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We show that a general class of node-update social impact models with higher-order interactions on hy-
pergraphs can be exactly mapped to an equivalent model with pairwise interactions on a weighted projected
network. This mapping preserves the microscopic probabilities of changing the state of the nodes. As a particular
case, we introduce hypergraph-voter models, for which we compute the weights of the projected network,
both analytically and numerically, across several hypergraph ensembles, and we characterize their ordering
dynamics through simulations of both higher-order and reduced pairwise dynamics. For a linear social impact
function (hypergraph-linear voter model), the weights of the projected network are static (state-independent),
allowing us to develop a pair approximation that describes with accuracy the time evolution of macroscopic
observables, which turn out to be independent of those weights. The macroscopic dynamics is thus equivalent to
that of the standard voter model on the unweighted projected network. For a power-law social impact function
(hypergraph-nonlinear voter model), the weights of the projected network depend on the instantaneous system
configuration. Nevertheless, the nonlinear voter model on the unweighted projected network still reproduces the
main macroscopic trends for well-connected hypergraphs.
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I. INTRODUCTION

Over the last decade, it has been emphasized that many
biological, social, technological, and physical systems cannot
be fully described by pairwise (PW) dyadic interactions alone.
In many cases, the fundamental units of interaction are often
polyadic, involving three or more entities. Therefore, relying
solely on pairwise interactions may thus obscure important
features of social dynamics [1-5]. Hypergraphs and simpli-
cial complexes provide natural mathematical frameworks to
encode such higher-order (HO) interactions and to explore
the rich collective phenomena that they generate [6]. Unlike
standard complex networks—where nodes represent agents
and edges represent dyadic interactions—hypergraphs allow
hyperedges containing multiple nodes, each hyperedge corre-
sponding to an interacting group. Recent reviews have shown
that incorporating hyperedges in the description of a system
profoundly alters both its structural and dynamical properties,
while highlighting key open theoretical challenges [3,7,8].
Simplicial-complex models have also been used to describe
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tightly bound groups, high-dimensional social structures [9],
and the ways in which group members acquire and accumulate
information [10].

However, not all group or many-agent interactions re-
quire an explicit hypergraph representation. Certain social
processes—such as multiple exposures inducing social con-
formity [11]—can be adequately captured within a standard
complex network framework. For instance, phenomena of
complex contagion [12,13], including adoption of innovations
or propagation of rumors, are often described by models
inspired in the threshold model by Granovetter [14,15] in
which, in a complex network representation, adoption requires
a minimum number of neighboring adopters. It is known that
complex contagion models often exhibit a cascade mechanism
leading to a discontinuous first-order transition [15,16], in
contrast to the typically continuous transitions found in dyadic
epidemic models [17]. Yet, similar discontinuous transitions
have also been attributed to HO interactions in hypergraphs
and simplicial complexes [2,18]. A second example is the
nonlinear voter model on a complex network [19-21], in
which the update of the state on an agent depends on the
joint configuration of all its neighbors, effectively capturing
the simultaneous influence of group interactions. In fact, the
presence of a group interaction is determined not by the
network’s topology, but rather by the dynamics defined on
the network: In the nonlinear voter model, group interac-
tions arise from update rules defined on an otherwise dyadic
network.

Published by the American Physical Society
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In the Statistical Physics treatment of interacting particles,
interactions are typically assumed to be pairwise, but this
does not preclude the emergence of three-body or higher-
order collisions, as captured by the Ursell-Mayer cluster
expansion [22,23]. The diagrams of this expansion resem-
ble hyperedges in modern HO interaction literature. In the
virial expansion of systems with purely pairwise interac-
tion potentials, the second-order coefficient reflects two-body
collisions, while higher-order coefficients correspond to col-
lisions among larger sets of particles. This illustrates that
many-body effects—analogous to HO interactions—can arise
even within fundamentally pairwise interaction frameworks.

It is in the context of the above discussion that the central
questions that motivate the present work arise. What is exactly
meant or implied by a “higher-order interaction”? Does it
correspond to a genuine group interaction, encoded by an
explicit three-body or higher-order potential, or can it emerge
from combinations of pairwise interactions? When is a hyper-
graph representation necessary? Under what conditions can
HO interactions be reduced to effective dyadic interactions?

In fact, the reducibility of HO interactions to effective PW
interactions has been already addressed at different levels.
A first microscopic approach studies when HO interactions
on a hypergraph can be rewritten in terms of PW inter-
actions [4,24]. A key result of these studies, restricted to
continuous state variables of the nodes (s € [0, 1]), is that
linear interactions on hypergraphs can be always mapped
onto PW interactions on a weighted complex network. A
second approach considers reducibility at a macroscopic level,
identifying dyadic-based models that reproduce the same
macroscopic equations as those derived from HO interactions
on a hypergraph [25]. Related to this macroscopic reducibility
is the question of the minimal model capable of reproducing
macroscopic data with given precision [26,27] or that of di-
mensionality reduction [28,29].

In this work, we examine the reducibility of HO interac-
tions in social impact models [20,30], defined on hypergraphs.
In these models, each agent is endowed with a binary state
s = %1, and the interaction with a group of agents, rep-
resented by a hyperedge, is characterized by a social
impact function. We focus on node-update dynamics, fol-
lowing the common modeling approach of HO interactions
[2,4,8,18,25,31], where a focal node updates its state accord-
ing to the influence exerted by one of its interaction groups.
This is a genuinely HO interaction since each update depends
on all agents within the hyperedge. Our main result is that a
general social impact model on an arbitrary hypergraph can
be always reduced at a microscopic level to a model of PW
interactions on a projected complex network with weighted
links. This mapping is exact: The stochastic dynamics of HO
interactions on the hypergraph is equivalent to a PW dynamics
on the projected network, with link weights encoding the
probability of interaction between node pairs and, in general,
depending on the instantaneous state configuration.

As an illustrative class of social impact models, we intro-
duce hypergraph-voter models [31], in which agents update
their state according to the power g of the fraction of agents
in the same hyperedge holding the opposite opinion. For the
hypergraph-linear voter model (¢ = 1), the mapping yields
a projected network with time-independent weights, which

gives a transparent interpretation of the reduced dynamics.
At the macroscopic level, the hypergraph-linear voter model
features the same evolution equations as the standard voter
model on the projected network with unweighted links (VM)
[32—40], implying that macroscopic behavior can be cap-
tured by assuming homogeneous weights. In contrast, the
hypergraph-nonlinear voter model (q # 1) generates effective
pairwise interactions on a projected network whose weights
depend on the instantaneous system state configuration. More
generally—but less precisely—the nonlinear voter model on
the unweighted projected network (NLVM) [19-21] pro-
vides a good approximation of the ordering dynamics of
hypergraph-nonlinear voter models.

The paper is organized as follows. In Sec. II, we review
the class of hypergraphs used to encode HO interactions, in-
troduce the notion of projected networks, and define a general
class of HO dynamical processes: social impact models on
hypergraphs. Section III addresses the mapping from HO to
PW interactions. We introduce a general weighted PW inter-
action model and derive the projected-network weights that
yield an exact microscopic equivalence with the HO dynamics
on the hypergraph. In Sec. IV, we particularize the framework
to homogeneous hypergraphs, deriving their macroscopic dy-
namics and the corresponding effective PW representations.
In Sec. V, we apply the general framework to hypergraph-
voter models on several hypergraph structures. We conclude
in Sec. VI with a summary of our main results. Appendixes
A-H provide technical details and intermediate calculations.

II. SOCIAL IMPACT MODELS ON HYPERGRAPHS

In this section, we introduce a general framework for the
study of social impact models on hypergraphs. We first de-
scribe the topology of interactions defined by a hypergraph
(Sec. IT A), and then detail the general update rules governing
the dynamics (Sec. II B).

A. Definition of hypergraphs and the projected networks

Hypergraphs are the most widely used representation
of higher-order interactions. A hypergraph H(V, £) is de-
fined as a set V={1,2,...,N} of N nodes and a set
E =ley, e, ...,er} of M hyperedges, where a hyperedge
of order d (or d-hyperedge) connects a subset of d + 1
distinct nodes (d > 1). Under this convention, 1-hyperedges
correspond to standard links that connect pairs of nodes (as
in ordinary complex networks), 2-hyperedges represent tri-
angles connecting three nodes, and higher-order hyperedges
generalize this pattern. For any given node i, we denote by
E = {el(l), R el(.K')} the set of hyperedges incident to i, that
is, the collection of hyperedges containing node i. The hyper-
degree of node i, denoted by «;, is the number of hyperedges
to which it belongs.

In Fig. 1(a), we show a simple example of a hypergraph
of N =4 nodes and M = 3 hyperedges, where we describe
the nodes in each hyperedge, its order, and the hyperedges
incident on each node and its associated hyperdegree.

Although in Sec. IIT we develop the mapping of HO to
PW interactions for arbitrary hypergraphs, we now define
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(a) Hypergraph H(V, £)

(b)

Projected network G(V, L)

FIG. 1. Ilustration of (a) a hypergraph H(V, £) and (b) its projected network G(V, £). (a) The hypergraph is composed by the set
V ={i, j, k, 1} of N =4 nodes and the set £ = {e, e,, e3} of M = 3 hyperedges, where e, = {i, j}, e = {i, k}, and e; = {i, k, [} are the
hyperedges with respective orders d,, = 1,d,, = 1, and d., = 2. The hyperdegrees are k; = 3, k; = 1, kx = 2, and k; = 1, and the hyperedges
incident to each node read & = {ey, e2, €3}, £; = ey, & = {ez, e3}, and & = e3, respectively. (b) The projected network is formed by the same
set of nodes V, with degrees k; = 3, k; = 1, k, = 2, and k; = 2, and the set of links £ = {{i, j}, {i, k}, {i, I}, {k, I}}. As an example, we assign
the weights corresponding to the equivalent pairwise dynamics of the hypergraph-linear voter model defined in Sec. V B 1 [Eq. (38)].

several d-hypergraphs, i.e., those containing exclusively
d-hyperedges, later considered in some explicit calculations.
(1) Complex network. Only 1-hyperedges, i.e., links, exist.
In this case, the set of hyperedges & incident to a
node i is in one-to-one correspondence with the set V;
of its k; neighbors, where the node’s hyperdegree «;
becomes its degree k;. The hypergraph is equivalent to
a standard complex network.
(2) Homogeneous hypergraphs. Nodes are topologically
equivalent.
(1) Fully connected hypergraph. A single
(N — 1)-hyperedge connecting all N nodes, i.e.,
ki=1,Vi=1,...,N.
(i) Complete d-hypergraph. Also called the
annealed (d+1)-uniform hypergraph [31]. It con-
tains all possible d-hyperedges. All nodes have

hyperdegree
N —1
M, = 7 ) (1)

and the total number of hyperedges is (,} ).

