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Microscopic heat engines operate in regimes where thermodynamic quantities fluctuate strongly, making
stochastic effects an essential aspect of their performance. However, existing geometric formulations of
finite-time thermodynamics primarily characterize average dissipation and do not systematically capture its fluc-
tuations. Here, we develop a unified geometric framework that consistently describes both the mean dissipated
availability and its fluctuations. In the linear-response regime, we show that these quantities are governed by
metric tensors constructed from equilibrium correlation functions, providing a common geometric structure for
dissipation and its fluctuations. This framework yields geometric bounds on both the mean and variance of
the dissipated availability, and thereby on the efficiency and its fluctuations. The formalism applies broadly to
stochastic systems, including Markov jump processes and overdamped and underdamped Brownian dynamics,
establishing a unified geometric description across microscopic heat engines.
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I. INTRODUCTION

Recent technological advances have enabled the realization
and precise control of thermal machines at microscopic scales
[1,2]. Examples include heat engines using a single or a small
number of microparticles or ions [3–11], mesoscopic elec-
tronic devices [12,13], and nanomechanical devices [14,15],
in which thermodynamic cycles can be implemented and
monitored at the level of individual degrees of freedom. Since
the machines operate far from the macroscopic limit, thermo-
dynamic quantities such as work, heat, and efficiency exhibit
pronounced fluctuations, and performance is typically con-
strained by finite-time operation. In particular, fluctuations of
efficiency play a crucial role in assessing the performance and
reliability of microscopic heat engines. These developments
have renewed interest in finite-time thermodynamics of small
systems [16], not only as a tool for optimizing the average
performance of small thermal machines, but also for under-
standing the role of fluctuations in realistic cyclic processes.

Motivated by these experimental realizations, stochastic
thermodynamics has provided a powerful framework to de-
scribe thermodynamic processes in small systems [16–26].
(Applications of stochastic thermodynamics also include
systems involving biological and active matter reservoirs
[27–30].) This framework enables a consistent definition
of thermodynamic quantities along individual stochastic
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trajectories and has clarified the role of fluctuations in
nonequilibrium processes. Within this framework, fluctuation
theorems [16,23,31,32] and related universal relations, such as
thermodynamic uncertainty relations (TURs) [33–37], impose
general constraints on nonequilibrium fluctuations. TURs
have also been extended to time-dependent processes [38–40],
including periodically driven systems [41–45], underscoring
the fundamental role of stochasticity in small-scale thermody-
namic processes. In the context of microscopic heat engines,
stochastic thermodynamics has been widely used to analyze
both average performance and the statistics of work and heat
[41–43,46–83], including experimental investigations of work
and dissipation fluctuations [84,85]. However, while stochas-
tic thermodynamics offers general principles, the systematic
characterization of dissipation and its fluctuations in driven
cyclic processes remains challenging, particularly when one
seeks descriptions that are both transparent and broadly appli-
cable across different dynamical regimes.

To address these challenges, geometric formulations of
finite-time thermodynamics have emerged as a promising
approach [86–90]. In these formulations, the dissipation gen-
erated during finite-time thermodynamic processes is related
to geometric quantities, such as the length of a path in control-
parameter space, which allows one to derive relations that
hold independently of the specific details of the driving proto-
col [91–103]. In the linear-response regime, Sivak and Crooks
demonstrated that the average excess work can be expressed
in terms of a thermodynamic metric defined by equilibrium
correlation functions [104], and later such geometric ideas
were successfully applied to closed thermodynamic cycles
[105,106]. More recently, Frim and DeWeese, as well as
Li and Izumida, developed related geometric descriptions of
finite-time heat engines for a specific system [107,108]. Fur-
thermore, for systems characterized by a single correlation
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time, such as an overdamped Brownian particle in a har-
monic potential, it has been shown that not only the average
dissipation accumulated over a cycle but also its variance
can be described within a geometric framework [109] (work
fluctuations and related issues have also been discussed using
geometric approaches; see, e.g., Refs. [110,111]). Neverthe-
less, despite these advances, existing geometric formulations
remain largely restricted to average quantities and/or specific
dynamical settings, such as systems with a single relaxation
timescale. In microscopic heat engines, however, thermo-
dynamic quantities fluctuate strongly, and fluctuations of
dissipation play a crucial role in determining performance.
This highlights the need for a unified geometric framework
that consistently accounts for both the mean and variance
of dissipation, and that applies across different dynamical
regimes—from overdamped to underdamped systems with
multiple relaxation timescales.

In this work, we address this gap by developing a uni-
fied geometric framework that simultaneously characterizes
the mean and fluctuations of dissipation in finite-time cyclic
heat engines. Our formulation applies consistently to both
overdamped and underdamped dynamics and naturally ac-
commodates systems with multiple relaxation timescales. In
particular, it generalizes our previous formulation for systems
with a single correlation time [109] to systems characterized
by multiple relaxation timescales, thereby providing a unified
framework for describing both the mean and fluctuations of
dissipation in finite-time cyclic heat engines. Here, “finite
time” in the present work refers to finite but sufficiently slow
driving, such that a linear-response description remains valid.
Within a linear-response, time-local description, we show that
both the average dissipation and its variance admit geometric
representations governed by metric tensors constructed from
common equilibrium correlation functions. Importantly, our
framework enables an explicit derivation of the dynamical
content of these metrics directly from the underlying corre-
lation functions.

The structure of this paper is as follows. In Sec. II,
we present our theoretical formalism, which allows us to
determine the metrics for the average and fluctuation of dis-
sipation from equilibrium two-time correlation functions. We
then apply this general formalism to various systems in the
forthcoming sections (Secs. III–V). In Sec. III, we consider
Markov jump systems with discrete states and, in particu-
lar, a classical two-level system as a typical example. In
Sec. IV, we discuss an overdamped Brownian particle in a
one-dimensional (1D) power-law potential. In particular, the
systems discussed in Secs. IV and V possess multiple relax-
ation timescales, requiring the extended formalism developed
in the present work. In Sec. V, we discuss an underdamped
Brownian particle in a harmonic potential as an illustrative
example of an underdamped system. Finally, we conclude the
paper in Sec. VI.

II. GENERAL FORMALISM

A. Setup

We consider a classical microscopic heat engine whose
working substance is continuously in contact with a thermal

environment with a controllable temperature T . The work-
ing substance is described by the Hamiltonian Hλw

, which
includes an externally controlled mechanical parameter λw;
for instance, in the archetypical setup of a gas confined in a
cylinder with a movable piston, λw corresponds to the position
of the piston and determines the volume V of the gas. Thus,
the system has two controllable parameters, λw and λu ≡ T ,
and the parameter space is spanned by the two-dimensional
vector λμ ≡ (λw, λu). These parameters can also be regarded
as generalized displacements.

The natural thermodynamic variables for this system are
(V, T ), and the corresponding thermodynamic potential is the
Helmholtz free energy F . Since the total differential of F is
given by

dF = −SdT − PdV, (1)

where S is the entropy and P is the pressure. For the choice
of generalized displacements λμ = (V, T ), the conjugate gen-
eralized forces are defined as Xμ ≡ (Xw, Xu) = (P, S). At the
microscopic level, these generalized forces can be expressed
by random variables as

Xw = −∂Hλw

∂λw

, (2)

Xu = −kB lnP, (3)

where P = P (�, t ) denotes the probability distribution func-
tion over microstates � and kB is the Boltzmann constant. In
discrete-state Markov jump systems, the distribution P (�, t )
reduces to state probabilities Pi(t ) of state � = i. For contin-
uous systems such as Brownian particles, P (�, t ) becomes
the phase-space distribution ρ(x, p, t ) for a phase-space point
� = (x, p), where x and p are the position and the momentum
of the particle, respectively.

In the following, the ensemble average with respect to the
probability distribution function P is denoted by

〈· · · 〉 ≡
∫

d� · · ·P (�). (4)

In particular, the average in the equilibrium state is denoted
by 〈· · · 〉eq ≡ ∫

d� · · ·Peq(�), where Peq is the equilibrium
distribution function. Fluctuations of a random variable X are
defined as �X ≡ X − 〈X 〉.

The control parameters λμ are varied cyclically along a
closed path in the parameter space with cycle period τ . After
sufficiently many cycles, the system reaches a periodic state
in which the probability distribution satisfies

P (�, t + τ ) = P (�, t ) (5)

for any t � 0. The time origin t = 0 is chosen within this
periodic state.

B. Dissipated availability

Energy dissipation due to finite-speed driving is quantified
by the dissipated availability A defined as [91]

A ≡ U − W, (6)

where W is the work output by the engine and U is the
effective thermal energy input from the environment (not to
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be confused with the internal energy). Here, A, W , and U are
random variables given by

W ≡
∮
C

P dV =
∫ τ

0
dt

(
−∂Hλw

∂λw

)
λ̇w =

∫ τ

0
dt Xwλ̇w, (7)

U ≡
∮
C

T dS =
∫ τ

0
dt T

d

dt
(−kB lnP ) =

∫ τ

0
dt λuẊu, (8)

where C is the closed path in the parameter space for the
engine cycle and the dot denotes the time derivative. In the
quasistatic limit, U coincides with the heat input and A van-
ishes. Thus, A can be interpreted as the part of the effective
thermal energy input that cannot be converted into useful work
because of finite-time irreversibility.

C. Equilibrium correlations and time-local approximation

In general, the equilibrium two-time correlation functions
〈�Xμ(t ) �Xν (t ′)〉eq, with μ, ν ∈ {w, u}, reflect the relax-
ation properties of the underlying microscopic dynamics and
may involve multiple characteristic timescales. Such a situa-
tion naturally arises in generic Markov processes, including
both discrete-state jump systems and continuous Brownian
dynamics.

A particularly simple case is when the correlation function
is governed by a single exponential decay. This situation was
analyzed in Ref. [109] for an overdamped Brownian particle
trapped in a 1D harmonic potential,

Vλw
(x) = λw

2
x2, (9)

where x is the position of the Brownian particle. In this case,
the equilibrium two-time correlation function of the fluctua-
tions of generalized forces Xμ takes the form

〈�Xμ(t ) �Xν (t ′)〉eq = 〈�Xμ(t ) �Xν (t )〉eq e−|t−t ′|/τμν , (10)

with the correlation time

τμν = γ

2λw

, (11)

where γ is the friction coefficient. In the slow-driving regime
and on coarse-grained timescales, this correlation function can
be approximated by a time-local expression,

〈�Xμ(t ) �Xν (t ′)〉eq = 2τμν (t ) 〈�Xμ(t ) �Xν (t )〉eq δ(t − t ′).

(12)

This approximation is valid provided that the characteristic
driving timescale is sufficiently long compared with the cor-
relation times τμν , so that the detailed time dependence of the
correlation function becomes irrelevant.

Motivated by this observation, we now consider the general
case in which the equilibrium two-time correlation function
consists of multiple exponential modes with different relax-
ation timescales τ (i)

μν :

〈�Xμ(t )�Xν (t ′)〉eq = 〈�Xμ(t )�Xν (t )〉eq

∑
i

C(i)
μν e−|t−t ′ |/τ (i)

μν ,

(13)

with the normalization condition∑
i

C(i)
μν = 1. (14)

Here, τ (i)
μν are in general complex, corresponding to damped

oscillatory modes of the dynamics, as well as purely real in
the case of simple overdamped relaxation.

In the slow-driving regime and on coarse-grained
timescales, the correlation function can again be approxi-
mated by a time-local form

〈�Xμ(t ) �Xν (t ′)〉eq = 2τμν (t ) 〈�Xμ(t ) �Xν (t )〉eq δ(t − t ′),

(15)

but now with an effective correlation time given by the
weighted sum:

τμν ≡
∑

i

C(i)
μν τ (i)

μν. (16)

This approximation provides a minimal prescription to incor-
porate microscopic timescales into thermodynamics through
the effective correlation time τμν , independently of the de-
tailed structure of the underlying dynamics.

The above approximation can be justified within linear-
response theory. The metric tensor g(1)

μν governing the mean
value 〈A〉 of the dissipated availability for a given cycle,

〈A〉 =
∫ τ

0
dt g(1)

μν (t )λ̇μ(t )λ̇ν (t ), (17)

is given by [105,107,109]

g(1)
μν (t ) = β(t )

∫ ∞

0
dt ′ 〈�Xμ(t + t ′) �Xν (t )〉eq, (18)

where β(t ) ≡ 1/kBT (t ) is the instantaneous inverse tem-
perature of the thermal environment. Substituting the exact
expression (13) for the correlation function into Eq. (18), we
obtain

g(1)
μν (t ) = β(t ) 〈�Xμ(t ) �Xν (t )〉eq

∑
i

C(i)
μντ

(i)
μν

= β(t ) τμν (t ) σμν (t ), (19)

where

σμν (t ) ≡ 〈�Xμ(t ) �Xν (t )〉eq (20)

is the covariance tensor of Xμ and Xν .
On the other hand, from the approximate expression (15)

of the correlation function, we obtain

g(1)
μν (t ) � β(t )

∫ ∞

0
dt ′ 2τμν (t )〈�Xμ(t ) �Xν (t )〉eq δ(t ′)

= β(t ) τμν (t ) σμν (t ), (21)

where we have used
∫ a

0 dt δ(t ) = 1/2 for an arbitrary positive
real number a. This confirms the consistency of the approxi-
mation consisting of Eqs. (15) and (16).

D. Unified geometric structure of mean
and variance of dissipation

Having established the metric structure governing the
mean dissipation, we now show that its fluctuations obey a
closely related geometric description. Once the metric g(1)

μν

for the mean value 〈A〉 of the dissipated availability has
been obtained, we now turn to its fluctuations. Under the
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linear-response and time-local approximations, the variance
〈�A2〉 of A can also be expressed in a metric form simi-
lar to Eq. (17) for 〈A〉 (see Appendix A for details) [109].
The variance of A = U − W can be decomposed as 〈�A2〉 =
〈�U 2〉 + 〈�W 2〉 − 2〈�U �W 〉. Each term can be expressed
as a double time integral involving the two-time correlation
functions of the corresponding generalized forces. Applying
the time-local approximation introduced above, the double
integrals reduce to a single integral over the driving protocol.
As shown in Ref. [109], all three contributions share the same
quadratic structure in the driving velocities λ̇μ.

Consequently, the variance of A can be written in the metric
form

〈�A2〉 =
∫ τ

0
dt g(2)

μν (t ) λ̇μ(t ) λ̇ν (t ), (22)

with

g(2)
μν (t ) ≡ 2 τμν (t ) 〈�Xμ(t )�Xν (t )〉eq = 2 τμν (t ) σμν (t ).

(23)

A detailed derivation of Eqs. (22) and (23) is provided in
Appendix A. Notably, the metric tensor g(1)

μν appearing in the
average of the dissipated availability and g(2)

μν governing its
variance are constructed from identical equilibrium correla-
tion functions.

Finally, by comparing between Eqs. (19) and (23), we note
that the two metrics satisfy the following relation analogous
to the fluctuation-dissipation relation [109]:

g(2)
μν (t ) = 2kBT (t )g(1)

μν (t ). (24)

This relation highlights the unified geometric structure of our
framework: Both the mean dissipation and its fluctuations are
governed by the same underlying metric tensor, providing a
central organizing principle.

Using the metrics g(i)
μν (i = 1, 2), we can define the thermo-

dynamic length L(i) of the closed path C:

L(i) ≡
∫ τ

0
dt

√
g(i)

μν (t )λ̇μ(t ) λ̇ν (t ) =
∮
C

√
g(i)

μν dλμ dλν. (25)

Note that L(i) is a geometric quantity whose value is uniquely
determined by the closed path C, independent of the specific
driving protocol along the path. Applying the Cauchy-
Schwarz inequality to Eqs. (17) and (22), the mean and the
variance of A can be lower bounded with L(i) as

〈A〉 � (L(1) )2

τ
(26)

and

〈�A2〉 � (L(2) )2

τ
. (27)

Following Ref. [105], we define the efficiency ε of the
cycle as the ratio of the average work output to the average
effective thermal energy input,

ε ≡ 〈W 〉
〈U 〉 . (28)

In the linear-response regime, where dissipation is small, ε

can be approximated as

ε � 1 − 〈A〉
Wqs

, (29)

where Wqs is the work output in the quasistatic limit. Note that
Wqs is deterministic, i.e., 〈Wqs〉 = Wqs [18]. From Eq. (26),
the efficiency ε for a given cycle with path length L(1) in the
g(1)

μν manifold is bounded as [105]

ε � εgeo ≡ 1 − (L(1) )2

Wqsτ
. (30)

We also introduce the stochastic efficiency E defined as [109]

E ≡ W

U
. (31)

In the linear-response regime, E can be approximated as E �
1 − (A/Wqs), and its variance is therefore given by

〈�E2〉 � 〈�A2〉
W2

qs

. (32)

From Eq. (27), the variance 〈�E2〉 for a given cycle, whose
path length in g(2)

μν manifold is L(2), is bounded as

〈�E2〉 � 〈�E2〉geo ≡ (L(2) )2

W2
qsτ

. (33)

Note that the bounds on ε and 〈�E2〉, given by Eqs. (30)
and (33), are geometric in nature: Their values are fixed ir-
respective of the protocol once the closed path of the cycle is
specified.

From Eqs. (30) and (33), we can obtain a geometric lower
bound on the relative fluctuation of the stochastic efficiency:√

〈�E2〉
ε

�
√

〈�E2〉geo

εgeo
= L(2)

√
τ
(
Wqs − (L(1) )2

τ

) . (34)

This result shows that the relative fluctuation of the stochastic
efficiency cannot be made arbitrarily small for a finite cycle
duration, but is instead constrained by geometric quantities
characterizing the cycle path.

In the following sections, we apply this general framework
to three representative systems: (1) N-state Markov jump sys-
tems (Sec. III), (2) an overdamped Brownian particle in a 1D
power-law potential (Sec. IV), and (3) an underdamped Brow-
nian particle in a 1D harmonic oscillator potential (Sec. V).

III. N-STATE MARKOV JUMP SYSTEM

In this section, we consider a continuous-time Markov
jump process on an N-state classical system, which serves as
a minimum model of a classical stochastic system in contact
with a thermal environment. The state of the system under
the ensemble average is described by the probability Pi(t ) of
finding the system in state i (i = 1, 2, . . . , N), which satisfies
the normalization condition

∑
i Pi(t ) = 1. The dynamics of

this system is governed by the master equation

dPi(t )

dt
=

∑
j( 
=i)

[Wj→iPj (t ) − Wi→ jPi(t )], (35)
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where Wk→k′ denotes the transition rate (i.e., the probability
per unit time) from state k to k′, which generally depends on
the control parameter λw. Equivalently, Eq. (35) can be written
in matrix form as

Ṗ = RP, (36)

where P ≡ (P1, P2, . . . , PN )T is the probability vector and the
transition-rate matrix R is given by

R≡

⎛
⎜⎜⎜⎜⎜⎝

−∑
j( 
=1) W1→ j W2→1 · · · WN→1

W1→2 −∑
j( 
=2) W2→ j · · · WN→2

...
...

. . .
...

W1→N W2→N · · · −∑
j( 
=N ) WN→ j

⎞
⎟⎟⎟⎟⎟⎠.

(37)

When the system is in equilibrium with the thermal envi-
ronment, it relaxes to the steady state given by the canonical
distribution Pi = πi,

πi(λw ) = e−βHλw (i)

Zλw

, (38)

where Hλw
(i) is the energy of state i and Zλw

≡ ∑
i e−βHλw (i) is

the partition function. To ensure this property, we impose that
the transition rates satisfy the detailed-balance condition,

Wi→ jπi = Wj→iπ j . (39)

Under this condition, the transition-rate matrix R can be
transformed into a symmetric matrix H by a similarity trans-
formation (see, e.g., Ref. [112]),

H ≡ S−1RS, (40)

with

S ≡ diag(
√

π1,
√

π2, . . . ,
√

πN ). (41)

Consequently, the matrix R is diagonalizable with real eigen-
values −�k and a complete set of right and left eigenvectors,
denoted by φ(k) and ψ (k), respectively:

Rφ(k) = −�kφ
(k), (42)

(ψ (k) )TR = −�k (ψ (k) )T. (43)

These eigenvectors satisfy the biorthonormality condition

(ψ (k) )Tφ(l ) = δk,l (44)

and the completeness relation

N−1∑
k=0

φ(k)(ψ (k) )T = I. (45)

The eigenvalues are ordered as 0 = �0 < �1 � �2 · · · �
�N−1, where the zero mode corresponds to the steady state.

Using the completeness relation (45), the matrix R can be
decomposed as

R = −
N−1∑
k=0

�kφ
(k)(ψ (k) )T. (46)

The propagator U (t ) = eRt , defined by Pi(t ) = U (t )Pi(0) with
U (0) = I , is thus

U (t ) = eRt =
N−1∑
k=0

e−�ktφ(k)(ψ (k) )T. (47)

For quantities A and B, represented as column vectors, the
equilibrium two-time correlation function reads

〈A(t ) B(0)〉eq =
∑
n,m

An[U (t )]nmπmBm

=
N−1∑
k=0

e−�kt
∑

n

Anφ
(k)
n

∑
m

Bmψ (k)
m πm. (48)

Example: classical two-level system

For the sake of illustration, we now focus on the sim-
plest nontrivial case: a classical two-level system with states
σ = ±1, whose Hamiltonian is given by

H (σ ) = �

2
σ. (49)

Here, we identify the energy gap � as a mechanical control
parameter λw = �. Introducing the probability vector P ≡
(P+, P−)T and the shorthand notation of the transition rates
r+ ≡ W−→+ and r− ≡ W+→−, the transition-rate matrix R can
be written as

R =
(−r− r+

r− −r+

)
. (50)

For the transition rates, we adopt the symmetric choice

r+ = γ e−β�/2 and r− = γ eβ�/2, (51)

which satisfies the detailed-balance condition,
r+
r−

= e−β�. (52)

Here, the positive coefficient γ sets the overall rate scale.
With this choice of the transition rates, eigenvalues of R are

�0 = 0, (53)

�1 = r+ + r− = 2γ cosh

(
β�

2

)
. (54)

The steady-state distribution P± = π±, corresponding to
the zero mode �0 = 0, is given by the canonical distribution
associated with the Hamiltonian (49):

π± = r±
r+ + r−

= e∓β�/2

2 cosh
(

β�

2

) . (55)

The equilibrium magnetization m is given by

m ≡ 〈σ 〉eq = π+ − π− = − tanh
β�

2
. (56)

Using the spectral decomposition of the transition-rate matrix
R, the equilibrium two-time correlation function of σ can be
evaluated analytically (see Appendix B for details), yielding

〈σ (t ) σ (0)〉eq = m2 + (1 − m2)e−�1t . (57)
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Using this result, we derive the equilibrium two-time cor-
relation functions 〈�Xμ(t )�Xν (0)〉eq of the fluctuations of the
generalized forces to determine the metrics of the thermody-
namic length. The generalized forces conjugate to the control
parameters λw = � and λu = T are given by

Xw = −∂H (σ )

∂�
= −σ

2
, (58)

Xu = S(σ ) = −kB ln Pσ , (59)

respectively. Under the equilibrium ensemble average consid-
ered here, Xu reduces to

Xu = −kB ln πσ . (60)

Using the result of Eq. (57), the equilibrium two-time corre-
lation functions 〈�Xμ(t )�Xν (0)〉eq of the fluctuations of the
generalized forces follow (see Appendix B):

〈�Xμ(t )�Xν (0)〉eq ∝ (1 − m2)e−�1t , (61)

leading to the correlation times τμν and weights Cμν :

τww = τuu = τwu = τuw = 1/�1, (62)

Cww = Cuu = Cwu = Cuw = 1, (63)

and the covariance tensor σμν :

σww = 1
4 (1 − m2), (64)

σuu = k2
B
β2�2

4
(1 − m2), (65)

σwu = σuw = −kB
β�

4
(1 − m2). (66)

As a result, from Eq. (19), we finally obtain the metric tensor
g(1)

μν as

g(1)
μν = β

1 − m2

4�1

[
1 −�

T

−�
T

(
�
T

)2

]
. (67)

The metric tensor g(2)
μν for the variance is then immediately

given by Eq. (24).
From Eq. (67), one can readily see that the determinants of

the metric tensors g(1)
μν and g(2)

μν = 2kBT g(1)
μν vanish; hence, both

metrics are singular with a zero eigenvalue. This singularity
of the metric can be understood directly from the equilibrium
distribution π± ∝ e∓β�/2 given by Eq. (55), which depends
on the control parameters only through the combination �/T .
Consequently, there exists a direction in the parameter space
along which the equilibrium distribution remains unchanged,
giving rise to the zero eigenvalue of the thermodynamic met-
ric. The normalized eigenvector v0 corresponding to this zero
eigenvalue is v0 = [(�/T )2 + 1]−1/2(�/T, 1)ᵀ, whose direc-
tion is given by dT/d� = T/�. This direction corresponds to
straight lines on the T -� plane connecting each point (�, T )
to the origin. A path along the zero-eigenvalue direction of the
metrics g(i)

μν , given by T/� = constant, therefore corresponds
to an isentropic path along which the equilibrium entropy
remains constant, which is given by

〈S〉eq = −kB〈ln πσ 〉eq

= kB

[
ln

(
2 cosh

β�

2

)
+ β�

2
m(β�)

]
. (68)

Consequently, along isentropic strokes, both the average and
the variance of A vanish, 〈A〉 = 〈�A2〉 = 0, within the linear
response regime.

IV. OVERDAMPED BROWNIAN PARTICLE
IN A 1D POWER-LAW POTENTIAL

In this section, we consider an overdamped Brownian par-
ticle in a class of 1D power-law potentials of the form

Vλw
(x) = λα

w

2n
x2n, (69)

where n � 1 is a positive integer and α = 1 or −2n. The
exponent α specifies how the control parameter λw enters the
potential: α = 1 corresponds to a strength-controlled poten-
tial, and α = −2n corresponds to a width-controlled potential.

As we show below, unlike the example in the previous sec-
tion, the equilibrium correlation functions 〈�Xμ(t ) �Xν (t ′)〉eq

for n 
= 1 are given by an infinite sum of exponentials in
time with different relaxation timescales τ (i)

μν (i = 1, 2, 3, . . .).
Here, all τ (i)

μν share the same dependence on the friction coeffi-
cient γ , temperature T , and mechanical control parameter λw

as τ (i)
μν ∝ γ T −1+ 1

n λ
− α

n
w , while the corresponding coefficients

C(i)
μν are independent of γ , T , and λw. Consequently, the ef-

fective correlation time τμν also scales as

τμν ∝ γ T −1+ 1
n λ

− α
n

w , (70)

and the proportionality constant for each value of n can be
determined numerically.

A. Equilibrium state and generalized forces

The equilibrium state ρeq(x) of the overdamped particle in
the potential (69) is given by the canonical distribution

ρeq(x) = Z−1 exp

[
−β

λα
w

2n
x2n

]
, (71)

with the partition function

Z =
∫ ∞

−∞
dx e−βVλw (x) = 1

n
�

(
1

2n

)(
β

2n

)− 1
2n

λ
− α

2n
w . (72)

Here, �(x) ≡ ∫ ∞
0 zx−1e−zdz denotes the Gamma function.

The generalized forces Xμ conjugate to the control param-
eters λμ are given by

Xw = −∂Vλw

∂λw

= −α
λα−1

w

2n
x2n, (73)

Xu = −kB ln ρeq = kB ln Z + λα
w

2nT
x2n. (74)

Here, we have used the equilibrium state ρeq to define Xu since
we always consider equilibrium ensemble averages, as in the
previous section. Because both �Xw and �Xu are proportional
to �(x2n) ≡ x2n − 〈x2n〉, the equilibrium two-time correlation
functions 〈�Xμ(t ) �Xν (0)〉eq for any μ and ν are proportional
to the two-time correlation function Cx2n (t ) of �(x2n), i.e.,

〈�Xμ(t ) �Xν (0)〉eq ∝ Cx2n (t ), (75)
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where

Cx2n (t ) ≡ 〈�(x2n(t )) �(x2n(0))〉eq

= 〈x2n(t ) x2n(0)〉eq − 〈x2n〉2
eq. (76)

Thus, the essential quantity in the correlation functions
〈�Xμ(t ) �Xν (0)〉eq is 〈x2n(t ) x2n(0)〉eq, which is common to
all μ and ν.

Since Cx2n (t ) is the only time-dependent part of the cor-
relation function 〈�Xμ(t ) �Xν (0)〉eq for any μ and ν, all the
correlation times are equal:

τ ≡ τww = τwu = τ uw = τ uu. (77)

The equilibrium correlation functions can therefore be
written as

〈�Xμ(t ) �Xν (0)〉eq = 〈�Xμ(0) �Xν (0)〉eq
Cx2n (t )

Cx2n (0)
. (78)

B. Spectral representation of the correlation function

We now calculate 〈x2n(t ) x2n(0)〉eq. This quantity can be
expressed in terms of the transition probability ρ(x, t |x′, 0)
as

〈x2n(t ) x2n(0)〉eq =
∫

dx
∫

dx′ x2n x′2n ρ(x, t |x′, 0)ρeq(x′).

(79)

Hence, the problem reduces to computing the transi-
tion probability ρ(x, t |x′, 0). This can be achieved using
a spectral decomposition of the evolution operator (see
Appendix C and Ref. [112]). The dynamics of the over-
damped Brownian particle is governed by the Fokker-Planck
equation

∂

∂t
ρ(x, t ) = LFPρ(x, t ), (80)

with the Fokker-Planck operator LFP defined as

LFP ≡ ∂

∂x

[
1

γ

∂Vλw

∂x
+ kBT

γ

∂

∂x

]
. (81)

Let {�i, φi} denote the eigenvalues and eigenfunctions
of LFP,

LFPφi = −�iφi, (82)

where the eigenvalues are sorted in an ascending order with i
as 0 = �0 < �1 � �2 � · · · . The zero mode φ0 with �0 = 0
corresponds to the steady state up to a normalization constant:
ρeq ∝ φ0. The completeness relation reads

δ(x − x′) =
∞∑

i=0

φ̃i(x) φ̃i(x
′), (83)

where φ̃i are the similarity-transformed eigenfunctions de-
fined as [113]

φ̃i ≡ e�/2φi, (84)

with [114]

�(x) ≡ ln

(
kBT

γ

)
+ βVλw

(x). (85)

With this definition, the equilibrium state is given by

ρeq(x) = φ̃2
0 (x). (86)

Using the completeness relation (83), the transition probabil-
ity can be expanded as

ρ(x, t |x′, t ′) = e(t−t ′ )LFP(x)δ(x − x′)

= φ̃0(x)

φ̃0(x′)

∞∑
i=0

e−�i (t−t ′ )φ̃i(x) φ̃i(x
′). (87)

Substituting this expression into Eq. (79), we finally obtain
the eigenfunction expansion of the correlation function:

〈x2n(t ) x2n(0)〉eq

=
∫

dx
∫

dx′ x2n x′2n φ̃0(x) φ̃0(x′)
∞∑

i=0

e−�it φ̃i(x) φ̃i(x
′)

=
∞∑

i=0

ci e−�i t , (88)

with

ci ≡
(∫ ∞

−∞
dx x2n φ̃0(x) φ̃i(x)

)2

. (89)

Since c0 = (
∫

dx x2nρeq(x))2 = 〈x2n〉2
eq, the correlation func-

tion Cx2n can be written as

Cx2n (t ) =
∞∑

i=1

cie
−�it , (90)

where the sum starts from i = 1.
With this expression of Cx2n , Eq. (78) can be rewritten as

〈�Xμ(t ) �Xν (0)〉eq = σμν

∞∑
i=1

c̃i e−�it , (91)

where

c̃i ≡ ci∑∞
j=1 c j

. (92)

C. Scaling of eigenvalues and effective correlation time

Now, we identify the scaling of the eigenvalues �i. Intro-
ducing the dimensionless coordinate z ≡ ax with

a ≡
(

λα
w

2nkBT

) 1
2n

, (93)

the eigenvalue equation (82) of LFP can be rewritten as a
Sturm-Liouville problem,

d

dz

[
e−z2n d

dz
yi(z)

]
= −

[
a−2 γ

kBT
�i

]
e−z2n

yi(z), (94)

where yi ≡ e�/2φ̃i = e�φi. Since the factor inside the brackets
in the right-hand side of Eq. (94) is dimensionless, �i should
scale as

�i ∝ kBT

γ
a2 ∝ γ −1(kBT )1− 1

n λ
α
n
w. (95)

Solving the Sturm-Liouville problem (94) to determine
{�i, φ̃i} (details are given in Appendix D), together with the
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FIG. 1. Prefactor fn as a function of n. The horizontal dotted
line indicates the asymptotic value fn→∞ = 1/3. The black solid
line shows the analytical expression given by Eq. (97), while the
red dots represent the numerical results obtained by solving the
Sturm-Liouville problem.

scaling of �i given by Eq. (95), the effective correlation times
τμν are obtained as

τμν =
∞∑

i=1

c̃i

�i
= fn

2n
γ (kBT )−1+ 1

n λ
− α

n
w . (96)

Here, fn is a dimensionless function depending only on n,
which is given analytically by

fn = (2n)
1
n

�
(

3
2n

)
�
(

1
2n

) . (97)

The derivation of Eq. (97) is presented in Appendix E.
The function fn decreases monotonically with n starting
from fn=1 = 1 (see Fig. 1). For large n, it decreases rel-
atively slowly as ∼ ln n/n to a nonzero asymptotic value,
fn→∞ = 1/3.

D. Metric tensors

For the equilibrium state (71), the covariance tensor σμν is
given by

σww = α2

2n

1

β2λ2
w

, (98)

σuu = 1

2n
k2

B, (99)

σwu = σuw = − α

2n
kB

1

βλw

. (100)

Substituting Eqs. (96)–(100) into Eq. (19), we finally obtain
the metric tensor g(1)

μν for 〈A〉 as

g(1)
μν = α2 fn

(2n)2
γ (kBT )

1
n λ

−2− α
n

w

[
1 − λw

αT

− λw

αT

(
λw

αT

)2

]
. (101)

The metric tensor g(2)
μν for the variance follows immediately

from Eq. (24).
As in the example of the previous section [Eq. (67)],

the metric tensors g(i)
μν in the present case are also singu-

lar and possess a zero eigenvalue. Again, this singularity
can be understood directly from the equilibrium distribution,

ρeq(x) ∝ exp [−βλα
wx2n/(2n)], which depends on the control

parameters only through the combination λα
w/T . Conse-

quently, there exists a direction in the parameter space along
which the equilibrium distribution remains unchanged, giv-
ing rise to a zero-eigenvalue direction of the metric. The
eigenvector v0 corresponding to this zero eigenvalue is given
by v0 ∝ (λw/αT, 1)ᵀ. Accordingly, the direction along this
eigenvector satisfies dT/dλw = αT/λw, so that the path along
the zero eigenvalue is given by T/λα

w = constant. Along this
path, the equilibrium entropy

〈S〉eq = kB

{
ln

[
�

(
1

2n

)]
− ln n + 1

2n
(1 + ln 2n)

− 1

2n
ln

(
βλα

w

)}
(102)

remains constant. Consequently, as in the previous section,
both the mean and the variance of the dissipated availability
vanish along isentropic strokes, 〈A〉 = 〈�A2〉 = 0, within the
linear-response approximation.

The other eigenvalue λ1 of the metric tensor (101) is
given by

λ1 = α2 fn

(2n)2
γ (kBT )

1
n λ

−2− α
n

w

[
1 +

(
λw

αT

)2
]
. (103)

This nonzero eigenvalue gives the spectral norm of g(1)
μν ,

||g(1)
μν ||2 = λ1 and thus characterizes the overall magnitude of

the metric. For α = 1 (strength-controlled case), λ1 reduces
to λ1 = fn

(2n)2 (kBT/λw )
1
n γ λ−2

w [1 + (λw/T )2]. Its n-dependent

numerical prefactor fn/(2n)2 decreases rapidly to zero as n
increases, starting from f1/22 = 1/4 at n = 1. For α = −2n
(width-controlled case), on the other hand, λ1 reads λ1 =
fn(kBT )

1
n γ [1 + (λw/2nT )2]. Here, the numerical prefactor

fn decreases monotonically but relatively slowly with n, ap-
proaching the nonzero asymptotic value 1/3 (see Fig. 1).
These n dependences indicate that both the mean and the
variance of dissipation are reduced for steeper potentials
with larger n, as long as the linear-response approxima-
tion remains valid. This reduction is more pronounced for
strength-controlled potentials than for width-controlled ones.

V. UNDERDAMPED BROWNIAN PARTICLE
IN A HARMONIC POTENTIAL

In this section, we consider an underdamped Brownian
particle in a 1D harmonic potential given by Eq. (9). At the
microscopic level, its dynamics is governed by the following
Langevin equation:

Mẍ + λwx + γ ẋ = ξ (t ), (104)

where M is the mass of the Brownian particle, γ is the fric-
tion coefficient, and ξ (t ) is a Gaussian white noise whose
strength is determined by the temperature T of the thermal
environment through the fluctuation-dissipation relation. The
equilibrium two-time correlation functions of the generalized
forces for this system have been obtained analytically by Frim
and DeWeese [107]. Here, we take their results as a starting
point and focus on the implications for the metric tensor.
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For later convenience, we introduce the characteristic re-
laxation rates

�± ≡ γ

2M

⎡
⎣1 ±

√
1 − 4Mλw

γ 2

⎤
⎦, (105)

which naturally emerge from the linear underdamped
Langevin dynamics. As shown below, using the rates �±, the
equilibrium two-time correlation functions can be expressed
as a superposition of three exponential relaxation modes, char-
acterized by the time constants

τ (1)
μν = (2�−)−1, (106)

τ (2)
μν = (�− + �+)−1, (107)

τ (3)
μν = (2�+)−1. (108)

For sufficiently weak damping, γ 2 < 4Mλw, the rates �±
form a complex-conjugate pair, corresponding to damped
oscillatory relaxation. Importantly, even in this case, the cor-
relation functions retain the same formal decomposition into
three exponential modes, and the expressions of the time
constants τ (i)

μν remain valid.
The equilibrium two-time correlation functions

〈�Xμ(t )�Xν (0)〉eq (t � 0) are given by [107]

〈�Xw(t ) �Xw(0)〉eq = 1

2

(
kBT

λw

)2 1

(�+ − �−)2
(�+e−�−t − �−e−�+t )2, (109)

〈�Xw(t ) �Xu(0)〉eq = −k2
BT

2λw

1

(�+ − �−)2

[
(�+e−�−t − �−e−�+t )2 + λw

M
(e−�−t − e−�+t )2

]
, (110)

〈�Xu(t ) �Xw(0)〉eq = −k2
BT

2λw

1

(�+ − �−)2

[
(�+e−�−t − �−e−�+t )2 + M

λw

(�+�−)2(e−�−t − e−�+t )2

]
, (111)

〈�Xu(t ) �Xu(0)〉eq = k2
B

1

2(�+ − �−)2

[
(�+e−�−t − �−e−�+t )2 + (�−e−�−t − �+e−�+t )2 + λw

M
(e−�−t − e−�+t )2

+ M

λw

(�+�−)2(e−�−t − e−�+t )2

]
. (112)

These expressions admit a representation in terms of three
exponential modes characterized by the time constants τ (i)

μν

defined above, which is consistent with the general multiex-
ponential structure introduced in Eq. (13). Explicitly, we can
write

〈�Xμ(t ) �Xν (t ′)〉eq = σμν (t )
3∑

i=1

C(i)
μν e−|t−t ′ |/τ (i)

μν . (113)

Here, the explicit expressions of the coefficients C(i)
μν for all

tensor components are rather lengthy and are therefore sum-
marized in Appendix F. With these results of τ (i)

μν and C(i)
μν , the

effective correlation times τμν = ∑3
i=1 C(i)

μντ
(i)
μν are obtained as

τww = γ

2λw

(
1 + Mλw

γ 2

)
, (114)

τwu = τ uw = γ

2λw

(
1 + 2

Mλw

γ 2

)
, (115)

τ uu = γ

4λw

(
1 + 4

Mλw

γ 2

)
. (116)

The remaining ingredient entering the metric tensor is the
covariance tensor σμν , which can readily be obtained as

σww = 1

2

(
kBT

λw

)2

, (117)

σwu = σuw = −k2
BT

2λw

, (118)

σuu = k2
B. (119)

Substituting the above σμν and τμν into Eq. (21), we finally
obtain the metric tensor

g(1)
μν = kBT

γ

4λ3
w

⎡
⎣ 1 + Mλw

γ 2 − λw

T

(
1 + 2 Mλw

γ 2

)
− λw

T

(
1 + 2 Mλw

γ 2

) λ2
w

T 2

(
1 + 4 Mλw

γ 2

)
⎤
⎦.

(120)

Same as in the previous sections, the metric tensor g(2)
μν is

obtained from Eq. (24) using the metric tensor g(1)
μν given

above.
The terms proportional to Mλw/γ 2, which contain the

mass M of the particle, originate from inertial effects that
are neglected in the overdamped case discussed in the pre-
vious section. Due to the presence of these terms, the
metric tensors g(i)

μν in the present case are regular, i.e., their
determinants are nonzero, and hence all their eigenvalues
are nonvanishing, in contrast to the examples discussed in
the previous sections. This regularity can also be under-
stood directly from the equilibrium distribution ρeq(x, p) ∝
exp [−β( p2

2M + λw

2 x2)]. Unlike in the overdamped case, the
kinetic-energy contribution introduces a temperature depen-
dence that cannot be absorbed into the combination λw/T .
Consequently, no direction in the parameter space leaves the
equilibrium distribution unchanged, and the metric no longer
has a zero-eigenvalue direction. One can also readily see that,
in the overdamped limit Mλw/γ 2 � 1, Eq. (120) consistently
reduces to Eq. (101) for n = 1 and α = 1, corresponding to
the strength-controlled harmonic potential.
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FIG. 2. Path and protocols for the Brownian Carnot cycle. (a) The path on the T -λw plane in the experiment of Ref. [5]. The hot and
cold temperatures of the environment in the isothermal strokes are Th = 525 K and Tc = 300 K, respectively. The minimum and the maximum
values of λw are 2.0 pN μm−1 (point 1) and 20.0 pN μm−1 (point 3), respectively. Right panels: Protocols of (b) λw (t ) and (c) T (t ) for one
cycle. The red solid lines represent the protocol optimizing 〈A〉 (protocol 1), the orange dot-dashed lines represent the one optimizing 〈�A2〉
(protocol 2), and the black dashed lines represent the protocol in the experiment [5].

Application to the Brownian Carnot engine

As an application of the formalism developed in this
work, we consider the experimental realization of a Brownian
Carnot engine reported by Martínez et al. [5]. The Brown-
ian Carnot engine is a microscopic heat engine in which a
Brownian particle trapped in an optical potential serves as
the working substance. Its cycle consists of two isothermal
strokes, performed under thermal environment at the hot and
cold temperatures Th and Tc, respectively, and two isentropic
strokes. Here, the isentropic strokes are defined as processes
during which the equilibrium entropy 〈S〉eq remains constant
[5,85] (see also Refs. [107,109]).

Following the experiment, we employ the harmonic poten-
tial of Eq. (9), using its strength λw as a control parameter.
Since the equilibrium entropy of an underdamped Brownian
particle in a harmonic potential is given by

〈S〉eq = kB

⎡
⎣1 + ln

⎛
⎝2πkBT

√
M

λw

⎞
⎠

⎤
⎦, (121)

the isentropic strokes satisfy

T 2

λw

= const. (122)

The cycle path on the T -λw plane is shown in Fig. 2(a).
Each stroke proceeds as follows: (1) an isothermal com-
pression (1 → 2) at Tc = 300 K, (2) an isentropic com-
pression (2 → 3), (3) an isothermal expansion (3 → 4) at
Th = 525 K, and (4) an isentropic expansion (4 → 1). The
values of λw at points 1 and 3 are λw,min = 2.0 pNμm−1

and λw,max = 20.0 pNμm−1, respectively [5]. The mass of
the Brownian particle and the friction coefficient are M =
5.2 × 10−4 pNμm−1 ms2 and γ = 8.4 pNμm−1 ms [5].

Along this closed path, whose length is L(i) = L(i)
C , the

control parameters λw(t ) and T (t ) are driven according to
prescribed protocols. In this work, we consider three pro-
tocols: a protocol minimizing 〈A〉 (protocol 1); a protocol
minimizing 〈�A2〉 (protocol 2); and the protocol employed

in the experiment of Ref. [5]. Protocols 1 and 2 are designed
to saturate the geometric bounds given in Eqs. (26) and (27),
respectively. More specifically, from the equality condition
of the Cauchy-Schwarz inequality, these geometric bounds
of 〈A〉 and 〈�A2〉 are saturated when the integrand in the
definition (25) of the corresponding thermodynamic length
L(i) remains constant throughout the cycle:

g(i)
μν (t )λ̇μλ̇ν = const, (123)

where i = 1, 2 correspond to protocols 1 and 2, respectively.
For a given cycle duration τ , the time schedules of λw(t )
and T (t ) in protocols 1 and 2 are determined by numerically
solving ∫ τ

0
dt

√
g(i)

μν (t )λ̇μ(t ) λ̇ν (t ) = L(i)
C , (124)

subject to the constraint (123). The resulting protocols are
shown by the red solid lines (protocol 1) and the orange
dot-dashed lines (protocol 2) in Figs. 2(b) and 2(c). For the
experimental protocol, λw(t ) is swept quadratically in time,
while T in the isentropic strokes is determined so as to satisfy
Eq. (122). This protocol is shown by the black dashed lines in
Figs. 2(b) and 2(c). Finally, we remark that, in all three pro-
tocols, the control parameters λw(t ) and T (t ) depend only on
the scaled time t/τ and their functional forms are independent
of τ .

The Fokker-Planck equation corresponding to the
Langevin equation (104) is

∂

∂t
ρ + p

M

∂

∂x
ρ − λwx

∂

∂ p
ρ − γ

M

∂

∂ p
(pρ) − γ

β

∂2

∂ p2
ρ = 0.

(125)

As detailed in Appendix G, we numerically solve the full
Fokker-Planck equation for prescribed protocols of λw(t ) and
T (t ) discussed above. We first focus on the output power,
defined as the average work per cycle divided by the cy-
cle period, 〈W 〉/τ . Figure 3 compares the power obtained
with protocol 1 (red solid line) and the experimental proto-
col (black dashed line). The experimental data (gray dots)
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FIG. 3. Output power 〈W 〉/τ of the Brownian Carnot cycle as a
function of the inverse of the cycle period. The lines show theoret-
ical results obtained by numerically solving the full Fokker-Planck
equation (125): The red solid line corresponds to protocol 1, and the
black dashed line corresponds to the experimental protocol. The gray
dots represent experimental data taken from Ref. [5].

are consistent with the theoretical result (black dashed line)
obtained by numerically solving the Fokker-Planck equa-
tion using the experimental protocol. Since the experimental
parameters are used directly in the numerical calculation with-
out any fitting parameters, this agreement supports the validity
of the Fokker-Planck description for the present system. Im-
portantly, protocol 1, which minimizes the average dissipation
〈A〉, yields a higher output power than the experimental pro-
tocol for the same cycle period τ , highlighting the advantage
of optimized driving obtained by our formalism.

Next, we study the efficiency and its fluctuation, and
compare them with their geometric bounds. We evaluate the
efficiency directly from Eq. (28), ε ≡ 〈W 〉/〈U 〉, by solving
the full Fokker-Planck equation without invoking the linear-
response approximation, as detailed in Appendix G. The
resulting efficiencies for protocol 1 and for the experimental
protocol are shown by the red solid line and the black dashed
line, respectively, in Fig. 4. The efficiency achieved by proto-
col 1 is always higher than that obtained with the experimental
protocol for any value of τ , demonstrating that the perfor-
mance is indeed improved by employing protocol 1 along the
same path and with the same τ . The geometric bound of
the efficiency, εgeo [Eq. (30)], derived within the linear-
response approximation, is shown by the orange dot-dashed
line. The deviation of the red solid line from the geometric
bound for 1/τ � 0.05 ms−1 indicates that this regime lies
beyond the linear-response regime, whereas the good agree-
ment between the two curves for 1/τ � 0.05 ms−1 confirms
the validity of the linear-response approximation in this re-
gion. The validity of the linear-response approximation can
be assessed by comparing the driving timescale with the
effective correlation times of the system. When the former
becomes comparable to or shorter than the latter, the slow-
driving condition is violated, leading to the breakdown of the
linear-response approximation. For the underdamped Brown-
ian particle considered here, the relevant effective correlation
times are given by Eqs. (114)–(116). Along the present cycle

FIG. 4. Efficiency and its fluctuation of the Brownian Carnot
cycle as functions of the inverse cycle period. The three decreasing
curves with 1/τ show the efficiency ε: The red solid line corre-
sponds to protocol 1, the orange dot-dashed line corresponds to the
geometric bound εgeo, and the black dashed line corresponds to the
experimental protocol. The three increasing curves with 1/τ show
the fluctuation

√
〈�E2〉 of the stochastic efficiency: The pink solid

line corresponds to protocol 1, the blue double-dot-dashed line corre-
sponds to the geometric bound

√
〈�E2〉geo, and the black dotted line

corresponds to the experimental protocol. The gray dots represent
experimental data of ε taken from Ref. [5].

path, the largest value among these correlation times is ap-
proximately 2.1 ms. On the other hand, for the cycle period
τ � 20 ms corresponding to 1/τ � 0.05 ms−1, the shortest
stroke duration for protocol 1 is approximately 2.3 ms. There-
fore, the driving timescale becomes comparable to the largest
effective correlation time, indicating the breakdown of the
slow-driving condition. This estimate is consistent with the
onset of the deviation from the geometric bound discussed
above. For longer cycle periods, the driving timescale in-
creases while the relaxation times remain unchanged, thereby
restoring the validity of the linear-response approximation.

We next turn to the fluctuation of the stochastic effi-
ciency, characterized by

√
〈�E2〉. This quantity is evaluated

from Eq. (32) together with 〈�A2〉 given by Eqs. (22) and
(23) within the linear-response approximation. The resulting√

〈�E2〉 for protocol 1 and that for the experimental protocol
are shown by the pink solid line and the black dotted line,
respectively, in Fig. 4. We find that protocol 1 yields sys-
tematically smaller values of

√
〈�E2〉 than the experimental

protocol, indicating that protocol 1 outperforms the experi-
mental one also in terms of the fluctuation of the efficiency.
It is also noted that

√
〈�E2〉 is comparable to, or even larger

than, unity in the region of 1/τ explored in the experiment.
Correspondingly, the experimental data of the efficiency (gray
dots) exhibit substantial scatter around the theoretical predic-
tion shown by the black dashed line [115]. The geometric
bound of the fluctuation of the efficiency, 〈�E2〉geo [Eq. (33)],
is shown by the blue double-dot-dashed line. Although this
bound is strictly saturated only by protocol 2, which differs
from protocol 1 as shown in Figs. 2(b) and 2(c), the fluctuation√

〈�E2〉 for protocol 1 is already very close to the geometric
bound in the present setting.
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VI. CONCLUSION AND PROSPECTS

In this work, we have developed a geometric framework for
the finite-time thermodynamics of microscopic cyclic heat en-
gines in the presence of fluctuations. Our formulation provides
a unified description of dissipation in terms of equilibrium
correlation functions and enables a geometric characterization
of both the mean dissipated availability and its variance.

Within the linear-response regime and under a time-local
approximation, we have shown that the average dissipation
and its fluctuations can be expressed in terms of metric tensors
constructed from equilibrium correlation functions. In par-
ticular, the relevant correlation times entering the time-local
description are characterized by effective correlation times de-
fined in Eq. (16). These metrics, given explicitly in Eqs. (21)
and (24), define thermodynamic lengths in the space of control
parameters, which in turn determine geometric bounds on the
mean dissipation and its variance during a finite-time cycle.
Notably, the fluctuation metric g(2)

μν is universally proportional
to the dissipation metric g(1)

μν , revealing a direct geometric
relation between dissipation and stochastic fluctuations. The
present formalism applies to a wide class of systems, in-
cluding Markov jump processes as well as overdamped and
underdamped Brownian dynamics with multiple relaxation
timescales.

We have illustrated the general formalism through sev-
eral representative examples, including a classical two-level
system (Sec. III), an overdamped Brownian particle in a
power-law potential (Sec. IV), and an underdamped Brownian
Carnot engine in a harmonic potential (Sec. V). These exam-
ples demonstrate how the dynamical properties of the system
are encoded in the geometric metrics and how the resulting
framework provides a unified description of dissipation and
its fluctuations in finite-time cyclic processes.

The present results suggest that the performance of micro-
scopic heat engines can be constrained and understood from a
geometric perspective that simultaneously incorporates dissi-
pation and fluctuations. In particular, the geometric bounds
derived in this work imply that the thermodynamic length
of the cycle path in control-parameter space plays a central
role in determining not only the mean dissipation but also the
magnitude of stochastic fluctuations [Eqs. (26) and (27)].

Combining the geometric bounds for the mean dissipation
and its variance yields a lower bound on the relative fluctu-
ation of stochastic efficiency [Eq. (34)], demonstrating that
efficiency fluctuations cannot be made arbitrarily small for a
finite cycle duration. This bound is conceptually distinct from
conventional trade-off relations such as thermodynamic un-
certainty relations, as it arises from geometric properties of the
control protocol rather than solely from entropy production.

More broadly, the present work suggests that finite-time
thermodynamics may admit a systematic geometric structure
beyond average quantities. In this view, thermodynamic met-
rics derived from equilibrium correlation functions provide a
bridge between microscopic dynamics and macroscopic per-
formance constraints of small-scale thermal machines.

The present framework opens several promising directions
for future research. A natural extension concerns higher-order
fluctuations of dissipation. While the present work focuses
on the variance of the dissipated availability, higher moments

involve multitime correlation functions of thermodynamic
forces.

Within the time-local approximation used in this work,
two-time correlations effectively reduce to delta-function cor-
relations reflecting short-time relaxation dynamics. Extending
this idea to higher-order correlations suggests that multitime
correlation functions may be represented as combinations of
delta functions in the time-local limit. Beyond the time-local
limit, such correlations are expected to admit systematic rep-
resentations in terms of relaxation modes associated with the
dynamical spectrum of the system. Developing this structure
may provide a route toward a geometric description of higher-
order dissipation statistics and non-Gaussian fluctuations in
microscopic heat engines.

Ultimately, this perspective raises the possibility that finite-
time thermodynamics of small systems may be organized
by a hierarchy of geometric structures derived from multi-
time correlation functions, providing a unified framework for
understanding dissipation, fluctuations, and control in micro-
scopic thermal machines that can be realized in stochastic
thermodynamic experiments.
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APPENDIX A: DERIVATION OF 〈�A2〉
IN THE TIME-LOCAL APPROXIMATION

In this Appendix, we provide a detailed derivation of
Eqs. (22) and (23). The derivation closely follows Ref. [109],
but is reproduced here for completeness and to clarify the role
of the time-local approximation and boundary contributions.

In the decomposition of the variance 〈�A2〉 of A, 〈�A2〉 =
〈�U 2〉 + 〈�W 2〉 − 2〈�U �W 〉, we first evaluate the con-
tribution from the work. Using Eq. (15) together with the
closed-cycle condition that the phase-space distribution func-
tion satisfies P (�, 0) = P (�, τ ), we obtain

〈�W 2〉 =
∫ τ

0
dt

∫ τ

0
dt ′ [〈Xw(t )Xw(t ′)〉 − 〈Xw(t )〉〈Xw(t ′)〉]

× λ̇w(t ) λ̇w(t ′)

= 2
∫ τ

0
dt

〈
�X 2

w(t )
〉
eq τww(t ) λ̇2

w(t ) . (A1)

Next, we consider the contribution associated with U . By
integrating by parts, the quantity U defined in Eq. (8) can be
rewritten as

U = −
∫ τ

0
Xu(t ) λ̇u(t ) dt + [Xu(τ ) − Xu(0)] λu(0), (A2)
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where we have used λu(τ ) = λu(0), while Xu(τ ) 
= Xu(0) in
general. Using again Eq. (15) and the closed-cycle condition,
we obtain

〈�U 2〉 = 2
∫ τ

0
dt

〈
�X 2

u (t )
〉
eq τ uu(t ) λ̇2

u(t )

+ 2
〈
�X 2

u (0)
〉
eq λ2

u(0). (A3)

The second term originates from the end points of the cycle.
Since it vanishes upon averaging over many cycles, we neglect
it in the following and focus on the bulk contribution:

〈�U 2〉 � 2
∫ τ

0
dt

〈
�X 2

u (t )
〉
eq τ uu(t ) λ̇2

u(t ). (A4)

Similarly, the covariance between W and U is given by

〈�W �U 〉 = − 2
∫ τ

0
dt 〈�Xw(t ) �Xu(t )〉eq

× τwu(t ) λ̇w(t ) λ̇u(t ). (A5)

Combining Eqs. (A1), (A4), and (A5), we obtain the vari-
ance of A in the time-local approximation,

〈�A2〉 =
∫ τ

0
dt g(2)

μν (t ) λ̇μ(t ) λ̇ν (t ) , (A6)

with

g(2)
μν (t ) ≡ 2 τμν (t ) 〈�Xμ(t )�Xν (t )〉eq = 2 τμν (t ) σμν (t ).

(A7)

APPENDIX B: SPECTRAL DECOMPOSITION AND
CORRELATION FUNCTIONS FOR THE CLASSICAL

TWO-LEVEL SYSTEM

For the transition-rate matrix R given by Eq. (50),

R =
(−r− r+

r− −r+

)
, (B1)

the steady-state distribution is [Eq. (55)]:

π± = r±
r+ + r−

= e∓β�/2

2 cosh
(

β�

2

) . (B2)

The eigenvalues of R are as follows [Eqs. (53) and (54)]:
�0 = 0 and �1 = r+ + r− = 2γ cosh (β�/2). Their corre-
sponding right eigenvectors, Rφ(0) = 0 and Rφ(1) = −�1φ

(1),
are

φ(0) =
(

π+
π−

)
and φ(1) =

(
1

−1

)
, (B3)

and left eigenvectors, (ψ (0) )TR = 0 and (ψ (1) )TR =
−�1(ψ (1) )T, are

ψ (0) =
(

1
1

)
and ψ (1) =

(
π−

−π+

)
. (B4)

We can readily confirm that these eigenvectors indeed
satisfy the biorthonormality condition (ψ (k) )Tφ(l ) = δk,l

[Eq. (44)] and the completeness relation
∑

k=0,1 φ(k)(ψ (k) )T =
I [Eq. (45)].

For the eigenvectors φ(k) and ψ (k) given by Eqs. (B3) and
(B4), terms for each k in the two-time correlation function
(48) reduce to ∑

n=±
Anφ

(0)
n =

∑
n=±

Anπn = 〈A〉eq, (B5)

∑
m=±

Bmψ (0)
m =

∑
m=±

Bmπm = 〈B〉eq, (B6)

and ∑
n=±

Anφ
(1)
n = A+ − A−, (B7)

∑
m=±

Bmψ (1)
m = (B+ − B−)π+π−. (B8)

For A = B = σ = (+1,−1)T, using Eqs. (B5)–(B8) and
π+π− = (1 − m2)/4 with m ≡ 〈σ 〉eq = π+ − π− being the
equilibrium magnetization [Eq. (56)], the two-time correlation
function (48) reduces to

〈σ (t ) σ (0)〉eq = m2 + (1 − m2)e−�1t . (B9)

From this result, we next evaluate the equilibrium two-
time correlation functions of the generalized forces Xw =
−∂H (σ )/∂� = −σ/2 and Xu = S(σ ) = −kB ln Pσ . For Xw,
we obtain

〈�Xw(t ) �Xw(0)〉eq = 1
4

[〈σ (t ) σ (0)〉eq − 〈σ 〉2
eq

]
= 1

4 (1 − m2)e−�1t , (B10)

where we have used Eq. (B9) from the first and the second
line.

For the steady state Pσ = πσ given by Eq. (B2), the
stochastic entropy Xu = S(σ ) reads

S(σ ) = −kB ln πσ = kB ln

(
2 cosh

β�

2

)
+ kB

β�

2
σ. (B11)

Thus, the two-time correlation function of Xu can be written
as

〈�Xu(t ) �Xu(0)〉eq = 〈S(t ) S(0)〉eq − 〈S〉2
eq

= k2
B
β2�2

4
(1 − m2)e−�1t , (B12)

and the cross-correlation function between Xw and Xu as

〈�Xw(t ) �Xu(0)〉eq = 〈�Xu(t ) �Xw(0)〉eq

= −kB
β�

4

[〈σ (t ) σ (0)〉eq − 〈σ 〉2
eq

]
= −kB

β�

4
(1 − m2)e−�1t . (B13)

From the resulting correlation functions
〈�Xμ(t ) �Xν (0)〉eq given by Eqs. (B10), (B12), and (B13),
we obtain

τww = τuu = τwu = τuw = 1/�1, (B14)

Cww = Cuu = Cwu = Cuw = 1, (B15)

and the covariance tensor σμν as

σww = 1
4 (1 − m2), (B16)
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σuu = k2
B
β2�2

4
(1 − m2), (B17)

σwu = σuw = −kB
β�

4
(1 − m2). (B18)

APPENDIX C: SPECTRAL DECOMPOSITION
OF THE FOKKER-PLANCK OPERATOR

In this Appendix, we provide details of the spectral decom-
position of the Fokker-Planck operator and the eigenfunction
expansion of the transition probability [112]. For the over-
damped Brownian particle in a 1D potential Vλw

(x), the
Fokker-Planck operator LFP is defined as

LFP ≡ − ∂

∂x
D(1)(x) + ∂2

∂x2
D(2)(x), (C1)

with the drift coefficient

D(1) ≡ F (x)

γ
= − 1

γ

∂Vλw

∂x
(C2)

and the diffusion coefficient

D(2) ≡ kBT

γ
. (C3)

The operator LFP can be transformed into a Hermitian operator
LH by a similarity transformation:

LH = e�/2 LFP e−�/2, (C4)

where

� ≡ ln D(2) −
∫ x D(1)(x′)

D(2)(x′)
dx′ = ln

kBT

γ
+ Vλw

(x)

kBT
, (C5)

so that

e� = kBT

γ
exp

[
Vλw

(x)

kBT

]
. (C6)

With �, the Fokker-Planck operator can be written as

LFP · · · = ∂

∂x
D(2)e−�(x) ∂

∂x
e�(x) · · · , (C7)

and thus the transformed Hermitian operator LH reads

LH · · · = e�/2LFPe−�/2 · · ·

= e�(x)/2 ∂

∂x
D(2)e−�(x) ∂

∂x
e�(x)/2 · · · . (C8)

The operators LFP and LH share the same eigenvalues {�i}.
Denoting the ith eigenfunction of LFP and LH by φi and φ̃i,
respectively, we thus have

LFPφi = −�iφi, (C9)

LHφ̃i = −�iφ̃i, (C10)

with

φ̃i = e�/2φi. (C11)

Here, all eigenvalues are non-negative, �i � 0, and are sorted
in ascending order: 0 = �0 < �1 � �2 � · · · .

The stationary solution of the Fokker-Planck equa-
tion is ρeq(x) ∝ e−βVλw ∝ e−�, which corresponds to the
zero eigenvalue eigenstate φ0: ρeq(x) = N0e−� = √

N0φ0 and

φ0 = √
N0e−�, where N0 is the normalization constant. Using

Eq. (C11), we then have

φ̃0 = √
N0 e−�/2, (C12)

and thus

ρeq(x) = φ̃2
0 (x). (C13)

Since eigenfunctions of Hermitian operators form a com-
plete set, we can decompose the correlation function in terms
of the eigenfunctions {φ̃i} of LH. Using the completeness of
the eigenbasis set {φ̃i},

δ(x − x′) =
∞∑

i=0

φ̃i(x) φ̃i(x
′)

= exp[�(x′)]
∞∑

i=0

φi(x) φi(x
′), (C14)

the transition probability ρ(x, t |x′, t ′) for t > t ′ can be written
as

ρ(x, t |x′, t ′) = e(t−t ′ ) LFP(x)δ(x − x′)

= e�(x′ )e(t−t ′ ) LFP (x)
∞∑

i=0

φi(x) φi(x
′)

= e�(x′ )/2e−�(x)/2
∞∑

i=0

e−�i (t−t ′ )φ̃i(x) φ̃i(x
′)

= φ̃0(x)

φ̃0(x′)

∞∑
i=0

e−�i (t−t ′ )φ̃i(x) φ̃i(x
′). (C15)

Here, we have obtained Eq. (87), which gives the eigenfunc-
tion expansion of the transition probability.

APPENDIX D: STURM-LIOUVILLE
EIGENVALUE PROBLEM

In the Sturm-Liouville eigenvalue problem, we seek
solutions to real second-order linear ordinary differential
equations of the following form (see, e.g., Ref. [112] for
details):

d

dx

[
u(x)

dyi(x)

dx

]
+ v(x) yi(x) = −�i w(x) yi(x), (D1)

which is known as the Sturm-Liouville equation. Here, u(x),
v(x), and w(x) are given coefficient functions, continuous on
the interval x ∈ [a, b], with u(x) > 0 and w(x) > 0; yi(x) is
the eigenfunction corresponding to the eigenvalue �i. The
coefficient function w is referred to as the weight function,
and the normalized eigenfunctions {yi} form an orthonormal
basis set with respect to the w-weighted inner product,∫ b

a
yi(x) y j (x) w(x) dx = δi j . (D2)

Regarding the specific problem discussed in Sec. IV, the
eigenvalue equation (C10) of LH [and thus Eq. (C9) for LFP
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TABLE I. Numerical values of
∑

i�1 ci/�i for an overdamped
Brownian particle in a 1D power-law potential Vλw

with exponent n.
All the other parameters are set to unity: λw = γ = kBT = 1.

n
∑

i�1 ci/�i n
∑

i�1 ci/�i

1 1 13 0.413 455
2 0.675 978 14 0.409 067
3 0.578 617 15 0.405 191
4 0.529 150 16 0.401 738
5 0.498 377 17 0.398 641
6 0.477 055 18 0.395 846
7 0.461 254 19 0.393 30
8 0.448 995 20 0.390 99
9 0.439 160 30 0.3754
10 0.431 067 40 0.3669
11 0.424 271 50 0.3615
12 0.418 471

as well] can be identified as the Sturm-Liouville equation for
yi = e�/2φ̃i (or, equivalently, yi = e�φi), with

u(x) = kBT

γ
e−� = exp

[
−Vλw

(x)

kBT

]
, (D3)

v(x) = 0, (D4)

w(x) = e−� = γ

kBT
exp

[
−Vλw

(x)

kBT

]
, (D5)

for x ∈ (−∞,∞) under natural boundary conditions.
Namely, Eq. (C10) reduces to the Sturm-Liouville equa-
tion (D1) as

LH(e−�(x)/2yi(x)) = e�(x)/2 d

dx

[
kBT

γ
e−�(x) d

dx
yi(x)

]

= −�i
(
e−�(x)/2yi(x)

)
. (D6)

Accordingly, the eigenfunction φ̃i(x) of the Hermitian opera-
tor is expressed as

φ̃i(x) = e−�(x)/2yi(x) =
√

γ

kBT
exp

[
−Vλw

(x)

2kBT

]
yi(x). (D7)

The Sturm-Liouville formulation provides a
general procedure for determining the effective
correlation times τμν . By solving the Sturm-
Liouville equation (D1) with Eqs. (D3)–(D5),
we obtain the eigenvalues {�i} and eigenfunctions {yi}.
Using the solutions of yi, the expansion coefficients ci

are calculated from Eq. (89). The dimensionless quantity
[
∑

i�1 ci/�i]λw=γ=kBT =1 depends only on the exponent n. We
define

fn ≡
[ ∞∑

i=1

ci

�i

]
λw=γ=kBT =1

. (D8)

The numerical values of fn are listed in Table I. We also obtain[ ∞∑
i=1

ci

]
λw=γ=kBT =1

= 2n. (D9)

Using Eqs. (D8) and (D9) together with the scaling rela-

tion for the eigenvalues, �i ∝ γ −1(kBT )1− 1
n λ

α
n
w [Eq. (95)], the

effective correlation times τμν given by Eq. (96) are finally
obtained:

τμν = γ (kBT )−1+ 1
n λ

− α
n

w

[
1∑∞

i=1 ci

∞∑
i=1

ci

�i

]
λw=γ=kBT =1

= fn

2n
γ (kBT )−1+ 1

n λ
− α

n
w . (D10)

For the power-law potential considered here, the coeffi-
cient fn can be derived analytically by using the backward
generator, as shown in Appendix E. The resulting analytical
expression is

fn = (2n)
1
n

�
(

3
2n

)
�
(

1
2n

) . (D11)

The numerical values listed in Table I are in agreement with
this analytical expression (see Fig. 1).

APPENDIX E: ANALYTICAL DERIVATION OF τμν

AND fn BY A BACKWARD GENERATOR

In Appendix D, the effective correlation times τμν were
evaluated by solving the Sturm-Liouville problem. For the
overdamped Brownian particle in a 1D power-law potential,
they can in fact be evaluated analytically by using the back-
ward generator. This section presents the derivation.

We consider an overdamped Brownian particle in a 1D
power-law potential given by Eq. (69), Vλw

(x) = λα
wx2n/(2n),

whose dynamics is governed by the Fokker-Planck equa-
tion (80). To derive an analytical expression for τμν and the
coefficient fn, it is convenient to employ the backward gen-
erator L associated with the Fokker-Planck operator given by
Eq. (81):

L = kBT

γ
∂2

x − λα
w

γ
x2n−1∂x. (E1)

From Eqs. (13) and (16), τμν can be expressed by the time
integral of the two-time correlation function as

τμν =
∫ ∞

0 dt 〈�Xμ(t ) �Xν (0)〉eq

〈�Xμ(0) �Xν (0)〉eq
. (E2)

We define

h(x) ≡ x2n − 〈x2n〉eq, (E3)

and the relevant time-integrated equilibrium correlation func-
tion is

I ≡
∫ ∞

0
dt 〈h(Xt ) h(X0)〉eq. (E4)

Using the backward generator L, I can formally be written as

I =
∫ ∞

0
dt 〈h eLt h〉eq. (E5)

To evaluate this integral analytically, we seek a function
ϕ(x) satisfying the Poisson equation Lϕ(x) = −h(x). Noting
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that

Lx2 = 2kBT

γ
− 2λα

w

γ
x2n, (E6)

we can readily see

L
(

γ

2λα
w

x2

)
= kBT

λα
w

− x2n (E7)

= 〈x2n〉eq − x2n (E8)

= −h(x). (E9)

Therefore, we obtain

I = − γ

2λα
w

∫ ∞

0
dt 〈h eLtL(x2)〉eq (E10)

= − γ

2λα
w

∫ ