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Runtime reduction in lattice surgery utilizing timelike soft information
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Runtime optimization of the quantum computing within a given computational resource is important to achieve
practical quantum advantage. In this paper, we propose a runtime reduction protocol for the lattice surgery, which
utilizes the soft information corresponding to the logical measurement error. Our proposal is a simple two-step
protocol: operating the lattice surgery with the small number of syndrome-measurement cycles and reexecuting
it with full syndrome-measurement cycles in cases where the timelike soft information suggests the presence
of logical errors. We first discuss basic features of the timelike complementary gap as the concrete example
of the timelike soft information based on numerical results. Then, we study average runtime of sequences of
commutable logical Pauli measurements. We find that our protocol surpasses an existing runtime reduction
protocol called temporally encoded lattice surgery (TELS) when the length of the sequence is small. In addition,
we confirm that the combination of our protocol and the TELS protocol can reduce the runtime further, over
50% in comparison to the naive serial execution of the lattice surgery. The proposed protocol in this paper can
be applied to any quantum computing architecture based on the lattice surgery, and we expect that this will be
one of the fundamental building blocks of runtime optimization to achieve practical scale quantum computing.
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I. INTRODUCTION

Quantum computers are expected to bring exponential
speedup over classical computers for various computational
tasks, such as prime factoring [1], simulation of quantum
many-body systems [2,3], and linear algebraic operations [4].
Performing these complicated quantum algorithms requires
the fault-tolerant quantum computing (FTQC), which sup-
presses quantum noise through the use of quantum error
correction (QEC) codes in a scalable manner. One typical
choice is the surface-code-based FTQC architecture utilizing
the lattice surgery [5-9], which boasts a high noise threshold
and good compatibility with the superconducting qubit de-
vices. The recent surface-code experiment clearly shows that
a single logical qubit encoded by the surface code can achieve
better fidelity than a physical qubit [10], indicating that we are
now entering a stage of the development of quantum comput-
ing, receiving benefits from the QEC on actual devices.
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However, the surface-code-based architecture requires
large qubit overhead due to its small encoding rate and the
need for the magic state factories [11-14], motivating re-
searchers exploring ways to reduce the resource overhead
necessary for the practical quantum advantage. There are
many studies ranging from the algorithm-level cost reduc-
tion [15-18] to the architecture-level improvements, like
converting QEC overhead to other forms (such as a sam-
pling overhead) through quantum error mitigation techniques
[19,20], developing QEC codes that achieve better encoding
rates [21-27], and cost reduction of the magic state prepa-
ration [28,29]. Recently, authors also proposed the partially
fault-tolerant quantum computing scheme, which is able to
reduce the space-time overhead of the rotation gates by avoid-
ing the magic state distillation and the decomposition to the
Clifford + T [30,31]. Some researches show the efficiency of
this approach in the early-FTQC era [32,33].

One of the key techniques in such developments is the
soft information of the QEC decoding [23,34,35]. The soft
information is defined as the log-ratio of the probability of dif-
ferent logical sectors of decoding results; thus, it is naturally
obtained by the maximum-likelihood decoder, like the tensor
network decoder, but the high complexity of such decoders
has prevented their applications in the practical setup. Re-
cently, however, several ways to extract the soft information
by utilizing efficient QEC decoding algorithm, such as the
minimum-weight perfect matching (MWPM), were invented
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[23,35-37], enabling us to estimate the reliability of the
decoding result efficiently. Based on these inventions, several
applications are discussed, such as the fault-tolerant postse-
lection [29,35,38,39] and the soft-decision decoding of the
concatenated code [23]. Since users can design many possible
actions depending on the soft information extracted, it has
broad possibilities for the resource optimization of the FTQC.

To the best of our knowledge, however, the previous studies
mainly focus on the soft information corresponding to logical
Pauli errors, also known as spacelike logical error chains, so
the discussion of the soft information on the timelike logical
error chains during the lattice surgery, also known as logi-
cal measurement errors (in the following, we call it timelike
soft information), has been limited. The timelike logical error
commonly appears in the lattice surgery, so leveraging the
corresponding soft information can bring another possibility
for the resource optimization in the FTQC.

In this paper, we propose a runtime reduction technique for
lattice-surgery-based logical Pauli measurements by exploit-
ing timelike soft information. Our proposal consists of two
steps: (1) performing lattice surgery with a reduced number
of syndrome-measurement cycles, L < d, where d is the code
distance of the surface-code patch, while computing the time-
like soft information; and (2) re-executing the lattice surgery
with the full number of cycles if the soft information indicates
that the decoding result is unreliable.

The main contributions of this work are threefold. First,
to the best of our knowledge, this is the first work that pro-
vides a detailed numerical analysis of the achievable runtime
reduction in realistic simulation environments, taking into
account a large code distance d and a finite reaction time
T. This allows us to clarify the practical magnitude of the
runtime reduction achievable in realistic settings. To this end,
we introduce the notion of timelike soft information and in-
vestigate it in detail. As a concrete example, we define the
timelike complementary gap and study its basic properties
through numerical simulations, observing features similar to
those of its spacelike counterpart reported in previous studies
[23]. We demonstrate the effectiveness of our protocol using
a simple example of a logical XX measurement between
two surface-code patches. Second, while a related approach,
namely, temporally encoded lattice surgery (TELS) [40], has
been proposed, we demonstrate that under certain conditions
our method achieves a higher runtime reduction rate than
TELS. This is verified through numerical simulations that
take into account a routing region for logical multi-Pauli
measurements via lattice surgery. Third, we show that our ap-
proach is compatible with TELS, and that combining the two
methods—referred to as soft-information-accelerated TELS
(STELS) in this paper—Ileads to a further reduction in runtime
beyond what is achievable by either method alone. Since
our protocol does not require any additional qubit overhead,
STELS further pushes the limit of space-time volume cost
reduction discussed in Ref. [40].

Our proposal can be applied to any lattice-surgery-based
quantum computing architecture, especially suitable to the
typical Pauli-based computation (PBC) [41]. The essen-
tial requirements of our protocol are (1) indirect logical
measurements from the product of specific (newly intro-
duced) stabilizer operators, (2) multiple rounds of syndrome

FIG. 1. Space-time diagram of the logical XX measurement by
lattice surgery. Time flows vertically in this figure. We only show the
X boundaries of the space-time diagram (orange planes). There are
two possibilities of the logical errors during this operation: timelike
logical errors (denoted by 7)) and spacelike ones (denoted by S).
In this paper, we consider the former. The time length (= number
of repeated syndrome measurements) during the merge operation is
denoted as L and is typically chosen as L = d to sufficiently suppress
the timelike logical error rate.

measurements to ensure fault tolerance, and (3) decoder-
derived soft information that can be used as a confidence
indicator. From this perspective, we believe that our proto-
col is applicable to not only surface code but also general
Calderbank-Shor-Steane codes employing code-surgery oper-
ations with repeated syndrome extraction [42]. We expect that
this will be one of the fundamental building blocks of runtime
optimization to achieve practical scale quantum computing.

This paper is organized as follows. In Sec. II, we provide
a definition of the timelike complementary gap considered
in this paper and discuss its behaviors based on numerical
results. By utilizing those insights, in Sec. III, we discuss how
to reduce the runtime of the lattice surgery. We first summarize
our protocol, and then show its efficiency by a simple logical
XX measurement experiment. We then compare our protocol
with the TELS protocol and propose the STELS protocol for
further runtime reduction. Section IV is devoted to summary
of our study and gives future directions.

II. TIMELIKE COMPLEMENTARY GAP

In this section, we discuss basic behaviors of the timelike
complementary gap in lattice surgery, which is a concrete
example of the timelike soft information. We first give a
definition of the complementary gap, following the previous
study on the spacelike counterpart [23,35]. Then, we show
some numerical results and discuss its behaviors, comparing
to the spacelike counterpart [23].

Let us consider the logical XX measurement operation
between the two surface-code patches with the code distance
d, as shown in Fig. 1. During the operation, there are several
possibilities that the logical errors happen. Among these, in
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this paper, we focus on the timelike logical errors, error chains
connecting temporally separated boundaries, shown schemat-
ically as 7 in Fig. 1. This type of error chains results in the
logical measurement error; in this example, the logical XX
measurement result will be flipped. To ensure the timelike
logical errors are well suppressed comparable to the other
types of logical errors, we have to perform the syndrome mea-
surement at least d times during the logical measurement (in
this case, L = d in Fig. 1). This can be naturally generalized
to the logical multi-Pauli measurement operations.

Recently, several ways to quantify the reliability of the
QEC decoding result have been proposed [23,34-36]. In the
following, we call such a reliability index soft information.
These previous studies mainly focus on the spacelike logical
errors, error chains connecting spatially separated boundaries
(like S in Fig. 1), and discuss how to detect indications of
such logical errors. We extend these concepts to the timelike
logical error and utilize it for the runtime optimization of the
lattice surgery.

Following Ref. [35], we define the signed timelike comple-
mentary gap as

AT(S) = Wiy, (8) — Wi (8, ey

where w;(s) is the log-likelihood weight of the correction /
for the given syndrome s for the timelike logical error sector.
The correction lyrong (eorrect) together with actual errors yields
the timelike logical error chain 7 (logical identity operator Z).
In this study, we use the MWPM decoder, which outputs the
most likely (smallest weight) error pattern. Therefore, the neg-
ative A7 indicates that the timelike logical error is introduced
by the correction. In practice, however, we can only calculate
the absolute value g = |A7| since which correction is cor-
rect is unknown. We simply call this absolute value timelike
complementary gap or gap in the following discussion. Once
we calculate the timelike complementary gap, we can get the
reliability information from it: For example, if we obtain the
large gap, g > 1, the probability that the weight of the correct
sector is far smaller than that of the wrong sector is expo-
nentially large, indicating that the decoding result is highly
likely to be the correct sector. Therefore, the decoding result
is highly reliable. On the other hand, if the gap is very small,
g =~ 0, both the correct and wrong sectors have almost the
same weight; therefore, both of the decoding results happen
evenly. It means that the decoding result is not reliable. In this
way, we can detect indications of logical measurement errors
during the lattice surgery via the timelike gap.

We numerically calculate the distribution of the signed
timelike complementary gap. We use the open-source Python
library Stim [43] and PyMatching [44], and perform numeri-
cal simulation of the lattice surgery operation shown in Fig. 1
(in the following, we call this type of experiment “H-shape
experiment” after its space-time diagram). Minimally, the log-
ical XX measurement can be done only by a single layer
of qubits between patches. Throughout this paper, however,
we keep PBC [41] in mind, assuming that at least a single
surface-code patch exists in between patches whenever they
measured. Furthermore, since our primal interest is the distri-
bution of the timelike complementary gap, we do not consider
the contribution from spacelike logical error chains in our
numerical simulation. The details of the numerical simulation
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FIG. 2. Distribution of A+. Blue and orange histograms are ob-
tained from the logical operation described in Fig. 1 withd =L =9
and the stability experiment setup with d = 10, L = 9, respectively.

are given in Appendix A. Figure 2 (blue) shows the distribu-
tion of A7 with p =1073,d = L = 9. We obtain a similar
distribution as the spacelike complementary gap, reported in
Ref. [23]. We observe a sudden cutoff behavior at the large gap
region around 210 dB, but we think it mainly comes from the
finite-volume effect (see the larger size numerical simulation
discussed later, Fig. 3). Since the distribution of the large gap
region is not important in the following discussion, we do not
dive into this cutoff behavior deeper.

Next, we simulate another type of experiment, so-called
stability experiment [45]. This experiment mimics the struc-
ture of the routing region during the lattice surgery. Moreover,
in practice, the stability experiment is more preferable to sim-
ulate large code distance experiments where we are interested.
We expect that the stability experiment captures most of the
important features of the timelike gap and its distribution
behaves similar to that of the H-shape experiments. To sup-
port this, we first examine the gap distribution at p = 1073,
d =10, L =9, where the patch size is similar to the ancilla
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FIG. 3. Distribution of the signed timelike gap obtained from the
large stability experiment with d = 26, L € [7, 15].
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region of the H-shape experiment at d = L = 9. We show the
details of the patch configuration for the stability experiment
in Appendix A, and the result is shown in Fig. 2 (orange).
As our expectation, we confirm that the distribution is almost
the same except for the large value region if we choose the
similar patch size as the H-shape experiment. We observe
the isolated largest gap value around 210 dB in the stability
experiment distribution. This value is equal to the weight
sum of the shortest path between two timelike boundaries,
and the second largest gap value around 195 dB comes from
the single measurement error configuration somewhere in the
syndrome extraction. Since there are no error events realizing
the gap value between these two largest values in the stability
experiment, there is a chasm around 200 dB. On the other
hand, in the H-shape experiment, there are some marginal
gap events between them via the leg part of the space-time
diagram, so the distribution at the large value does not show
any chasm structure. Note that these behaviors at the large
gap region are also significant here due to the finite-volume
effect (as seen in Fig. 3, such behaviors become less notice-
able with the large-sized patch). Since the large gap region
is not relevant to our following analysis, we conclude that
we can utilize the gap distribution obtained by the stability
experiment. To obtain necessary information in the following
analysis, we calculate the distribution for several L by the
stability experiment. Figure 3 shows the result at p = 1073
and d = 26, which is chosen for the later discussion based
on d = 25. This choice of code parameters is inspired by
the study on resource estimation [12], in which the practical
quantum advantage is expected with p = 1073 and d = 25.
We observe clear dependence on L, which is naturally ex-
pected from the spacelike counterpart [23]. We also confirmed
that the timelike logical error rate exponentially decreases as

x pL%J (see Appendix B). The distribution shown in Fig. 3
is utilized as an essential input of the following performance
estimation, namely, P (g).

We also check the behavior of the logical error probability
conditioned by the timelike gap g, P(7T|g). This quantity is
important for later discussions, and also the previous study
has reported its interesting universal behavior [23]. Figure 4
shows P(7T|g) obtained by several different sets of (d, L), and
both the H-shape and the stability setups. We observe that all
of them have the same universal dependency on the timelike
gap value, fitted as

P(Tg) = @

1+ 109’
with a = 0.9273 (1/B) (fitting result is also shown in Fig. 4).
As mentioned, this kind of universal behavior has been ob-
served in the previous spacelike gap analysis [23], and our
result is very similar to the previously reported value a = 0.9
(1/B). Naively, if we see the lattice surgery operations as
the three-dimensional topological object, distinction between
timelike and spacelike strings seems to be ambiguous, so the
universal behavior seems to be natural. In practice, however,
the dominant error mechanism that brings the timelike and
spacelike logical errors is different, so we expect that the
scaling factor a can be different in general. Our numerical
result implies that such a difference is small in the standard
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FIG. 4. Conditional logical error probability by the timelike gap
value. We use several distributions obtained by different (d, L) val-
ues, as well as changing the experimental setup (H shape or stability).
The solid black line shows the global fit result using the single-

parameter fit function f(g) = m.

circuit-level simulation. The fitting result [Eq. (2)] will be
employed in the following performance estimation.

III. ACCELERATING LOGICAL PAULI MEASUREMENTS
BY TIMELIKE SOFT INFORMATION

Given the definition of the timelike gap and its basic be-
havior, in this section, we discuss how to utilize it to the
runtime reduction in the lattice surgery. We focus on the
logical multi-Pauli measurements, which are the fundamental
building blocks of the typical surface-code-based FTQC [41].
First, we summarize our proposed protocol. Then, we apply
it to the simplest lattice surgery operation, a two-Pauli mea-
surement (H-shape experiment), and estimate its performance.
After that, we compare our protocol to the previously pro-
posed runtime reduction technique called temporally encoded
lattice surgery. Finally, we propose the combination of these
two techniques, soft-information-accelerated TELS, and show
that the STELS can achieve the best performance.

A. Proposed protocol

Overview of our protocol is given in Fig. 5. Our proto-
col is a simple two-step protocol: (1) performing a logical
measurement with smaller syndrome-measurement rounds,
L < d, and calculating the timelike gap g between two closed
boundaries on the top and bottom of the merged region
[Fig. 5(a)], and (2) performing a remeasurement with full
syndrome-measurement rounds, L = d, if the obtained gap g
is smaller than a threshold value gy [Fig. 5(b)]; otherwise,
the measurement is finished [Fig. 5(c)]. The remeasurement
probability py,; is defined as

&th
pfail(gth)Z/ dgP(g), 3)
0

where P (g) is the distribution of timelike gap g with
L syndrome measurements. By using this protocol, the
average runtime is given as (1 — ppy)(L+ T) + prau
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calculate timelike gap value g

Ly

(a)

(b)

(c)

g < gen

Q

20
> Finish

9= gen

FIG. 5. Overview of the proposed runtime reduction protocol. (a) Performing the lattice surgery operation with a reduced syndrome-
measurement cycle, L. The timelike gap g is calculated here. (b) If g is smaller than the threshold value gy, we perform the lattice surgery
operation with a full syndrome-measurement cycle, d, to ensure the resultant logical measurement value. (c) If g is larger or equal to gy, we
can move on to the next operation. The optimal value gy, is determined by the condition that the logical error rate of the entire protocol keeps
the same value of the original lattice surgery operation with d cycle syndrome measurements (details are given in Appendix C).

(L+T+d+T) in units of syndrome-measurement
round, where T is the reaction time, measured in units
of syndrome-measurement round. The reaction time T
includes the decoding time for obtaining the logical
measurement result and the timelike gap and the time
for deciding a next logical operation (see Fig. 6). If pg is
sufficiently small, pp; < 1, the average runtime reduces to
A =pai) L+T)+prait(L+T +d+T)~L+T, which
is smaller than the naive runtime, d + T'. In practice, py iS
not negligible, but we numerically clarify that our protocol is
effective in realistic environments.

The threshold value g, is determined by the condition that
the logical error rate of the entire protocol should be the same
as the naive protocol (not using the timelike gap) with L = d.
The entire logical error rate of our protocol is given as

P. g, (8th) + Prait (8th) Prun

2/ ng(T|g)PL(g)+Pfull/
0

8th

8th

dgbL(g), 4

where Py is the logical error rate of the naive protocol with
L =d. The first term, P.,, (gn), is the thresholded logical
error rate coming from the success branch [Fig. 5(c)], and
the second term is the contribution from the failure branch
[Fig. 5(b)]. The optimal threshold value gf, should satisfy

P . (84) + Prait (€5 Peunt = Pru.- )

The failure rate is immediately obtained as pg,i(gh,). In the
following, we determine gy from the numerically obtained
timelike gap distribution, shown in Fig. 3. For example, for

original: our proposal:

]

A=pra)x T I FPrail X
d I L3

g
d I
|
L
FIG. 6. Schematic comparison of the average runtime between

the naive lattice surgery (original) and our proposed protocol (our
proposal).

a simple logical two-Pauli measurement discussed in the next
section, gy, is about 115-144 dB depending on L. The detailed
process and actual values of gjj can be found in Appendix C.
We also note that related approaches were discussed in a re-
cent invited presentation by N. Shutty at the 7th International
conference on quantum error correction (QEC25).

