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Earthquake diffusion is commonly interpreted either as the migration of fluids or as the propagation of
triggering cascades within branching processes. In the latter framework, anomalous diffusion emerges naturally
from the long-memory kernels of epidemic-type aftershock sequence (ETAS) models. Here, we introduce a
swarm-informed ETAS (SIETAS) model designed to describe volcanic seismic swarms. The model combines a
temporally truncated power-law triggering kernel with a spatially localized logistic kernel, thereby introducing
intrinsic temporal and spatial scales into the triggering process. Using an AI earthquake catalog from the ongoing
Campi Flegrei unrest, we show that SIETAS provides a substantially better description of seismicity than the
standard ETAS formulation. We further demonstrate that earthquake diffusion exhibits clear multiscaling behav-
ior characterized by three effective scaling regimes. Analytical arguments based on branching-process theory and
continuous-time random walks indicate that the SIETAS kernels generate a crossover from transient anomalous
diffusion to an effectively normal-diffusive regime, followed by saturation due to finite subcriticality. We discuss
how the observed multiscaling behavior may emerge from the interplay between short-time triggering, finite
temporal memory, finite spatial localization, and secondary components of the triggering kernel. These results
establish a connection between swarm-informed earthquake triggering and multiscale diffusion phenomena in
volcanic environments.

DOI: 10.1103/wv9d-2wjc

I. INTRODUCTION

Understanding how seismic activity propagates in space
and time remains a central problem in statistical seismology
and complex systems. Earthquake occurrence is commonly
described through a set of phenomenological laws, including
the Omori law for temporal clustering [1], the Gutenberg-
Richter magnitude distribution [2], and the spatial clustering
of aftershocks [3].

A very intriguing observation is that the aftershock area
expands as in an anomalous diffusive process [4]. We note that
a diffusion process can be described by the relation between
the average distance from the expansion center and the time
elapsed from the beginning of the diffusion:

〈r2〉 ∝ tα. (1)

*Contact author: giuseppe51289@gmail.com

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

When α = 1, we have standard Brownian diffusion,
whereas for α < 1, we observe a subdiffusive random walk,
and for α > 1 a superdiffusive one. There are two different
interpretations of earthquake diffusion:

(1) The first one attributes the expansion of the earthquake
area to fluid migration. In fact, the pore-pressure increase
can reduce the effective normal stress on active faults (e.g.,
Ref. [5]). A large amount of literature has been produced
explaining empirical observations with stress and fluid dif-
fusion in tectonic regime [6–10], for aseismic slip [11] or
for volcanic swarms [12,13]. Triggered earthquakes can reach
distances varying from few meters up to several kilome-
ters away from the initial pore-pressure perturbation and at
timescales that may vary from days up to months, or even
years [14,15].

(2) The second interpretation views earthquake diffusion
as a Levy flight [16] attributing this behavior to the cascading
process governing seismic occurrence [17]. More precisely,
in the standard epidemic-type aftershock sequence (ETAS)
model [18–24], the triggering kernel is typically described
by a power-law decay in time [1] and a spatial power-
law distribution [3]. The authors of Ref. [17] showed that
the space-time propagation of seismicity in this model can
be mapped onto a continuous-time random walk (CTRW),
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leading to anomalous diffusion of aftershock sequences. Sta-
tistical analyses of global earthquake catalogs confirmed such
interpretation [25], evidencing that earthquake diffusion is a
multiscaling process [26].

While these mechanisms have been extensively investi-
gated for tectonic earthquake sequences, their applicability
to volcanic seismic swarms remains less clear. As one of
the most compelling types of clustered seismicity, seismic
swarms evolve without being preceded or dominated by
a major mainshock, typically reflecting transient physical
mechanisms like fluid transport, volcanic reactivation, or
aseismic fault displacement. First characterized by Mogi [27]
as spatialtemporal groupings of earthquakes within a confined
region, swarms diverge from standard tectonic sequences be-
cause they comprise multiple events of similar magnitudes
rather than a singular large event followed by decaying af-
tershocks [27,28]. Even though this definition dates back
several decades, it remains highly accurate in identifying
the core features of swarm behavior, even when analyzed
through modern, high-resolution earthquake monitoring net-
works. Seismicity is rarely steady over time, often manifesting
as localized bursts or phases of accelerated activity [28,29].
These seismic swarms are generally restricted to narrow ge-
ographical areas and frequently develop near active fault
networks, geothermal systems, or volcanic complexes [30,31].
While conventional mainshock-aftershock sequences are pri-
marily propelled by coseismic stress transfer, swarms are
widely understood as a fault system’s reaction to transient
external forcings. The primary driving mechanisms include
pore-pressure diffusion driven by subsurface fluids [5,32], the
movement of magma or hydrothermal fluids in volcanic sys-
tems [33,34], and slow aseismic slip that continuously loads
smaller locked asperities [35–38].

Volcanic swarms often exhibit finite-duration activation
episodes, repeated bursts of seismicity, and strong spa-
tial localization associated with hydrothermal and magmatic
structures. These observations suggest the existence of intrin-
sic temporal and spatial scales that may not be adequately
captured by the scale-free triggering kernels commonly
adopted in standard ETAS formulations. In what follows,
we show that the Campi Flegrei seismicity recorded during
the current unrest exhibits a multiscaling behavior that can
be interpreted in terms of a cascading process. In fact, for
volcanic seismicity, empirical kernels often differ from the
standard tectonic case. In particular, temporal triggering fol-
lows a power law with an exponential cutoff [39], while the
spatial kernel is described a logisticlike expression [40]. We
refer to the ETAS model equipped with these kernels as the
swarm-informed ETAS (SIETAS) model. SIETAS has been
already applied to explain the temporal occurrence of earth-
quakes at the Taupo volcanic zone [41].

In this work, we investigate whether finite-memory and
finite-range triggering kernels can provide a more appro-
priate description of volcanic seismic swarms. Using a
high-resolution AI-based catalog of the ongoing Campi Fle-
grei unrest [42], we first show that the SIETAS model
provides a substantially improved description of seismicity
compared with the standard ETAS formulation. We then
demonstrate that Campi Flegrei seismicity exhibits clear
multiscaling signatures in earthquake diffusion and explore

FIG. 1. The map of Campi Flegrei reporting the location of the
earthquakes in the AI catalog. Circles represent the seismic events,
the size is proportional to the magnitude, and the color is the focal
depth. (Inset) The map of Italy highlighting the location of Campi
Flegrei caldera in a red square.

how these observations may emerge from the finite tempo-
ral and spatial scales introduced by the SIETAS triggering
kernels. Finally, we discuss the implications of these re-
sults for the interpretation of seismic diffusion in volcanic
environments.

II. THE CATALOG

In the present study, we use the seismic catalog pro-
vided by the authors of Ref. [42], a high-resolution record
of earthquakes occurring in the Campi Flegrei area in the
time window 2022–2025 during the current unrest. It in-
cludes low- to moderate-magnitude events, detected through
improved identification and relocation techniques that allow
for a more detailed reconstruction of the spatial and temporal
distribution of seismicity. The catalog reveals a pronounced
clustering of events in specific areas of the caldera, highlight-
ing the presence of active structures and ongoing processes
related to the pressurization of the magmatic-hydrothermal
system. Furthermore, the high level of completeness of
the dataset enables the analysis of temporal variations in
seismicity rates, offering valuable insights into the evolu-
tion of the unrest and its potential implications for hazard
assessment.

The seismic catalog spans from 21 January 2022 to 20
March 2025 and includes more than 54 000 earthquakes
identified using a machine-learning approach. The location
of the earthquakes is shown in Fig. 1. The events cover a
wide magnitude range, approximately from about −4.27 up
to 4.38, capturing both microseismicity and the largest shocks
recorded during the current unrest phase. The magnitude used
in the catalog is a relative magnitude constrained using the du-
ration magnitude used in the manual official catalog used for
training the machine-learning algorithm [42]. The magnitude
as a function of time is shown in Fig. 2(b).

The completeness magnitude, equal to −0.16, has been
estimated following a method based on the variability
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FIG. 2. (a) The Gutenberg-Richter distribution for the AI catalog
for Campi Flegrei. (b) The earthquake magnitude as a function of
time. The red line represents the minimum magnitude threshold
considered in this study and coorresponds to CV = 0.9, following
Godano et al. [44].

coefficient [43,44]. cV is defined as the ratio between the
standard deviation and the average value of a given variable
(in this case the magnitude). For an exponential distribution,
it assumes the value 1. As a consequence, evaluating cV as
a function of a threshold magnitude mth, if cV overcomes a
given threshold (here fixed at 0.90 [45]), then mth equals the
completeness magnitude. Figure 2(a) shows the magnitude
distribution for comparison. Restricting at m � mth,the com-
pleteness magnitude does not change with time substantially,
as shown in Fig. 2(b).

III. A SWARM-INFORMED SPACE-TIME ETAS
(SIETAS) MODEL

To account for the strongly clustered, finite memory, and
spatially localized character of the Campi Flegrei seismic
swarms, we extend the temporal swarm-informed ETAS for-
mulation by introducing a spatial kernel inspired by the
empirical swarm-distance distribution reported by Ref. [40].
The resulting model is a marked space-time Hawkes process
of ETAS type, in which both the temporal and spatial trigger-
ing components are replaced by swarm-informed kernels.
Let (ti, xi, mi ), i = 1, . . . , N , denote the occurrence time,
hypocentral projection (or epicentral location) xi ∈ W ⊂ R2,
and magnitude of the observed earthquakes in the space-time
window [T1, T2] × W . The conditional intensity is defined as

λ(t, x | Ht ) = μ(x) +
∑
ti<t

K ea(mi−M0 ) g(t − ti ) f (‖x − xi‖),

(2)
where Ht is the history up to time t , μ(x) is the background
rate, M0 is the reference magnitude, K is the productiv-
ity constant, and α controls the magnitude dependence of
triggering. The novelty of Eq. (2) lies in the choice of the
normalized temporal kernel g and spatial kernel f , both de-
signed to represent swarmlike triggering rather than standard
mainshock-aftershock behavior.

Following the temporal formulation introduced for vol-
canic swarm activity [39,41], we define

g(u) = e−u/τ (η + u−p)

Zt (τ, p, η)
, u > 0, (3)

where τ > 0 is a characteristic memory timescale, p < 1
controls the short-time singularity, and η � 0 adds a smooth
component that allows an initial burst followed by a more per-
sistent activation. The temporal kernel is normalized to unity.
The explicit expression of the normalization constant and the
cumulative triggering function are reported in Appendix A.

The empirical analysis of swarm geometries suggests a
two-regime spatial organization, characterized by an approx-
imately flat core and an exponentially localized tail [40]. In
order to embed this behavior into a proper two-dimensional
point-process framework, we define the isotropic spatial
kernel as

f (r) = Cs

1 + exp[βs(r − rc)]
, r � 0, (4)

where r = ‖x − xi‖, βs > 0 controls the spatial localization,
and rc > 0 is the characteristic core radius. The normalization
constant is obtained by imposing∫

R2
f (‖x‖) dx = 2π

∫ ∞

0
r f (r) dr = 1, (5)

and its analytical derivation is reported in Appendix B. The
normalized spatial kernel reads

f (r) = β2
s

2π [− Li2(−eβsrc )]

1

1 + exp[βs(r − rc)]
. (6)

Since both kernel are normalized, the productivity term
Keα(mi−M0 ) retains its direct interpretation as the expected
number of first-generation offspring triggered by event i in an
unbounded domain. Assuming a truncated Gutenberg-Richter
distribution [46], the corresponding branching ratio is

n = K
βm

βm − α

1 − e−(βm−α)(Mmax−M0 )

1 − e−βm (Mmax−M0 )
, (7)

while in the limit Mmax → ∞ and βm > a this reduces to

n = K
βm

βm − α
. (8)

The condition n < 1 corresponds to the subcritical regime.
The derivation is given in Appendix C.

A. Statistical and physical motivation of the SIETAS kernels

The SIETAS kernels are not introduced solely as flexible
alternatives to the conventional ETAS functions. Their forms
are motivated by recurring statistical features observed in vol-
canic seismic swarms. For the temporal component, stacked
swarm occurrence rates from several volcanic systems exhibit
an initial power-law decay followed by an exponential deple-
tion at longer times [39]. The factor u−p in Eq. (3) preserves
the strong short-time clustering that is also characteristic of
ordinary aftershock sequences. In contrast to the modified
Omori kernel, however, the factor exp(−u/τ ) introduces a
finite-memory timescale. Thus,

gS(u) ∼ u−p, u � τ, (9)
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whereas

gS(u) ∼ exp(−u/τ ), u � τ. (10)

This distinction is relevant for volcanic swarms, which
are commonly associated with transient forcing by magma
intrusion, hydrothermal-fluid migration, or aseismic deforma-
tion rather than with the instantaneous stress redistribution
produced by a single dominant mainshock. The weak or neg-
ligible short-time offset is consistent with a rapid response
of preexisting fractures to fluid-induced stress changes and
fault lubrication. The long-time exponential taper may instead
reflect the finite duration of the external forcing and the subse-
quent relaxation of the induced stress field. The smooth term η

allows the kernel to represent a secondary, less singular com-
ponent of swarm activation, such as the rate enhancement or
bump observed in some Campi Flegrei swarm sequences. The
spatial kernel is similarly based on empirical swarm geometry.
A comparative analysis of volcanic systems worldwide iden-
tified an approximately uniform distribution at short radial
distances followed by a rapidly decaying outer region [40].
This behavior differs from the scale-free spatial power-law
tail conventionally adopted in ETAS. In the SIETAS formula-
tion, rc defines the characteristic extent of the inner triggering
region, while βs controls the localization outside this region.
In the generalized logistic formulation, ν provides additional
flexibility in the transition between the inner region and the
tail.

Physically, rc may be interpreted as the scale over which
stress or pore-pressure perturbations remain efficiently corre-
lated through the local fracture and hydrothermal network.
A larger value can be associated with a more extensive or
better-connected permeable structure, whereas a smaller value
is compatible with a confined conduit, fault patch, or localized
deformation source. The rapid outer decay represents the finite
spatial extent of the structures activated during an individual
swarm. The consequences of these modifications are illus-
trated directly in Fig. 3. In panel (a), the SIETAS temporal
kernel (red curve) and the standard ETAS modified Omori
kernel (green curve) share a decreasing short-time behavior,
whereas the SIETAS kernel captures the overall depletion of
the reconstructed triggering density more closely, although its
exponential cutoff produces a sharper long-time decay than
the relatively gradual empirical tail. In panel (b), the SIETAS

