonian Hygye = 2|n| sin(w;t — arg(n))(a" + a). The
classical field is detuned from the cavity by § = w, — @, and
from the |1) < |e) transition by A = @, — @w;. The Hamil-
tonian is then transformed to the interaction picture (rotating
frame) defined by the unitary, U,(t) = exp[it(a)L(aTa +n.) +
Zj p]0;)(0;])]. We assume that |e) decays at a rate y and
is treated as leakage outside the qubit subspace by the intro-
duction of a non-Hermitian term in the Hamiltonian. This will
provide an expression for the fidelity, which is exact in the
case of full leakage and serves as a lower bound otherwise.
After applying the rotating wave approximation one arrives at
the effective Hamiltonian,

Hye =8a'a+ (A — iy /2)n, + [(gS~ +in)a’ +Hel, (1)

where, n, = Zj lej)(e;], ST = Zj lej)(1;], S~ = (ST)". The
system evolves under the Lindblad master equation
p = —iHeip + ipHJy + LoL" — J{L'L, p}.

Here, L = \/ka is the jump operator, and 1/« represents the
lifetime of excitation in the cavity mode. We use a time-
dependent pulse 7(¢) over a duration 7, with n(0) = n(T) =
0, while g, §, and A remain constant throughout the process.
As described in [26], in the large detuning limit, keeping T
and 1/ A constant (T ~ 20 x g~ ' suffices), there exists a pulse
profile that can generate a high-fidelity Mglmer-Sgrensen type
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gate, U = ¢ where J, = %Z]J.Vzlzj, and Z; = |0;)(0;] —
[1;){1;]. To make the gate address only a subset of ancil-
lary qubits needed for a cat state, one can adopt a variety
of approaches: shelve the |1) state for qubits that should be
spectators to an ancillary state |a) that does not couple to the
cavity, or use addressable large AC-Stark shifts applied only
on the relevant ancilla to make them interact strongly with
the cavity leaving the rest too far detuned to interact, or use
a different species of spins for the ancilla with addressable
transitions in frequency and space.

The evolution under the Hamiltonian H.g, in the absence
of any losses (y, k = 0), is a unitary transformation given by
U = ¢, where n; = >_; 11);(1];. This, coupled with some
single-qubit rotations can generate entangling gates similar to
Mglmer-Sgrensen. In the presence of losses like cavity decay
(«x) and excited-state decay of the spins (y), the evolution is
no longer unitary and is described by a map given by

Eert(p) =Y P’ Im) (0| )

where
Opy 2 (m> —m'™®)0 + N(m —m')0

/N2 /
+i(m m)9+i(m+m +N)9d1v’ 3)
2/Cdy 2JC
and |m) = |J = N/2, m; = m). For the purposes of this paper,
we will always be using this map for encoding and decoding
of the GHZ state for which the parameter 6 = 7 /2. It would
be convenient for us to define the following parameters:

dy = [2(1 + 2 N Iy s o = s
N ( )] «/EdN

where C is commonly referred to as the cavity cooperativity,
dy is a weakly N-dependent parameter, and « quantifies the
probability for an error on the spins induced by cavity as elab-
orated below in Sec. III A 2. The map described in Eq. (2) is
not trace-preserving, which is justified for two reasons. First,
it provides a lower bound on the fidelity of the nonlocal gate
[26], and second, it is compatible with many architectures,
where decay from an excited state maps the spins to states
outside the qubit subspace or can be driven to do so (see e.g.,
[32).

Note that, while it may seem that the strength of the ef-
fective interaction between qubits is entirely independent of
distance, this is not actually the case. Indeed, as required by
causality, the strength of the coupling g of the cavity mode to
the qubits scales like 1/ AV where V is the quantization vol-
ume of the cavity. For the system sizes considered here, this is
not an issue; however, it would ultimately impose a limitation
on performing interactions between qubits in arbitrarily large
arrays.

C=g/ky,

B. Syndrome extraction

Measuring stabilizers of a quantum error correcting code
is the most vital step during quantum error correction. We
need an efficient, and fault-tolerant syndrome extraction cir-
cuit so that errors arising during the syndrome extraction
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FIG. 2. Circuit representing Shor’s style of fault-tolerant syn-
drome extraction [35] for [[7,1,3]] Steane code where a verification
qubit measures the parity Z;Z;. An outcome of +1 indicates the

ancilla is error-free, while —1 signals an error in ancilla preparation,
requiring the batch to be discarded and preparation reattempted.

do not spread into data qubits. In addition to being fault-
tolerant, the process should be highly parallelizable and fast
to prevent backlog issues [16]. Syndrome extraction can be
performed using various methods, such as Shor’s method,
Steane’s method, or the Flag qubit method, among others.
Among these, Shor’s method is particularly appealing because
of its simplicity of implementation, as it requires only the
preparation of a pure cat state. This simplicity makes it the
most suitable choice for our purposes [1,33,34]. We briefly re-
view Shor’s method of syndrome extraction before discussing
the DiVincenzo-Aliferis method.

1. Shor’s method

Shor’s method is a syndrome extraction technique that uses
ancilla qubits prepared in a “cat” state to perform stabilizer
measurements. The circuit for stabilizer measurement using
Shor’s method [35] is shown in Fig. 2. The steps involved are,

(1) Prepare the ancilla qubits in a classical repetition code
or “cat” state.

(2) Verify the cat state.

(3) Apply CNOT gates coupling the ancilla and data
qubits.

(4) Measure the ancilla qubits to obtain the stabilizer mea-
surement outcome or syndromes.

In the case of imperfect measurement, the syndrome ex-
traction must be repeated until we get the same measurement
outcome in succession. Generally, this can be achieved by
repeating up to O(d) times, where d is the code distance [36].
The above discussed methods ensure the fault-tolerance of
Shor’s method. These steps are repeated for all stabilizers to
collect syndromes, which are then fed into a classical decod-
ing algorithm. The decoder outputs a correction operator if the
error is correctable or identifies a logical error if it is not. The
verification step is time intensive and introduces idling errors
(or wait errors) on data qubits. This reduces the code’s ability
to protect logical information.
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2. DiVincenzo-Aliferis method

In 2007, David P. DiVincenzo and Panos Aliferis [27]
introduced a novel method of syndrome extraction in which
ancilla verification can be bypassed and replaced with a
decoding step. While skipping verification may result in the
accumulation of errors, these errors can still be detected and
corrected after decoding and measurement. The purpose of
the decoder is to identify and invert any multiqubit errors
introduced by the encoder and propagated to the data. If
the decoder itself is faulty, an additional decoder, referred to
as “redundification of decoding”, can be employed to dis-
tinguish between errors arising from the decoding process
and those originating in other parts of the circuit. Although
there are several ways to implement the procedure of skipping
verification and postprocessing after ancilla-data CNOT oper-
ations, DiVincenzo and Aliferis suggest that using a decoder
is likely the most efficient approach [27]. This method is
particularly beneficial when measurement processes are slow,
as it removes the need for immediate access to measurement
outcomes.

This method is fault-tolerant as seen from the following
arguments. Consider a case where an error occurs during
CNOTs between the ancilla and data qubits. Since CNOT
gates are implemented transversally, a single X error in the
ancilla cannot cause more than one error in the data block.
If a Z error propagates from the data to the ancilla during
the CNOT operations, it will be manifested as a measurement
error. This measurement error can be corrected by repeating
the measurement d times, where d is the code distance, and
then majority voting. Consider the case where a single error
occurs during the ancilla encoding step. It is possible that
more than one error can occur during this step, but still the
procedure is fault tolerant. The encoder should be designed so
that no logical errors arise at the output from a single error
within it, and all first-order single-qubit errors can be detected
during the decoding step. Finally, if a single fault occurs in the
decoding step, we must ensure that errors occurring during
decoding are not mistaken for errors from other parts of the
circuit. This confusion can arise if errors during encoding
and ancilla-data coupling give the same syndrome as errors in
decoding. In such cases, we have no way of distinguishing the
location of actual error. Thus, the decoder must be carefully
designed to avoid such confusion. Another way to solve this
confusion is to redundantly encode the decoder and measure
both sets of ancilla separately. If the two measurement sets
agree, we are assured that whatever error occurred was during
encoding. If they don’t agree, we will know that an error
has occurred during decoding, and that the data qubits are
unaffected. A detailed analysis of constructing an encoder and
decoder for any stabilizer code, incorporating the effects of an
erroneous cavity, is provided in Sec. III.

Verification involves measurements prior to the ancilla-
data CNOTs, and these measurements take significantly
longer compared to the single/two qubit gates or other non-
local gates. The DiVincenzo-Aliferis method, even with the
additional step of decoding that is not present in Shor’s
method, is much faster. Especially in our setup, we use
cavities for decoding, which is much faster than the slow mea-
surement process during verification. Another advantage of

this method is that it allows us to manage slow measurements
effectively, as all operations are Clifford, enabling efficient
tracking and updating of the Pauli frame. Since we plan to
work with qLDPC codes that have higher-weight stabilizers,
Shor’s method would require multiple nonlocal CNOT gates
during verification, and the number of nonlocal gates grows
with the weight of the stabilizer. In contrast, the DiVincenzo-
Aliferis method uses nonlocal resources four times: once for
encoding and thrice for decoding as shown in Fig. 3. All three
ancilla blocks can be decoded simultaneously.

C. Stabilizer quantum codes

Stabilizer quantum codes were introduced by Daniel
Gottesman [37] in 1997. Given a stabilizer group S of order
m, we can define a subspace H on an N-qubit Hilbert space
as the set of all states [y) that satisfy S;|¢) = (+1)|¢)
for all S; € S, where 1 < i< m. This subspace is called
codespace and it defines the quantum stabilizer code C. We
use [[n, k, d]] notation for quantum stabilizer codes where n
is the number of physical qubits, k£ is the number of logical
qubits and d is the distance of the code. Here, d(C) is defined
as the minimum weight of a Pauli operator P € TV (where
IT = {1, +il, £X, +iX, £Y, £iY, £Z, £iZ}/{£l, £il} is
the equivalence class of Pauli group) that commutes with
all the stabilizer generators Si,..S,, but P ¢ S. Such Pauli
operators are called logical operators.

Stabilizer codes offer significant advantages. One of the
key benefits is that, instead of specifying the basis states of
the subspace, we can specify the generators of the stabilizer
group associated with it. This provides a more compact and
convenient representation of the quantum code. Additionally,
detecting whether an error has occurred becomes much easier.
A Pauli operator P € TIV, where P ¢ S, is typically inter-
preted as an error that changes the quantum state |v) into
P|vr). Such Pauli operators P anticommute with the stabilizer
generators in S, provided they are not logical operators. This
indicates that an error has occurred.

1. Hypergraph product codes (HGP codes)

HGP codes belong to the family of quantum low-density
parity-check codes or qLDPC codes. Given two classical bi-
nary codes represented as [nj, k1, d;] and [n,, k>, d»], with
their respective parity check matrices H; and H,, we can use
the hypergraph product method introduced by Tillich and Zé-
mor [11] to construct a Calderbank-Shor-Steane (CSS) code
[38,39]. This method involves forming a generator matrix
through the combination of two hypergraphs, each aligned
with the classical code’s parity check matrix. The X and Z
stabilizer generators denoted by Gy and G matrices in the
symplectic form can be calculated using

Gx = (H{ ®1,,.1,, ® Hy),
GZ = (Irl ®H2T9 Hl ®Inz)' (5)

Each sublattice block is formed by taking the Kronecker
product of two binary matrices, namely H; € F,"*" and H, €
F,>*™, and the Identity matrices denoted by /,, and 1,,, where
i =1, 2. The matrices Gy and Gz have rir, and n;n, rows,
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FIG. 3. The circuit illustrates DiVincezo-Aliferis style of syndrome extraction. Because of the nonlocality of the stabilizers, the targeted
data qubits are spread out in space and the architecture is designed to support a neighborhood of ancillas local to each qubit. Hence, the
encoding and the decoding steps are nonlocal while the gates coupling the ancilla to the data are local. Note that each nonlocal gate requires
just one interaction with the cavity and two single-qubit local transversal gates. After the ancilla interacts with data, they are redundified to
two blocks in order to distinguish encoding and decoding errors. The two levels of redundification are introduced to correct for leakage errors
in the nonlocal map. The final measurements are three-outcome measurements in the Z basis: 0, 1, or neither—which help detect whether a
qubit has leaked. This can be achieved by a Z measurement followed by a bit flip and another Z measurement. By comparing the measurement
outcomes from the three sets of ancilla qubits, one can distinguish errors arising during encoding from those occurring during decoding.

respectively (some of the rows can be linearly dependent).
Both matrices have N = ryn; + rinp columns, which deter-
mines the block length of the quantum code. The key aspect of
this construction is the inherent fulfillment of the commutativ-
ity condition, specifically the symplectic product GxG% = 0.
This condition will ensure that all the stabilizers commute
with each other.

There are four possible classical codes using the param-
eters we have defined. The first code, C;, has parameters
[n1, ki, di] with its parity-check matrix H;. The second
code, C,, has parameters [ny, ky, d>] and its parity-check
matrix is H,. Additionally, we can consider the transpose
codes: CT, which has parameters [n; — k;, k! ,d] ] and the
parity-check matrix H], and CI, which has parameters
[n2 — ko, k3, dI] with the parity-check matrix HJ . The re-
sulting quantum code is: [[nny + (1] — ki)(n2 — k), kiky +
kF'kI', min(d,, dp, dT, dT)]]. We call qubits belonging to part
nin, as sector-1 qubits and, qubits belonging to part (n; —
k1)(ny — ky) as sector-2 qubits. kjk, number of logical qubits
are entirely supported on sector-1 qubits, and the remaining
kT kI logical qubits are entirely supported on sector-2 qubits.

We can select two parity-check matrices at random, each
associated with a classical code, and use the hypergraph prod-
uct shown in Eq. (5) to create a quantum CSS code. If the
original parity check matrices have low density or sparsity,
the classical codes they represent are LDPC codes [40,41].
When we use sparse parity check matrices in the hypergraph
product, the resulting parity-check matrix for the quantum
CSS code also remains sparse, leading to a quantum LDPC
code or qLDPC code. For example, the parity-check matrices
corresponding to repetition code are sparse, and the hyper-
graph product of a repetition code with itself gives a qLDPC
code, popularly known as Surface code. For more details on
code construction, refer to Appendix E.

2. Lifted product codes (LP codes)

Lifted product codes [12] or LP codes are generalization
of HGP codes where the elements of block matrices are
replaced by elements from a commutative ring R, such as
R = F>[x]/(x' = 1), or more generally, a group algebra F>»G
for a group G. The expression of parity check matrix of the
resulting quantum code is

HX = (A ®Im39 ImA ® B)7
Hy =(I,, ®B", A" ®1,,). (©6)

Here, A € M,,, x»,(R) and B € M,,,xn,(R) are matrices over
the ring R. Ly, , Ln,, I, In, are identity matrices of appropriate
sizes. When R = F,, the LP code reduces to HGP codes.
When R is a polynomial ring or a group algebra, the code
takes on a quasi-cyclic structure. LP codes reduce the number
of physical qubits as compared to HGP codes by symmetry
reduction [10], offering higher encoding rate. Block length, N
of the resulting quantum code is given by £ - (nampg + ngmy),
where [ is the lift size, meaning each element of the ring is
replaced by [ x [ circulant matrices. The number of logical
qubits, K is lower bounded by £ - (nqg — mya) - (ng — mg). The
distance D scales as, @(log%). For more details, look at [12].