This generalizes the standard complete graph,
i.e., the complete 1-hypergraph, in which each node
is linked to any other node, to higher-order interac-
tions. Unlike the fully connected hypergraph where
each node is connected to all other N — 1 nodes by
the same hyperedge, in the complete d-hypergraph
each node is connected to any other node by (1;:]2)
d-hyperedges. In the limitd = N — 1, the complete
d-hypergraph reduces to the fully connected hyper-
graph discussed above.

(3) Random hypergraphs.

(i) Erdds-Rényi (ER) d-hypergraph. This the
generalization of ER random graphs [41-43] to
d-hypergraphs [44,45], where all hyperedges are
of order d. With probability p, each of the (/%)

possible subsets of d + 1 nodes is included as a
hyperedge. As a result, the hyperdegree distribu-
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tion P;(x) is the fraction of nodes with « incident
d-hyperedges, randomly chosen from a total of M,
possible incident hyperedges, defined in Eq. (1). It
follows a binomial law with single-event probabil-
ity p, namely, P;(x) = B(k, My; p), where

B(n,d;x) = <i)x"(l —x)d" )

is the general binomial distribution.
The expected number of hyperedges E; and the
average hyperdegree 1, are

N
Ed=P<d+1>, 3

E,
pg = pMy = (d + l)ﬁd. &)

ER 1-hypergraphs correspond to ER networks.

An ER d-hypergraph becomes a complete

d-hypergraph when p = 1, and a fully connected

hypergraph when, additionally,d = N — 1.

(i) z-regular random (RR) d-hypergraph: Each
node has exactly z incident d-hyperedges, chosen
at random among the possible M; incident hyper-
edges. In this way, the hyperdegree distribution is
given by the Kronecker-delta function P;(k) = § ;
and the total number of hyperedges is fixed,
E; = Nz/(d + 1). z-RR 1-hypergraphs correspond
to z-RR networks [46].

Details on the generation of ER d-hypergraphs are
given in Appendix A. It is worth noting that the gener-
ation of both hypergraphs may occasionally produce
disconnected topologies. Throughout this work, we
focus exclusively on connected hypergraphs when im-
plementing the dynamics.

1. Projected network

Besides the hypergraph representation, we also introduce
the concept of a projected network. Given a hypergraph
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H(V, E), one can construct its projected network G(V, £) on
the same set of nodes V by connecting with a link each pair
of nodes that share at least one hyperedge, a simple operation
called nominal projection [47].

We denote the degree distribution of the projected network
as P(k) and its average value as u = (k). An illustration is
given in Fig. 1(b), which shows the projected network of a
hypergraph with N = 4 nodes and M = 3 hyperedges.

We define as overlap the situation in which two nodes share
more than one hyperedge. Details on the characterization of
projected networks and overlap for ER and RR d-hypergraphs
are given in Appendixes B and C, respectively. In sparse
d-hypergraphs, where overlap is negligible, the degree k; of
anode 7 in the projected network relates to its hyperdegree «;
in the hypergraph as

ki ~ dl(,'. (5)

Additionally, both the fully connected hypergraph and the
complete d-hypergraph project onto the complete graph, al-
though in the latter case there is a high degree of overlap as
each pair of nodes belongs to (g’:f) distinct hyperedges.

The projected network representation has the advantage of
preserving the neighborhood structure of each node, as well
as encoding its pairwise interactions with neighbors by means
of a simpler topology. However, it also has limitations: It loses
explicit information about the higher-order interactions of the
original hypergraph. In particular, overlap cannot be captured
by the projected network.

2. Weighted projected network

The above discussion motivates the definition of the
weighted projected network [47,48]. If the pair of nodes i
and j belong to m common hyperedges, one assigns a weight
w;j = m, to the link (i, j), thereby encoding the contribution
of these shared hyperedges and quantifying the effective pair-
wise interaction between i and j. In this way, the weighted
projected network encodes specific information about the
topology of higher-order interactions.

More generally, one can define alternative projection rules
where the weights w;; specify how higher-order interactions
are translated into effective pairwise interactions. In partic-
ular, the weights can be chosen to depend on the dynamics
under consideration, so that the microscopic transition prob-
abilities of the original model on the hypergraph are exactly
reproduced by an equivalent dynamics on the weighted pro-
jected network, even though the dynamical rules may differ.
As we shall see in Sec. III, the precise definition of the weights
ensuring such equivalence depends on both the hypergraph
structure and the specific dynamical process. Throughout this
work, the term weighted projected network will refer to this
latter case, where the weights are dynamically defined rather
than simply given by the number of shared hyperedges.

B. Dynamical model

We introduce social impact models on hypergraphs, which
constitute the basic dynamical framework of our analysis.
These models describe HO interactions among nodes be-
longing to the same hyperedge. We consider a population
of N nodes, each endowed with a binary state variable

s; € {—1,+1}, withi =1, ..., N. The full microscopic con-
figuration is denoted by S = (s1, ..., sy).

The dynamics follows a node-update process defined as
follows. At each time step, At = 1/N.

(1) Select a node i at random. Let s; be its state and «; its
hyperdegree.

(2) Select randomly one of the «; incident hyperedges
e € & Let d, be its order and n, the number of nodes, ex-
cluding i, with state +1 that it contains.

(3) Node i flips its state, i.e., s; — —s;, with a probability
f (@), where ¢, is the fraction of nodes (excluding node i) in
the hyperedge e that are in the opposite state to s;,

ne .

4’ ifs; =—1,
12

e

¢ = (6)

ifSi = +1

Time is measured in Monte Carlo steps (MCSs). One MCS
corresponds to N updating attempts such that, on average,
each node is selected once per MCS.

This dynamical model adopts a node-update passive com-
munication perspective, where a focal node receives input
from a group of nodes that belong to an incident hyperedge
and updates its state according to their states.

The function f(¢) is known as the social impact function
introduced in social psychology in Ref. [30]. In the context of
opinion dynamics, this function specifies how the persuasive
power of a group scales with its relative size. For any function
satisfying £(0) = 0, the system presents two absorbing states,
corresponding to a situation in which all nodes are in the same
state. The step function f(¢) = ®(¢ — T) corresponds to the
case of the threshold model [14,15], in which a node flips
state only if a fraction ¢ > T of its neighbors are in the oppo-
site state, where T € [0, 1] is the threshold. A particular form
of complex contagion [13] corresponds to the case T =1,
where a node flips when all its neighbors are unanimously
opposite [2,18]. Recent studies show that the specific form of
the social impact function governs the macroscopic ordering
dynamics [20].

Summing over all hyperedges incident to node i, the updat-
ing rules yield the microscopic transition probability:

1
Qs > —s)=— ) fige), )

L
ee&-

where the term f(¢.)/k; accounts for the contribution of
hyperedge e.

When all hyperedges are of order d = 1, the fraction ¢, can
only take the values O or 1. Consequently, whenever f(0) =0
and f(1) =1, the social impact dynamics on complex net-
works reduces to the voter model, where an agent selected
at random adopts the state of a randomly chosen neighbor
[32-40]. In this case, the flipping probability becomes

1 ki —s,
;Z%ﬂ=zﬂ (8)

tjev;

Qs; = —s;) =

where k; _;, is the number of neighbors of i in the opposite
state.
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III. REDUCIBILITY OF SOCIAL IMPACT MODELS
ON HYPERGRAPHS TO PAIRWISE INTERACTIONS

In this section, we examine how the social impact models
on hypergraphs, introduced in Sec. II B, can be mapped at the
microscopic level onto equivalent effective pairwise interac-
tions on a complex network. Our goal is to develop a method
that exactly represents HO interactions in terms of equivalent
PW ones.

A. Model for pairwise interactions

A natural reference point for a reduction to PW dynamics
is the voter model [32—40], which stands as the paradigmatic
example of pairwise imitation dynamics. As stated before,
in its standard form, a focal node copies the state of one
of its neighbors selected at random, providing the minimal
framework for studying PW interactions.

Here, we consider a general PW imitation model in which
each node i is connected to a set of neighbors V;, and its degree
k; is defined as its total number of neighbors. The topology
and directionality of interactions are encoded in a weighted
adjacency matrix {w;;}, such that w;; denotes the probability
that node i selects a neighbor j to copy its state in a single time
step. In this way, w;; = 0 if j is not a neighbor of i (j & V).
In general, the weights need not be symmetric, w;; # wj;, and
they are normalized for each node,

D wi=1, ©)

JjEVi

ensuring that node i always selects one of its neighbors dur-
ing an update. In general, we include the possibility that the
weights might depend on the current state configuration S.
Therefore, the weights {w;;} are not only a topological prop-
erty, but they are part of the definition of the dynamics.

The model is governed by the following updating rules. At
each time step, At = 1/N.

(1) Select a node i at random.

(2) Select one of its neighbors j with probability w;;.

(3) Node i copies the state of node j, s; — ;.

These updating rules lead to the following flipping proba-
bility for node i:

Q(s; = —si) = Zwij s —si (10)
JjeVi

Note that this model presents two absorbing states, where all
nodes are in the same state, either +1 or —1.

According to the rules above, the update of node i involves
the selection of the neighbor j (step 2), and the pairwise
interaction with that neighbor (step 3). While the choice of
J is determined by w;;, the interaction depends only on the
states s; and s; and not on the states of other nodes. It is in this
sense that we consider that the interactions are pairwise.

For degree-homogeneous weights, that is, w;; = 1/k; for all
Jj €V, a neighbor is selected at random and the dynamics
reduces to that of the standard voter model [36—40], with
flipping probabilities given by Eq. (8). Note that in this case
the choice of j does not depend on the states s; and s;.

Another relevant case is that of the complete graph with
state-homogeneous weights, where all nodes in the same state

are statistically equivalent. Consequently, the elements of the
adjacency matrix depend only on the states of the nodes,
w;j = w(s;, s;) for all 7, j, allowing for four possible values,
denoted by w(=, £). Applying the normalization condition in

Eq. (9) to nodes in states s; = +1 and s; = —1, respectively,
yields
Ny = Do+, )+ N-o(+, —) =1, (11a)

where N1 denote the number of nodes in state =1, and we
define the density of nodes in state +1 as x = N, /N. This
result implies that the weights w(4, ) are not independent.
In the case of uniform weights w(F,£) = 1/(N — 1), the
classical voter model on the complete graph [49] is recovered.

The weights w(=, &) allow us to compute the flipping
probabilities from Eq. (10) as

Q(— = +) = w(—, +)Nx,
Q+ — —) = w(+, -)N1 —x).

(12a)
(12b)

B. Reducibility of social impact models on hypergraphs

In this section, we develop a mapping of the social im-
pact model with HO interactions on a hypergraph, defined
in Sec. II B, onto an equivalent model with PW interactions,
introduced in Sec. IIT A.

At each time step, we require the microscopic transition
probabilities of the HO dynamics on the hypergraph [Eq. (7)]
to coincide with those of the PW dynamics on the projected
network [Eq. (10)]. This condition yields a set of constraints
on the weighted adjacency matrix {w;;} encoding the effec-
tive pairwise interactions. We decompose each weight w;;
into contributions wj; associated with hyperedges e € &; that
contain j,

wij= Y o (13)

ec&i|jee

The weights wj; are determined by imposing the following
two conditions:

(1) Probability conservation per hyperedge. The probabil-
ity that a node i randomly selects an incident hyperedge e in
the HO dynamics must be equal to the probability that i copies
one of its neighbors j € e in the PW interaction,

1
o= (14
ki jee
where we recall that «; is the hyperdegree of node i. This
condition ensures that a neighbor j is always selected,
Zee&- Zjee wfj =1

(2) Flip consistency. Given the selected hyperedge e, the
flipping probability of node i in the HO dynamics must be
equal to the probability that i flips its state by copying a

neighbor j € e with opposite state s; = —s;. This leads to the
condition
1
@)= D w8, s (15)
jee

where we recall that ¢, is the fraction of nodes in the opposite
state to i in e, given by Eq. (6).
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Equations (14) and (15) imply that f(0) = Oand f(1) = 1.
Therefore, the present mapping is restricted to social impact
functions with absorbing states. Together, these equations en-
sure that the PW dynamics reproduces the microscopic
transition probabilities of the HO interaction model. Equa-
tion (14) fixes the total probability assigned to the neighbors
of i within each hyperedge e, while Eq. (15) constrains how
that probability is distributed between neighbors in opposite
and equal states. However, these relations determine only the
total probability assigned to each subset of neighbors in e. As
a result, many distinct sets of values {«};} satisfy the required
conditions in Eqgs. (14) and (15). To resolve this indetermi-
nacy, we impose the natural condition that all neighbors j € e
sharing the same state are statistically equivalent within e
and therefore receive the same weight, i.e., wfj = wf(si, 5;).
This condition, together with Eq. (15), leads to the following
weights for links connecting nodes in opposite state:

1 n, .
-5 | f [=_17
Kinef<de> 0l

L 1=, ifs = 41
—fl1 ==, ifsi=+1,
Ki(de_ne) de

(16)

wj (si, —$;) =

where we recall that d, is the order of hyperedge e, i.e., the
number of nodes excluding i in e, of which n, are in state
+1. We emphasize that the weights w{(s;, —s;) are defined for
neighbors j € e such that s; = —s;. Accordingly, n. € [1, d.]
if s; = —1, while n, € [0, d. — 1] if s5; = +1, and the corre-
sponding denominators never vanish.

The other two weights are obtained from Eq. (14) as

_ [1— e } ifs=—1
ki(d, — n.) f(di)’ =
' 1t

Ki”e|: _f< _d_e>i|’

where, again, the denominators are nonzero by construction,
since the weights are defined only for neighbors sharing the
same state.

Finally, using Eq. (13), the total weight w;; is obtained as
the sum of the contributions wf(s;, s;) over all hyperedges e
containing both nodes, providing an exact mapping for any
hypergraph and social impact function f. We highlight that
each weight w; (s;, s;) depends on the local state configuration
through ¢,, defined in Eq. (6), and therefore the weighted
adjacency matrix is, in general, implicitly time-dependent.

wf(si, 5) =

ifs; = +1,

a7

IV. SOCIAL IMPACT MODELS ON
HOMOGENEOUS HYPERGRAPHS

While in Sec. III we establish an exact microscopic map-
ping of social impact models on arbitrary hypergraphs onto
PW dynamics, here we focus on homogeneous hypergraphs,
for which nodes sharing the same state are statistically
equivalent.

We first derive the macroscopic evolution equations for
this general class of hypergraphs. We then particularize the
analysis to the fully connected hypergraph and to complete
d-hypergraphs by explicitly computing the corresponding
transition probabilities. Finally, we obtain explicit expressions
for the effective weights, given in Egs. (16) and (17), which
define a projected network that reduces, in each case, to a
complete graph with state-homogeneous weights.

A. Macroscopic dynamics

The macroscopic dynamics is described by the time evolu-
tion of the global density x of nodes in state 41. This quantity
is a stochastic variable that changes by +1/N in a single up-
date, with transition probabilities 7*(x) = T (x — x & 1/N)
given by

T*a) = Y. ]lVQ(s,-—>—s,-), (18)
ilsi=F1

which in turn determines the evolution of the ensemble
average,

d(x)

dt
In general, the probabilities 7+ (x) depend on the full mi-
croscopic configuration S, making the average in Eq. (19)
intractable. However, in homogeneous hypergraphs, nodes
sharing the same state are statistically equivalent, imply-
ing that the transition probabilities 2(+ — F) depend only
on the state of the focal node and on the global density x,
rather than on the detailed configuration. As a result, the
global transition probabilities simplify to

TH(x) = (1 —x)Q(— = +).
T (x) =xQH — —).

= (TH(x) = T~ (x)). (19)

(20a)
(20b)

Furthermore, when focusing on the thermodynamic limit
N — oo, finite-size fluctuations vanish and ensemble av-
erages can be replaced by their deterministic values. The
dynamical equation then becomes closed in the single
variable x,

dx

E:(l—x)Q(——>+)—xQ(+—>—), (21)
which provides a direct way to determine the fixed points of
the macroscopic dynamics and assess their stability.

B. Fully connected hypergraph

As explained in Sec. IT A 1, the fully connected hypergraph
consists of a single (N — 1)-hyperedge, so that x; = 1 for all
i. The transition probabilities of the HO dynamics, obtained
from Eq. (7), therefore read

N.
Q- — +)=f(Nj1> ~ f ),

(22a)

N.
Q+—> )= f(ﬁ) ~ fd =x), (22b)

where the approximation holds in the N > 1 limit. To-
gether with Eq. (21), these expressions provide a complete
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description of the macroscopic dynamics in terms of the col-
lective variable x.

The HO dynamics defined on the fully connected hyper-
graph is mapped onto a PW dynamics on the complete graph
with state-homogeneous weights that can be obtained from
Egs. (16) and (17) as

_ (N Y L™
‘”(_’+)_1v_+f<N—1>_ o (23a)
_ 1 _ Ny Nl—f(x)
w(_’_)_zv_—l[l f(N—l)]_N(l—x)’
(23b)
o N1\ _ f(1—x)
w(+’_)_zv_—1f<1v—1)‘N(l—x)’ (23c)

L[ N =IN] 1= fd =X
w(+,+>_N+[1 f<N_1>]_—Nx .

(23d)

For consistency, we note that these weights can also be
obtained by equalizing the flipping probabilities of the HO
dynamics on the fully connected hypergraph [Eq. (22)] with
those of the PW dynamics on the complete graph with
state-homogeneous weights [Eq. (12)], together with the nor-
malization condition [Eq. (11)].

C. Complete d-hypergraph

For the complete d-hypergraph, each node belongs to all
possible d-hyperedges, so that k; = M; = (Ngl) for all i, as
defined in Eq. (1). In this case, the sum over incident hyper-
edges in Eq. (7) can be reorganized as a sum over the pos-
sible compositions of a d-hyperedge, yielding the transition

probabilities

d

Q(— -+ =Y HN, N_—1.d, n)f(g), (24a)
n=0
d

Q(+ = =)= Y HN, — LN d,wf (1 - Z)

n=0
(24b)

where H(N,, N_,d,n) is the hypergeometric distribution

defined as
(DG5)

)

HWN,,N_,d,n) = (25)

The macroscopic description of the system is fully de-
scribed by Egs. (21) and (24).

To compute the weights [Egs. (16) and (17)] of the equiva-
lent PW dynamics defined on the projected network (complete
graph), we note that any pair of nodes {i, j} is contained in ex-
actly (2’:12) hyperedges. However, the contribution {(s;, ;)
of a given hyperedge e depends on its local state configu-
ration. The weight w(—, +) is computed by fixing s; = —1
and s; = +1. Let n > 1 denote the total number of nodes in
state +1 within a hyperedge e, including node j. There are
(" (NT) hyperedges with a given value of n, all con-

n—1 d—n
tributing the same amount. Using Egs. (13) and (16), the total

weight w(—, +) therefore reads

d

_ 1 Ny —1\/N_—1\ sn
w(_’—i_)_ZMdn(n—l)(d—n)f<2)’ (26)

n=1

where the sum over hyperedges containing the pair {i, j} has
been reorganized as a sum over hyperedges with identical state
compositions.

Equation (26) can be rewritten as

(=) = — Xd:H(N N —1,d )f(") @7
w(—, = N — 1,a,n -5
N+ n=1 " d

As shown in Appendix D, in the limit N > d the hyper-
geometric distribution H(N,, N_, d, n) can be approximated
by the binomial distribution B(n, d;x), defined in Eq. (2).
Using this approximation, and proceeding analogously for the
remaining cases, we obtain

Fd,x)

o= 4) = ——, (28a)
_1—F(d,x)

w(—, —) > —N(l ) (28b)
N F(d,1—x)

o(+, —) = —N(l o (28¢)

o(+, +) ~ w, (284)

where we have defined

F(d.x)= <f(g>> = Xd:B(n, d,x)f(g) (29)
n=1

as the average of the social impact function over the binomial
distribution B(n, d;x). In the limit d = N — 1, the function
F(d, x) coincides with f(x), and the weights of the fully
connected hypergraph [Eq. (23)] are recovered.

For consistency, we note that the weights (28) can also
be obtained by matching the flipping probabilities of the
HO dynamics on the complete d-hypergraph [Eq. (24)] with
those of the PW dynamics on the complete graph with
state-homogeneous weights [Eq. (12)], together with the nor-
malization condition [Eq. (11)].

V. HYPERGRAPH-VOTER MODELS

In this section, we consider hypergraph-voter models de-
fined by a special form of the social impact function on our
general dynamical model on hypergraphs (Sec. II B),

(@) =97, (30)

where g > 0 is a real parameter. While hypergraph-voter mod-
els for integer ¢ have been previously studied on the complete
d-hypergraph [31], a general formulation for ¢ real and arbi-
trary hypergraphs is still lacking.

The case g = 1, which we refer to as the hypergraph-linear
voter model, constitutes the natural extension of the standard
voter model on complex networks [36—40] to hypergraphs.
The case g # 1, which we term the hypergraph-nonlinear
voter model, is a generalization to group interactions of arbi-
trary size of the nonlinear voter model [19-21]. The functional
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form of Eq. (30) satisfies f(0) = 0, implying the existence
of two absorbing consensus states, and f(1) = 1. As a con-
sequence, when all hyperedges are of order d =1, i.e., on
a complex network, the dynamics coincides with that of the
voter model for any value of g [see Eq. (8)]. In contrast, for
d > 1, the combined effects of the nonlinear parameter ¢ and
size of the group interaction d lead to a genuinely different
class of models.

We first analyze the macroscopic dynamics of hypergraph-
voter models on homogeneous hypergraphs, and subsequently
address their reducibility to effective PW interactions in gen-
eral hypergraphs with detailed numerical results for ER and
RR d-hypergraphs.

A. Macroscopic dynamics on homogeneous hypergraphs

We now derive mean-field evolution equations in the limit
N — oo for several homogeneous hypergraphs.

(1) Fully connected hypergraph. Substituting the flipping

probabilities given in Eq. (22) into Eq. (21), we obtain
dx _ x(I =0 = (1 =x)", @3
dt
where we have used that in the limit N — oo
the fraction ¢ coincides with the global density x.
The macroscopic dynamics is the same as the one of
the nonlinear voter model on the complete graph [19].
Note that the dynamics of hypergraph-voter models
on the complete graph and on the fully connected
hypergraph only coincide in the linear case g = 1.
(2) Complete d-hypergraph. Substituting the flipping
probabilities given in Eq. (24) into Eq. (21), we obtain
dx
i x(1 = x)(2x — DHa(x; q). (32)
The derivation of this equation, given in Appendix E,
with the explicit form H;(x; g), relies on the fact that,
in the limit N — oo, the hypergeometric distribution
of Eq. (24) reduces to the binomial distribution (see
Appendix D).

This factorized form, in terms of the function
H,(x; q), allows for a direct identification of the fixed
points of the dynamics: the symmetric state at x = 1/2
and the absorbing states at x = 0 and x = 1, which
existforalld > 1and g # 1. As shown in Appendix E,
the function H;(x;q) does not introduce additional
fixed points within the physical interval x € [0, 1], but
rather determines the stability of the existing ones. For
q < 1, one finds H,;(x; q) < 0, implying that the sym-
metric state x = 1/2 is stable. Conversely, for g > 1,
H;(x;q) > 0, and the absorbing statesx = Qand x = 1
become stable, thus reproducing the characteristic be-
havior of the nonlinear voter model on the complete
graph [19].

For integer values of ¢ and arbitrary d, the model
reduces to the group-driven voter model introduced
in Ref. [31]. We refer the reader to that work for a
detailed discussion.

For d = 1, H|(x; g) vanishes and the dynamics re-
duces to that of the standard voter model, as discussed

above. For small integer values of g, explicit results
can be obtained. In particular,

Hy(x;qg=2)=1-1, (33)
Hy(x;q=3)=1- 7, (34)

showing that hyperedges of different orders d simply
rescale the characteristic timescale of the macroscopic
dynamics. For integer g > 3, closed expressions can
also be derived, although H;(x;q) then becomes an
explicit function of the global density x. For noninteger
real values of g, no closed-form expression exists, and
H;(x; g) must be evaluated numerically. Finally, in the
limitd = N — 1 one finds

x4 — (1 —x)4!
2x—1

which, when substituted into Eq. (32), recovers the
fully connected hypergraph result [Eq. (31)].

lim Hy_i(x;q) = ) (35)
N—o00

B. Reducibility of hypergraph-voter models

In this section, we illustrate our general framework of
Sec. IIIB discussing the reducibility of hypergraph-voter
models to effective PW dynamics on the projected network.

Beyond this microscopic mapping, we assess the dynam-
ical relevance of the PW description by comparing three
different dynamics: the HO dynamics on hypergraphs, the
PW dynamics on the weighted projected network, and the
corresponding PW voter dynamics on the projected network.
While the equivalence between the HO and PW dynamics
follows directly from the mapping itself, the comparison with
the corresponding PW voter dynamics allows us to assess the
role played by the weights induced by the HO interactions and
the question of macroscopic reducibility.

This comparison is performed at the macroscopic level,
focusing on two observables that characterize the ordering
process:

(1) Density of active links p: In complex networks, this
quantity is defined as the fraction of links connecting
nodes in opposite states. For hypergraphs, p corre-
sponds to the density of active links in the associated
projected network.

(2) Fixation time t: The time required to reach one of
the two absorbing consensus states (x = 0 or x = 1),
starting from a given initial configuration.

In addition, for the hypergraph-linear voter model we an-
alytically demonstrate—via a pair approximation—that the
ordering dynamics does not depend on the specific hetero-
geneity of the weights defining the PW dynamics. In other
words, at the macroscopic level, the hypergraph-linear voter
model is dynamically equivalent to the voter model on the
projected network.

1. Hypergraph-linear voter model

The hypergraph-linear voter model corresponds to the
linear case g = 1 of the social impact function defined in
Eq. (30).

For the fully connected hypergraph and the complete
d-hypergraph, substituting the linear form into the respective
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expressions for the weights [Eqgs. (23) and (28)] yields the
same state-independent weights,

: (36)

o(si, $j) = v
for all s;,s; = 1. These weights correspond to the stan-
dard voter model dynamics on the complete graph. In other
words, on these homogeneous hypergraphs the hypergraph-
linear voter model maps exactly onto the voter model on the
complete graph [49].

In the case of arbitrary hypergraphs, substituting the social
impact function in Eq. (30) with ¢ = 1 into Egs. (16) and (17)
yields the following weights for each hyperedge e:

1
(s, 81) = —, 37
w; (8i, 87) o, (37
which lead to the total weight
1 1
wj = Z T (38)
ec&i|jee

We note that even in arbitrary hypergraphs, state-independent
weights are obtained. These weights can be interpreted as fol-
lows: The probability of interaction of a node i is distributed
across all its neighbors by a two-stage uniform split:

(1) Node i divides a unit weight equally among its «; inci-
dent hyperedges, so each incident hyperedge e receives
1/Kﬁ

(2) Within each such hyperedge e, this amount is dis-
tributed equally among the d, neighbors of i in
e. Therefore, each neighbor j in e gets a weight
a)j‘} = (k;d,)~".

If i and j share multiple hyperedges, the contributions

add up.

Unlike the fully connected and complete hypergraph cases,
where both descriptions reduce to the voter model on the
complete graph, the presence of structural heterogeneities
yields nonuniform pairwise interactions. Although closed-
form expressions for w;; are generally unavailable in generic
hypergraphs, explicit expressions can be derived in the partic-
ular case of RR d-hypergraphs (see Appendix F).

We show now—via a pair approximation—that, in the
hypergraph-linear voter model, the heterogeneity of the
weights does not affect the macroscopic dynamics.

Pair approximation. An important advantage of the map-
ping of HO dynamics into a PW dynamics is that it
enables analytical treatment through well-established theoret-
ical approaches. In particular, the voter model on complex
networks admits accurate approximations that capture dy-
namical correlations with different levels of detail, such
as the pair approximation [39], the heterogeneous pair ap-
proximation [50], and approximate master equations [16].
These frameworks allow one to derive explicit expressions for
macroscopic observables.

As developed, these theories assume that all neighbors
contribute equally to the dynamics, corresponding to degree-
homogeneous weights (w;; = 1/k; for j € V;). In contrast, the
PW dynamics defined in Sec. III A displays a heterogeneous
weight distribution. To properly account for this heterogene-
ity, we develop in Appendix G a pair approximation for
uncorrelated weighted networks, extending the classical for-
mulation to the case of an arbitrary weight distribution. Based

on the result obtained for the hypergraph-linear voter model
in Eq. (38), we assume that the weights are state-independent.

Remarkably, the resulting evolution equations for x and p
turn out to be identical to those of the degree-homogeneous
case [39], namely,

dx
— =0,
dt

do 20T (1o P \_
E‘?[(“ “(1 2x(1—x>> 1}’ %)

where we recall that p is the average degree of the pro-
jected network. Hence, the PW dynamics on an uncorrelated,
state-independent weighted network is equivalent to the corre-
sponding dynamics on an uncorrelated degree-homogeneous
weighted network.

This dynamical system presents two stationary solutions:
the trivial solution p* = 0, corresponding to the consensus
states, which is stable for 4 < 2, and a nontrivial solution
that is stable for & > 2. Since x is conserved, this nontrivial
solution is fully determined by the initial condition xy = x(0),
namely,

(39a)

p*(x0) = 4& () xo(1 — xo), (40
where we have defined
u—2
£ =507 @)
Equation (39) describes the deterministic dynamics in the
thermodynamic limit (N — o0), where stochastic fluctuations
vanish and x is conserved. In this limit, the system rapidly
relaxes onto the manifold defined by Eq. (40).

In finite systems, however, the trajectories of the sys-
tem in phase space (x,p) fluctuate around the parabola
p(x) = 4&(u)x(1 — x) until it eventually reaches one of the
absorbing states, x = 0 or x = 1 [39]. The parameter &(u)
determines the maximum of this parabola at x = 1/2, setting
the characteristic plateau value of the density of active links.

Given that the heterogeneity of the weights does not af-
fect the macroscopic dynamics within the pair-approximation
description, we expect that the results derived in Ref. [39]
for finite systems remain valid. In particular, the fixation time
starting from an initial fraction xy is given by

(=D

(1= 2)u2

where ., is the second moment of the degree distribution P(k)
of the network.

As an illustration of the derived results, we perform nu-
merical simulations of the HO dynamics on ER and RR
d-hypergraphs for several values of the hyperedge order d and
the average hyperdegree ;. We compare these results with
those obtained from the PW dynamics on the corresponding
weighted projected networks, with weights given by Eq. (38),
as well as with the standard voter model on the projected net-
works (VM), corresponding to degree-homogeneous weights.

We focus on two main observables. First, we compute the
plateau value &, defined as the temporal average of the ratio
p()/[4x()(1 — x(t))], evaluated along dynamical trajectories
that have not yet reached an absorbing state. Second, we
measure the fixation time 7, considering a symmetric initial

Nxolnxg+ (1 —x9)In(l —xp)], (42)
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FIG. 2. Hypergraph-linear voter model. (a), (b) Plateau value &, determined as the temporal average of the ratio p(¢)/[4x(¢)(1 — x(t))],
and (c), (d) scaled fixation time t /N vs the average degree of the projected network w, for ER and RR d-hypergraphs, with initial condition
x(0) = 1/2. We compare three dynamics: higher-order on hypergraphs (HO), reduced pairwise dynamics on the weighted projected network
(PW), and voter model on the projected network (VM). The three dynamics overlap. Solid lines correspond to theoretical predictions from
the pair approximation [Eqs. (41) and (42)]. Legends are shown once for clarity. The system size is N = 12000 for panels (a) and (b), and

N = 1200 for panels (c) and (d).

condition with xy = 1/2. In Fig. 2, we show the plateau £ and
the fixation time t as a function of the average degree of the
projected network p, which depends on both the hyperedge
order d and the hypergraph average degree w,. Whereas
the perfect agreement between the HO and PW dynamics
is expected from the exact mapping developed in Sec. III B,
what is remarkable is that these two dynamics also coincide
with that of the VM, as predicted by the pair approximation.
Additionally, we compare the numerical simulations with
the analytical results of the pair approximation [Eqgs. (41)
and (42)]. We see that for moderate and high values of the
mean degree (1, the numerical results are well approximated
by the theoretical prediction given by the pair approxima-
tion. However, for small u the measured plateau values lie
systematically below the pair approximation curve. This dis-
crepancy originates from structural correlations induced by
the hypergraph construction: When hyperedges are projected
into links, closed motifs such as triangles or squares are
formed by definition, generating clustering and dynamical
correlations between second nearest neighbors that are ne-
glected by the pair approximation. As shown in Ref. [51], such

correlations reduce the value of the plateau, precisely as
observed in our simulations. For the same reason, consensus
times are systematically larger than the theoretical estimates at
low p. Therefore, the deviations from the pair approximation
at small p highlight its limitations in the presence of cluster-
ing.

In summary, these results demonstrate that the macro-
scopic description of the hypergraph-linear voter model
dynamics is effectively insensitive to higher-order topologies,
as predicted by the pair approximation. The explicit form
of the weights in the projected network resulting from the
mapping becomes irrelevant, and all relevant structural infor-
mation is encoded in the degree distribution of the projected
network.

2. Hypergraph-nonlinear voter model

For the fully connected hypergraph, the weights of the pro-
jected network obtained by substituting Eq. (30) into Eq. (23)
read

x4~!

w(_’ +) X,

N (43a)
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FIG. 3. Hypergraph-nonlinear voter model (¢ = 0.8). Plateau value £ vs the average degree of the projected network u, for (a) ER and
(b) RR d-hypergraphs. We compare three dynamics: higher-order on hypergraphs (HO), reduced pairwise dynamics on the weighted projected
network (PW), and nonlinear voter model on the projected network (NLVM). Results for HO and PW overlap. Solid lines represent theoretical
predictions from the pair approximation for the nonlinear voter model [19], while dashed lines correspond to the approximate expression
p* = —29)/[2( — q)] [52,53]. Legends are shown once for clarity. Parameter values: N = 12000 and ¢ = 0.8.

~ 1z 43b
w(—, —) m7 ( )
(1—x)!
o+, —) >~ T (43c¢)
1—(1—x)1
o+, +) =~ T (43d)

For the complete d-hypergraph, the weights of the pro-
jected network obtained by substituting Eq. (30) into Eq. (28)
are given by

(- )= 0 (44a)
Nxd4

o(—, =) = M (44b)

: N —x)d4a’
_{d—=n))

CL)(+, _) - N(l —.X)dq ) (44C)
49— ((d — n)

o(+,+) = %, (444d)

where the average (-) is defined as in Eq. (29). Note that these
weights coincide with those of the fully connected hypergraph
[Eqg. (43)], in the limitd = N — 1.

For arbitrary hypergraphs, the substitution of Eq. (30) into
Eq. (16) yields the following weights for nodes in the opposite
state in each hyperedge e:

1 o \?
CT) , ifs; = —1,
Kille e

i (i, —8i) = 45)

: (1 ”e>q if 5; = +1
— (1=, ifs;=+1.
ki(de — n) d,

In contrast to the linear case, the resulting weights depend
explicitly on the local state configuration and therefore evolve
in time. The total weight w;; is obtained with Eq. (13) by
summing over all the contributions w{(s;, ;).

In our numerical simulations, we observe that the dynamics
of the HO model on random d-hypergraphs, such as ER and
RR d-hypergraphs, is qualitatively similar to that observed for
the complete d-hypergraph discussed in Sec. VA. For g < 1,
the system reaches a stable coexistence state characterized by
aplateau value p* = & and x* = 1/2, from which it eventually
reaches one of the two absorbing states due to finite-size fluc-
tuations. For ¢ > 1, the dynamics is instead characterized by
two stable absorbing states. After a short transient, the system
approaches one of the two consensus states, with the density
of active links p(¢) decaying exponentially to zero. Because
of this phenomenology, we will discuss separately the cases
q < land g > 1. In addition, and motivated by the linear case,
where the heterogeneity of the weight distribution was found
to be irrelevant, we now compare the HO dynamics of the
hypergraph-nonlinear voter model with its reduced PW dy-
namics on the projected network and with the NLVM, together
with the theoretical predictions of the pair approximation for
this latter case [19].

In Fig. 3, we show the plateau values £ obtained for
q=0.8 on ER and RR d-hypergraphs. As predicted by
the mapping, the plateau values resulting from the HO and
PW dynamics overlap over the entire range of parameters.
The NLVM provides an overall good description of the
dependence of £ on the average degree i, becoming quan-
titatively accurate for sufficiently connected hypergraphs.
In this regime, all three models yield a plateau value that
is independent of the hyperedge order d and coincides
with the value predicted by the pair approximation for the
NLVM [19].

In Fig. 4, we present the results for ¢ = 2. Figures 4(a) and
4(b) show the temporal evolution of the average density of
active links p(¢) for different values of d and w, with single-
realization trajectories displayed in the insets. Figure 4(c)
reports the plateau values £ as a function of the average
degree of the projected network p. The same considerations
discussed for the sublinear case (¢ < 1) apply to the plateau
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FIG. 4. Hypergraph-nonlinear voter model (¢ = 2). (a), (b) Time evolution of the average density of active links p for ER d-hypergraphs
with average hyperdegree p, = 2, 8, respectively. Insets: Single trajectories for each d. (c) Plateau value £ vs the average degree of the
projected network u for ER d-hypergraphs. Solid line represents the theoretical prediction from the pair approximation for the nonlinear voter
model [19], while dashed line corresponds to the approximate expression p* = (i — 2¢9)/2(n — q) [52,53]. (d) Fixation time vs the average
degree of the projected network u for ER d-hypergraphs. Horizontal solid lines correspond to the fixation times for the complete d-hypergraph
obtained in the limit N — oo from Ref. [31], T ~ 2d In N/(d — 1). Inset: Rescaled fixation time ¥ = (1 — 1/d) t vs the average degree of the
projected network u for HO and PW dynamics. We compare three dynamics: higher-order interactions on hypergraphs (HO), reduced pairwise
dynamics on the weighted projected network (PW), and nonlinear voter model on the projected network (NLVM). Results for HO and PW
overlap. Legends are shown once for clarity. Parameter values: N = 1200 for panels (a), (b), and (d), and N = 12 000 for panel (c).

values, with good quantitative agreement between the NLVM
and the HO and PW dynamics as u increases. However, the
temporal evolution of p(z) exhibits systematic deviations in
the NLVM. These discrepancies are further highlighted in
Fig. 4(d), which shows the fixation time 7 as a function
of .

Beyond these discrepancies, it is worth noting that in the
limit @ — oo the fixation time t converges to the value pre-
dicted in Ref. [31] for complete d-hypergraphs and N > 1.
In this regime, the rescaled fixation times 7 = (1 — 1/d) t for
HO and PW dynamics collapse for all d (see inset). This is
in agreement with Eq. (33), which implies that, in the ther-
modynamic limit, the effect of the hypergraph topology given
by H;(x, q) is just a change of the timescale. Additionally, we
find that the fixation times of the NLVM overlap for all values
of d in this limit. Moreover, t exhibits a nonmonotonic de-
pendence on the nonlinearity parameter g (see Appendix H).
In particular, there exists an optimal value ¢* that minimizes

the fixation time, in agreement with the results reported in
Ref. [31] for integer values of g. The precise location of g*,
however, depends sensitively on the topological properties of
the underlying hypergraph.

In summary, and additionally to the exact microscopic
mapping of HO to the PW interactions, the NLVM provides
a good overall description of the hypergraph-nonlinear voter
model, yielding an excellent effective account of the plateau
values for sufficiently large values of w. From a minimal-
model perspective, this implies that, when analyzing empirical
or simulated data subject to finite measurement uncertainty,
the NLVM constitutes an appropriate effective description.

VI. DISCUSSION AND CONCLUSIONS

We have studied social impact models with HO inter-
actions defined on general hypergraphs, focusing on the
fundamental question of whether such dynamics can be
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reduced to effective PW interactions. In these binary state
models, a node flips its state with a probability determined
by a function of the fraction of nodes within the same hy-
peredge that are in the opposite state. We have shown that,
for node-update dynamics and arbitrary social impact func-
tions, the resulting HO dynamics on a general hypergraph
can be mapped exactly onto a PW dynamics on a weighted
projected network. In the PW dynamics, the change of state of
anode i only depends on the states of node i and a previously
chosen neighbor j. This mapping establishes a microscopic
reducibility of HO interactions to PW interactions, where the
weights w;; of the projected network fully encode the influ-
ence of higher-order structures by determining the probability
that node i interacts with node j. In general, the weights
w;;j depend implicitly on time through the evolving system
configuration, making them difficult to compute explicitly.

For hypergraph-voter models—defined by a power-law
form of the social impact function—we explicitly computed
the weights w;; of the reduced PW dynamics for fully con-
nected hypergraphs and complete d-hypergraphs, and we
obtained them numerically for Erdds-Rényi and z-regular
random d-hypergraphs. For these models, we described the
ordering dynamics in detail and, through numerical sim-
ulations, illustrated the equivalence between the original
HO interactions dynamics on hypergraphs and the corre-
sponding reduced PW dynamics on the weighted projected
network.

Our results show that the nonlinearity of the social im-
pact function plays a central role in determining the structure
of the reduced PW dynamics. In the linear case (¢ = 1),
known as the hypergraph-linear voter model, state changes
correspond to random imitation of another node within the
same hyperedge. This model therefore constitutes the natural
hypergraph generalization of the classical voter model on
complex networks [36-39,54]. In this regime, the reduced
dynamics simplifies substantially: The weights w;; for the
projected network depend solely on topological properties
of the hypergraph, such as node hyperdegrees and order
of the hyperedges, and become independent of the system
configuration. As a consequence, the weights are constant
in time.

This simplification enables the application of well-
developed analytical methods for complex networks, which
are largely unavailable for general hypergraphs. Using the PW
reduced representation, we developed a pair approximation
showing that the ordering dynamics is independent of the
distribution of weights in the projected network and depends
only on its degree distribution. Consequently, the macro-
scopic equations coincide with those of the standard voter
model on the projected network with degree-homogeneous
weights. While the pair approximation is quantitatively ac-
curate only for sufficiently large mean degree u, its central
prediction—namely, the independence of the macroscopic dy-
namics from weight heterogeneity—is confirmed numerically
across the full parameter range explored. Therefore, at the
level of macroscopic reducibility, the hypergraph-linear voter
model on Erdés-Rényi and z-regular random d-hypergraphs is
equivalent to the standard voter model on the corresponding
projected networks.

For g # 1, the hypergraph-nonlinear voter model gener-
alizes to hypergraphs, the nonlinear voter model defined on
a complex network [19-21], where the flipping probability
depends on a power g of the density of neighboring nodes in
the network that are in the opposite state. In this nonlinear
regime, the reduced PW dynamics unfolds on a temporal
network whose link weights depend on the instantaneous
configuration of node states. Beyond the question of exact
microscopic reducibility, we also addressed the problem of
identifying minimal models capable of reproducing macro-
scopic observables within a desired accuracy. We found that,
for Erd6s-Rényi and z-regular random d-hypergraphs, the
nonlinear voter model gives an overall good description of
the dynamics. In particular, the plateau value of the density
of active links exhibited by the hypergraph-nonlinear voter
model is well approximated by the nonlinear voter model,
specially for sufficiently connected projected networks. In this
regime, results are also largely insensitive to the hyperedge
order d.

As a direction for future research, it would be valu-
able to examine social impact models on hypergraphs with
hyperedge-update dynamics, where all nodes within a ran-
domly selected hyperedge update their states simultaneously.
By construction, these models cannot be mapped exactly
onto a microscopically equivalent pairwise system, since pair-
wise models update only one node per interaction. However,
macroscopic equivalence may still emerge. Indeed, this has
been observed in the hypergraph-voter models on the com-
plete d-hypergraph with hyperedge-update dynamics [31]. In
the linear case (¢ = 1), the macroscopic dynamics for d > 1
is equivalent—up to a d-dependent time-rescaling factor—to
that of the pairwise case (d = 1), as described by a Fokker-
Planck equation. This equivalence breaks down in the non-
linear case (¢ # 1), once again highlighting the central role
of nonlinearity. More generally, identifying minimal or sim-
plified models that are macroscopically equivalent to social
impact models with hyperedge-update dynamics on general
hypergraphs remains an open and compelling problem.
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APPENDIX A: GENERATION OF ERDOS-RENYI
d-HYPERGRAPHS

We consider the generalization of the Erd6s—Rényi (ER)
graphs [41-43] to d-hypergraphs [45]. Given N nodes and a
target average hyperdegree 1, we draw a total of usN/(d +
1) distinct d-hyperedges uniformly at random from the set
of all possible d-hyperedges. This algorithm is used for most
values of ;. However, for small values of u, it does not guar-
antee that the resulting hypergraph is connected, i.e., not split
into two or more disconnected subhypergraphs. A hypergraph
is connected if its projected network is also connected.

A straightforward fix is simply to use the largest connected
component. However, this alters both the size and the average
hyperdegree. Instead, we here propose an alternative method
for low values of uy; for obtaining ER d-hypergraph with
exactly N nodes and average hyperdegree u, based on the
relative size of the largest connected component s(ity). As-
suming that s(uy) is the fraction of nodes that belong to at
least one d-hyperedge, we can estimate the relative size of the
largest connected component as

D)
_ _Hd_
)

Al — e, (A1)

S(Md)zl—Pd(K=0)=1—<1

where we have used the hyperdegree distribution of ER
d-hypergraphs [Eq. (2)].

Starting from an auxiliary hypergraph with average hy-
perdegree (o, we want its largest connected component to
have an average hyperdegree 4. This condition leads to the
relation

Mo

e = , (A2)
s(1o)
whose explicit solution is given by
po = pa + W(—pae ™), (A3)

where W (z) is the Lambert W function [55] and pg > 1.

Given pg, we then seek an auxiliary system size Ny such
that the expected size of the largest connected component is
the target N. This is done via a second empirical bisection:
For each trial Ny, we generate several ER d-hypergraphs with
parameters (Ny, (o) and estimate the mean size of the largest
connected component, adjusting Ny until the largest connected
component has size N.

APPENDIX B: DEGREE DISTRIBUTION OF THE
PROJECTED NETWORK OF RANDOM d-HYPERGRAPHS

We here determine the degree distribution P(k) of the
projected network, starting from the hyperdegree distribution
P, (x) of the underlying d-hypergraph.

In the limit of sparse hypergraphs, where it is improba-
ble that two nodes share more than one hyperedge, repeated
links in the projected network between any pair of nodes
are very unlikely and each d-hyperedge contributes exactly
(dzl) distinct links between its constituent nodes. For a given
node i, each hyperedge contributes to adding d distinct neigh-

bors. As a result, its degree is simply k; = d k; and the

degree distribution of the projected network remains invariant
P(k) = P;(k/d). This simple relation holds only in the ex-
treme sparse limit.

In general, overlap between hyperedges arises causing rep-
etitions among neighbors and leading to k; < d «;. A related
combinatorial approach was developed in Ref. [56], where
an exact expression for the degree distribution of projected
networks from ER d-hypergraphs is derived, explicitly ac-
counting for overlaps between hyperedges. While exact, the
method becomes computationally intensive for large systems.
We therefore propose a simplified approximation that cap-
tures the essential effect of overlaps while offering a tractable
alternative.

The degree distribution of the projected network is
given by

P(k) =) Pk | k) Py(c), (B1)

where P;(k | «) is the probability that a node participating in «
d-hyperedges has exactly k unique neighbors in the projected
network. The hyperdegree distribution P;(x) depends on the
particular topology of the d-hypergraph. For example, it is
given by Eq. (2) for ER, while it reads P;(k) = §, . for z-
regular random (RR) d-hypergraphs.

Computing the exact probability P;(k | k) is a nontrivial
combinatorial problem since different hyperedges may share
neighbors, producing correlated repetitions that depend on
the overlap structure between hyperedges. To obtain an an-
alytically tractable expression, we introduce the following
approximation: Sampling « hyperedges of size d is equiva-
lent to performing dx independent draws with replacement
from the set of N — 1 possible neighbors. We expect that
this approximation is valid in the sparse limit. In this way,
the quantity of interest becomes the probability that exactly k
distinct elements appear among these dk draws, which reads

(') Sd k. k) k!
(N — 1)d/<

This probability has a direct combinatorial interpretation.
First, the factor (N ;1) counts the number of possible sets of
k neighbors. Second, the dx draws must be partitioned into k
nonempty unlabeled groups, each group representing the total
draws that correspond to the same neighbor. The number of
such partitions is given by the Stirling number of the second

kind [57]

Pa(k [ 1c) ~ (B2)

1 o [k
St k) =5 > (=D <]>] (B3)
|

The factor k! accounts for the permutations arising from the
fact that neighbors are distinguishable. Finally, the denomina-
tor (N — 1) is the total number of possible outcomes of the
dk independent draws.

Albeit approximate, the probability P;(k | k) is properly
normalized for each «, satisfying fol Pyk|lk)y=1. In
Fig. 5, we plot the degree distribution P(k) of the projected
network for ER and RR d-hypergraphs for several values of d
obtained numerically and compare it with the theoretical ex-
pression [Eq. (B1)] using the approximation given in Eq. (B2).
We find excellent agreement between simulations and the
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FIG. 5. Degree distribution of the projected network of (a)-(c) ER and (d)—(f) us-RR d-hypergraphs for several values of d. Symbols
correspond to results obtained with computer simulations, while solid lines correspond to the theoretical prediction [Eq. (B1)]. In panels
(a)—(c), dashed envelope lines correspond to the theoretical curves in the sparse limit where the degree distribution is simply given by Eq. (2)
with the rescaled horizontal axis k = d«. Results of computer simulations are obtained averaging over 100 d-hypergraphs of N = 1200 nodes.

Legend is shown once for clarity.

theoretical prediction given by Eq. (B1). We also compare
the results with the theoretical curves in the sparse regime
where the relation k = dk is valid. The plot illustrates how
the overlap increases with the average hyperdegree 14, and
deviations from the sparse limit arise.

APPENDIX C: OVERLAP IN RANDOM d-HYPERGRAPHS
1. Erdés-Rényi d-hypergraphs

To quantify deviations from the sparse limit, we introduce
the multiplicity R;; as the number of d-hyperedges that si-
multaneously contain nodes i and j. Note that this quantity
is symmetric: R;; = Rj;.

Given that there are M = (N_7) possible hyperedges
containing both i, j, and each is created independently with
probability p = g/ (N ;1), R;; follows a binomial distribution
[47]

()

P(R;; =R) = (Mlg )pm —pMiE
A value R;; =0 means that i and j are not connected in
the projected network, while R;; = 1 corresponds to a single
shared hyperedge. Values R;; > 2 indicate overlap, a situation
where multiple hyperedges induce the same pairwise link in
the projected network. The probability of overlap is therefore

given by

Poverlap EP(Rij =22)=1 _P(Rij :0)_P(Rij =1)
=1-(1-pM —MPpa—pM ()

Let O; denote the event that node i exhibits overlap. If
we assume independence between overlap events for differ-
ent neighbors j # i, the approximate probability that node i

exhibits overlap reads

P(0;) ~ 1~ (1= Poertap)" ", (€3)
which coincides with the expected fraction of nodes with over-
lap. Although weak correlations arise from hyperedges that
simultaneously contain triples (i, j, k), quadruples (i, j, k, 1),
and so on, their effect vanishes as N increases and we expect
Eq. (C3) to provide a good approximation in the large N limit.

In Fig. 6, we plot Eq. (C3) as a function of the average
d-hyperdegree 1, for several values of d. We find good
agreement across all cases, with a trend of increasing devi-
ations for larger d due to correlations. As expected, given an
average hyperdegree (4, the fraction of nodes with overlap
increases with d. Moreover, the inset shows the collapse of all
curves when rescaled by the average degree of the projected
network /.

Additionally, the overall degree of overlap can be as-
sessed by considering all pairs of nodes. Since hyperedges
are formed independently, the number Ny of pairs (i, j) that
share exactly R hyperedges follows a binomial distribution
with single-event probability P(R;; = R) and expected value

N
(Ng) = <2> P(Rij = R). ()

This distribution allows us to compute the expected num-
ber of pairs of nodes that belong to more than one hyperedge:

M‘(il)
(0@Dy = Z (NSD), (C5)
R=2
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FIG. 6. Fraction of nodes P(0O;) with overlap in the projected network of (a) ER and (b) 114-RR d-hypergraphs vs the average d-hyperdegree
wq for several values of d, as indicated in the legend. Symbols correspond to the results obtained from projected networks of 1000 different
hypergraphs generated with the algorithms detailed in Appendix A. Lines represent the theoretical fraction of nodes P(O;) given in Eq. (C3)
together with Egs. (C2) and (C8). Inset: Same fraction P(O;) vs the average degree of the projected network, u = d u,. All curves collapse.

Legend is shown once for clarity. System size N = 1200.

and the expected number of links in the projected network:

M2
(E) =Eqs— Y (N{")(R—1), (C6)
R=2

where E; denotes the total number of pairwise links induced
by all hyperedges before removing multiplicities. The cor-
rection term subtracts the (R — 1) redundant copies of each
overlapped pair.

2. z-regular random d-hypergraphs

In a z-RR d-hypergraphs, every node participates in exactly
z hyperedges such that z neighbor slots of size d are created.
We can approximate the probability that a neighbor j is se-
lected for one slot as p = d /(N — 1), such that the probability
that two nodes share Rij = R hyperedges follows a binomial
distribution,

P(R; =R) = (;) pR (1= py k. (C7)

The corresponding probability of overlap corresponding to the
eventR;; > 2is

Poyertap = P(Rij 2 2) = 1— (1 — p)* —zp(1 — p)*",
(C8)

allowing us to calculate the expected fraction of nodes with
overlap again with Eq. (C3).

In Fig. 6, we plot the fraction of nodes P(O;) with
overlap as a function of the d-hyperdegree z = py ob-
serving the same qualitative phenomena exhibited by ER
d-hypergraphs. However, deviations from the theoretical
curves [Egs. (C3) and (C8)] are more pronounced.

APPENDIX D: DISTRIBUTION OF STATE
CONFIGURATIONS OF HYPEREDGES
IN COMPLETE d-HYPERGRAPHS

In this section, we show that the hypergeometric distribu-
tion H(N,, N_, d, n) [Eq. (25)], which gives the probability
of different state configurations of incident d-hyperedges in
a complete d-hypergraph, can be approximated by the bi-
nomial distribution B(n, d;x) [Eq. (2)] when N > d. The
key observation is that selecting a uniformly random in-
cident d-hyperedge of a node is equivalent to drawing d
distinct nodes uniformly at random from the remaining N — 1
nodes.

Let N+ denote the numbers of nodes in state +1, with
N, + N_ = N, and recall that the hyperdegree of each node
isM; = (N(;l). Considering a node i with state s; = —1, the
number of d-hyperedges containing exactly n positive and
d — n negative nodes is (*+)(",~"). This is calculated as the
product of the number of different sets of n distinct nodes that
can be formed with N, positive nodes (Ail*), and the number
of different sets of d — n distinct nodes that are formed from

the N_ — 1 negative nodes (N*_l). Then, the hypergeometric

d—n
distribution
HONVL N — Ldony = — (V) (V! (D1)
N — 1,ad,n) = —
+ My \ n d—n
gives the probability that a node i, with state s; = —1, se-

lects an incident d-hyperedge composed of n nodes in state
+1 and d — n nodes in state —1. Similarly, the probability
that an incident d-hyperedge of a node i with state s; = +1
has n and d — n positive and negative nodes, respectively, is

On the other hand, the probability of selecting d random nodes
without replacement and obtaining n nodes in state +1 and
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d — nnodes in state —1, given Ny, is

d) Ny (N —1D)g—yp
n (N_l)n(N_n_l)d—n’

(D3)

where we have defined the falling factorial (N), =
NN —-1)---(N—n+1). The terms (N;),/(N —1), and
(N — 1)g—pn/(N —n —1)4_, give the probability of ran-
domly selecting n positive nodes and d — n negative nodes,
respectively, while the term (‘,f) accounts for the number of
ways to choose these nodes. By applying the definition of
the falling factorial, using the property (N),, = N!/[(N — n)!],
and rearranging terms, we obtain

H(N,,N_ —1,d, n):<

N4\ (N_—1
( n )( d—n )
N—1 ’
"2)
which precisely ~coincides with Eq. (D1), showing that
HX,Y,d,n)=H(X,Y,d,n).

HWN,.,N_—1,d,n)= (D4)

J

3 d
HN,,N_—1,d,n) = AN, N_—1,d,n) ~ ( >x"(1 -
n

up to first order in d/N. In the d /N < 1 limit, the correction
term vanishes and the hypergeometric distribution reduces
to the binomial distribution B(n, d;x) = (i)x”(l —x)4". An
analogous result holds for H(N, — 1, N_, d, n).

In summary, the hypergeometric distributions from
Egs. (D1) and (D2) can be well approximated as

H(N,,N_ —1,d,n) ~HN, — 1,N_,d, n) ~ B(n, d; x).
(D8)

The difference between the hypergeometric and the binomial
distributions is that the first describes a process without re-
placement of nodes, making sure that all d nodes in the
group are different, whereas the second describes the same
process but with replacement, where a node in the group can
be selected more than once. Given that, in the N > 1 limit,
the probability to select two or more times the same node
is negligible (of order 1/N), the two distributions become
equivalent.

APPENDIX E: MEAN-FIELD EQUATION
FOR THE HYPERGRAPH-NONLINEAR VOTER
MODEL ON THE COMPLETE d-HYPERGRAPH

The drift function gives the time evolution for x in the
thermodynamic limit. For the hypergraph-nonlinear voter
model, the drift A;(x;q) = T+ (x) — T~ (x) is obtained from
Egs. (20) and (24) as
) (d—ny)

da da ’

where ¢ > 0 is the nonlinearity parameter, d is the order of
the hyperedges, and (-) denotes the average over the binomial

Ag(xig) = (1 —x) (EL)

We next show that, in the limit N > d, the hypergeomet-
ric distribution H(N,, N_, d, n) can be approximated by the
binomial distribution B(n, d; x).

Given that the falling factorial can be written as

n—1 n—1 k
(N =] |(N—k)=N" (1 - —>, (D5)
11 -5

one can Taylor expand the above product to first order in
n/N <d/N < 1as

n k nn—1) _2
H(l—}v):l—T—i—O(N ).

k=1

(D6)

Introducing the density of nodes in state +1, x = Ny /N (so
that 1 —x = N_/N), and applying the approximation from
Eq. (D6) to every falling factorial of Eq. (D3) we obtain, after
some algebra,

x)d"[l B n[(2x* + Dn — 2(1 + x)d — 1] + x*d(d + 1)}

2x(1 —x)N
(D7)

(

distribution B(n;d, x) = (?)x"(1 — x)?~", valid in the limit of
a large system size N > d.

For any real g > 0, one can write the power of an integer
nas

nd = ZS(q, k) ——, (E2)
k=0

n!
(n—k)!

where S(q, k) are the generalized Stirling numbers of the
second kind, still defined by Eq. (B3) for noninteger values
of g. This formulation allows us to write down the averages of
Eq. (E1) as

-,
o (E3)

d
(n) =y S(g, k)
k=0

¢ d!
(@=m) =3 S@0g—pmr =0 (€D
k=0 ’

d

where we have used

n! Lo At
()~ S e~ g

Substituting Eqgs. (E3) and (E4) into Eq. (El), the drift
becomes

@t —0x —x (=),

d
1
Ay(x;q) = IT] E S(q, k)
k=2

(E6)
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where the sum starts from k = 2 since the first two terms & = 0, 1 vanish. This drift is zero for d = 1, whereas for d > 1 can be

rewritten as

Ag(x:q) = x(1 —x)(2x — 1) Hy(x: q), (E7)

with the function H;(x; q)

1 & d!
— D S(g, k) —————(k— 1)27*D),
dqg @R k=D

Hy(x;q) =

. 1
ifx=—,
2

E
xk—l _ (1 _x)k—l ( 8)

d
1 d!
— 3" S(q.k
di & @0 o

For arbitrary g % 1 and d > 1, the drift vanishes at least for
three different values of x that correspond to steady-state solu-
tions of the system: the symmetric stationary state at x = 1/2,
and the two absorbing states at x = 0 and x = 1. To assess
the possible existence of additional stationary solutions, we
introduce the auxiliary function

Aa(xq)  prgx)  pg(d —x)
x(1—x) x 1—x

Ay(xiq) = : (E9)
where we have used i, (x) = (n?)/d4, such that A,(x; g) and
Ay(x;q) have the same sign in the interval x € [0, 1] and
Hy(x;q) = Ag(x;59)/(2x — 1).

Since n? is an increasing function for any ¢q > 0,
the average [, (x) grows monotonically with x. Hence,
Hq(x) < pg(1 —x) for x < 1/2 and the opposite forx > 1/2.
Moreover, the function p,(x)/x is monotonically increas-
ing for ¢ > 1 and decreasing for g < 1, which implies that
Ay(x; q) has the same (resp. opposite) sign as (2x — 1) when
q > 1 (resp. g < 1). Therefore, for all x € [0, 1] we have that
H;(x;q) > 0 when g > 1, whereas H;(x;q) < 0 wheng < 1.
Thus, there are no additional zeros of A;(x;¢g) in x € [0, 1],
and we conclude that H;(x;¢g) does not introduce any new
real solutions to the dynamics.

The stability of the stationary states depends on g. For
qg <1, Hij(x;q) < 0 and the symmetric state x = 1/2 is lin-
early stable, while the absorbing states x = 0 and x = 1 are
unstable. For ¢ > 1, one finds H;(x;¢g) > 0, implying that
x =0 and x = 1 are linearly stable absorbing states and that
x = 1/2 is unstable.