FIG. 3. Comparison between empirically reconstructed trigger-
ing distributions and the fitted SIETAS and standard ETAS kernels.
The empirical distributions (open circles) were reconstructed using
the stochastic declustering procedure of Zhuang et al. [50], in which
each possible parent-offspring pair is weighted by its estimated trig-
gering probability. (a) Temporal triggering distribution as a function
of the parent-offspring time lag. (b) Radial spatial triggering distri-
bution as a function of the parent-offspring distance. The SIETAS
kernels (red curves) reproduce the reconstructed triggering distribu-
tions more closely than the corresponding standard ETAS kernels
(green curves), with the improvement being particularly evident for
the temporal triggering process and for the localized spatial decay.

spatial kernel reproduces the localized radial decay of the
reconstructed distribution, whereas the standard ETAS power-
law kernel retains a much broader long-distance tail.

B. Log-likelihood

The conditional log-likelihood for the observed catalog is

	(θ) =
N∑

j=1

ln λ(t j, x j | Ht j ) −
∫ T2

T1

∫
W

λ(t, x | Ht ) dx dt,

(11)
where

θ = (K, a, τ, p, η, βs, rc, parameters of μ). (12)

Using the SIETAS kernels, the conditional log-likelihood can
be written as

	(θ) =
N∑

j=1

ln

⎡
⎣μ(x j ) +

∑
i: ti<t j

K eα(mi−M0 ) g(t j − ti ) f (‖x j − xi‖)

⎤
⎦ − (T2 − T1)

∫
W

μ(x) dx

−
N∑

i=1

K ea(mi−M0 ) Q(xi;W ) Gt (T2 − ti ). (13)

In the idealized case of an unbounded spatial domain, or
when boundary effects are negligible, Q(xi;W ) ≈ 1, making
easier the 	(θ) calculation. The analytical derivation is re-
ported in Appendix D.

The parameters were estimated by minimizing the
negative conditional log-likelihood using a deterministic,

derivative-free coordinate-search algorithm implemented in
Fortran. The optimization was carried out in a transformed
parameter space. Parameters constrained to be positive were
represented by exponential transformations, whereas param-
eters restricted to finite intervals were represented through
bounded logistic transformations. For the SIETAS model, the
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transformed parameter vector is

z = (zμ, zn, zα, zτ , zp, zη, zβs , zrc , zν ).

The units of τ and rc are days and kilometers, respectively,
while βs is expressed in inverse kilometers. The branching
ratio is optimized directly rather than the productivity coef-
ficient K . At each likelihood evaluation, K is obtained from

K = n
1
N

∑N
i=1 exp[α(mi − M0)]

, (14)

which ensures that the average first-generation productivity
over the observed magnitude distribution equals the fitted
branching ratio. The upper bound n < 0.99 keeps the fitted
process within the subcritical regime. Starting from an admis-
sible initial vector, each transformed parameter is perturbed
sequentially in the positive direction and, if this does not im-
prove the objective function, in the negative direction. A trial
point is retained whenever it produces a lower negative log-
likelihood. If a complete cycle over all parameters produces
no improvement, all step sizes are multiplied by 0.7. The
optimization is terminated after at most 100 complete cycles
or when the largest step size becomes smaller than 10−3. The
spatial normalization of the logistic kernel is evaluated by
numerical quadrature. The spatial edge-correction factors

Q(xi;W ) =
∫

W
f (‖x − xi‖) dx (15)

are evaluated numerically for every earthquake using a regular
200 × 200 midpoint grid covering the observation window.
The cumulative temporal kernel entering the compensator is
also evaluated numerically. No analytical gradients, Markov
chain Monte Carlo (MCMC) sampling, or Bayesian integra-
tion were used.

C. Reference standard ETAS model

For comparison, we also consider the standard space-time
ETAS model. In this formulation, the conditional intensity is

λETAS(t, x | Ht )

= μ(x) +
∑
ti<t

K eα(mi−M0 )gE(t − ti ) fE(‖x − xi‖), (16)

where the temporal triggering kernel follows the modified
Omori law,

gE(u) = (p − 1)cp−1

(u + c)p
, u > 0, p > 1, c > 0, (17)

and the spatial triggering kernel is given by the normalized
isotropic power-law form

fE(r) = q − 1

πd

(
1 + r2

d

)−q

, r � 0, q > 1, d > 0.

(18)
These kernels satisfy∫ ∞

0
gE(u) du = 1,

∫
R2

fE(‖x‖) dx = 1. (19)

Therefore, as for the SIETAS model, the factor Keα(mi−M0 )

represents the expected number of direct offspring triggered
by event i in an unbounded domain.

In the Campi Flegrei application, the same spatial observation
window and the same uniform background assumption are
used for both ETAS and SIETAS, so that the comparison is
based only on the different temporal and spatial triggering
kernels.

D. Hybrid models and ablation analysis

To disentangle the respective contributions of the tempo-
ral and spatial modifications introduced in SIETAS, we also
consider two intermediate hybrid models. The first hybrid
model combines the SIETAS temporal kernel [Eq. (3)] with
the standard ETAS spatial kernel [Eq. (18)]. Its conditional
intensity is

λStEs (t, x | Ht )

= μ(x) +
∑
ti<t

Keα(mi−M0 )gS(t − ti ) fE(‖x − xi‖ | mi ).