III. USING NONLOCAL RESOURCE FOR
STABILIZER MEASUREMENT

We start with the N-qubit ancilla state initialized in the
all-zero state (denoted as |0)®", which corresponds to all
spins pointing down). This state resides in the Dicke space,
which is the maximum angular momentum subspace of the
2N _dimensional Hilbert space. In the collective angular mo-
mentum basis, this state is expressed as |J = %, m; = —%),

where N is the total number of spin-% particles, J is the
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total angular momentum, and m, is the projection of angular
momentum along the z axis. Note that we use the convention
that: [0) =] )= =3,m=7)and [I)=|1) ==
%, m; = %). Encoding of the ancilla state into the GHZ state
is accomplished in three steps:

(1) We apply e~*3* to the initial state |0)®", which rotates
each qubit by an angle of 7 about the y axis, transforming the
state to |+)®V.

(2) We then apply the map & generated by Heg from
cavity as defined in Eq. (2). In the absence of losses, the
operation is unitary and is denoted by U,, where the subscript
¢ means unitary generated by the cavity.

(3) We apply the inverse of the first operation that is e

The steps 1-2-3 collectively constitute the encoding opera-
tion, E; I referred to as the “encoder”. In the absence of noise
the encoder is a unitary map and is given by

Ep- 1(p)—e”J‘Ue iz j,oe 2y teind
=Ug p U}, @)

z7J

where Up = ¢/2/U,e~'7". The next step involves ancilla-

data controlled gates (C- M), where M is the stabilizer to be
measured, followed by the decoding map Ep(p) = Ug p Ug,
and finally measurement of ancilla. In the presence of losses,
the map is no longer unitary, introducing errors with some
probability. In the following section, we will analyze the map
in the presence of errors.

A. Cavity error analysis

As mentioned above, losses in the cavity introduce errors
that modify the cooperativity C, as reflected in the second and
third terms of the map & in Eq. (2), rendering it nonunitary.
Consequently, our encoding and decoding operations become
faulty. Here, we will only consider the ideal scenario and
the first-order failures in both encoding and decoding, which
results in three possible scenarios: (1) perfect encoding and
perfect decoding; (2) imperfect encoding & perfect decoding;
(3) perfect encoding and imperfect decoding.

1. Perfect encoding and perfect decoding

As discussed earlier, in the absence of any losses, both en-
coding and decoding operations are unitary. The cavity unitary
U, generated by H.y takes the form e, where 6 = 7 /2

—iZn?

for GHZ state preparation, unitary becomes e~ ‘2", where
n= Zj [1;)(1;]. We can rewrite
N
=2
pey U2
j
N Z;
= ——J, whereJ, = = 8
=3 2.5 ®
j
NZ
n*=J}=NJ, +—I
4
The cavity unitary becomes U, = ¢ 30N+ ) from
which we can seclude the constant term e"”N /8. Note

that, for simplicity, we omit the hats from operators.
The encoding unitary as defined in Eq. (7) then becomes

Up = ei3he i3V Nj)e” Iy = =15 Ui=NI) We start with the
initial state |0)®" = |J = N/2,m, = —N/2), in the com-
bined angular momentum basis. For simplicity, we write
|[J =N/2,m, =—N/2) — |0) and |J = N/2, m, = N/2) —
|1). The initial state in this notation is |0). After the encoding
operation, the initial state becomes

parz = Ug|0)(OIUf = 3(10) +i[T)((O] — iTD. (9

At this point, the combined (ancilla + data) state is v; =
pcrz ® o, where o denotes the data. The next step, as shown
in Fig. 3, involves ancilla-data controlled operations for sta-
bilizer measurement M represented by V. Note that M can
represent any stabilizer of either X or Z type of any stabilizer
code. For X type stabilizers we will use CNOTs and for Z
type, the CNOTs will be replaced by CZs. The state after step
2is

V(pcuz ® o)V'
LTI @ MoM +10)(0] ® o
+i|T)(0|®Ma—i|())(T|®aM). (10)

U2

Next step is the redundification. Two sets of ancilla blocks
are initialized in the state |0)®V, also represented as | —
N/2) — |0). During redundification, we copy the coherence
with the help of CNOT gates. The resulting state is

= 3()e, (T ® M), (11 ® 1) (1| @ Mo M

+10)4, (01 ® 10)4, (0] ® [0)4; (0] ® &

+il1)a, (01 ® |T)a, (01 ® |14 (0] ® Mo

— 110)q (1| ® 10)a, (1| ® 10) 4 (1| ® T M). an

All the ancilla blocks are decoded separately using decod-

ing operation U g Action of Uy, is
UL = —il0) + |T)
U£10) =[0) — ilT).

We use the relation above, expand the whole state and drop
the cross terms since they don’t contribute to measurements in
the Z basis. The expectation value of an operator O in the state
p is given by Tr(pO). When p is written in the eigenbasis of
the measurement operator, only the diagonal terms affect the
expectation value and cross terms vanish. This is because we

are performing individual measurements in the Z basis. After
rearranging, the state becomes

= {114 (1 ® 10)4, (0] & [0); (O
+ 1) a (11 ® 1T)a, (1] ® ) (1
+10)a, (01 ® T4, (1] ® [0}, (O
+10), (01 ® 10)4, (0l

_ _ I —-M I —-M
@ 1), (11} @ L2 C220
+ {104, (O ® 10)4,(0] ® |0)q, (O
+11)a, (1] ® [1)4, (1] ® 0) 4, (O]
(

+10)4, (01 ® 1)a (11 @ [T, (1
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+ ey (11 ® 10)4, (01 @ 1) (11}

®(I+M)G(I+M)
2 52

The final step is to measure all the ancilla blocks. For each
block, the measurement result should either be all 1’s or all
0’s. Any other result indicates an error occurred. We assign
a bit value based on majority voting of the measurement
outcomes. This gives us three bit values, one from each an-
cilla block. The stabilizer outcome is then determined by the
Hamming weight of these bits. According to the rule above,
if the Hamming weight is odd, we conclude that the state lies

12)

J

in the 41 eigenspace of the stabilizer, else we are in the —1
eigenspace.

2. Imperfect encoding and perfect decoding

Recall that the encoding operation Ug consists of three
independent steps: rotation e~*2%, followed by the cavity uni-
tary U,, and then rotation €'7% . We assume that each of these
steps can fail independently. Considering only contributions
first order in the error « as defined in Eq. (4), the action of the
faulty encoding map on p = | — N/2)(—N/2|, represented as
gD—l is

Ep1(| — N/2)(—N/2|) ~ (1 — (Nady + 5Npa/3 ) penz + e + 8pa/3)xpcuzds + ady (Jepenz + pouzly)
— — —_———

Po ﬁcavi ty

N
Pd
— a(J7 ponz + penzty) + 3 ZijGHZXj +YipouzY; + ZjpcuzZ;. (13)
Jj=1

The parameter p, denotes the failure probability of Y -rotations. The faulty encoding map &p-1, expanded to first order, can
introduce a bit-flip error on any of the ancilla qubits with some probability, represented by the term J,pJ,. Additionally, it can
introduce a measurement error simultaneously across all ancilla qubits via the terms Y pY and ZpZ. Note that this map is not
trace-preserving, as it includes a leakage contribution given by the term (1 — (Nad3 + %N pa))p- The terms (Jyn + nJ;) and
(J2n + nJ?) do not contribute to the final measurement done in the Z basis. For more details refer to Appendix A 1 a.

Since the interaction with the data is performed using transversal controlled gates, it cannot introduce more than one error
in the data block. Furthermore, since bit-flips, X, commute with the perfect decoding operation, this error syndrome can be
detected, and the affected data qubits can be corrected accordingly. For more details look at Appendix A 1b.

3. Perfect encoding and imperfect decoding

The remaining case is perfect encoding and imperfect decoding. We can follow the same arguments as for imperfect encoding.
The faulty decoding map &p after taking into account the faulty unitary and faulty Y -rotation looks like

N
~ Pa
En(p) ~ (1 = po)UEPUE + PeaikUgpUs e+ | D_X;UgpUeX; + YiUppUpY; + Z,Ug pUsZ,

j=1

N
Pd Tt . ) t ) +
+5 > XUfpUeX; + X; [ [ XeUj Uk ];[kaj + Nl:[XkUE,oUE ]:[Xk . (14)

j=1 k

Here, pg = aN df, + 2Npg, Peaviy = 20, and p denotes an
arbitrary state. This map closely resembles the faulty encoding
map defined in Eq. (13), with the exception of the final term.
The additional term appears because the map now acts on a
general state. A similar term also arises in the encoding map,
but in that case, the input state |%)(%| is invariant under
Z errors, allowing those contributions to be absorbed into the
existing error terms.

Similar to the faulty encoding map, the error terms appear
either as single-qubit measurement errors or as measurement
errors affecting all ancilla qubits simultaneously. To mitigate
these errors, we redundify the ancilla block as shown in
Fig. 3, decode it, perform measurements, and then compare
the measurement outcomes across all ancilla blocks. Since we
focus only on first-order failures, we assume that the other
two ancilla blocks remain unaffected. By comparing the mea-
surement results, we can determine whether the error occurred
during encoding and identify the affected data qubit. This

(

allows us to apply the appropriate correction operator. If the
error occurs during decoding, no correction is needed because
the error arises after the ancilla qubits have interacted with
the data qubits, leaving the data qubits unchanged. However,
this error correction process relies on our ability to distinguish
between encoding and decoding errors. Fortunately, in most
cases, we can differentiate between the two. In the rare cases
where we cannot, the error only introduces a single fault on
a data qubit. Since we repeat the stabilizer measurement, this
type of error can be addressed in the next round. A detailed
analysis of the impact of each possible error term is provided
in Appendix B.

B. Fault tolerance

We will now present the following arguments, supported
by calculations from previous sections, to demonstrate that
our setup is fault-tolerant. We observe that the key element in
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proving the Fault-tolerance (FT) for the DiVincenzo-Aliferis
method lies in the careful design of the decoding circuit.
Specifically, the decoder must be designed so that no single
fault within it produces the same syndrome as any multiqubit
error caused by a single fault in the encoder or during ancilla-
data interaction. When restricted to two-qubit gates, such a
decoder can always be constructed for a distance-3 code [27].
Alternatively, with the use of global gates, a decoder can
be constructed for codes of any distance, as shown in the
previous sections. However, in our case, since the encoding
and decoding operations are performed collectively, the error
propagation is more complex.

As discussed in Sec. IIT A 2, our encoder/decoder, to a first-
order approximation, can introduce at most a single bit-flip
error on any one of the ancilla qubits. Since separate ancilla
qubits are used for each of the C-M gates, an error originating
from an ancilla qubit can propagate to at most one data qubit
and vice -versa. This approach prevents the occurrence of
hook errors, which could otherwise be catastrophic [5]. There
is a small probability of a global bit-flip error arising from
depolarization noise. For such an error to result from mea-
surement faults, all ancilla measurements would need to fail
simultaneously, a highly improbable event. While this may
cause incorrect interpretation of the stabilizer outcome, since
the data qubits remain unaffected, the error can be reliably
detected and corrected by repeating the measurements.

An important aspect to ensure fault tolerance of our pro-
tocol is the ability to distinguish errors originating from the
encoding and from the decoding operations. To do that, we
redundify the ancilla block as shown in Fig. 3, decode it,
measure, and then compare the measurement outcomes across
all ancilla blocks. Since we focus only on the first-order
failures, we assume that the other two ancilla blocks remain
unaffected. By comparing the measurement results, we can
confidently determine whether the detected bit-flip errors, to
first order, originated in the encoding or the decoding part.
As mentioned earlier, in cases where the decoding is faulty
and the syndromes for the bit-flip errors at the two decoding
blocks disagree, we can conclude that the error, to first order,
occurred in one of the decoding blocks, leaving the data block
unaffected [27]. In this scenario, no correction or recovery
operations are needed for the data block. Conversely, if the
syndromes agree, it indicates that the detected errors, if any, to
first order, occurred either during the encoding or the ancilla-
data controlled operations, both of which could affect the data.

The situation becomes complex when a fault occurs in
any of the transversal C-M gates. The transversal operation
can introduce at most one error in the data. The challenge
arises when a fault in a C-M gate generates an error that,
after propagating through the decoder, results in a syndrome
overlapping with those caused by an error in the encoder. In
this case, the corresponding correction or recovery operation
might inadvertently introduce an additional error, resulting
in two errors in the data and compromising fault tolerance.
Fortunately, any bit-flip error (X) commutes with the de-
coding operation, allowing it to remain on the same qubit
without causing ambiguity. The real issue arises when Z or
Y errors occur during ancilla-data C-M operations, as these
do not commute with the decoder. Such errors can propa-
gate to other ancilla qubits, resulting in syndrome ambiguity.

By carefully analyzing the commutation relationships be-
tween phase errors (Z), bit-and-phase errors (Y), and the
decoding operation, we observed that single Z; or Y; er-
rors occurring on any of the qubit indexed as i propagate
through the decoder as follows: I1..Z;. Iy < X1 X;..Y;. Xy
and 1..Y;..Iy < X1 X»..Z;..Xy. These transformations pro-
duce distinct error syndromes, reducing the likelihood of
ambiguity. This analysis can be easily extended to any sta-
bilizer code by considering the Pauli string of corresponding
weight of the stabilizers. In our case, in addition to consid-
ering the parity of the measurement outcomes, the outcome
of each physical measurement is crucial to accurately locate
the error, as explicitly demonstrated in Appendix A 1b. Even
when some errors produce overlapping syndromes after en-
coding and ancilla-data operations, the key point is that only
a single data qubit is affected. Since we repeat the syndrome
measurement multiple times, any such error can be corrected
in the subsequent round.

It is worth noting that the whole noise process during
encoding or decoding is not trace-preserving. Leakage errors
can cause the ancilla atoms to move outside the qubit sub-
space. For ease of explanation, we denote this state as |a).
Recognizing that our setup exhibits this type of noise, we
propose to modify the measurement process to detect it. The
Z measurements performed at the end return +1 if the ancilla
is in the |0) state and —1 otherwise. To verify that the ancilla
remains within the qubit subspace, one can apply a bit-flip
operation and repeat the measurement. This bit-flip operation
is designed to affect only the qubit subspace. If the ancilla is
outside the qubit subspace, the measurements will return —1
in both cases.

Next, we must ensure that we can distinguish leakage er-
rors originating from encoding versus those from decoding.
To achieve this, we require three sets of decoding. The an-
cilla qubits are redundified twice before decoding. We now
examine all possible cases to determine whether they can be
distinguished.

The first case occurs when encoding is faulty, causing one
of the ancilla qubits to enter a state outside the qubit subspace.
In this scenario, the controlled operation will not act on the
corresponding data qubit, as the control qubit is in the |a)
state. During decoding, the redundification process will also
fail to copy information to the corresponding ancilla qubits,
leaving them in the |0) state. This can be detected using the
two-measurement scheme. Thus, if one of the ancilla qubits
in the first decoder is in state |a) while the other two are in
|0), we attribute the leakage to encoding. Notice that in this
case the data qubits are corrupted, but still noise is limited to
one data qubit.

The second case occurs when encoding is noiseless, but
one of the decoders experiences a leakage error. In this sce-
nario, all gates, including those involved in redundification,
are noiseless. However, during decoding, with some probabil-
ity, one of the ancilla qubits may transition to the |a) state.
If this occurs in the second or third sets of ancilla qubits,
the measurement outcome will clearly indicate that the noise
happened during decoding. If one of the ancilla qubits in the
first set is measured in state |a), we must check whether the
other two sets of decoders are either all in |0) or all in |1).
If this condition holds, the leakage likely occurred during
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the first decoder. Otherwise, the leakage originated during
encoding. In this case data qubits are untouched.

In the rare case where the first decoder returns {a, 1, 1, ...}
while all other measurements return O, we can assign the
error to the first decoder with high probability. Although
leakage errors during encoding can also produce this specific
measurement outcome, they do so with significantly lower
probability.

In summary, we have demonstrated that our design of the
encoder and decoder for the DiVincenzo-Aliferis method is
fault-tolerant under three distinct scenarios: (i) bit-flip/phase
errors from C-M or decoding operations, (ii) syndrome ambi-
guity, and (iii) leakage errors. The fault-tolerance argument
developed here is true for any stabilizer quantum error-
correcting code.

IV. NUMERICAL RESULTS

We use the circuit in Fig. 3 for stabilizer measurement.
The fundamental building blocks of the circuit are physical
qubits, which are susceptible to various errors depending on
the chosen hardware. The types of errors that physical qubits
can experience include:

(1) Imperfect reset. Error occurred when a data/ancilla
qubit is initialized in |1) instead of |0). This happens with
some probability p;, (similarly for |[+)/|—) state).

(2) Single-qubit gate error. while doing a single qubit gate,
say H we additionally do X, Z, or Y operations, each with
probability p;/3. This error model is also known as single-
qubit depolarizing noise.

(3) Two-qubit gate error. while doing the controlled
operations between ancilla and data qubits, we addi-
tionally do I ®X,IQY,I®Z XL XX, XQY,X®
ZYQRLYRXYRY,YRZZIRLZIQX,ZRY,or Z®
Z, each with probability p,/15. This error model is also
known as two-qubit depolarizing noise.

(4) Measurement error. While measuring, say an ancilla
qubit in Z basis, we incorrectly project into wrong state and
report a wrong value with some probability pmeas-

(5) Wait or Idle error. While we are doing error-correction
rounds, our data qubits are waiting, represented as in identity
gate /. But instead, performing a single qubit gate X, Z or Y
with probability py,i/3. For all the numerical simulations we
assume py,ir = 0. This is justified by the fact that Rydberg
atoms have long coherence time compared to the idle time of
data qubit [18,24].

(6) Cavity error. When using cavity to prepare a GHZ
state, we obtain the ideal state GHZ with a certain probability,
while error terms appear with some probability as described in
Eq. (13). Approximately, the failure probability say pcaviy =
2a scales as 1/+/C (13). In both error models discussed below,
we allow peavity to vary to account for imperfections in the
cavity owing to losses.

The numerical simulations we perform involve a combi-
nation of these errors. The errors can occur randomly at any
location in the circuit, with no correlations between them.
Such an error model or noise is referred to as Markovian noise.
Depending on the hardware, each of the errors enumerated
above can have different probabilities. In this work, we con-
sider two different models:

(i) Hardware agnostic error model. This model is inde-
pendent of specific hardware implementations, assuming all
errors except the cavity error occur with the same probability
p throughout the circuit. In our numerical simulations, we
account for type 1, 3, 4, and 5 errors with equal probability.
S0, p1 = P2 = Pin = Pmeas = P and pyair = 0. Type 6 error is
error from imperfect cavity, pcayviy = Xp2, wWhere x is a real
number.

(i) Custom error model: In this model, type 3 errors
(two-qubit depolarizing) have probability p and type 2 er-
rors (single-qubit depolarizing) have probability p/10. Type
4 errors (measurement) and type 1 errors (imperfect reset)
each have a probability of 2p. So, p» = p, p1 = p/10, pin =
Pmeas = 2p and py.i = 0. The cavity error, peaviy = xp2,
where x is a real number.

We used STIM [42] for our simulations. After we have
collected sufficient number of subthreshold data points, we
fit all the codes in a code family to the equation [43]

ad
PL(p) =A<i) , (15)

Pth

where P (p) represents the logical failure probability per
syndrome extraction cycle, calculated as P (p) =1— (1 —
PL(p, d)N'?, with P (p, d) being the total logical errors af-
ter d rounds of syndrome extraction, and d being the code
distance. Here, A, a > 0 and p,; is the threshold of a code
family under the given error model and decoder. The logical
failure probabilities for p > 1072 are determined numerically,
after which the data points are fitted to the above equation and
extended to p < 1073 to estimate the logical failure rates.
Note that we do not consider leakage errors in any of our
simulations. For details of numerical simulation refer to Ap-
pendix C.

A. Results for HGP codes with i(x) = 1 + x + x2

We used the code generated via check polynomial i(x) =
1 + x + x2, with lift = 6, 9, 12 under periodic boundary con-
ditions. Details of code construction have been discussed in
Appendix E, and Table I lists the codes we get. Numerical
performance of these codes is shown in Fig. 5. We obtain a
high threshold, approximately 8 x 1073, which is comparable
to that of the surface code under an agnostic error model [44].
The data points are extrapolated using the fitting function in
Eq. (15), with parameter a &~ 3/4.

Bottom Table 1II lists the p,; values for those codes that
are listed in Table I for a given ratio of peaity/p2 and their
corresponding C;;, under hardware agnostic error model and
top table lists down the results for custom error model. As the
quality of the cavity decreases, the corresponding threshold

TABLE 1. Codes generated via check polynomial h(x) =1+
x + x? under periodic boundary conditions.

Lift Periodic

6 [[72,8,4]]
9 [[162,8,6]]
12 [[288,8.8]]
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TABLE II. Error thresholds obtained from simulation results for
the [[72, 8, 4]], [[162, 8, 6]], and [[288, 8, 8]] codes generated via
check polynomial h(x) =1+ x +x? with periodic boundary con-
ditions under noise channels with different strengths of nonlocal
gate noise. The top table presents results under the custom error
model, while the bottom table shows results under the hardware
agnostic error model. In both cases, pcayiyy represents the error from
the imperfect cavity, and p denotes the two-qubit depolarizing error
after controlled operations between ancilla and data qubits. Data
points are fitted using fitting function (15), with @ = 1/2. See main
text for details about the cooperativity C,;, calculation. We varied the
ratio peavity/p across the listed (randomly chosen) values to observe
threshold variations. For each ratio of pcaiy/p, scalable quantum
computing is possible if the physical error rate is below the corre-
sponding threshold and the cooperativity is higher than the C;;, values
given.

6.09 x 1073, or 0.609% and the corresponding cooperativity
of around 4.72 x 10*.

We can also use this simulation data to determine the
cooperativity required to achieve a specific logical error rate.
Figure 4 shows the plot for various fixed two-qubit error rates.
For example, a fidelity of 99.91% has been demonstrated for
two-qubit entangling gates [45]. Using this value as p,, we can
plot the logical failure rate (LFR) as a function of cooperativ-
ity. As shown in Fig. 4, a LFR of 1075 can be achieved with
a cooperativity of approximately 10°. The results improve
exponentially with higher gate fidelities.

Experimentally, implementing codes with periodic bound-
aries is more challenging than those with open boundaries
[23] because interactions that are local on a periodic lattice
are highly nonlocal with open boundaries. However, a key
advantage of our cavity setup is that it enables the imple-
mentation of periodic boundary codes, doubling the number
of logical qubits with only a few additional physical qubits
while maintaining the same code distance.

B. Results for HGP codes with 2(x) = 1 + x + x> + x7

The true potential of our nonlocal resource lies in its

pcavity/P Threshold (pth) Cth

0.5 7.99 x 1073 1.10 x 107
1 7.78 x 1073 2.89 x 10°
2 6.94 x 1073 9.08 x 10°
3 6.81 x 1073 4.19 x 10°
4 5.78 x 1073 3.27 x 10°
5 5.48 x 1073 2.33 x 10°
10 5.38 x 1073 6.04 x 10*
pcavily/p Threshold (plh) Cth

0.5 8.43 x 1073 9.85 x 10°
1 8.12 x 1073 2.65 x 10°
2 7.90 x 1073 7.01 x 10°
3 7.68 x 1073 3.30 x 10°
4 7.08 x 1073 2.18 x 10°
5 6.59 x 1073 1.61 x 10°
10 6.09 x 1073 4,72 x 10*

also reduces, which aligns with our expectations. For ex-
ample, when the cavity error rate is 10 times the two-qubit
depolarizing error rate in case of hardware agnostic error
model, pcaviy/p2 = 10, we get a threshold of approximately

ability to execute long-range nonlocal gates with minimal
constraints, as discussed previously. This capability enables
us to extend our proposal to high-rate codes generated by
higher-degree polynomials, which produce highly nonlocal
stabilizers. In this work, we specifically examine codes gener-
ated by the check polynomial 4(x) = 1 + x + x* + x”, which
was previously explored in [46]. We provide the code spec-
ifications, with construction details and the 2D layout in
Appendix E.

Since our cavity setup allows for implementing periodic
boundary codes, which doubles the number of logical qubits
compared to open boundary codes, we will focus on studying
periodic boundary codes. Table III shows the different codes
that could be generated using this check polynomial. Because
of limitations of computational resources, we could only do
the simulation for the [[450,98,5]] code. See Fig. 5 for the

1 ® ® 107%
— t {
10 ' . ‘ = ® 9 . o i
[ ] ° 10—7
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© ©
e & 1g-8
g 10 g
3 2 g
= = 10" !
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1 10- 7
X o = x I
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FIG. 4. Plots showing failure rate of logical-X observables vs cooperativity for [[288,8,8]] code under agnostic error model. A set of data
points is obtained by keeping the two-qubit gate error p, fixed and varying the cavity error pcayiy. (a) Behavior of logical-X failure rate with
cooperativity under custom error model and (b) under the Hardware-agnostic error model.
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TABLE III. Codes generated via check polynomial (h(x) =1+
x + x3 4+ x7) under periodic boundary condition.

lift Codes:Periodic Boundaries
15 [[450,98,5]]
30 [[1800,98,101]

performance of this code. It is not possible to calculate the
threshold with simulation from just one member of the code
family. However, a pseudothreshold can be estimated from
the plot, which is determined when the logical failure rate
intersects with the physical error rate at the y = x line. This
point appears to be around p = 0.0015, or 0.15%. The data
points are fitted using Eq. (15), with a = 3/4.

C. Results for LP codes

LP codes, known for their higher encoding rate and
distance, are an attractive option for implementation. We per-
formed simulations with the LP codes from [21] as listed in
Table IV and observed a logical error suppression of ~10~!2
at a physical error rate of ~4 x 10~*. While the exact code

TABLE IV. Lifted product codes taken from paper [21].

lift Codes:Periodic Boundaries
16 [[544, 80, < 12]]
21 [[714, 100, < 16]]

distance is difficult to compute, we used d rounds of syndrome
extraction, where d serves as the upper bound.

Compared to the results in [21], our approach achieves
several orders of improvement in logical error suppression.
This enhancement is primarily from replacing shuffling with
cavities for nonlocal gates during stabilizer measurements,
which significantly reduces shuffle-induced errors and wait
errors on data qubits. Moreover, the cavity error model miti-
gates errors by confining imperfections to single bit-flips on
ancilla qubits, rather than causing more severe single- and
two-qubit gate faults. Also, using dedicated ancilla qubits for
each ancilla-data controlled operation effectively eliminates
Hook errors [5].

Figure 5 shows the numerical performance of LP codes.
The data points were extrapolated using the fitting function
P,(p) = ap’, where P,(p) is the normalized logical failure
rate, and «, B are constants. Since the studied LP codes belong
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[[544,80, < 12]]
[[714,100, = 16]]
[[72,8,4]]
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peh=28.12x 1073

y=X

1072

Physical Error Rate (per gate)

FIG. 5. Plot showing logical-X error rate per syndrome extraction cycle vs. physical error rate (per gate). The plot is presented on a
log-log scale. The simulations were carried out using STIM, with each data point based on 10® Monte Carlo samplings. HGP codes [[72, 8, 4]],
[[162, 8, 6]] and [[288, 8, 8]] are constructed using check polynomial 4(x) = 1 + x + x> with different lifts. Their simulation is carried out
under agnostic error model with the ratio peayiy/p = 1, without accounting for erasure errors. Since they belong to the same code family, as
evidenced by their convergence at a specific physical error rate value p,;, ~ 8.12 x 1073, known as the threshold that is shown by vertical
magenta line. Their data points are modeled using the fitting equation (15), with @ = 1/2. In contrast, the HGP code [[450, 98, 5]] constructed
using check polynomial 2(x) = 1 + x + x* + x” represents a different family. The extended plot for this code is obtained using the same fitting

function, but with a = 3/4. Lifted product (LP) codes like [[544, 80,

< 12]] and [[714, 100, < 16]] taken from [21] are bench marked under a

custom error model. Data points were extrapolated using the fitting function P, (p) = ap?, where P, (p) is the normalized logical failure rate,
and «, B are constants. For the [[544, 80, < 12]] code, the fitted line is P (p) = 1.64 x 1022p'?, For the [[714, 100, < 16]] code, the fitted line

is PL(p) = 4.5 x 10%p!1.
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to different families, estimating a threshold was not feasible.
However, the extrapolated line, derived from the numerical
data, is shown in Fig. 5.

V. ARCHITECTURE FOR SYNDROME
EXTRACTION CIRCUIT

We propose a three-dimensional trilayer architecture for
scheduling stabilizer measurements. The top and bottom
layers represent ancilla qubits, labeled as “ancilla-1” and
“ancilla-2”, respectively. The middle layer contains data
qubits encoded in the logical space of a qLDPC code. Ancilla-
1 is specifically used to measure Z stabilizers, while ancilla-2
for X stabilizers. The data qubits of both HGP and LP codes
can be arranged in a 2D layout such that the support of both
types of stabilizers is limited to a single row and a single col-
umn, as illustrated in Fig. 12 below. This structure simplifies
the implementation of cavity-based GHZ state preparation.

We begin by identifying the support of a Z (or X) sta-
bilizer on the data qubits and then select the neighboring
ancilla qubits from ancilla-1 (or ancilla-2) accordingly. These
selected ancilla qubits participate in a cavity-mediated inter-
action to prepare a GHZ state. Since some of these qubits may
be located several lattice sites apart, this constitutes a nonlocal
operation. Following GHZ state preparation, local two-qubit
gates (C-M) are applied between ancilla-1 (or ancilla-2) and
the corresponding data qubits. The information is then trans-
ferred to an adjacent set of ancilla qubits for redundancy in the
decoding process. All ancilla sets are subsequently decoded
using the cavity interaction. The decoding is performed sepa-
rately but simultaneously on all ancilla blocks. This increases
the number of nonlocal operations to four rounds. Finally, all
ancilla blocks are measured in the Z basis. This architecture
supports stabilizer measurements for both CSS and non-CSS
codes. For non-CSS codes, the controlled-M (C-M) gates
between ancilla and data qubits are adjusted based on the
specific stabilizer. Experimentally, this is straightforward to
implement, as it only requires modifying the native CZ gates
using single-qubit operations.

The motivation for proposing a trilayer architecture is
threefold. First, placing ancilla and data qubits in the same
layer—as done in the surface code—Ileads to spatial conges-
tion, especially when using a w-qubit GHZ state, |GHZ),, =
(10)8» 4 |1)®%)/{/2, to measure a w-weight stabilizer. For
instance, the codes listed in Table III include stabilizers of
weight 8, requiring eight ancilla qubits for each X and Z stabi-
lizer. Hosting all of these in the same layer as the data qubits
would cause crowding, increase the likelihood of crosstalk,
and restrict the number of stabilizers that can be measured
in parallel—ultimately limiting parallelization. Parallelization
and spatial locality are critical for the speed and efficiency
of quantum error correction protocols. A trilayer architec-
ture addresses these issues by separating data and ancilla
qubits across layers. As noted earlier, stabilizers in hypergraph
product (HGP) and lifted product (LP) codes have support
localized along specific rows and columns. This structure
enables a strategic layout of cavities aligned along rows and
columns, as illustrated in Fig. 6, following ideas also explored
in [25]. The trilayer setup streamlines cavity placement. For
each stabilizer measurement, only four pairs of cavities need
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FIG. 6. An illustration of trilayer architecture for stabilizer mea-
surement. The top and bottom layers contain ancilla qubits, labeled
as ancilla-1 and ancilla-2, respectively. The middle layer contains
data qubits, which are encoded in the logical space of a LDPC code.
Qubits shown in crimson in the middle layer represent the support
of a Z stabilizer. Green-colored qubits in ancilla-1 are targeted by
the cavity for GHZ state preparation, while yellow and pink colored
qubits are used for redundification of decoding. The same method is
applied to the X stabilizers, but this time using ancilla-2. The vertical
lines indicate the controlled-M gates, where M is X or Z, targeting
the data. Note that this architecture can be used to measure stabilizers
of both CSS and non-CSS codes.

to be activated: one pair for encoding and three for decoding,
depending on whether all ancilla blocks can be decoded simul-
taneously. Finally, this architecture helps mitigate crosstalk
between data and ancilla qubits—an inherent problem when
all qubits reside in a single plane. To create |GHZ),, state,
we employ two distinct cavities, referred to as cavity-1 and
cavity-2, as depicted in Fig. 7. Let us label the horizontal
qubits as hy, hy, h3 and the vertical qubits as vy, v,, v3. We first
use cavity-1 to prepare the GHZ state on the horizontal qubits:
|GHZ) jn,1,- Then, similarly we use cavity-2 to prepare the
GHZ state on the vertical qubits: |GHZ),,,,,. We can then
measure the parity between any two horizontal and vertical
qubits, such as Z;,Z,,, to project the system into a combined
GHZ state,

|GHZ) 1y = (1000) iy + 1111) ;)
IGHZ) v, 0,0, = (1000) 4,10, + [111) 4,050, ). (16)

Upon measuring Z;,Z,,, with the measurement outcome
m, the combined state |GHZ), p,n, ® |GHZ),,.,, 1 projected
into the |GHZ)¢ = (]000, 000) + |111, 111))/\/5 state if
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FIG. 7. An illustration of GHZ state preparation using mi-
crowave cavities. We use two cavities designated as cavity-1 and
cavity-2 to prepare a |GHZ),, state. Cavity-1 prepares GHZ state on
qubits placed horizontally, while cavity-2 prepares GHZ on qubits
placed vertically. We can measure parity of any two qubits to project
the combined state into |GHZ),, state.

m = 0. If m = 1, apply the correction X}, Xj,, X, or Xy, Xy, Xy,
to prepare the |GHZ)¢ state. The correction term after mea-
surement can be written as (X1 X>X3)™.

A. Scheduling stabilizer measurement

As discussed above, we can arrange the physical qubits of
a HGP and LP code such that each X (or Z) stabilizer has
support only along a single row and column. As illustrated

B Xstabiliser M Z-stabiliser

@ Sector-1 qubits

in Fig. 8, cavities can be positioned along these rows and
columns allowing targeted qubit operations for gate imple-
mentation. During a stabilizer measurement, such as a Z type
as shown in left-hand side of Fig. 8, cavities along its row and
column are required. Consequently, no other stabilizer mea-
surement can be performed along the same row and column,
as those cavities are already in use. However, we can measure
another Z-stabilizer two rows down along the diagonal, as
its support does not overlap with the previous stabilizer, thus
avoiding any cavity conflict. Similarly, we can proceed down-
wards along the diagonal. Since we have a separate ancilla
layer, ancilla-2, for measuring X-stabilizers, we can proceed
in the same fashion. This is shown in the right side of Fig. 8.
Now, we use cavities to prepare a GHZ state and proceed
with controlled operations between ancilla and data. However,
the C-M gate for X and Z stabilizers between ancilla and data
must be applied carefully. There are two ways we could think
of doing this: (i) We can start with an X or Z stabilizer and
apply the C-M gate between ancilla and data in an alternating
fashion, i.e., first perform C-M gate for X (or Z), wait until
all the gates are done, then perform C-M gates for Z (or X).
Continue alternating in this manner. Or (ii)) We can do all the
gates for Z-checks in diagonal in one time-step, and then do
all the gates for X-checks in diagonal in another time-step.
Mixing the controlled gates of X and Z stabilizers may
result in measuring the wrong operator with a global phase of
—1. To avoid this issue, it is best to wait until all the ancilla-
data gates of Z (or X) have been applied before proceeding to
those of X (or Z). In a single time step, all stabilizers along a
diagonal can be measured. In subsequent time steps, we can
move up or down along the antidiagonal to perform the rest of
the stabilizer measurements. This method ensures no cavity

Sector-2 qubits l ’ Cavity

FIG. 8. 2D layout of [[72,8,4]] code generated via check polynomial 2(x) = 1 + x + x2, lift = 6 with periodic boundary conditions. (a) Left
panel shows GHZ state preparation in ancilla-1 using the nonlocal resources. Consequently, no other stabilizer measurement can be performed
along the same row and column, as the cavities are occupied. However, we can measure another Z-check two unit cells below, as its support
does not overlap with the same row or column, thus avoiding any cavity conflict. Similarly, we can proceed downwards along the diagonal.
(b) we can proceed in the same fashion in ancilla-2 that we explicitly have for measuring X -checks.
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overlap and effectively parallelizes the syndrome extraction.
For a code [[2n?, 2k?]] obtained through the hypergraph prod-
uct of a classical code [n, k] with itself, all stabilizers can be
measured in 2(2n — 1) time steps. The number of stabilizers
measured per time step varies with the number of checks along
a diagonal.

VI. CONCLUSIONS AND OUTLOOK

We have developed an approach for performing QEC for
a large class of codes by integrating nonlocal gates with the
DiVincenzo-Aliferis method for stabilizer measurements. By
coupling qubits to a cavity, high-quality cat states can be
deterministically encoded and decoded in one step each. Then
we incorporated the effect of losses in the cavity, and studied
the stabilizer measurement circuit, and found that the method
is fault-tolerant for any stabilizer code. Next, we incorporated
the cavity error model into circuit-level noise simulations of
the hypergraph product and lifted product codes, achieving
a promising threshold, thereby advancing towards large-scale
fault-tolerant quantum computing. The STIM circuit we de-
veloped for syndrome extraction can be generalized to any
generating polynomial /(x) with an arbitrary degree.

We numerically tested the effect of circuit-level
noise for codes generated by h(x) =1+ x+x% For a
hardware-agnostic error model, we achieved a threshold
ranging between 0.84%-0.60% for corresponding values
of cooperativity in the range 9.85 x 10% —4.72 x 10*.
For the custom error model, the threshold values were
between 0.8%-0.53%, and the cooperativity ranged from
1.1 x 107-6.2 x 10*. A logical failure rate of 10~° can
be achieved with a cooperativity of approximately 10°, by
increasing the two-qubit gate fidelity to 99.96%. Recent
experimental work coupling Rydberg atoms to microwave
cavities [29,47] has achieved single atom cooperativities
of C ~ 2.2 x 10*, which is not far from the requirements
found in our work. Looking ahead, recent advances in
the design of high finesse millimeter-wave Fabry—Pérot
cavities [48] enables single particle cooperativities of up to
C = 6.75 x 10° via circular Rydberg transitions coupled to
a microwave cavity. For lifted product codes, we observe a
pseudothreshold in the range of 0.3%-0.4%. Remarkably,
logical errors are suppressed to approximately 10~!> when the
two-qubit gate error is around 4 x 107, a value that is within
reach of current technological capabilities [49]. Note that
the noise model used in the simulations can also be adapted
to reflect specific hardware characteristics. For instance, in
neutral atom systems, erasure errors are a dominant source of
noise [32]. By employing error-correcting codes and decoders
specifically designed to address such noise, we can more
effectively mitigate errors [50,51]. These tailored modifi-
cations not only enhance error suppression and potentially
raise the error threshold but also ensure that simulations more
accurately reflect experimental conditions. However, studying
the code performance with biased noise is out of scope of this
paper and we leave this for future work. While extending our
simulations to the larger codes listed in Table III, we observed
that the Sinter package used for Monte Carlo sampling
may suffer from memory leakage: memory usage per core
increases over time, eventually leading to a crash because of
memory exhaustion. In contrast, sampling without Sinter

maintains constant memory usage per core but is significantly
slower.

We also proposed a trilayer architecture to efficiently par-
allelize stabilizer measurements, enabling a complete error
correction cycle to be performed in 2(2n — 1) time steps,
where n represents the [n, k] classical code underlying the
hypergraph product and the lifted product code. It makes
efficient use of the cavity arrangements and also makes par-
allelization of stabilizer measurements possible. Multilayer
configurations of planar arrays of trapped neutral atom qubits
have already been demonstrated using microlens generated
Talbot lattices [52]. These layers can be moved together with
a spacing determined by the trap pitch and trap waist making
them a candidate architectural component for our scheme. We
became aware of a recent work where a four-qubit logical
GHZ state was prepared with each logical qubit encoded in
a nonlocal HGP code on a trapped-ion platform [53].

In our setup, performing computations with a [[N, K, D]]
code requires 3N physical qubits (roughly). Recent experi-
mental advancements have demonstrated the ability to control
up to 10000 Rydberg atoms [54]. For N ~ 3000, utilizing
HGP codes, we can achieve K ~ 100-120 and D ~ 10-15.
In contrast, using LP codes, it is possible to achieve K ~ 100
with only N = 714 and D < 16. Moreover, the LP codes can
potentially support even higher numbers of logical qubits if
the number of physical qubits is increased to 3000. Note that if
we deploy redundification we will need more physical qubits
than estimated here.

The ground state of an n, x n, instance of the Fermi-
Hubbard model can be estimated using 2N logical qubits,
where N = n, x n,. With a Rydberg atom quantum computer
capable of handling around 100 logical qubits, it is possible to
solve atleasta 7 x 7 instance, requiring up to 98 logical qubits
[55]. To implement this or other algorithms on a quantum
computer using HGP/LP codes, a fault-tolerant implementa-
tion of logical Clifford and non-Clifford gates is required.
These gates are also highly nonlocal and it is a topic of future
work to understand how logical gates could be efficiently
integrated into our proposed setup.
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APPENDIX A: DETAILED CALCULATION OF STATE AND MAP
1. Imperfect encoding and perfect decoding
a. The faulty encoding map

We approximate the effect of the faulty encoding map to first order. Here, &, given in Eq. (2) represents the mapping of the
state p = Zm,m, P | % m) (%V, m’| under the evolution of Heg, given in Eq. (1). Since we have an extra y rotation, we represent
the state in x-basis instead, p = Zm,m, ,om,,,,rl%l, my = m)(%’, m, =n'|,

SD—I(p) = l ‘/‘5 ff( %‘,)'pei%‘l)')efi%‘l,"
3 e e = = an
—~ pm,m 2 s MR T 2 s My — .

Here, 6,, v is defined in Eq. (3). The map can be divided into the ideal unitary (which prepares the perfect GHZ state) and
a nonunitary part. In the following calculation, we assume that the Y rotation is error free. A detailed analysis of the effect of
depolarizing noise from the Y rotation is given later. Note that the unitary and nonunitary parts commute. After Taylor-expanding
the nonunitary part, we obtain

Ep1(p) = €3 Ep(e73 pel3h)e 13 (A2)
N N . -
= ey | e mem =5 M, = m><J = E’MX =m'|e2 |e 2N (A3)
m,m’
N N x
_gz ‘gff mem :E’Mzz—m><J= E’Mzz—m/ e*’f‘l,‘» (A4)
JT N N T
el meme - ZE’MZ:_m><J:3’MZ=_mI el (A5)
i6 ’ N N /
:me,mre —m, = J:E,Mx:m J=— M, =m (A6)
From Eq. (3), we have
O—m—r = [(m* = m®) = (m —m' N0 + —— f (m? +m’* — 2mm) (A7)
dn
- m29<1 n ;> - m’29<1 - ;) NG + m'NO — —2— ommt (A8)
VCdy VCdy VCdy
So we can write the map as
Ep-1(p) = ’(Hﬁz )0/, xe—tNGng (p)eNOre —i(l= 7 072 (A9)
— eiejf e—iNeJxedeN B 8/(,0)67‘11\’ J: eiNGJXe—iHJf (A10)
1 L g
= Uleven ™ &' (pyeven "5 U (A11)
o0 A
, 20 \'1 o
)= <m> Sl (A12)
s=0
%,Nf’ffg/ e 0% _ Z 19+ @t O+ g 420 AlL3
e (p)e —q” o( ) \/—dN PR (A13)
Finally, the map becomes
= 1
-1 _ _—Nad? 2rns . (g+r+s) Q2qi+ri+s) p—1 2ga+rr+s)
= N qu: yzet 611Y6]2!r1rz!s!Jx TE, (o) (Al9)
1,92,
r1,r2,5=0

withg=¢qi + gy, r =r +r,ando = 9/(2«/551]\/). For GHZ state preparation, 6 = /2 and o = 71/(4dN\/5). Note that EEI
in the equation above is the unitary part. For o < 1, which is compatible with QLDPC codes where N is constant and where we
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have large C for good nonlocal gates, we only keep the first-order terms with g + 7 + s < 1,
&' (p) & e N [t 4 200, T, + add (Uit + Th) — a(S2T 4+ 12)] (A15)
~ 1(1 — Nady) + 2t + ady (et + ty) —a(JiT + 1J7), (A16)

where 1 = E (p) is the output of perfect encoding. We have the following relations from angular-momentum algebra:

Jy +J_
J, == er , (A17)

2 1 2 2
B= UL+ 2 dd 4T, (A18)

The terms (J,t + tJ;), and (szt + thz) will not contribute to the final measurement as they are not diagonal in the Z basis. We
can see this by expanding the terms in angular momentum basis as

(mlJ2t|m) = (m|(J2 +J* + T J- +J_J)Tim). (A19)

The terms (m|(J3 + J2)7|m) will not contribute to the diagonals. The leftover term (J;.J— 4+ J_J; ) can be rewritten as (J> — JZ)
and this term keeps the GHZ state invariant as shown below:

(m|(J? — J2)tIm) = J(J + 1) — m*)(m|t|m). (A20)

Since J? preserves the angular momentum basis and the JZ2 terms remain undetectable in the final Z-basis measurement, we
omitted these terms in our simulations. Despite their complexity, they are inconsequential and do not affect the results. So the
map after faulty encoding is

T (1 - PO)T + pcavitnyTJx’ (A21)

where py = Nad,%, and peaviy = 20

Now, let us consider the case when the Y rotations are also faulty. We model a faulty Y -rotation using a depolarization error
model. Let p; be the probability of a depolarizing noise after the rotation. At every step, we only keep errors up to the first order.
The effect of depolarizing noise is as follows:

N
£(p) = (1 = Npa)T + %Zx,-ijJrerY, + 717, (A22)
=1

where T = ¢ 7/ pelT’r. Let py be the initial state, p; be the state after the first ¥ rotation, p, be the state after the cavity map,

and finally t be the state after second Y rotation. We put tildes on each of them to denote the output of noisy map,

N

- D

o= =Npp+ 75 D XimX; +YiorY + 22, (A23)
j=1

y Nody 5
P2=\1——= )1 =Npi)p2 +2a(l = Npy)J;02J; + a(1 — Npa)dy(J.p2 + p2J;)

2./C

N
Pd . _
+a(l = Np)(J2p2 + p2J?) + ?E,)l ijplxj +Yp1Y; 4+ Zip1Z;

j=1

(1 NOdy N ) + 20, p0J, + ad? (J.p> + paJ,)
~ e o o z
2\/6 pd 102 Z102 4 N ZIO2 /02 Z

pd

N
35,31 D XipXj+YipiY + ZipiZ; | (A24)

J=1

+a(I2ps + p2J?) +

N
Néd
A (1 _ N 2di>z 0 % XX+ YitYy + 21 Z; + 2ed T, + ady (St + T,

24/C =
N

+a(lit+T)) + ‘%e’%J-‘ED_1 S XipX; + oY + ZipiZy |e 3, (A25)
j=1

a
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— Pd —izui-ni)
3

(e

N
Pa
=3 ;(2)(,»1)(,- +1)

~ ’%(8}@ +N7).

Here, we have used that py = |0)(0|®V. In the last step, we
approximated the individual bit-flip errors by a global J, error.
To see this, consider the expansion

1 1
Jotd, = (5 Zx,) dE ijxj (A27)
1
=3 ZXi‘EXj (A28)
L]
1
~ o Zx,-rx,. (A29)

We ignore the cross terms with i # j because we trace out
those contributions when measuring in the Z-basis. These
terms typically affect only off-diagonal components of the
density matrix in that basis, which do not contribute to our fi-
nal measurement outcomes. There are additional off-diagonal
terms that similarly have no effect, and we omit those as well.
Combining all of this, we obtain

z <1 Nbdy 3>, ) +< o +8pd>1r1
~ - = 5 T —— |YxtIx
e 3 JCdy 3

N
Pa
t3 ;XJTXJ +YjTY +2Z;7Z;.

(A30)

For simplicity, we write the above expression in terms of
parameter o = 60 /(2+/Cdy). For GHZ state preparation 6 =
/2, which implies & = 7 /(4dy~/C). Expression becomes

# = (1 — Nady — 5Npq/3)t + Qo + 8py/3)JstJ;

N
Pd
+3 Y XX+ YjTY; + Z;3Z)). (A31)

j=1
This states looks similar to Eq. (A21) where the probabil-

ities have been modified. The extra depolarization noise can
be considered as a noise after the encoding step.

b. Computing the state

Now let us compute the state in each step of stabilizer
measurement circuit and see how the final state before mea-
surement looks like. In the calculations below, v denotes the
combined ancilla + data state without noise, and © denotes
the state with noise. Now, we will go through each steps of
the circuit shown in Fig. 3.

We start step-1 with the ancilla in all-zero state. Af-
ter encoding the ancilla is in the state (1 — po)pcuz +
PeavityJx PGz Sy, Where pgpz is the perfect GHZ state as de-
fined in Eq. (9). We have kept aside the depolarizing term. We

i

N

2_
> Xi0X; +X;Z;poZ;Xj + ZjpoZ; |3
=

(A26)

(

will consider this later. The combined state after step 1 is,

U1 ~ (1 = Po)pcuz + PeaviyJxPcuzdy) ® o, (A32)

where o = |) (1| is the state of the data qubits.

Step 2 is ancilla-data C-M gates. From the perfect encoding
and perfect decoding case in Sec. III A 1, we know how pguz
transforms after this step. Now we need to determine the
transformation of J, pguzJ,. Instead of directly calculating the
transformation of J, pguzJy, We can track the transformation
of the operator J, and then apply to v,. Data qubits in the
support of X stabilizers is denoted as a {g;},, where u denotes
a stabilizer and j denotes the index of the data qubits in
support of that stabilizer. We also define the set of indices
{j} that stores the information about the support of a stabi-
lizer. Say u = M, representing an X stabilizer then {g;},—um
represents the data qubits in support of stabilizer M such that,
M= l_[ie{([j}#=M X;. The set of ancilla neighboring the set of
data qubits {g;},—um is {a;},—u. We can write the collective X -
rotation operator acting on {a;},—y as /I = Y.,y | Xi/2.
We know CNOTs spread an X error acting on control to target
Appendix D, data qubits will get inflicted by an X error if the
corresponding ancilla qubit gets an X error. We will use X;
for Pauli-X acting on ancilla qubits {a;} and X/ for Pauli-X
acting on data qubits {g;}. Note that we skipped the index u
for convenience. The J!“! operator spreads the X error bitwise
to the data qubits according to the circuit shown in Fig. 3. If
we denote the combined controlled operations as V, we get

1 /
X=V({e1)V = 3 > o xex, (A33)

ie{j}

where the superscript [a] and [g] denotes the operations acting
on ancilla and data, respectively. The state after this step
becomes

0, 2 Vi VT
=V (((1 = po)ponz + PeavityxPcuzdx) @ o)V
= (1 = po)v2 + Peaviy VU @ DV 12 V(I @ DV
= (1 = Po)V2 + Peaviy X2 X (A34)

Step 3 is the decoding step. Since we are considering the
case of perfect decoder, Ep transforms the perfect state v, to
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vs. So the imperfect state becomes
03 ~ (Ue @ D((1 = po)v2 + Peavig X 02 X7) (U ® T)
= (Ur @ (1 = po)va(Uf ® 1)
+ Peaviy [(Ur ® DX (U ® DIvs[(Ur @ DX (UL @ 1]
= (1 = po)Us + Peaviy X3 X" (A35)

Here, U3 represents the imperfect state after step 3, while
v3 denotes the final perfect state from case Sec. III A1 as
defined in Eq. (11). The last step follows from the fact that Ug
commutes with X, i.e., [Ug, X] = 0. We substitute the terms
of v; into the above equation and obtain error terms like

[a] N\/N
E X“YN= )=
12 /\2
i€{j}

N N
X«[a] _ _
#1720 3

Here, M refers to a general stabilizer.

Xi[a] ®X1/[q](1 +M)O'(1 +M))(l/[q]

i[a] ®Xi'[ql(1 —M)O'(l _ M)Xi'lql'
(A36)

J

Now we analyze the effect of the depolarizing noise term
as stated by map in Eq. (A31). The X; term proceed exactly
like the J, noise we discussed and, Y; can be rewritten as
Z:X;. Therefore, we only need to analyze how the Z; type error
propagates throughout the circuit. These errors commute with
the ancilla-data controlled gates. After passing through the
decoder, we get

Ue @ DZ)nZ)UF @D =[] X vs [[X5-  (A37)
J J

Note that, [Ug, Z;] = X;...Y;.. Xy, but Y error in Z basis mea-
surement is effectively an X error and we can effectively say
that all the qubits have flipped. The errors act on the ancilla
qubits after interaction with data. So this is basically a mea-
surement error and the effect of this is to modify strength of
the measurement error. Since all qubits flipping from single-
qubit measurement error is of higher order and therefore very
rare, an event like this can be detected. Final step involves
measuring all the ancilla qubits and depending upon the mea-
surement outcome we can tell which data qubits have been
affected.

2. Perfect encoding and imperfect decoding

a. Imperfect decoding map

The imperfect decoding map in the absence of Y -rotation errors is, on an initial state, pg is

‘f = (‘:D(po) = e_i%'])'ge:_ft,l (e[%J,"pOe_i%J,\‘)ei%J}‘

N N ,
— my=m)\—,my,=m
2 2

s
E Pm,m' € Ot

m,m’

NOdy n 0 7
T———T7 4+ ——J,7
2./C JCdy

(A38)

(A39)
P Ty S S (21 +1.2). (A40)
x 2\/6 X X ZﬁdN x x

Assuming that no other errors occurred before the decoding, the first noise that it encounters is the depolarizing noise caused by

imperfect Y -rotation. We analyze the state in each operation,

N

~ Pa

pr=(=Npopi+ =3 XipX; +Yip1¥; + ZipiZ;,
j=1

(A41)

Nod
P = (1 - N)(l — Np)p2 +2a(1 — Npa)J.p2J, — a(1 — Npa)dy(J.p> + p2J;)
2,/C
2 2 Pd
—a(l =Np)(2p2+ p2)7) + TE

j=1

N
D ZX./’PIXJ‘ +Yjp1Y; +Z;ip\Z;

N
NOd, p
~ (1 - NPd)Pz + 2a).pa ). — ady(Jpa + p2)2) — (22 + p2J7) + ?"ED D XipXj+YipYi + Zipi Z; |,

2./C

j=1
(A42)

N
NOd
7 A (1 _ AN 2di>r + % ijrxj +YtY; + ZjtZ; + 2ad td, — add (ot + T)
j=1

2./C

N
—aUlr+ed) + DT E [ Y X0 X, + VoY + ZipiZ; | €
j=1

[
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N
o= %ei%(Jf_NJX) ZXjPOXj +X,Z;jp0ZiX; + Z;poZ; e_i%(JXZ_NJ“)
j=1

N
Pd
:? ZXj'CXj+le_[Xk‘[l_[Xka+Nl_[Xk‘[l_[Xk . (A43)
j=1 k k k k
Combining everything, we get

7 (1 Nbdy oy >+< )J J~|— Zx X; +Y;tY; + Z;tZ;
Tx~|l———=—2Np; |t T T T T
2\/6 \/—N j=1

N
Soxixi+ X [ [ [[ %X + N[ [Xer [ [ X |- (A44)
j=1 k k k k

which can be rewritten as

T2 (1 = po)T+Peavityu Ty +— ZX TX;+Y,TY+Z;TZ, + ZX TX;+X; ]_[sz ]_[ka +N HXkr HXk ,

j=1

(A45)

where fo = aNdy + 2N py, pewity = 20 and & = 6/(2dy/C).

b. Computing the state
Since the error is only in the decoding step, in the absence of depolarizing noise, we get the final state to be
U3 ~ (1 = po)vs + Peaviy(Jx ® D3 (J, @ 1). (A46)
The state after taking into account the imperfect Y -rotation is
03 & (1= Po)us + peaviny sl + 55 ( D XjusX; + YjusY; + ZjusZ ) (A47)
j=l1

N
S oX[[xews [[ XX + N [Xews [ |- (A48)
j=1 k k k k

where py = oszI%, + 2N p,. Note that in this case, there is no modification to pcayiry. Also, the last term we got in this case was
not there in the case of imperfect encoding and we get that because of the commutation relation between the Y and Z errors from
the depolarizing error model and the decoding operation.

3. Leakage error analysis

We note that the noisy encoding or decoding process is not trace preserving. This is shown by the fact that the trace of the
final state in Eqgs. (A30) or (A44) is less than 1. This is because of the fact that the |1) state can decay into a state outside the
qubit subspace, which we can denote by |a). The Kraus operators corresponding to this decay process are given by

= J/pla) (1| (A49)
=10){0 + la){al + v'1 — pI1)(1]. (A50)

Let us look at different cases how this leakage error can affect.

a. Leakage during encoding

The state after perfect encoding is
v = [10%Y) 4+ i 1PN ]| — i(1®V ) @ [y ) (v ]
= [J0®V) (0PN ] + [ 12V) (0N | — i]0®=N) (1¥V] + 1®V)Y 1PV [1 @ W) (] (AS1)
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We calculate what happens when Krauss operators act on it. Here, we assume that first qubit decays. But analysis is similar
for any qubit. The resulting state is

01 = [pla, 1%V D) (a, 1PV7D] 4+ [0BV) 0N | +iy/T = pl1®Y) (0%Y] — iy/1 — pl0®N) (1%] + (1 = 1N AV @ 1Y) (v .
(A52)

When this state passes through the controlled stabilizer gates, we get
0y = pla, 190=D) @ M|y (Y IM + [0%V) (0| @ |9) (¥] +iy/1 — pl1®V) (0% | @ My ) (¥|
—iy/T=pl0*N) AP @ [¥) (W IM + (1 = pII®N) (A% | @ M|y) (v M. (A53)

Here, M is the modified stabilizer that is missing the Pauli matrix on the data that corresponds to the first qubit. Next step
is the redundification. We have 2 sets of ancilla for redundification. During redundification the CNOT gates will not have any
effect if the control qubit is in |a) state. After this step, we obtain

753 — p|a’ 1®(N71))<a’ 1®(N71)| ® |O, 1®(N71)><0’ 1®(N*1)| ® |0’ 1®(N71)><0’ 1®(N71)| ®M|w>(,¢_|M
+10%V) 0%V @ 10®V) (0%V| @ [0®V)(0*V| @ [¥) (| +iy/T — pl1ZY) (0% @ [1%7) (0%V| @ [1%V) 0%V | @ M|y} (v |
— iy/1 = plo®V) (1%Y|@[0%V) (127 |@[0®V) (1%V | @) (WM + (1 — p)|1¥N) (1¥V|@[15N) (12V | @ 1¥N) (12 | @M ) (¥ | M.
(A54)

Now the decoding part does not affect the |a) state, so it acts as if there were one fewer ancilla qubit. It is helpful to see how
the decoding acts on different states involved:

0%y — (j0®Y) — i[1®V))
[1EY) — (J1%Y) — ij0%Y))
ja, 19970) — (ja, 19%7D) —ija, 09V~1))
10, 12V=Dy 5 (10, 1¥WV=Dy — |1, 02N =Dy, (A55)
The state after decoding is
04 = p(la, 19V7D) —ila, 09V D))((a, 1%V D] 4 ifa, 05N~V
® (10, 12V=D) — i1, 02V =Dy)((0, 1°VD| 4 i(1, 09N DN @ Myr) (v | M
+ (0%N) — | 1BVNOPN |+ i(1BV D3 @ [y) (| +iy/T — p(|1®V) — i]0PN)((02V] + i(12N ) @ M|y) (¥|
— iy/T = p(10®N) — il 1BV ((1®N| + (0NN @ |y) (v M
+ (1= p)(I1&Y) — i[OV N(1®N] + i(0*V N @ M|yr) (v M. (A56)

The important thing to note here is that the leakage error is restricted to the first set of ancilla qubits. If a leakage error is detected
in any of the qubits, say at the j'" position, it is accompanied by the measurement results of the other two sets of ancilla qubits,
where all but one qubit (at j position) are found to be in the same state (either 0 or 1). If this error occurs the data gets corrupted.
But since we know the exact location of leakage, this error is correctable.

4. Leakage during decoding

The perfect state after the whole process is given in Eq. (12). If one of the decoding has a leakage, we can apply the
corresponding krauss operators. Then the imperfect state is given by

0y =Y Kjukl. (A57)
J

Unless the leakage occurs in first decoder, there is no confusion regarding whether error occurred during encoding or decoding.
One will just need to see if all but one qubits of an ancilla set is in O or 1 state. Let us look at the case when one of the qubits of
first ancilla set is leaked into the state |a). The perfect state is

vs = {|1)1 (1] ® 10)2(0] ® [0)3(0] + 1)1 (1] ® [1)2(1| ® [1)3(1]
I-M) (I-M)

+10)1 (0] ® [1)2(T] ® 10)3(0] +10)1 (0 ® [0)2(0] ® |T)3(1]} ® AL
+{10)1 (0] ® [0)2(0] ® 0)5(01 + 1)1 (1| ® [1)2(T| ® 10)3(0|

A oo oo o o (T+M) T+ M)
+10)1 (0l ® [1)2(1] ® [1)3(1] + [1)1 (1] ® [0)2(0] ® [1)3(1]} ® os ;

2 2
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where |0)/|1) denotes |0)®" /|1)®V_ In the following we abuse this notation a little bit and denote |a) ® |1)®¥~1 also as |a, 1).
The imperfect state (assuming that the leakage occurs in the first qubit) is then

Oy = {pla, 1)1(a, 1| ®10)2(0] ® 10)3(0] + (1 — p)|1)1 (1| ® 10)2(0] @ |0)3(0|
+ pla, T)1{a, 1| @ [1)2(1]1 @ [1)3(1] + (1 = p)I 1)1 (1] @ T2 (1] @ [T)3(1]
(—-M) (I-M)
os
2 2
+ {pla, )i(a, 1] @ [1)2(11 ® 10)3(0] + (1 — p)| 1)1 (1| ® [T)2(1] @ |0)3(0]

+10)1(01 ® 11)2(1] ® [0)3(0] +10)1 (0 ® [0)2(0] ® [T)5(1]} ®

+ pla, T)i(a, 1] ® [0)2(01 ® [T)5(1] + (1 = p)I D 1{1] ® 10)2(0 ® [1)5(1|

I+M) (I+M)
[eXy .
2 2
It can be seen that, in the event of a decoding leakage error, even if one of the qubits leaks into the |a) state, the remaining
qubits stay in the |1) state. Moreover, the other two sets of ancilla qubits will also be measured in the same state (either all O or
all 1). Any other measurement outcome can be attributed to an error during encoding. In this case, no error occurs on the data
qubits.

+10)1(01 ® 10)2(0] ® 10)3 (01 + [0)1(0l ® [1)2(1| @ [1)3 (1} ® (A58)

APPENDIX B: ANALYSIS OF ERRORS UNDER TWO LEVEL REDUNDIFICATION

. . . ST —im 72 _ T —im 72 . .
The error-free cavity unitary is Up = e'2%e Vs "Ne=i3h = ¢ i=NJ) where J, is the collective angular momentum
operator. Ug acts on the computational basis states as follows:

Ug|0)®N =10)®V 4 i]1)®V, (B1)
Ug|1)®N =i0)®" + |1)®V. (B2)
Decoding unitary Ug acts as
US10)®Y =0y — i[1)®N, (B3)
UL IN®Y = —i|0)®N 4 11)®V. (B4)

Note that we use the representation of state [0)®" and |%) interchangeably. Step-by-step circuit analysis:
(i) Start with ancilla state |0)2N and data state |W).
(i) Apply encoding unitary Ug ® I,

U @ DIOZY @ W) = 102V +i[H3Y) ® |W). (B5)
(iii) C-M gates between ancilla-data to implement stabilizer M,
|O)§N R |¥) + i|1)ffiN QM|V¥). (B6)

(iv) Introduce two additional ancillas |O)?;N , |O)§;N and apply transversal C-M,
10)ENI0)EVI0)EN W) + i HEVIHEN 1 EV M| W). B7)
. . + ¥ E
(v) Decode all ancilla blocks separately with U; ® U, ® U;\,

(10)BY — i1 1)®), (10) Y = i 1)), (102 — i11)®V )y + i(=i10) B+ 1)V g, (—i[0)EN 1) B, (—E]0) 2V +1) Y ).

(B8)
Upon expanding, we have
(10EY10)2¥10) 2N — 10)EM ENHEN — [HEV0)EN HEY — 1)EN1)EN10)EN) (1 — M)| W)
—i(|0)E¥10)EN 1) EN 1+ 10)EV 1EV|0)EN + [HEVI0)EV0)EY + 1)EVIHEN ) EN) (1 + M)|W). (B9)

(

(vi) Final step is the measurement of all ancilla blocks in is assigned a bit value after majority voting. We obtain three
the Z basis. In each ancilla block, the measurement outcome bit values corresponding to each of the ancilla blocks. The
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Hamming weight of these bit values determines the stabilizer
outcome.

Example: If the weight of the stabilizer is N =4 (as in
Steane’s code) and after measurement and majority voting we
obtain

(0,0,0,0)4, = 04,
(]’19171)(12_) 1(127
(lalvlvl)aj; g 1113»

the final outcome is (O, 14,, 14,), which corresponds to the
+1 eigenspace of the stabilizer M.

Upon careful observation, we find that the Hamming
weight of the bit values from all three ancilla blocks is suffi-
cient to determine the stabilizer measurement outcome: if the
Hamming weight is even, we are in the 41 eigenspace; if it is
odd, we are in the —1 eigenspace.

In the following section, we will go through each of
the error-prone parts of the circuit Fig. 3 and analyze their
effect.

1. Error in Encoding

The encoding operation involves first applying the w /2
angle Y-rotation ¢ ‘7% followed by cavity unitary U, =
e~3UI=N1) and finally —r /2 angle Y -rotation ¢'% . All three
of these operations can potentially introduce errors. Let’s an-
alyze them step-by-step.

a. Error in cavity unitary U,

If the unitary U, is faulty but the Y-rotations are perfect,
then with some probability, bit-flip errors (J, errors) can occur,
as described in Eq. (A15). These errors flip an individual
ancilla qubit in the first ancilla block a;. Note that we are
considering all other operations in the circuit as perfect. Be-
cause of the transversal C-M operations, this error propagates
from the ancilla in a; to a data qubit interacting with it via
C-M gates, and subsequently propagates further, affecting one
ancilla each in the other two blocks a; and ajz. Since bit-flips
commute with Ug, the error stay on the same qubit after
decoding operation. However, at the measurement stage, these
propagated errors do not impact the final outcome, because
we employ a majority voting procedure that effectively sup-
presses such errors as long as majority of the ancillas remain
unaffected.

Example: To illustrate, consider a scenario where the
stabilizer is product of Xs and an error X, occurs after en-
coding, flipping the first ancilla qubit in block a;. Assuming
the first ancilla in each block a;, a,, and a3 interact via
CNOTs, this error propagates, causing additional flips Xal2
and Xal?. Using the same example as above, in the ideal sce-
nario as given in Eq. (B9), we might measure the ancilla
blocks as (0,0, 0,0),, (1,1,1,1),, and (1,1, 1, 1),, with
some probability. But because of the introduced errors, we
instead measure (1, 0,0, 0),,, (0,1, 1, 1),,, and (0, 1, 1, 1),
and after majority vote get O, 1,, and O,,. This reasoning
similarly applies if any single ancilla undergoes a bit-flip
after the encoding stage. Therefore, our protocol successfully

protects against J, errors arising from the faulty encoding
unitary.

b. Error in both cavity unitary U, and Y -rotations

Now let us consider errors in both the cavity unitary U, and
the Y-rotations. As given in Eq. (13), with probability p,/3,
we obtain an additional depolarizing term,

N
> XX+ YTy + ZiTZ)).

j=1

(i) This means that with some probability, we can get an
X;tX; term, which introduces a bit-flip on any one of the
ancilla qubits in a;. The analysis in the previous section has
shown that our protocol is robust against such errors.

(i) Now, consider the Z;7Z; term, which applies a phase
flip to any one of the ancilla qubits in a;. This error propagates
through both the ancilla-data C-M gates and the CNOT gates
used for redundification. However, after decoding, it manifests
as a measurement error.

Example: Suppose that after imperfect encoding, we obtain
a Z, error on the first qubit in ancilla block a;. This error re-
mains unchanged through both the ancilla-data C-M gates and
the redundification CNOT gates. After the decoding operation
Ug, it transforms as

UpZ, Uf = (Y'X?X°X*),,.

In the ideal scenario, as given in Eq. (B9), we would
measure the ancilla blocks in the states

(0709 an)al’ (lslvlal)azs (1317111)113

with some probability. However, after the (Y!X2X3X*), er-
ror, we perform measurements, majority voting, and assign bit
values, resulting in

(17111»1)01 - 1011
(1’131’ 1)(12 — 1a2’
(1711131)03_) 1a3'

The Hamming weight of this outcome is odd, indicating
projection into the “+-1" sector of the stabilizer. However, in
reality, the system was in the “—1” sector, signifying a mea-
surement error. Since the stabilizer measurement is repeated
d times, where d is the distance of the QLDPC code, we are
protected from these errors.

(iii) The final term, Y;7Y;, applies aY; = Z;X; error to one
of the qubits in ancilla block a;. Since

CNOT(Y)CNOT =Y ® X,

a bit-flip is introduced on the data qubit as well as on the qubits
in ancilla blocks a, and a3 that interact via CNOT gates. After
decoding, similar to the previous case, this also results in a
measurement error.
. ; ; 1
Example: Extending the previous f:xample, suppose a ¥,
error occurs on the first qubit in ancilla block a;. After the
CNOT interactions, it transforms into
vix!x!

ar*tax*tas”

033247-22



NONLOCAL RESOURCES FOR ERROR CORRECTION ...

PHYSICAL REVIEW RESEARCH 7, 033247 (2025)

After the decoding operation, it further transforms into

(le2x3x4)a Xl Xl
1

a“ras”’

In the ideal scenario, we would measure
0,0,0,0),, (1,1,1,1)g,, (1,1,1,1)

with some probability. However, after the
(Z'X?X°X*), X, X, error, measurement and majority
voting yield

O, L 1, g = a5
(0’ 11 17 1)(12 i 16129
O, 1, 1, Dgy = 1g;.

The Hamming weight is again odd, indicating the “41”
sector of the stabilizer when, in reality, it was in the “—1”
sector. As in the previous case, since we repeat the stabilizer
measurement multiple times, we remain protected from these
ITOrS.

2. Error in ancilla-data C-M gates

As shown in Fig. 3, encoding is followed by transversal
C-M gates between the ancilla and data. Here, we discussed
the case when C-M gates are all CNOTs. This can easily be
generalized for other stabilizer measurements. We model a
faulty CNOT using two-qubit depolarizing noise. This means
that when we apply a CNOT, an error term is introduced with
probability p. The operation can be written as

CNOT = (1 — p)CNOT + pE, (B10)
where CNOT is the faulty operation, CNOT is the ideal
operation, and £E = {I @ X, IQY, IR Z, X Q[ X X, X ®
Y XQZYQLYQRX,YQY.YRZZIRI,ZIX,ZQ®
Y,Z ® Z}, with each error occurring with probability p/15.
Note that the control qubits are in the ancilla block a;, and
the target qubits are in the data. The analysis of error terms
from the set E follows a similar argument as in the previous
section. This means that, in the end, we will have either
measurement errors or local bit-flips in the ancilla blocks,
which can be resolved using majority voting.

3. Error in Decoding

As highlighted in Fig. 3, ancilla redundification through
CNOTs, followed by the cavity unitary and measurement,
constitutes the decoding operation. Note that both the CNOTs
and the cavity unitary can be faulty. However, we do not con-
sider cases where both events occur simultaneously, as such an
occurrence represents a p> event, where p is the probability of
each event occurring independently. Let us analyze each case
separately.

a. Error in CNOTs for redundification

As shown in Fig. 3, the information from ancilla block a; is
copied to ancilla blocks a; and a; through transversal CNOTs.
We will only consider the case when one of the CNOTs fails,
as having more than one CNOT fail is a higher-order event in
p, where p is the probability of any one CNOT failing.

If terms like I @ X, IQY, IQRZ X RI,Y ®I,ZRI are
picked, then only a single qubit in an ancilla block will be
flipped. Similarly, if weight-2 terms like X ® X, X ® Y, and
similar terms are picked, two qubits in two separate ancilla
blocks will be flipped. However, if the error originates from
encoding, it flips one qubit in each of the ancilla blocks,
resulting in three bit-flips in total.

In this way, we can distinguish between errors caused by
encoding failures and those from CNOT failures. If an error
is identified as originating from one of the CNOTs during
redundification, no correction is needed since the error oc-
curred after the ancilla-data interaction, leaving the data qubit
unaffected.

b. Error in decoding operation Ubf and CNOTs for redundification

All three ancilla blocks aj, ay, and a3 are decoded sep-
arately, and with probability p, any one of the decoding
operations can fail. Two or all three operations being faulty
are p2 and p3 events, respectively, which we do not consider.
Hence, we will only analyze the case where any one of the
decoding operations fails.

Consider the first decoding operation consisting of ancilla
block a; failing while the other two remain perfect. From
Eq. (A47), we know how a faulty decoder acts. With probabil-
ity Peavity, We get the J,v3J, term, which introduces a bit-flip
on any one of the qubits. With probability p,;/3, we obtain

N
D (XjusX; + YjusY; + ZjusZ)),
j=1

which results in a bit-flip, bit-phase-flip, or phase-flip on any
one of the qubits. After measurement, these errors can be
detected, and since we have redundification, we can compare
the measurements of all the ancilla blocks. This allows us
to determine whether the error occurred during decoding or
encoding. If we find that the error occurred during decoding,
no correction is needed, as the error took place after the
ancilla-data interaction, leaving the data qubits unaffected.
However, the third term

N

Z (Xj l_[kas l_[Xka +N1_[X1<U3 HXk>,
k k k k

j=1

which occurs with probability p,/3, indicates that all qubits
will be flipped, ruining the majority voting process and elim-
inating our ability to determine whether the error arose from
the encoding or decoding operation. Fortunately, the probabil-
ity of this error occurring is several orders of magnitude lower
than the probability of the first two error types combined.

Example: In the perfect case, suppose we measure the
terms

0,0,0,0),, (1,1,1, 1)q,,

from Eq. (B9) with some probability. If one of the error terms
listed above occurs, it introduces Xa'1 on the first qubit in
ancilla block ay, changing the measurement outcome to

(1,0,0,0),, (1,11, 1), (1,1, 1, 1.

(15 17 1’ 1)(13

After majority voting and assigning bit values, we still ob-
tain Oy, 14,, 1,4,, indicating the “~1” sector of the stabilizer.
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However, note that only one qubit in a; has flipped, while
the qubits in the other two ancilla blocks maintain the same
measurement outcome. This scenario is only possible if the
decoding operation acting on a; has failed. If the error had
originated from encoding, then the bit-flips would have prop-
agated to the respective interacting qubits in the other two
ancilla blocks through CNOTs. This distinction allows us to
differentiate between encoding and decoding errors. As men-
tioned earlier, no correction is needed in this case since the
data qubit remains unaffected.
Howeyver, if the third term occurs, it introduces

X'X2X°XY),,
changing the measurement outcome to

(L L1, Dg, (1L, LTL D, (11,1, Dy,

which results in 1,,, 1,,, 14,, indicating the “+1” sector in-
stead of the expected “—1” sector. This effectively leads to a
measurement error. In this case, there is no way to detect the
error.

APPENDIX C: DETAILS OF NUMERICAL SIMULATION

We used STIM [42] for our simulations. We performed both
the hardware-agnostic and custom error model simulations.
To infer how the threshold changes with respect to the coop-
erativity C of the cavity we varied the ratio of cavity error
to two-qubit depolarizing error (pcaviy/p2). By varying the
cavity error, we can study the relationship between the failure
probability pcayiry and the threshold of a code.

We refer back to the circuit shown in Fig. 3 for stabi-
lizer measurement throughout our simulations. Stabilizers and
logical operators were generated using the bposd package
[56]. We designed the syndrome extraction circuit in STIM
to be adaptable to any check polynomial %(x), enabling the
generation of the corresponding syndrome extraction circuit
for both HGP and LP codes with d rounds. Our numerical
simulations support polynomials of arbitrarily high degree,
given sufficient computational resources.

We created two ancilla layers that replicate the arrange-
ment of the data qubits: one for Z stabilizers (top layer) and
another for X stabilizers (bottom layer), as illustrated in Fig. 6.
To prepare a GHZ state for the measurement of X stabilizers,
we use the cavity arrangements in the bottom layer and apply
the gate described in Eq. (7). But because of limitations of
STIM package, we used H and CNOT gates and approximated
the errors. The dominant error is J, = Z?’ X;/2, where N de-
notes the number of ancilla qubits involved. We approximate
this error by neglecting the cross terms, which we anyway
cannot catch while measurement, resulting in the error model
where a single bit-flip can happen at random on any one of the
ancilla. To model this error in STIM, we used CORRELATED and
ELSE_CORRELATED functions as explained in Appendix G.
We then applied CNOTSs between ancilla and data layers,
followed by two-qubit depolarizing errors. We can use qubits
adjacent to the normal ancilla qubits for redundification, as
shown in Fig. 6. We use the same error model for decoding
as the one described for encoding. We measured all ancilla
qubits in the Z-basis followed by appropriate measurement

errors and repeated the syndrome extraction round d times,
where d is the code distance.

In STIV, stabilizer generators cannot be directly declared.
Instead, the set of deterministic measurements that determine
the stabilizer outcome (either “0” or “1”) are passed into a
function called DETECTORS. We initialize all data and ancilla
qubits in the zero state, and for each X and Z stabilizer, we
begin by declaring the corresponding DETECTORS. Two types
of detectors were used in our simulations: (i) tracking errors
across time by XORing the current and previous round of
ancilla measurements, and (ii) local detectors XORing mea-
surements of different ancilla blocks to distinguish between
encoding and decoding errors. As mentioned above, we per-
form d rounds of error correction. Following the declaration
of stabilizers, we specify the set of logical observables of
interest using the 0BSERVABLE_INCLUDE function. Since we
initialize the data qubits in the all-zero state, after the projec-
tive stabilizer measurements, the system is projected into the
logical zero state, |0),. At this point, the logical-Z observables
are deterministic. We then measure all logical-Z observables,
and if any of them have flipped, it indicates the occurrence
of a logical-X error. STIM then generates space-time graph
of the entire circuit, where nodes represent detectors and
edges correspond to error mechanisms that can trigger these
detectors. The space-time graph of d rounds of syndrome ex-
tractions is decoded using the sinter integration of the BP4-0SD
decoder [14,56]. We used the min-sum algorithm for belief
propagation, with a maximum of 30 iterations and a scaling
factor of 0.625, utilizing a parallel update schedule. If belief
propagation fails to converge, its output is sent to 0SD-0 for
postprocessing. For further details, refer to Appendix F.

The decoder outputs a correction operator, denoted as c. If
¢ ¢ rowspace(H ), meaning the correction operator does not
belong to the stabilizer group, it indicates that a logical error
has occurred and the decoding attempt has failed. Sinter
package then performs sampling multiple times to estimate
the logical error rate per round for various physical error
rates. This procedure is repeated for all the codes in the same
code family. We estimate the threshold of the code family
by plotting logical error rate vs physical error rate in log-log
scale. The threshold is given by the point where all the codes
intersect, and below this point, we observe a sudden change in
the slope of all the curves. It means that logical failure rate can
be exponentially suppressed once the physical error is below
the threshold. After we have collected sufficient number of
subthreshold data points, we fit all the codes in a code family
to the equation [43],

ad
PL(p) =A(ﬁ) ,

Pth

(ChH

where Pp(p) represents the logical failure probability per
syndrome extraction cycle, calculated as P (p) =1— (1 —
P.(p, d)"?, with P.(p, d) being the total logical errors after d
rounds of syndrome extraction, and d being the code distance.
Here A, a > 0 and pyy, is the threshold of a code family under
the given error model and decoder. The logical failure proba-
bilities for p > 1073 are determined numerically, after which
the data points are fitted to the above equation and extended
to p < 1073 to estimate the logical failure rates.
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FIG. 9. Error propagation through the CNOT gate. (a) Spread of X error from control qubit to target qubit after CNOT gate. (b) Z error on
the control qubit remains unchanged after the CNOT gate. (c) An X error on the target qubit commutes with the CNOT gate. (d) Z error on the

target qubit propagates to the control qubit after the CNOT gate.

After obtaining the threshold values for different ratios of
Deavity/ P2, as shown in Table II, we compute the corresponding
cooperativity C;;,; when p, = py;,. J, errors are coming both
from cavity and depolarizing term. But we compute coop-
erativity just from the cavity contribution. Given that J,pJ,
error comes with the probability of (2N« + 8p,;/3), where
o = 1 /(4dy~/C) and py is the depolarizing error probability
coming from imperfect Y-rotations, we can write the ratio
Deavity/ P2 as m, and rearrange this equation to determine the
cooperativity, denoted as Cj;, at p, = py. For GHZ state
preparation, we have 6 =x/2 and dy = 1/4/2(1 +27N)
[26], where N is the weight of the GHZ state. Thus, the Cy;,
is given by

Cp= Nm 2 (C2)
"\ 2012 )

Using this relation, we can determine Cy;, for a given peaviy =
mpg. This establishes a crucial link between code perfor-
mance, characterized by py, and the critical experimental
parameter C;,, which represents the minimum cooperativity
required to achieve pg,. In other words, a system can be scaled
if the cooperativity satisfies C > C;;,. Cooperativity serves as
a key metric for experimentalists, as it quantifies the coupling
quality between bosonic modes and Rydberg atoms.

APPENDIX D: SPREAD OF PAULI ERRORS

During the execution of circuit operations, errors will prop-
agate and build up over time. Let us take the example of a
CNOT gate applied to two qubits. As shown in Fig. 9, we
can track the evolution of a set of two-qubit Pauli operators
{X1,ZI,1X, 1Z} under an ideal CNOT operation. In the worst
case, the size of the error doubles. X errors “flow” down
a CNOT and Z errors “flow” up. Similarly, CZ gates also
propagate errors. However, since these gates are diagonal in
the computational basis, they do not impact products of Z
operators—X ® I transforms into X ® Z, and I ® X becomes
ZQX.

APPENDIX E: DETAILS OF CODE CONSTRUCTION

There are a variety of ways to obtain a sparse parity check
matrix. One specific way that we use in this work is through
a polynomial. We can define a n x n circulant matrix X with
entries belonging to field F, expressed as

ao aj a -+ dp—|
an—1 ap a et dp2
X=|4-—2 au-1 a -+ ap-3|, (E1)
aj as as cee ap

Where ag,ai,as,...,a,-1 € F;. A code C is cyclic if
(ao,al,...a,,,l) eC 1mphes (a,l,l,ao,...,a,,,z) eC.
Codes that are linear and cyclic can be written in terms of a
polynomial a(x) = ay + a;x + x4+ a7 Tt s
possible to show that any such code consists of a polynomial
that is a multiple of a single generator polynomial g(x), which
must divide x* — 1. The quotient defines the check polynomial
h(x), given by h(x) = g(x)/x" — 1, which is the generator
polynomial of the dual code. The degree of the generator
polynomial is deg g(x) = n — k, which gives the number of
stabilizer generators in the stabilizer group. While the degree
of check polynomial h(x) is k, which gives us idea of the
number of logical qubits. The classical code corresponding to
check polynomial A(x) will have k logical bits. Starting with
a generator polynomial 2(x) = apx’ + ajx' + - -+ + a,_1x"!
of a cyclic code, we can collect the coefficients ay, ay, .., @,
and arrange them in matrix form like Eq. (E1), and continue
to permute the entries into rows below. Now, we can decide
the length of the starting vector (or columns of the matrix X)
that we call lift. We provide the following examples for in
depth code construction.

1. Surface Code from repetition Code

Suppose h(x) = 1+ x, so ap = 1 and a; = 1. Let the lift
be 5. We start with the vector ap = 1,a; =1,a, =0, a3 =
0, ag = 0, represented as 11000, and continue permuting it.
Note that after “lift+1” steps, we return to the original vector.
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Bits
Checks
FIG. 10. Factor graph of the distance-5 repetition code. Orange

circular nodes represent bits, and purple square nodes represent
checks. The corresponding parity check matrix is given in Eq. (6).

Let us denote this matrix as H, which is

1 1.0 00
01 1 0 0

H=l0 0o 1 1 o0 (E2)
00 0 1 1
1 0 0 0 1

Since the fifth row is the modulo-2 sum of the other rows,
the matrix H has rank 4. Therefore, H defines a classical linear
code with n = lift = 5 bits and k = n — rank(H) = 1 logical
bit, corresponding to a [5, 1, 5] classical code. Next, let us take
the hypergraph product of the repetition code shown in Fig. 10
with itself. In terms of factor graphs, this hypergraph product
corresponds to the process described in Fig. 11. The resulting
quantum code is a [[41,1,5]] surface code.

As previously mentioned, we have nn, sector-1 qubits and
(ny — k1)(ny — ky) sector-2 qubits. Sector-1 qubits are formed
by the product of two classical bits, while sector-2 qubits are
formed by the product of two classical checks. The product of

HEmomoOmONEO

]
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X = O Sector-1 X
Sector-2 X

= [ X-check
X = = Z-check

H @ = Logical-X

FIG. 11. A pictorial depiction of hypergraph product of distance
= 5 repetition code with itself yielding a d = 5 surface code.

Logical-Z

TABLE V. Quantum codes generated via hypergraph product of
h(x) = 1 4+ x + x> + x7 as the classical check matrix with itself with
different lifts.

lift Codes:Periodic Boundaries
15 [[450,98,51]

30 [[1800,98,10]]

45 [[4050,98,15]]

a classical bit with a check creates an X-stabilizer (red), and
the product of a check with a bit creates a Z-stabilizer (green).
For the surface code, there is 1 logical qubit, with both its
logical-X and logical-Z observables fully supported on sector-
1 qubits 11. This arises from the symmetry in the hypergraph
product relative to the classical codes. If we had started with a
symmetric parity check matrix, we would obtain a toric code
with two logical qubits and four logical observables. In that
case, two logical observables would be supported by sector-1
qubits, and the remaining two by sector-2 qubits. However, for
the surface code, the parity check matrix as shown in Eq. (E2)
lacks this symmetry, leading to an unequal distribution of
logical observables between sector-1 and sector-2 qubits
[57].

Recall that we started with the generator polynomial
h(x) = 1+ x. The influence of this generator polynomial is
evident in the shape of the stabilizers. Note the polynomial
labeling of qubits shown in Fig. 11. Each green square rep-
resents a Z-stabilizer, while each red square represents an
X-stabilizer. The support for each green or red square ex-
tends to its nearest neighbors on the left, right, top, and
bottom.

2. Construction of HGP codes from 2(x) = 1 +x + x> + x7

Let us consider the check matrix defined by h(x) =1+
x 4+ x> 4 x7. We perform the hypergraph product of this check
matrix with itself. Given that the degree of h(x) is 7, the
resulting quantum code with periodic boundary conditions
will have a total of 2 x 7> = 98 logical qubits. Table V lists
the specifications of the code for different lifts.

‘We will use the codes in Table V for our numerical studies.
These codes were chosen because they provide 98 logical
qubits with sufficient distance and require only a few thousand
physical qubits. This makes them a promising option for near-
term implementation.

Classical code corresponding to A(x) with lift=15 gives us
a [15,7,5] code. Let us consider the first code from Table V.
This was obtained using hypergraph product of the parity
check matrix H with itself. The classical code specified by H
is:Cy =C, =[15,7,5],and by H” is C] = CI =115,7,5].
The resulting quantum code is [[15% + 152 = 450, 7> + 7% =
98, 5]]. As mentioned above, 15% =225 qubits belong to
sector-1 and 152 = 225 qubits belong to sector-2. The next
step involves creating a n; X np lattice, which is n; = ny =
15 for our case thus, 15 x 15 two-dimensional lattice with
each number corresponding to a qubit from sector-1. Then,
place the qubits from sector-2 in between, as illustrated in
Fig. 12.
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FIG. 12. Two-dimensional layout of [[450,98,5]] code achieved
via hypergraph product of check matrices A(x) = 1+ x +x° +x7.
Black circles indicate sector-1 qubits, while cyan circles denote
sector-2 qubits. Additionally, red and green squares represent X and
Z stabilizers, respectively. The layout displays one-to-one symmetry
between sector-1 and sector-2 qubits.

We employ a mapping similar to the initial example to
maintain manageability. We isolate the sector-1 and sector-2
qubits as before and observe symmetry between X and Z
stabilizers. This characteristic is not unique to this partic-
ular code but is inherent in any hypergraph product code.
Attempting to display all the stabilizers of codes listed in
Table V is impractical. Instead, we show the shape of a X
and Z stabilizers in Fig. 12, and the remaining stabilizers
can be derived by merely shifting the entire pattern hor-
izontally and vertically with periodic boundary condition.
Nonlocal gates for stabilizer measurements are shown in
blue, while local gates are shown in black for both X and Z
stabilizers.

In Fig. 12, black squares indicate sector-1 qubits, while
cyan squares denote sector-2 qubits. Red and green rectan-
gles represent X and Z stabilizers, respectively. We apply the
same product method described in Fig. 11 to derive qubits
and stabilizers from bits and checks, as in the surface code
example above. Figure 12 depicts the shape of X and Z sta-
bilizers. The red and green squares represent the X-type and
Z-type stabilizers, respectively. The influence of the check
polynomial A(x) on the shape of the stabilizers is evident.
Additionally, we can see that the placement of sector-1 and
sector-2 qubits is dual to each other, as are the shapes of the
X and Z stabilizers, which is as expected. Understanding the
shape and connectivity of stabilizers is crucial, as we will use
cavities to do nonlocal gates. The stabilizer shape determines
the optimal placement of these cavities.

With periodic boundary conditions, there is a one-to-one
symmetry in the layout between sector-1 and sector-2 qubits,

as well as between X and Z stabilizers, including the logi-
cal operators. Half of the logical operators are supported on
sector-1 qubits, and the other half on sector-2 qubits. However,
under open boundary conditions, gaps appear in the layout
because of the asymmetric distribution of qubits between
sectors, resulting from the unequal number of qubits in each
sector. This disparity, caused by the open boundary condition,
leads to all logical operators being fully supported on sector-1
qubits. We do not go into the details of the codes with open
boundary conditions.

3. Construction of LP codes

‘We selected the LP codes described in [21] for our simula-
tions. We list down the seed protographs behind [[544, 80, <
12]] and [[714, 100, < 16]] code. Denoting Bi, as a base ma-
trix with a lift size [ and a classical code distance d after the
lift, the base matrices are

11 1 1 17
B%g: 1 x> x* X7 X,
1 3 xl0 14 IS
11 1 1 17]
B%é: 1 x* X7 X X7 (E3)
1 x5 14 18 12

APPENDIX F: DECODING

The techniques for decoding quantum error-correcting
codes are inspired by classical decoding algorithms. No-
table examples include belief propagation [58], the union-find
decoder [59], minimum-weight perfect Mmatching [5], and
belief propagation with ordered statistics decoding [60],
among others. The decoding problem can be formalized as
follows:

He =s. (F1)

Here, H is the parity check matrix associated with the code,
e is the error that occurred, and s is the syndrome obtained
by measuring the stabilizers. Given s, the decoder determines
the most likely correction operator ¢ that produces the same
syndrome s, H - ¢ = s, such that applying c¢ together with e
nullifies the syndrome, i.e.,

H - (c+e) =0,
(e + ¢) € rowspace(H ). (F2)

All algebraic operations are performed over the binary
field F¥ = {0, 1}V and are taken modulo 2. The condition
(e + ¢) € rowspace(H) implies that the combined operator
w = (e + ¢) must belong to the stabilizer group S. If w ¢ S,
a logical error has occurred, indicating that the decoding at-
tempt has failed.

Our review of BPOSD decoder is guided by a compre-
hensive review paper by iOlius et al. [61] that provides an
in-depth examination of various decoding algorithms. There
are two key differences between decoding classical and quan-
tum codes:
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(1) Types of Errors: Classical codes only address bit flip
errors, while quantum codes must handle both bit flip and
phase flip errors.

(2) Degeneracy: In quantum codes, a single syndrome can
correspond to multiple correction operators. This degeneracy
means that several correction operators may satisfy the syn-
drome equation, but not all will correctly fix the error.

These differences make decoding quantum codes more
complex than decoding classical codes. Let’s define the two
decoding problems:

(i) Maximum likelihood decoding (MLD): This method
seeks to determine the most probable error pattern corre-
sponding to the observed error syndrome. Specifically, it
solves the following optimization problem:

E = argmax P(E|s) (F3)
EellV

where P represents the probability distribution function of
the error vector E, TTV denotes the N-qubit Pauli group, and
s is the given syndrome. It is important to note that this
method performs an exhaustive search over the ITV group,
disregarding the presence of degeneracy, and is thus referred
to as nondegenerate decoding.

(ii) Degenerate maximum likelihood decoding (DMLD): An
operator in the N-qubit Pauli group ITV can be decomposed
into three components: a pure error term forming the cen-
tralizer coset, a logical operator term forming the stabilizer
coset, and a stabilizer component. An error operator E can be
expressed in these three components to determine the exact
stabilizer coset. Once the correct stabilizer coset is identified,
any operator from this coset can be applied as a correction,
as all elements in the stabilizer coset are equivalent up to a
stabilizer, which acts trivially on the codespace.

The process of identifying the specific coset begins with
a given syndrome, followed by the identification of the pure
error component of the probable error operator, and finally,
the logical component of the error. Mathematically, this is
expressed as

Q = argmax P(Q|s) (F4)
QeQ

where Q represents the coset partitioning of the N-qubit Pauli
group TTV, and Q is the coset from this partition. Q denotes
the correct stabilizer coset, and once identified, any element of
this coset can be used for correction, as they all have the same
effect on the logical codewords. For a detailed description of
coset partitioning, we refer to the work by Fuentes et al. [62].

The MLD problem has been proven to be NP-complete,
while the degenerate maximum likelihood Decoding (DMLD)
problem falls into the #P complexity class [63]. Problems
in the #P class are computationally even more challenging
than those in NP, presenting a significant obstacle to achiev-
ing the fast decoding necessary for effective quantum error
correction. According to [62], degeneracy should theoretically
enhance the performance of quantum codes by allowing mul-
tiple errors to be corrected using the same recovery operation.
In practice, degeneracy has indeed been shown to improve the
performance of certain quantum codes. Moreover, decoders
have been proposed that specifically address the challenges
associated with degeneracy [64].

1. Belief propagation (BP)

Belief propagation (BP), also known as the sum-product
algorithm (SPA), is a message-passing algorithm used for in-
ference on probabilistic graphical models. In this discussion,
we will refer to this algorithm as BP. Given a syndrome s, BP
aims to find the minimum-weight (MW) error pattern e that
satisfies He = s.

A classical or quantum error-correcting code can be suc-
cinctly represented using a Tanner graph or factor graph. For
instance, Figs. 10 illustrate the factor graphs for a classical
repetition code. In these graphs, derived from the parity-
check matrix of a code, the columns correspond to bits/qubits,
while the independent rows correspond to checks/stabilizer
checks. A classical code includes a single type of check,
which addresses only bit-flip errors. In contrast, a quantum
code includes two types of checks: one for addressing X errors
and another for addressing Z errors. Essentially, a quantum
code can be seen as comprising two classical codes—one for
protecting against X errors and another for Z errors.

The factor graph of a quantum code is a bipartite graph
G=VUC,E), where V,C represent variable and check
nodes, respectively, and E is the set of edges between nodes V
and C. For example, Fig. 11 represents factor graph of surface
code. We can see two types of checks, X (red) and Z (green)
for correcting bit-flips and phase-flips. The edges correspond
to the support of checks on physical qubits. Belief Propagation
(BP) is employed as a message-passing algorithm between the
nodes V and C.

For quantum codes, a modified version of BP, derived
from its classical counterpart, is employed. In classical codes,
BP identifies the most likely error pattern given a syndrome,
achieving a global optimum that resolves the syndrome equa-
tion. In contrast, for quantum codes, BP seeks the qubit-wise
most likely error pattern, targeting a marginal optimum. This
approach aims to identify an error configuration that maxi-
mizes the marginal probability of individual qubit flips. This
can be mathematically represented as

P,(E;) = argmax Z

all configurations

P(Ey, .E; = 1, .., E,|s). (F5)

The summation is performed over all possible config-
urations where E; = 1 that satisfy the syndrome equation.
Similarly, the bit-wise marginal probability is computed for
each qubit. P;(E;) represents the soft-decision for qubit i.
The final decision is made using a hard-decision for each bit
according to

1 ifP(E) =05

(Epw )i = {0 if PUE) < 0.5° (F6)

Here, (Eyw); represent the minimum weight configura-
tion for qubit i among all possible configurations that satisfy
Eq. (F5). By determining the marginal for each qubit in this
manner, we derive an overall minimum weight configuration
that satisfies the given syndrome. The detailed description of
each step of BP can be found in Appendix C of [14]. BP
is an effective decoding algorithm for classical codes with
nearly loop-free factor graphs. Some classical codes have
been shown to approach the Shannon limit capacity when
decoded using BP [65,66]. However, the factor graphs of
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quantum LDPC codes exhibit high degeneracy, as previously
discussed. This increased degeneracy leads to factor graphs
with numerous short loops, causing BP to become stuck and
preventing it from converging to a solution—a phenomenon
known as quantum trapping sets [67]. Consequently, BP
encounters significant challenges when applied to quantum
LDPC codes, failing to achieve a decoding threshold [14].

2. Postprocessing of BP: Ordered statistics decoding (OSD)

We previously discussed that BP struggles in the presence
of short cycles in a factor/Tanner graph, failing to converge
to a solution and resulting in the absence of a threshold and
an error floor [68]. This issue becomes particularly evident at
low physical error rates, where the hard decisions based on
soft decisions start to introduce errors. To address this chal-
lenge, a postprocessing technique known as ordered statistics
decoding (OSD) was introduced after BP, collectively referred
to as BPOSD. This approach was first implemented to quan-
tum LDPC codes by Panteleev and Kalachev [12]. BPOSD
initially runs BP and then uses its output as the input for the
OSD postprocessing step. This approach has demonstrated
strong performance across a range of random quantum LDPC
codes, as evidenced in this work [12]. Their method performs
remarkably well for any random quantum LDPC codes.

When BP fails to converge to a solution, the ordered statis-
tics decoding (OSD) postprocessing step is invoked. Despite
BP’s inability to converge, it provides marginal probabilities
for each qubit as shown in Eq. (F5) and an estimate of the error
pattern E. However, not all estimates of BP are necessarily
incorrect. OSD utilizes the marginal information from BP
to find a valid solution. OSD comes in various complexities
known as OSD-w, where w € [0, ...,H] and H € N. OSD-0
when w = 0 is the least complex case that we use in our
simulations. The steps of OSD-0 goes as follows:

(1) Utilize the marginals from Eq. (F5) or the soft-outputs
from BP, and rank them from most likely to least likely to have
been flipped. Store this list of bit indices as [BP].

(2) Reorder the columns of the parity-check matrix H
according to the ranking of bit indices [BP], and denote the
reordered matrix as E.

(3) Select the row-rank(H') columns of the reordered ma-
trix &, denoted as Ejzp;. Ensure that these selected columns
are linearly independent, as the new matrix must have full
rank.

(14) Invert the matrix Ejzp; and solve the equation Ejg| =

& ppiS.
B(g) The final solution across all bits/qubits is given by E =
[Eix1, Eig] = [Eik1, 0], where K represents the most reliable
set, which can be assumed to be zero. The OSD-0 will always
satisfy the syndrome equation.

a. Higher-order OSD

The motivation behind higher-order OSD is to find a solu-
tion Ez, with a lower Hamming weight than the solution from
OSD-0, denoted as Eg,. OSD-w follows a process similar to
OSD-0 up to the fourth step; the distinction lies in the fifth
step. In OSD-O0, the first four steps yield the vector Ek;. In
OSD-w, we seek solutions Ez, = [Ex], Ejg], where Ejg) # 0

by solving
Ez, = [Egy, Eg)] = [Exy° + Ex BiriEirr ] (F7)

The vector Ejzy # 0 has a dimension of n — row-rank(H ),
suggesting that, in theory, one could attempt to find a solu-
tion with minimal Hamming weight by exploring all possible
chains of lengths up to n — row-rank(H ). However, this ap-
proach is computationally intensive, making it practical only
for short chain lengths. To mitigate this challenge, the authors
of [14] proposed the combination sweep strategy, a greedy
search method that simplifies the identification of Eg;. For
more details, see Appendix B of [14].

OSD-w extends the search for a minimum Hamming
weight solution beyond OSD-0. As the order w increases,
the likelihood of finding a solution with minimal Hamming
weight improves. However, this advantage comes with the
cost of higher computational complexity. For instance, we
compared the performance of OSD-w and OSD-0 and found
no significant difference. However, varying the parameter w
(OSD-4,5,6,7) resulted in a considerable increase in compu-
tation time compared to OSD-0. Therefore, we opted to use
OSD-0.

APPENDIX G: SIMULATING ERRORS IN STIM

We initiate the ancilla state p in the all-zero state and at-
tempt to encode p into a GHZ state using the cavity. However,
as mentioned in the main text, in the presence of losses, the
effect of the cavity can be described by map

20
(‘:D—l(,O) =1+ —J1/,

Gl
JCdn (GD)

where 7 is the perfect GHZ state. The cavity error introduces a
bit-flip on any of the participating qubits with equal probabil-
ity p given by 26 /+/Cdy. Because of the limitations of STIM,
we cannot directly apply this map. To simulate the errors, we
use the CORRELATED_ERROR and ELSE_CORRELATED_ERROR
functions. These two functions always appear in pairs, with
the correlated term always preceding the else correlated term.
We modify the probability arguments within these functions
so that they apply a bit-flip to all participating qubits with the
same probability.

Consider the example of a case where six qubits par-
ticipate in a cavity operation, say for weight-6 GHZ state
preparation. The final state will resemble Eq. (G1). With
some probability p, we may have a one-bit-flipped state. To
model this scenario, we use the CORRELATED_ERROR and
ELSE_CORRELATED_ERROR functions. Please refer to the code
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snippet below:

for kk in np.arange(len(sx_list)):
if kk==0:

else:

hgc_circuit.append_operation ("CORRELATED_ERROR",stim.target_x(sx_list [kk]+2%*n),
p_encoding/(len(sx_list)-kk*p_encoding))

hgc_circuit.append_operation("ELSE_CORRELATED_ERROR",stim.target_x(sx_list [kk]+2x*
n) ,p_encoding/(len(sx_list)-kk*p_encoding))

where 1len (sx_list) represents the weight of the X-type sta-
bilizer, and p_encoding denotes the cavity error probability.
The following example illustrates the function of this code.
All ancilla qubits (indexed as 106, 112, 118, 140, 141, and
142) have an equal probability of experiencing an X error, but
in any given sampling, only one qubit will actually incur the
erTor.

E(0.000166667) X106

ELSE_CORRELATED_ERROR(0.000166694) X112
ELSE_CORRELATED_ERROR(0.000166722) X118
ELSE_CORRELATED_ERROR(0.00016675) X140
ELSE_CORRELATED_ERROR(0.000166778) X141
ELSE_CORRELATED_ERROR(0.000166806) X142

APPENDIX H: RELATION BETWEEN
COOPERATIVITY AND 2ot

The J, terms occur with a probability of 2« where o =
N6 //Cdy (A15),

2N6
Peavity = —F—=
YT e dy

The idea is to compute cooperativity say C;;, at p, = pu,
where p;;, denotes threshold. Suppose the ratio peayity/pin =
m, then the above relation becomes

(HI)

2N6
Pih = ———) (H2)
~Cindy
2NO 2
Ch= ( ) . (H3)
MdNPm

For GHZ state preparation, § = /2 and dy = /2(1 +27N)
[26], where N is the number of qubits involved in the nonlocal
gates, which is 6 for the codes with periodic boundaries listed
in Table I. For periodic boundaries, C;;, becomes

(H4)

2
C Nm
th =
mpyy/2(1 4 27N)

Using this relation, we can compute the cooperativity
C for a given value of pcayiy = mpy. This provides a key

(

relationship between the code performance, denoted by py,
and the critical experimental quantity, cooperativity. The co-
operativity C is a significant metric for experimentalists, as
it determines the quality of coupling between bosonic modes
and Rydberg atoms.

APPENDIX I: PROJECTING TO COMBINED GHZ STATE

As illustrated in green in ancilla-1 in Fig. 6, a nonlocal
resource is used to prepare a |GHZ); state on qubits ar-
ranged horizontally and vertically. Let us label the horizontal
qubits as Ay, hy, h3 and the vertical qubits as vy, vy, v3. We
first use the nonlocal resource to prepare the GHZ state on
the horizontal qubits: |GHZ)j,4,4,. Then, another nonlocal
resource is used to prepare the GHZ state on the vertical
qubits: |GHZ),,,,,,- We can measure the parity between any
two horizontal and vertical qubits, such as Z,Z,,, to project
the system into a combined GHZ state,

|GHZ) i, = (1000) s,y + 1111) 1,1y ) In

|GHZ>U1U2U3 = (|000>U1U2U3 + |111>U1U2U3)‘ (12)

Upon measuring Z;,Z,,, with the measurement outcome
m, the combined state |GHZ), p,,, ® |GHZ),,+,,, is projected
into the |GHZ) = (]000, 000) + |111, 111))/+/2 state if m =
0. If m =1, apply the correction X, X;,X;, or X, X,,X,, to
return to the | GHZ)¢ state. The correction term after measure-
ment can be written as (X; X,X3)™.

APPENDIX J: DETAILED SIMULATION RESULTS
1. Results for codes generated from h(x) = 1 + x + x2

Here we present all the simulation results. Figure 13 shows
the results for Hardware-agnostic error model. See Fig. 14 for
the results for custom error model. In both cases the ratio
Deavity/ P2 1s varied. The title of each subfigures shows the
ratio. We fit all the plots for a given ratio to the equation

ad
PL(p) =A<i) , a1

Pth

The threshold is calculated using this fit function and is
presented in Table II.
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FIG. 13. Agnostic circuit-level noise simulation results for the codes listed in Table I. The plots are presented on a log-log scale, where the
y axis represents the logical error rate and the x axis represents the physical error rate (per gate). The simulations were carried out using STIM,
with each data point based on 10° Monte Carlo samplings. The fitting lines were obtained using fitting Eq. (15) with a ~ 1/2.
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FIG. 14. Custom circuit-level noise simulation results for the codes listed in Table I. The plots are presented on a log-log scale, where the
y axis represents the logical error rate and the x axis represents the physical error rate (per gate). The simulations were carried out using STIM,
with each data point based on 10® Monte Carlo samplings. The fitting lines were obtained using fitting Eq. (15) with a ~ 1/2.
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