APPENDIX F: HYPERGRAPH-LINEAR VOTER MODEL:
WEIGHT DISTRIBUTION IN THE PROJECTED
NETWORK OF A z-REGULAR RANDOM d-HYPERGRAPH

In a z-RR d-hypergraphs, all nodes have hyperdegree
ki =2z 1i=1,..., N.Hence, according to Eq. (38), the weight
between w;; simplifies to

al (F1)
wijj = —,

'
where R;; is the number of d-hyperedges containing
both nodes i and j. Since w;; is a linear rescaling of
Rij, wij € {0, Aw, 2 Aw, ..., zAw}, with Aw = 1/(zd), it
follows the same distribution given in Eq. (C7), P(R;; = R) =
P(w,-j =R Aw)

, otherwise.
2x — 1

We are interested in the distribution of weights among links
that are actually present in the projected network, i.e., pairs
with R;; > 1. The conditioned probability on R;; > 1 is given
by

P(wij=RAw|R; > 1)

P(R;; =R)
=
_ (dK>PR(1——P)dK_R (F2)
R) 1—(=p™

withp=1/(N —1)andR =1, 2, ..., d k, which allow us to
estimate the probability that two nodes share more than one
hyperedge, if they are connected, as
P(w;; Z2Aw|R;; 2 1)=PR;; Z2|R; =2 1)
_1=PRijj=1)—PR;; =0)
- I — P(R;; = 0)

(F3)

In our computer simulations, we have considered hyperedges
of order up to d =5 and hyperdegrees up to «k = 15, with
system sizes of order N ~ 10°~10*. Equation (F3) for d = 5
and « =15 yields P(w;; = 2Aw|R;; > 1) ~ 3.66 x 1072
for N =10 and P(w;; 2 2Aw | R;; > 1)~ 3.70 x 1073
for N = 10*. Even in the most demanding combination of
parameters, the probability that a given pair (i, j) participates
in more than one hyperedge is extremely small. Therefore,
the weight distribution reduces to the degree-homogeneous
case for the range of values of the parameters used in our
computer simulations, namely,

, ifiand j are connected,
w;~ | (F4)

0, otherwise.

In other words, for the hypergraph-linear voter model on
a z-RR d-hypergraphs, the equivalent PW dynamics on
the weighted projected network coincides in the sparse
limit with the voter model on the projected network. The
projected network is not exactly a standard zd-RR network.
Instead, it presents structural differences arising from the
clustering induced by the hypergraph. This clustering induces
correlations that decrease the value of the plateau [51], as
discussed in Sec. VB 1.
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APPENDIX G: PAIR APPROXIMATION FOR A PAIRWISE
DYNAMICS ON COMPLEX NETWORKS
WITH STATIC WEIGHTS

In this Appendix, we develop a pair approximation for
the pairwise dynamics associated with the hypergraph-linear
voter model. Due to the linearity of the social impact function
for this particular case [f(¢) = ¢], the weights in the pro-
jected network turn to be constant over time (see Sec. VB 1),
allowing analytical treatment. Within the pair approximation,
we shall obtain two coupled differential equations for the time
evolution of the fraction of nodes x in state +1, and the density
of active links p. These two macroscopic quantities, x and p,
characterize very well the ordering properties of the system in
voter models [19].

In general, given the rules of the PW dynamics, the pos-
sible weights w;; can take a discrete set of values that we
denote by {wg}e=12.... Let us denote by P(ky, kp, ...) = P(lz)
the fraction of nodes that are connected to k, links of weight
wy (¢ =1,2,...). By definition, we have the normalization

condition
> Plkiky...)=> Pk)=1. (G1)
k] ,kz,... ]_('
The usual node degree distribution is obtained from
P(k) = ZS(Zka —k)P(ié). (G2)
i a

If a node i is connected to a total of k£ links, out of which
k. are links of weight w,, we have the following identities:

k=" k.
1= Zwaka,

the second equality arising from the normalization condition
> jwij = 1, after splitting the k links of node i into its differ-
ent weights &y, k, . . ..

In the following, we derive evolution equations for the
evolution of x and p on the weighted projected network.
For the sake of simplicity in the calculations, we introduce
the variables o, = x and o_ = 1 — x. We follow closely the
approach developed in Ref. [39] for the voter model on
uncorrelated complex networks, considering a general case
scenario in which the interacting neighbors are not chosen
uniformly at random, as in the standard voter model [39],
but with a probability given by the weights of the projected
network.

In a time step At = 1/N of the pairwise dynamics, a node
i chosen at random copies the state of one of its neighbors
J with probability w;;. The probability that node i has state
s; = s is o,, and the probability that it is connected to k,
neighbors with weights w, (¢ = 1,2,...)1is P(l_é).

(G3a)

(G3b)

We consider that a neighbor j of the focal node i is in the
opposite state s; = —s (link ij is active) with a probability
P_; that only depends on the state s of i, and not on the
state of other neighbors of i (pair approximation). We are
also assuming that P_y, neither depends on the weight of
the link between i and j, nor on the degrees of i and j; that
is, we consider a pair approximation that is homogeneous in
weights and degrees. Then, the probability that n, of the k,
links of weight w, (@ = 1,2,...) are active is given by the
product of the binomial distributions [ [, B(ny, ky, P—y) with
single-event probability P_, that a link is active. The focal
node i flips when the chosen neighbor is connected to an active
link, which happens with probability Y, weny, after which oy
changes by Aoy = —s/N. Thus, assembling all these factors
and summing over all possible configurations of links k and
active links #, the time evolution of o, can be written as

dog(t) s 7
T =Ly ZPO LB ke P

s==+ k

X E We' Ny Aoy
”

==Y 50, > P0)Y_ wuwlna),
s=+ i o

where 1) =3 . , and we have introduced (n,) as the
first moment of the binomial distribution B(ng, ke, P—s),
namely, (ny) = ky,P—;. Note that we are using the fact that
the weights w, are constant, independent of n,, which only
happens when the social impact function is linear. The condi-
tional probability P_;; can be estimated as the ratio between
the number of links from nodes in state s to nodes in state —s
(Ny——s = uNp/2) and the total number of links coming out
from nodes in state s (Ny_.+ = uNoy), i.e., P_g, = p/(20;),
where u =), kP(k) is the mean degree of the network.
Thus, the first two moments of the binomial distribution
B(ng, ko, P_gs) are

(G4

ke
(o) = =L (n2)

- 9
205

_ ke p ko (ko — 1):02
" 20, 402 ’

(G5)

Replacing the expression for (n,) into Eq. (G4), and using
the normalization conditions, [Egs. (G1) and (G3)], we obtain
dog(t)/dt = 0, and thus

@y G6

e (Go)
Therefore, the fraction of nodes in each state is conserved
under the PW dynamics on the projected network.

We now derive a rate equation for the evolution of p
following the same steps as for o, above, where now the
change in p in a flipping event is Ap = 2(k — 2n)/(uN) =
>y 2(ky —2ny)/(uN). Here, we have considered that the
number of active links connected to the focal node changes
from n (s — —s links) to k — n (—s — s links) when the node
flips. Then, the average change in p in a time step can be
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FIG. 7. Fixation time t vs the nonlinearity g for ER d-hypergraphs for d = 2 [panel (a)] and d = 5 [panel (b)] for several values of

the average hyperdegree 1. Symbols correspond to computer simulations for N =

1000, while the black lines correspond to the theoretical

solution on complete d-hypergraphs derived in Ref. [31]. (c) Optimal nonlinearity ¢* vs the average hyperdegree i, for several values of d, as

indicated in legend.

written as

PRI

o o

dp(t) 2(kot” -2 a//)
=N ZP(")ZHB% ko Poi) L oane 3 2o 1)
; Z Os Z P(lz) Z : z Wy (na’ (ka” - 2nw))
s==+ A o o

"

o

Replacing into Eq. (G7) the first and second moments from Eq. (G5), we obtain

Using the conditions in Eq. (G3), the first term inside the
curly brackets becomes k, while the second and third terms
combined give —2[1 + (k — 1)p]/(20y). Plugging these ex-
pressions into Eq. (G8) and performing the sums over s and k,
we finally arrive at

dp _2p( P\
2o gfg) 1]

Equations (G6) and (G9) formed a closed system of cou-
pled equations that describe the approximate evolution of the
macroscopic variables x and p, quoted in Eq. (39). These
equations turn to be the same as those of the pair approxima-
tion for the VM on uncorrelated networks [39], corresponding
to uniform weights w;; = 1/k; for every neighbor j of i (see
Sec. Il A). This result highlights the fact that, within the pair
approximation, the specific distribution of weights seem to be
irrelevant for an imitation dynamics on networks.

APPENDIX H: FIXATION TIMES FOR THE
HYPERGRAPH-NONLINEAR VOTER MODEL
IN ERDOS-RENYI d-HYPERGRAPHS

We study the effects of hypergraph topology on the fixation
time t for arbitrary values of ¢, comparing our results with
those reported for the group-driven voter model of Ref. [31],

dp(t)z_ZZP(k){ZZwa/k k//_zza)a[k/ M}

ko — ZZwa 22 Z Wy (N ) (N ) } (G7)
o a'’#ao!
5353 ‘”""k ke ”p} (G8)
o a'#a’

(

which were restricted to integer values of g and complete
d-hypergraphs. Figure 7 shows t as a function of the nonlinear
parameter g for ER d-hypergraphs and several values of the
average d-hyperdegree ;. We observe the existence of an
optimal value g* that minimizes the fixation time, consistent
with the findings of Ref. [31] for the complete d-hypergraphs.
This value ¢* depends on the average d-hyperdegree 1. We
find two qualitatively different behaviors depending on the
group size d.

For d =2, we observe a qualitative change with wg: t
is nonmonotonic with a well-defined minimum value g* for
small wgy, whereas the minimum shifts to ¢ — oo and ©
decreases monotonically for large wy. This indicates that
topological heterogeneity strongly influences the ordering dy-
namics when interactions involve small groups.

For d =5, the impact of heterogeneity is much weaker.
The curves of t for different u, display a qualitatively sim-
ilar shape, and the main effect of increasing w, is simply
to reduce the overall fixation time. This suggests that, for
larger group sizes, the dynamics approaches the mean-field
limit and the influence of heterogeneity diminishes. In both
cases, the results converge to those of Ref. [31] in the limit
g — 0o, confirming that the complete d-hypergraph is re-
covered asymptotically. We plot the optimal nonlinearity g*
as a function of 4, illustrating these two different regimes, in
Fig. 7(c).
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