B. Simple example: Two-qubit Pauli measurement

First, we justify the advantage of our protocol for the sim-
plest case, the logical two-Pauli measurement shown in Fig. 1.
We assume that p = 1073, d = 25 in this estimation and use
numerical results of the stability experiment with d = 26. We
set T = 10 since some resource estimation studies [11,12]
assume that the single syndrome-measurement round and the
reaction time take 1 and 10 ps, respectively [46]. In Fig. 7,
we show the value of pg; obtained with several L, ranging
from 11 to 15. The details of their determination can be found
in Appendix C. We observe that pg,; monotonically decreases
with increasing L, which is naturally understood: For the small
L, the logical error chains are easily introduced; therefore,

©
107! ©
E
Q.
o)
o ®
o 10—2
Q
s
=
E )
1073
®
11 12 13 14 15
L

FIG. 7. Failure probability pr,; estimated by different L.
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FIG. 8. Average runtime result. L = 13 is the best parameter
in this setup. The dashed line indicates the runtime of the naive
protocol, namely, d + T = 35.

we have to make the criteria of the postselection tighter to
ensure that the postselected logical error rate is the same as the
original one with L = d. Figure 8 shows the estimated average
runtime. As a result, the average runtime of L = 11, 12 is
worse than others due to the large py,; that makes the remea-
surement overhead not negligible. In this simple example, L =
13 is optimal and we can achieve about 32% runtime reduction
on average. Although L can reach ~d /2, the actual reduction
rate is worse than 50% due to the reaction time 7. An exces-
sively large T reduces the runtime advantage of the protocol,
and developing a fast and reliable gap-estimation procedure is
important for maximizing the benefit. On the other hand, when
the remeasurements can be postponed in some way, we can
hide the reaction-time overhead by overlapping the decoding
process with subsequent operations. One of such situations is
the sequence of the commutable logical Pauli measurements,
which will be discussed in the next section. In this case, we
can perform all remeasurements after the noisy measurements
since they commute with each other. We utilize this property
in the runtime estimation discussed below.

The scaling of the optimal number of L can be understood
from a simple argument. In our framework, reducing L in-
creases the probability of timelike logical measurement errors
that are not detected by the syndrome measurement. This
probability scales approximately as p”. To maintain the over-
all logical error rate at the target level, i.e., comparable to the
baseline logical error rate without runtime reduction, L should
be chosen such that p* ~ p?/2, which suggests that L ~ d /2
as a natural operating point. Even for smaller code distances
such as d =5 or d =7, or for other physical error rate p,
the same argument suggests that the number of syndrome-
measurement rounds can still be reduced approximately by
a factor of 2 in principle. In practice, however, the optimal
value depends on multiple factors, including the actual gap
distribution P, (g), the choice of the gap threshold gg,, and the
area of the ancilla region. For example, we find that the larger
ancilla region makes the optimal L larger than d/2 (see also
Appendix D 2).

35
---- serial, d = 25
¢ TELS[k+1,k 2]
30 ~ o TELS[2,2'-r-1,4]
— ‘\\\ o TELS[(r+1)%,r2,4]
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FIG. 9. Comparison between our soft-information-based time re-
duction and TELS.

C. Comparison to temporally encoded lattice surgery

Next, we compare our protocol to the existing runtime
reduction protocol called TELS [40]. The basic idea be-
hind TELS is protecting logical measurement results by
some classical error correction codes (these codes are called
measurement code in the following). Let us consider the
sequence of the k different logical Pauli measurements
for Py, P, ..., P, which commute with each other. In the
simplest TELS protocol, which utilizes the [k + 1, k, 2] mea-
surement code, we add a measurement of the product of all
k Pauli operators, Py, = P\ P, - - - P,. The measurement result
of the additional Pauli operator works as an indicator of errors
since the measurement results m; (i =1, ...,k + 1) should
satisfy my; = Zf:l m;. Therefore, we can suppress the log-
ical measurement error in this sequence as O(p?.,.), where
Pmeas 18 the logical error probability of each logical Pauli
measurement. By using this, we can reduce the time length
L of each measurement while keeping the logical error proba-
bility. From the asymptotic behavior, we expect that L = d /2
is optimal in principle, but in practice the optimal L is slightly
larger than L = d/2 due to the constant factors. In general, we
can choose how to treat the erroneous events: error correction
mode or error detection mode. In the original paper [40],
however, the authors observed that the error detection mode is
always superior to the error correction mode. Following this
observation, we basically consider the error detection mode in
the performance estimation of the TELS protocol.

We compare the runtime reduction performance of our
protocol and TELS. We assume that d = 25, p = 1073, and
N = 10 logical qubits, and calculate average runtime per Pauli
measurement for several k. In the TELS performance esti-
mation, we consider several measurement codes discussed in
the original paper [40]: error detection code ([k + 1, k, 2]),
extended Hamming code ([2",2" — r — 1, 4]), and concate-
nation of the [k + 1, k, 2] code ([(r + 1)?, 2, 4]). The details
of this analysis can be found in Appendix D. The results are
summarized in Fig. 9.

As seen in Fig. 9, our proposal tends to be faster than the
TELS protocol for small k’s. This behavior originates from the
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FIG. 10. Overview of the STELS protocol. This figure shows k = 3, [k + 1, k, 2] measurement code example. (a) Measuring all Pauli
operators including the redundant one (encircled in blue) with the time interval L', which is a smaller value than that of the TELS. For each
measurement, we calculate the timelike complementary gap. We assume that we can decode syndromes from a logical Pauli measurement
during performing the next Pauli measurement; thus, the reaction time 7' only appears after the last measurement. This assumption also holds
in the following steps. (b) If some measurements have small gap values than gy, they are remeasured (in this example, No. 1 and No. 3 are
remeasured). These remeasurements are done with the optimal time interval Lyg s > L’ in the TELS protocol. (c) By using the measurement
values obtained in panels (a) and (b), we check the parity constraints between them. If some parity checks are failed, all the Pauli operators are

measured once again with the full time interval L = d.

fact that our protocol does not need redundant measurements.
We note that the average runtime of our protocol depends on
k because of the assumption that, during a sequence of k Pauli
measurements, most of the reaction time 7 can be overlapped
with ongoing syndrome-measurement rounds, except for the
final measurement in the sequence [47]. Furthermore, appli-
cability to k = 1 is another advantage of our protocol. Naively
speaking, the TELS protocol is also applicable to k = 1, but in
this case the runtime does not decrease due to the existence of
the redundant measurement. For example, let us consider the
[2, 1, 2] measurement code. The runtime is 2L + T when we
ignore the remeasurement overhead, but even if the ideal limit
L = d/2 is achieved, it is just the same as the naive runtime,
d+T.

On the other hand, we observe that the TELS protocol
using large code distance measurement codes outperforms our
protocol at k = 11, 16. As k becomes larger, the remeasure-
ment overhead becomes relatively smaller, and benefits from
high-distance measurement codes appear clearly. Therefore,
the TELS protocol can be suitable for cases where we can
compile quantum circuits into long sequences of commutable
Pauli measurements, if the high-distance measurement code is
found for the target k.

D. STELS: Soft-information-accelerated temporally
encoded lattice surgery

In the previous section, we observe that our protocol and
TELS protocol are effective in different domains. From this
perspective, it is important to choose these protocols ap-
propriately in compilation of given quantum circuits. The

two protocols, however, utilize different information to re-
duce the runtime of the LS: timelike soft information from
the decoding (our protocol) and the parity information from
the encoded measurement results (TELS). Since this infor-
mation can be obtained at the same time, we can combine
these two protocols. We call this combinatorial protocol soft-
information-accelerated TELS, and we show that it enables us
to reduce the runtime further in this section.

The schematic overview of the STELS is shown in Fig. 10.
The STELS can be divided into two steps: (1) runtime re-
duction of the first measurement layer using our protocol and
(2) error detection using the TELS to reproduce original mea-
surement precision. The first step measures all Pauli operators
including redundancies with L’ < d syndrome cycles and cal-
culates the timelike gap [Fig. 10(a)]. By using our protocol
for each Pauli measurement, we can choose smaller L’ than
Lrgrs, where Ltgrs < d is the optimal number of syndrome
cycles of the single use of the TELS protocol, while keeping
its precision [Fig. 10(b)]. Note that during the first step, all
we have to do is to keep the logical error rate as it is with
Lrgrs (no need to keep the original measurement precision
with L = d), since logical measurement errors happening in
this step can be detected in the next step (see Appendix D4
for details). After collecting all measurement outcomes, the
second step is to check the parity of the redundancy measure-
ments. If indications of errors are found, we remeasure all k
Pauli operators with the full time interval L = d [Fig. 10(c)].

We investigate the performance of the STELS protocol
with the same setup as discussed in Sec. IIIC, namely,
d=25p= 1073, N = 10. As the measurement code, we
employ the simplest [k + 1, k, 2] code because of the wide

033085-7



YUTARO AKAHOSHI et al.

PHYSICAL REVIEW RESEARCH 8, 033085 (2026)

35

30 .
g . [
e e
a 25 °
@ T
o *
@ 20 . ¢
= . * e . $ o
£ ., . * o o
515 ° . . . [ ° e o : E : : : :
= . . .
o) - *
© 10 ---- serial, d =25
q>) e TELS [k+1,k2]
= TELS [27,27~r—1,4]

51 o TELS[(r+1)r2,4]

Timelike gap
STELS [k +1,k, 2]
0
. : 3 12 15 18

k

FIG. 11. Performance of the STELS protocol using a [k +
1, k, 2] measurement code.

applicability to the value of k. Figure 11 shows the aver-
age runtime per Pauli measurement with given k. After the
optimization of the parameters, we obtain Ltg s = 15 and
L’ = 10. Thanks to the timelike gap, we can further reduce
the number of syndrome cycles from 15 to 10 while keeping
the entire logical error rate. As a result, the STELS surpasses
all other protocols except for k = 2. The worse performance
at k = 2 is mainly attributed to the redundant measurement
overhead from the TELS part. At k = 2, the single usage of
the timelike gap method has a reduced runtime 2L + T =
2 x 14 4 10 = 38 (ignoring the remeasurement). On the other
hand, the STELS takes 3 x L' + T =3 x 10 4 10 = 40 (ig-
noring the remeasurement), so it is natural that the STELS
is worse than the single usage of the timelike gap method at
k = 2. For large k, the overhead gradually becomes negligible
and the STELS shows significantly better performance than
others; over 50% runtime reduction is achieved in comparison
to the naive protocol. Even though we only focus on the
[k + 1, k, 2] measurement code here, we expect that STELS
with the higher-distance measurement codes can achieve bet-
ter performance with large k’s.

Finally, we comment on the use of the STELS protocol in
the error correction mode. Same as the TELS protocol, the
STELS protocol supports the error correction mode. We can
mitigate the performance gap between the error correction
mode and the error detection mode by utilizing timelike com-
plementary gap. Let us consider the STELS using the code
distance D measurement code and the number of syndrome
cycles L for each measurement. In this setup, the STELS
protocol can be interpreted as the concatenation of the clas-
sical codes with the code distance L (lattice surgery with the
time interval L) and D (measurement code). In general, we
can decode such a concatenated code by using two types
of the decoding strategies: the hard-decision decoding and
the soft-decision decoding. To achieve the theoretically ex-
pected code distance of the concatenated code, we should
use the soft-decision decoding [48]. The original TELS in
the error correction mode is based on the hard-decision de-
coding, but in the STELS protocol, we can use the timelike

complementary gap for the soft-decision decoding. As a re-
sult, the logical error rate asymptotically achieves O(p 2 ) =
O(PP) in principle, the same order as the error detection
mode. It means that we can overcome the main obstacle of the
TELS in the error correction mode, the restricted performance
due to the hard-decision decoding. This is another advantage
of the STELS.

IV. CONCLUSION AND OUTLOOK

In this paper, we propose the runtime reduction protocol
of the lattice surgery by utilizing the timelike soft informa-
tion. In our proposed protocol, we reduce the number of
syndrome-measurement cycles during the lattice surgery and
check the timelike gap to determine whether the operation is
completed without timelike logical errors or not. If the time-
like gap suggests the presence of errors, we retry the lattice
surgery operation with longer syndrome-measurement cycles
to suppress logical errors. As a result, the average runtime
decreases when the retry probability is sufficiently small. We
expect that this simple protocol can be an advantage from the
perspective of a device’s control unit. We first investigate the
basic features of the timelike complementary gap, observing
that it is similar to the spacelike counterpart studied before.
Then, based on the numerical results, we find that our protocol
shows better performance than the previously proposed TELS
protocol when performing sequences of small numbers of
commutable logical Pauli measurements. Moreover, we show
that we can achieve further runtime reduction over the sole
use of the TELS and our protocol by combining these two
protocols, STELS.

Finally, we comment on how our protocol is affected by the
compilation scheme of FTQC. Our proposal has good com-
patibility with the sequential compilation of the FTQC [41],
since the compiled circuit is the sequence of the multi-Pauli
non-Clifford gates, which consist of the multi-Pauli measure-
ments. In our analysis, we assume a simple situation, where
each Pauli measurement is performed sequentially and the
basis change overhead during the lattice surgery is omitted
(see Appendix D). In practice, however, the basis change
overhead is significant in some logical patch arrangement, as
well as the parallel Pauli measurement can be done if the
routing region does not overlap. Furthermore, the layering
of the sequence of the Pauli measurement suitable for the
STELS protocol is also important. Therefore, the efficient
compilation method to maximize the effect of the STELS
protocol is needed. The runtime estimation of some practical
computational tasks using such a compilation method is also
important. In cases where the direct Clifford 4+ T compilation
is used, on the other hand, we expect that the merit of our
protocol is limited. Although the single T gate via the gate
teleportation circuit can be accelerated by our protocol, run-
time reduction for other gates, such as the logical CNOT gate,
can be achieved only when d > L + T is satisfied, because
the reaction-time overhead can be hidden due to the Pauli
frame tracking. We give a short explanation of this limitation
in Appendix E. There are several works on the optimization of
the direct Clifford 4+ 7' compilation [49-51], so investigating
whether combining such optimization techniques and our pro-
tocol provides further runtime reduction is one possible future
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direction. Regarding the reaction time, since available classi-
cal computational resource and communication bandwidth are
restricted in practical hardware, our optimistic assumption—
the decoding overhead is not changed by the additional gap
calculation—should be clarified in the hardware point of view.
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APPENDIX A: SIMULATION DETAILS

In this Appendix, we discuss details of our numerical
simulations, namely, the noise model, qubit configurations of
the surface-code lattice surgery experiment, and the stability
experiment discussed in the main text.

1. Noise model

In our numerical simulation, we employ the circuit-level
noise model. We assume that the native physical gates are
Hadamard and CNOT, initialization to |0), and measurement
in the Z basis; thus, we employ the depth-8 syndrome-
measurement circuit. Noisy initialization and measurement
flip to an orthogonal state with a probability p, and noisy
Hadamard and CNOT gates are modeled by ideal operations
followed by the depolarizing noise channels,

Eingte(0) = (1 — p)p + §(pr FYpY +2ZpZ) (Al

and

p
Eaonvie(p) = (1 = p)p + 15 >
EellX.Y.Z)¥\Igl

EpE, (A2

respectively. Noisy identity gates are inserted wherever phys-
ical qubits are idle. We assume that all errors occur with a
common probability p = 1073,

2. Configuration of the logical XX measurement experiment

The qubit configuration we consider in the XX measure-
ment experiment is shown in Fig. 12. We assume the nearest
neighbor connectivity between physical qubits. In between
two surface-code patches with the code distance d, we as-
sume a routing space, whose width is d 4 2. The factor 2
comes from physical qubits arranged between each surface-
code patch for the merging operation. The logical circuit we
perform is trivial: prepare two logical |+); , measure a logical
XX operator, and then destructively measure X operators for
each patches.

The measurement result of the logical XX operator is a
product of the measurement results of the newly introduced
X stabilizers during the merging operation (shown as orange

FIG. 12. Surface-code configuration of the X X measurement ex-
periment (d = 5). (a) Two surface-code patches before the logical
XX measurement. Orange (blue) faces indicate the X (Z) stabilizers.
Black dots are active measurement qubits. (b) Merged surface-code
patch. A product of the measurement values of the hatched X stabi-
lizers gives the logical XX measurement result.

hatched faces in Fig. 12). Thus, if there are some timelike error
chains in those stabilizers, the logical measurement value may
flip, resulting the logical measurement error.

To calculate the timelike gap, we introduce four artificial
detectors (boundary nodes) in the decoding graph, as shown
in Fig. 13(a). The detector A is defined by the product of
three measurement results: the logical XX measurement result
obtained by the lattice surgery and two logical X measure-
ment results obtained by final destructive measurements of
the logical patches. The detector B is defined in the same
way (in practice, it is automatically defined by PyMatching
in our simulation). The detectors C and D are defined by the
product of two logical X measurement results, one is the final
destructive logical X measurement outcome and the other is
the artificial (ideal) logical X measurement outcome measured
just after preparing the logical |+); patches. Inserting artifi-
cial ideal measurements is a standard way to define detectors
for calculating the signed gap, as in Ref. [23]. We define
two decoding problems by flipping the detector bits on A
and B, and then calculate the timelike gap by their decoding
results. In this way, we can extract the indications of logical

(a) ’ (b)

FIG. 13. Boundary nodes assigned in the gap calculation. (a) H-
shape experiment. We introduce four boundary detectors (boundary
nodes) A, B, C, and D in the decoding graph. To calculate the
timelike gap, we flip the boundary bits on A and B. (b) Stability
experiment. We introduce two boundary detectors (boundary nodes)
A and B in this case.
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FIG. 14. Surface-code configuration of the stability experiment
(d = 6). A product of all measurement results of the X stabilizers
should be identity in this configuration if there are no errors.

measurement errors that connect the boundaries A and B.
Note that, in this calculation, we do not consider any logical
error chain connected to boundaries C and D since we do
not change the boundary detector bits on these boundaries. In
other words, our numerical results do not contain any effects
coming from the spacelike logical error chains. This is valid
because we keep the code distance of logical patches remain-
ing in the whole lattice surgery procedure, where the spacelike
logical errors are subleading contribution in our protocol.

3. Configuration of the stability experiment

The stability experiment [45] was originally introduced as
the minimal experimental setup that holds the same timelike
boundary condition as the routing space during the lattice
surgery operation. In our stability experiment, we consider
the d x d lattice qubit configuration with even d, as shown in
Fig. 14. In this configuration, a product of all X stabilizers is
the identity operator; thus, a product of their measured values
should be identity if there is no error, and it defines boundary
detectors in the decoding graph [Fig. 13(b)]. Timelike logical
errors violate this restriction, so we can estimate the time-
like logical error rate by counting such violating events from
Ngample Tuns of this experiment. To calculate the timelike gap,
we define two decoding problems by flipping the detector bits
on A and B.

APPENDIX B: LOGICAL ERROR RATE FITTING

In this Appendix, we discuss the details of the fitting of the
logical error rate, whose result is used for the performance
estimation in Sec. III. We use the data of the stability ex-
periment with parameters d = 26 and p = 1073, We fit the
L dependence of the logical error rate by using the fitting
function,

F(L, p) = ci(eap)t 5, (B1)

where ¢y, ¢, are the fitting parameters we optimize and p =
1073 (since we fix the spatial size of the stability experiment,
we do not explicitly include the d dependence in this func-

1074
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logical error rate

107°

odd L fitting result
— even Lfitting result

1077 @ stabilty

8 10 12 14
L

FIG. 15. Fitting result of the logical error rate in the d = 26
stability experiment. Orange (green) line shows the fitting result
using odd (even) L data, namely, L = 7,9, 11, 13 (L = 8, 10, 12).

tion). We perform the fitting for each even and odd L subset
of our data. These results are summarized in Fig. 15 and
Table 1.

As seen in Table I, we obtain different prefactors c; for
these two results, while ¢, takes almost the same value for
each case. We expect that it mainly comes from the differ-
ence of the combinatorial number of the error configurations
that contribute the leading logical error rate. We use these
fitting results for estimating the target logical error rate in our
performance analyses.

APPENDIX C: DETERMINATION OF g AND ppai
IN SEC. III B

Here, we show how to determine optimal gy, and corre-
sponding pg,. As discussed in the main text, the optimal g,
is determined by solving the following condition:

Pt = Py, (gn) + Prait (§n ) Prunt

- / dgP(T|9)P.(g) + Pa /
0

8th

&th

dgPL(g). (CD)

Prn can be estimated by the fitting result discussed in Ap-
pendix B. The thresholded logical error rate P.g, and pry;
can be estimated by the fitting result of P(7 |g) (Fig. 4) and
the gap distribution (Fig. 2). We plot the gy, dependence of
the right-hand side of Eq. (C1) for different L in Fig. 16. It
decreases when gy, increases as expected, and we can find an
optimal gy, value satisfying the condition [Eq. (C1)] (crossing
point between blue plots and the black solid line in Fig. 16).
Values of gfj, and py,;(gh,) are summarized in Table II.

TABLE I. The optimized parameters of the logical error rate fitting.

C| (&)
Even 7.802269 59 63.203 204 89
Odd 30.147499 62 62.751 17043
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FIG. 16. Behavior of the total logical error rate of our protocol against gy, for L = 11, 12, 13, 14, 15. We show the target logical error rate
with L = d = 25 as black solid line; therefore, the crossing point between blue plots and the black solid line indicates the optimal gy,.

TABLE II. Optimal gf;, and corresponding py,. g is determined by the crossing points observed in Fig. 16.

L 11 12 13 14 15
8th 144 139 132 123 115
Diail 0.36009(6) 0.098 91(5) 0.01957(1) 0.002918(9) 0.000433(7)
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FIG. 17. Logical patch configuration we consider in this study.
We use a linear arrangement using 2 x N patches. We place data
logical patches on the first row (gray patches), and patches in the
second row are utilized as the routing region (white squares).

APPENDIX D: DETAILS OF THE
PERFORMANCE COMPARISON

In this Appendix, we discuss the details of the performance
comparison between our proposal, TELS, and STELS. First,
we introduce the logical patch arrangement we consider in the
comparison and then discuss the details of the performance
estimation for each protocol.

1. Logical patch configuration

We assume that the logical patches are arranged linearly
(2 x N), as shown in Fig. 17. In this configuration, we can
measure the logical Z operators for each patch directly via
the ancilla region. We do not consider any overhead of basis
changes (such as the patch rotation operation, etc.) in the
performance comparison, since this does not contribute the
difference of the performance; thus, we assume to perform a
chain of multi-Z Pauli measurements, for example. We do not
think that this setup is unreal. A typical example is the magic
state distillation [41].

The code distance we consider is d = 25 and the physical
error rate is assumed to be p = 1073. We take N = 10. We
estimate the average runtime per logical Pauli measurement
for k < 20 by using the numerical results of the stability
experiment with d = 26. Below, we describe the details of the
estimation for each protocol.

2. Performance estimation for the timelike gap protocol

As discussed in Sec. I1I B, we first estimate py,; for several
L. ppy for the single-patch area can be directly estimated
by the numerical results, but in the lattice surgery, the rout-
ing space includes several ancilla patches, and therefore the
chance of the timelike logical error becomes larger. To es-
timate the area dependence of the timelike gap distribution,
we numerically simulate two stability experiments with a grid
size d x d and 2d x d. We show the example of the cumula-
tive probability of the timelike gap distribution, [ dgP(g), in
Fig. 18.

As seen in Fig. 18, we observe that the approximated
2d x d distribution, estimated by 1 — (1 — [ dgPixa(8))*
where P;.;(g) is the gap distribution obtained from the d x d
simulation, has a good agreement with the directly calculated
2d x d result. Note that this kind of agreement is also reported
in the context of the spacelike gap distribution [23]. Based on
this fact, we assume that we can approximate the cumulative
probability of the gap distribution spreading over n ancilla
patches by

8 8 n
/ dg’&dxd(g’)=1—(1— / dg’ded(g’)) . D
0 0

1.0f ¢ @212

(24,12)
0 (24,12), approx.

0.8

FIG. 18. Cumulative probability of timelike gap distribution for
the d = 12, L = 6 stability experiment. Blue circle (orange cross)
points show the d x d (2d x d) grid size result. We also show the
approximated 2d x d result as green diamond points, which are
estimated by 1 — (1 — [¥ dgPyxa(8))*.

and therefore,

g n—1
Praxa(g) = nded(g)<1 —[ dg’ded(g’)> . (D2
0

Since the conditional probability P(7 |g) is independent on
the grid size, by using Egs. (2) and (D2), we can determine
g and pg,; in the same manner as discussed in Appendix C.
Although the area of the routing region (number of ancilla
patches, n) depends on the weight of the Pauli operator we
measure, in our estimation, we take the worst case, namely,
n = N, for all Pauli measurements. We find that the optimal
L is L = 14 in this case, which is larger than the single-patch
ancilla example discussed in the main text because the wider
ancilla region increases the failure rate.

For the average runtime estimation, we assume that we can
decode syndromes from a logical Pauli measurement while
performing the next Pauli measurement; thus, the reaction
time of the sequence of Pauli measurements only appears after
the last measurement.

3. Performance estimation for the TELS

The average runtime of the TELS protocol utilizing
[n, k, d,,] measurement code is given as

(1 = prai,TeLs (L + T) + pranteLs L + T + kd + T),
(D3)

where pei LS 1S the error detection probability through par-
ity checks, L is the reduced number of syndrome measurement
cycles for logical measurements, d is the code distance of the
logical qubits, and T is the reaction time. As mentioned in
the main text, we assume that the reaction time can be mit-
igated by overlapping with preceding measurements, except
for the last one (cf. Fig. 10). As seen in Eq. (D3), the aver-
age runtime is bounded by nL + T + kd + T (prai1,teELs — 1
limit). As stated in Ref. [40], because of the existence of good
classical codes with n = O(k) and d,, = Q(k), TELS will
asymptotically (for large k) be able to execute kK commutable
logical Pauli measurements in O(k) runtime. This behavior is
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fundamentally different from the standard postselection,
where the entire computation must be restarted, leading to
exponential overhead. To estimate the average runtime for the
TELS protocol, we need (1) failure rate of the error detection
mode and (2) logical error rate of the entire protocol. The fail-
ure rate of the error detection using a [n, k, d] measurement
code is given as

praivteLs = y_ GP{(1 = PL)"™,

1

(D4)

where C;(i = 1,2, ...,n) is the number of detectable error
patterns consisting of i errors and P is the logical error
rate of a single Pauli measurement with L syndrome cycles.
In our analysis, we estimate P, by using the fitting result
discussed in Appendix B. The fitting result corresponds to
the case where the routing region is a single patch, but since
the leading-order contribution of the logical error rate is pro-
portional to the area of the routing region, we can estimate
the logical error rate for routing region spreading over n
ancilla patches as P, = 1 — (1 — Py gingle)" = nPL gingle, Where
Py gingle 1s the logical error rate for the single-patch area. Same
as the discussion in Appendix D2, we consider the worst-
case failure rate. Therefore, for the TELS using a [n, k, d]

measurement code,
Prfail, TELS = Z Ci(NPL,single )l(l — NPy single )nii- (D5)

1

Similarly, we can estimate the logical error rate of the
TELS protocol. The general [n, k, d] code in the error detec-
tion mode cannot detect some error patterns consisting of d
errors. By considering the logical error rate of the remeasure-
ment, we obtain the entire logical error rate as

Prers = praiteLs(1 — (1 — Py + CaPE (1 — P,
(D6)

where P, is the logical error rate of a Pauli measurement with
d syndrome cycles and C; is the number of undetectable error
patterns. Clearly, the first term comes from the remeasurement
branch and the second term is the contribution from the unde-
tectable error patterns. P; and Py, in this equation are estimated
by the worst-case assumption, as discussed above.

Once we fix the measurement code we utilize, the optimal
choice of L is determined by the condition

Prers < 1— (1 =Pk, (D7)
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FIG. 20. Logical CNOT gate in the lattice surgery. |c) and [¢)
indicate control and target qubits in the logical CNOT operation. m;
(i = 1,2, 3) are measured parities.

We summarize Prg; s for several L and k in Fig. 19.

For the average runtime estimation, we assume that the
reaction time of the Pauli measurements only appears after
the last measurement, as discussed in Appendix D 2.

4. Performance estimation for the STELS

The performance estimation for the STELS protocol is
straightforward, just combining the discussion in Appendixes
D2 and D 3. First of all, the optimization of Ltg; g is done by
the same procedure discussed in Appendix D 3. Once Lygrs
is fixed, we next optimize the timelike gap method param-
eter, L' < Ltgrs. This optimization is the same procedure
discussed in Appendix D 2, except that the target logical error
rate is estimated by using LrgLs measurement cycles, not
d measurement cycles. The condition to determine optimal

8th 18

PLTELS = P>g[h (glh) + Pfail(gth )PLTELS s (D8)

where Py, ¢ is the timelike logical error rate with L = Lrggs.
We search several L to find smallest average runtime.

In this Appendix, we shortly explain the application of
our protocol to the logical CNOT gate via the lattice surgery.
The logical CNOT gate is typically performed by the se-
quence of the ZZ, XX, and Z measurements via a single
ancilla patch, as shown in Fig. 20. By considering the
naive lattice surgery protocol, each logical two-Pauli mea-
surement takes d rounds of the syndrome measurements. In
this sequence, we do not need to wait for the logical mea-
surement result of the ZZ measurement before starting the
XX measurement, since the Pauli correction depending on
the measurement result can be tracked by the Pauli frame
later. Therefore, the total runtime of this sequence is just 2d
(we omit the constant contribution from the destructive Z
measurement).

Next, let us consider to apply our protocol in this circuit.
We can apply it to both ZZ and XX measurements. In this
case, however, to fix the timelike logical gap in the first ZZ
measurement, we have to wait before moving on to the next
XX measurement, since ZZ and XX measurements do not
commute with each other. The same situation occurs in the
next XX measurement. Therefore, we take at least 2(L + T')
for finishing this circuit (we assume that pg;; ~ 0 here). Com-
paring to the naive case, our protocol is advantageous when
L + T < d is satisfied. Fortunately, if we use the assumption
used in the main text, namely, d = 25, p = 1073, T = 10, the
optimal L is 13, so L + T =23 < d = 25 is satisfied, but its
reduction ratio is just 8%.
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