(20)

The second hybrid model combines the standard ETAS
temporal kernel [Eq. (17)] with the generalized SIETAS spa-
tial kernel [Eq. (4)]:

λEtSs (t, x | Ht )

= μ(x) +
∑
ti<t

Keα(mi−M0 )gE(t − ti ) fS(‖x − xi‖). (21)

All four formulations are fitted to exactly the same catalog,
magnitude threshold, temporal interval, spatial observation
window, and coordinate dequantization. Consequently, their
likelihood and information-criterion values can be directly
compared. This ablation analysis allows us to quantify sepa-
rately the contribution of the swarm-informed temporal kernel
and that of the generalized spatial kernel.

E. Application of SIETAS model to the Campi Flegrei seismicity

Here, we compare the SIETAS model with the standard
ETAS [18–24,47–49] model that assumes the Omori law [1]
as the time kernel and a power-law spatial kernel [3]. Also,
we compare the two intermediate hybrid models to the Campi
Flegrei catalog as abaltion analysis.

For all models, the background intensity was assumed
spatially uniform,

μ(x) = μ0

|W | , (22)

where |W | denotes the area of the spatial observation window.
Spatial edge-correction factors were evaluated numerically for
each event and for the corresponding fitted spatial kernel.
Table I reports the maximum-likelihood parameter estimates,
branching ratios, log-likelihoods, and Akaike information cri-
terion values for the four formulations. The two hybrid models
isolate the improvements associated with the temporal and
spatial components, whereas the complete SIETAS formu-
lation evaluates their combined contribution. In particular,
replacing the standard modified Omori kernel with the ex-
ponentially truncated SIETAS temporal kernel changes the
log-likelihood from 101 233 to 103 124, while introducing
the generalized logistic spatial kernel changes it from 101 233
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TABLE I. Maximum-likelihood parameter estimates and model-comparison statistics for the standard ETAS model, the two hybrid
formulations, and the complete SIETAS model. The notation St Es denotes the SIETAS temporal kernel combined with the standard ETAS
spatial kernel, while Et Ss denotes the standard ETAS temporal kernel combined with the generalized SIETAS spatial kernel. Parameters not
included in a given formulation are indicated by “–”.

Model K μ0 α p c τ q d γ βs rc η ln L AIC

ETAS 0.80 0.70 0.32 1.15 1.75 × 10−5 – 1.35 2.83 × 10−3 0.027 – – – 101 233 −186 466
St Es 0.84 2.47 0.29 0.82 – 0.57 1.42 0.005 0.012 – – 6.73 × 10−4 103 124 −206 230
Et Ss 0.81 1.11 0.35 1.10 1.60 × 10−5 – – – – 13.59 0.10 – 103 677 −207 338
SIETAS 0.84 3.69 0.29 0.84 – 0.89 – – – 13.15 0.10 2.7 × 10−3 107 007 −213 996

to 103 677. The complete SIETAS formulation achieves a
log-likelihood of 107 007 and an AIC of −213 996. These
results indicate that full SIETAS model is the best model
for the description of the considered data. Also, the ablation
analysis therefore provides a direct quantitative assessment of
the relative contributions of the temporal and spatial triggering
kernels.

F. Comparison with empirically reconstructed
triggering distributions

To assess whether the proposed triggering kernels ac-
curately describe the observed triggering process, we re-
constructed the empirical temporal and spatial offspring
distributions using the stochastic declustering approach of
Zhuang et al. [50]. For each ordered earthquake pair i < j,
the probability that earthquake i directly triggered earthquake
j is

Pi j = Keα(mi−M0 )g(t j − ti ) f (ri j )

λ(t j, x j | Ht j )
, (23)

while the probability that event j is a background event is

P0 j = μ(x j )

λ(t j, x j | Ht j )
. (24)

These probabilities were used as statistical weights to recon-
struct the empirical distributions of parent-offspring time lags
and spatial separations.

Figure 3 compares these reconstructed distributions with
the fitted SIETAS and standard ETAS kernels. The recon-
structed temporal distribution exhibits a clear finite temporal
scale and a marked depletion of triggering probability at large
time lags. The exponentially truncated SIETAS kernel cap-
tures this departure from the scale-free decay predicted by
standard ETAS and provides a closer overall description of
the reconstructed distribution. However, its single exponential
cutoff produces a sharper long-time decay than the relatively
gradual decrease observed in the reconstructed distribution.
This discrepancy indicates that a kernel characterized by a
single cutoff timescale remains somewhat restrictive, even
though it improves the overall likelihood. A more flexible
temporal formulation, such as a stretched-exponential cutoff
or a mixture of characteristic timescales, could provide a
better description of the long-time behavior and will be inves-
tigated in future work. The reconstructed spatial distribution
similarly reveals a localized triggering region followed by
a relatively sharp decrease in triggering probability, which
is reproduced more closely by the logistic SIETAS kernel

than by the standard ETAS power-law kernel. Overall, these
comparisons show that the likelihood improvement reflects a
more realistic description of the triggering process, while also
highlighting the remaining limitation of the SIETAS temporal
kernel.

IV. MULTISCALING IN EARTHQUAKE DIFFUSION

Multiscaling properties of earthquake diffusion can be in-
vestigated by evaluating the quantity [26,51]

〈
rq

i j

〉
(θ ) =

∑
i

∑
j rq

i j δ(θ − θi j )∑
i

∑
j δ(θ − θi j )

, (25)

where ri j is the spatial distance between the ith and the jth
earthquakes, θi j is their temporal separation, and δ(·) denotes
the Dirac delta.

〈rq
i j〉 is shown in Fig. 4 as a function of θ for the different q

values. As expected, 〈rq
i j〉 exhibits a regime scaling as a power

law followed by a flat regime because of the saturation.
The values of the fitted exponents are shown in Fig. 5 as a

function of q.
Adopting the multifractal formalism the exponent ε has to

vary linearly with q and we have [52]

ε = min
h

[hq + D(h) − 3], (26)

where D(h) denotes the singularity spectrum associated with
the scaling exponent h. In Fig. 5, we observe three approx-
imately linear regimes, suggesting the presence of different
effective scaling behaviors in earthquake diffusion. The inter-
pretation of the fitted intercepts in terms of fractal dimensions
should, however, be treated with caution. In particular, values
formally exceeding the embedding dimension do not neces-
sarily imply a literal fractal dimension larger than 3, but rather
indicate a tendency toward a space-filling regime or satura-
tion of the multifractal spectrum. Within this interpretation,
the blue and green branches are compatible with an effec-
tively space-filling organization of seismicity, characterized
by different singularity strengths. In one case, the singularity
strength is very small, h = 9.4 × 10−2, whereas in the second
case it is larger, h = 0.38, indicating different scaling behav-
iors of the underlying measure. The third branch (red fit in
Fig. 5) corresponds instead to an effective fractal dimension
D(h) = 2.82 with singularity strength h = 5.4 × 10−2. The
physical interpretation of these different scaling regimes will
be discussed in Sec. VI.
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FIG. 4. 〈rq
i j〉 vs θ for the different values of q. Dashed lines

represent the power-law fits within the scaling regime.

V. TRIGGERING KERNELS
AND EARTHQUAKES DIFFUSION

In order to provide a physical interpretation of our obser-
vations, let us to consider a separable triggering kernel of the

FIG. 5. The fitted exponents ε vs q. The dashed lines are the three
linear fits representing the three different fractal regimes described
(see text) by the relationships in the figure labels.

form

φ(r, t ) = K ψ (t ) λ(r), (27)

where ψ (t ) is the temporal triggering kernel and λ(r) is the
spatial distribution of triggered events. Namely, ψ (t ) and λ(r)
are the equivalent of relationships (3) and (4) for time and
space kernels, respectively.

We would like to emphasize that both kernels are character-
ized by two parameters, τ and rc, representing the values of t
and r beyond which the occurrence rates decay exponentially.
The exponential truncation ensures the existence of finite mo-
ments for both the temporal and spatial occurrence rates.

On the contrary, for t < τ the temporal kernel decays as
t−p, whereas for r < rc the spatial kernel assumes a constant
value.

In what follows, we neglect the normalization constants in
order to simplify the notation without any loss of generality.

A. Propagation of triggered seismicity

Let N (r, t ) denote the average density of events generated
by a single initial earthquake. In the branching formulation, N
satisfies

N (r, t ) = φ(r, t ) +
∫ t

0
dτ

∫
dr′, φ(r − r′, t − τ )N (r′, τ ).

(28)
This equation accounts for direct aftershocks as well as

higher generations.
Taking the Fourier transform in space and the Laplace

transform in time yields

Ñ (k, s) = φ̃(k, s)

1 − φ̃(k, s)
. (29)

If the branching ratio is n, we can write

φ̃(k, s) = nψ̃ (s)λ̃(k). (30)

Because the temporal kernel has a finite mean waiting time
due to the exponential cutoff, its strict small-s expansion is

ψ̃ (s) � 1 − 〈t〉s. (31)

Similarly, since the spatial kernel has finite variance,

λ̃(k) � 1 − Dk2. (32)

Substituting these expansions into the denominator of the
propagator gives

1 − nψ̃ (s)λ̃(k) � (1 − n) + n〈t〉s + nDk2. (33)

For a strictly subcritical process, n < 1, the term 1 − n
introduces a finite branching cutoff. Therefore, the diffusive
approximation is valid only over scales for which

n〈t〉s + nDk2 � 1 − n. (34)

In this regime, the denominator reduces effectively to

n〈t〉s + nDk2, (35)

which corresponds to normal diffusion,

〈r2(t )〉 ∼ t . (36)

At longer times, however, the finite subcriticality limits the
cascade and the spreading saturates.
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Over intermediate times, before the exponential cutoff be-
comes dominant, the exponential taper is not yet dominant and
the singular part of the temporal kernel behaves as

ψ (t ) ∼ t−p, 0 < p < 1. (37)

It is important to stress that this is not a true long-time tail.
Since the full SIETAS kernel is exponentially truncated, all
temporal moments are finite and the strict small-s expansion
remains analytic. Therefore, the asymptotic long-time behav-
ior is controlled by the normal-diffusive regime described
above, with saturation due to subcriticality.

Nevertheless, over an intermediate range of scales, before
the exponential cutoff is resolved, the Laplace transform is
controlled by the singular part of the kernel. In this intermedi-
ate regime, one may write, in an effective sense,

1 − ψ̃ (s) � As1−p, (38)

where A > 0 depends on the normalization and on the cutoff
scale. Hence,

ψ̃ (s) � 1 − As1−p. (39)

Combining this expression with

λ̃(k) � 1 − Dk2, (40)

we obtain

1 − nψ̃ (s)λ̃(k) � 1 − n(1 − As1−p)(1 − Dk2)

� (1 − n) + nAs1−p + nDk2. (41)

Close to criticality, or over timescales for which the
branching cascade dominates over the finite subcritical cutoff,
this denominator has the effective fractional-diffusion form

As1−p + Dk2. (42)

Consequently, the mean-square displacement exhibits a tran-
sient anomalous scaling,

〈r2(t )〉 ∼ t1−p, t � τ. (43)

For p = 0.81, this corresponds to an effective subdiffusive
exponent 1 − p � 0.19.

Thus, the SIETAS temporal kernel does not predict genuine
asymptotic subdiffusion. Rather, it predicts an intermediate-
time anomalous regime controlled by the short-time singular-
ity of the triggering rate, followed by a crossover to normal
diffusion once the exponential cutoff becomes dominant, and
finally by saturation due to the finite subcriticality of the
branching process.

VI. PHYSICAL INTERPRETATION

This behavior suggests a two-regime dynamics for volcanic
swarms occurrence:

(1) At intermediate times (θ < τ ), triggering exhibits
memory effects leading to subdiffusive spreading of seis-
micity. This could represent the earthquake diffusion within
swarms in a cascading process, as observed for tectonic
events. Namely, each event can trigger its own aftershocks
of the next generation. This may provide a possible inter-
pretation of the fractal behavior observed at intermediate

FIG. 6. Same as Fig. 5, but for the Etna catalog. In this case,
only two scaling regimes are observed, consistently with the absence
of the smooth component associated with η.

θ in Fig. 5 (green fit), suggesting a similarity with stan-
dard aftershock sequences. An alternative interpretation is
that the migration may be driven by a transient slow
slip acting as a primary driving engine. As an aseis-
mic slip front migrates slowly along a fault plane, often
modulated by high-pressure fluid diffusion, it continuously
alters the local stress field, systematically triggering clus-
ters of small-magnitude events as it encounters small, brittle
asperities [38,53–55].

(2) At longer times (θ > τ ), the exponential cutoff re-
moves the long-time memory and the system crosses over to
an effectively normal-diffusive regime, before eventual satu-
ration due to the finite subcritical branching ratio.

The third fractal regime at small θ in Fig. 5 (red fit)
may reflect the presence of an additional characteristic pro-
cess not fully captured by the dominant power-law and
exponential-cutoff scales. In principle, both rc and η intro-
duce additional crossover scales into the SIETAS triggering
kernel.

However, rc primarily represents the characteristic spatial
extent of volcanic swarms [40], whereas the intermediate-q
regime (green fit in Fig. 5) already appears compatible with
swarmlike cascading diffusion. This suggests that the third
scaling regime may instead be associated with the smooth
component controlled by η.

Although the fitted value of η is small compared with
the dominant singular contribution over most of the temporal
range preceding the exponential cutoff, multifractal observ-
ables may still be sensitive to weak secondary components
of the triggering kernel. Therefore, the possible association
between η and the third scaling regime cannot be excluded,
although it should be regarded as a qualitative interpretation
rather than a direct demonstration.

As additional support for this interpretation, we performed
the same analysis for the Etna catalog, for which the au-
thors of Ref. [39] reported η = 0. In that case, only two
scaling regimes are observed, approximately corresponding
to the regimes θ < τ and θ > τ . In fact, in Fig. 6 it is
possible to observe a ε(q) very similar to the one observed
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for Campi Flegrei for q > −1. However, in the case of
Etna, the third regime, with a smaller slope, is not observed.
This represents an indication that the third scaling regime
observed for the Campi Flegeri catalog can be associated
with η.

VII. CONCLUSION

When ETAS-type triggering involves truncated tempo-
ral kernels and spatial distributions with finite characteristic
scales, the resulting space and time propagation of seismicity
is expected to display transient anomalous diffusion followed
by an effectively normal-diffusive regime and eventual sat-
uration due to finite subcriticality. Such behavior may be
particularly relevant for volcanic earthquake sequences where
physical processes introduce natural temporal and spatial
cutoffs.

In this work, we have extended this framework by ex-
plicitly introducing the modified kernels discussed within the
ETAS formalism, leading to what we define as the SIETAS
model. This extension allows us to account more realistically
for the presence of intrinsic temporal and spatial limits in the
triggering process, which are especially relevant in volcanic
environments where the dynamics are controlled by complex
physical processes.

Moreover, focusing on the Campi Flegrei area, by us-
ing an advanced AI-based catalog, we have shown that
the seismicity exhibits a clear multiscaling behavior char-
acterized by three distinct scaling regimes. The first two
regimes can be qualitatively interpreted within the truncated
ETAS/SIETAS framework, reflecting the interplay between
short-term triggering and intermediate-scale diffusion pro-
cesses. The third regime may instead be associated with the
weak smooth component of the temporal kernel, although
this interpretation remains qualitative and should be tested
with synthetic catalogs generated from the fitted SIETAS
modelcheck. This result highlights that, even during highly
clustered phases, a non-negligible background component
persists and contributes to the overall scaling properties of the
system.
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APPENDIX A: NORMALIZATION
OF THE TEMPORAL KERNEL

The normalization constant for the temporal kernel is

Zt (τ, p, η) =
∫ ∞

0
e−u/τ (η + u−p) du = ητ + τ 1−p�(1 − p),

(A1)
so that ∫ ∞

0
g(u) du = 1. (A2)

The exponential taper ensures finite temporal memory, while
the power-law factor preserves the sharp short-time clustering
typical of swarms. The cumulative temporal triggering func-
tion entering the compensator is

Gt (u) =
∫ u

0
g(v) dv = ητ (1 − e−u/τ ) + τ 1−pγ (1 − p, u/τ )

ητ + τ 1−p�(1 − p)
,

(A3)
where γ (·, ·) is the lower incomplete gamma function.

APPENDIX B: NORMALIZATION
OF THE SPATIAL KERNEL

The constant Cs is chosen so that f is a normalized density
on R2: ∫

R2
f (‖x‖) dx = 2π

∫ ∞

0
r f (r) dr = 1. (B1)

Substituting Eq. (4) into Eq. (B1) gives

1 = 2πCs

∫ ∞

0

r

1 + exp[βs(r − rc)]
dr. (B2)

Introducing the change of variable u = βsr, we obtain
∫ ∞

0

r

1+ exp[βs(r− rc)]
dr = 1

β2
s

∫ ∞

0

u

1+ exp(u− βsrc)
du.

(B3)

Using the standard Fermi-Dirac integral identity
∫ ∞

0

u

1 + exp(u − ξ )
du = − Li2(−eξ ), (B4)

where Li2 is the dilogarithm, Eq. (B2) becomes

1 = 2πCs
− Li2(−eβsrc )

β2
s

. (B5)

Therefore,

Cs = β2
s

2π [− Li2(−eβsrc )]
. (B6)

APPENDIX C: BRANCHING RATIO

If magnitudes follow a truncated Gutenberg-Richter distri-
bution [46] on [M0, Mmax] with density

pM (m) = βme−βm (m−M0 )

1 − e−βm (Mmax−M0 )
, M0 � m � Mmax, (C1)
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then the mean branching ratio is

n = K E[eα(M−M0 )] = K
βm

1 − e−βm (Mmax−M0 )

∫ Mmax−M0

0
e−(βm−α)z dz. (C2)

Hence, for βm �= a,

n = K
βm

βm − α

1 − e−(βm−α)(Mmax−M0 )

1 − e−βm (Mmax−M0 )
. (C3)

APPENDIX D: LIKELIHOOD DERIVATION

Substituting Eq. (2) into Eq. (11) yields

	(θ) =
N∑

j=1

ln

⎡
⎣μ(x j ) +

∑
i: ti<t j

K ea(mi−M0 ) g(t j − ti ) f (‖x j − xi‖)

⎤
⎦ −

∫ T2

T1

∫
W

μ(x) dx dt

−
N∑

i=1

K ea(mi−M0 )
∫ T2

ti

g(t − ti )

[∫
W

f (‖x − xi‖) dx
]

dt . (D1)

Defining the spatial edge-correction factor

Q(xi;W ) =
∫

W
f (‖x − xi‖) dx, (D2)

and using Eq. (A3), the compensator becomes∫ T2

ti

g(t − ti )

[∫
W

f (‖x − xi‖) dx
]

dt = Q(xi;W ) Gt (T2 − ti ). (D3)

Therefore,

	(θ) =
N∑

j=1

ln

⎡
⎣μ(x j ) +

∑
i: ti<t j

K ea(mi−M0 ) g(t j − ti ) f (‖x j − xi‖)

⎤
⎦ − (T2 − T1)

∫
W

μ(x) dx

−
N∑

i=1

K ea(mi−M0 ) Q(xi;W ) Gt (T2 − ti ). (D4)
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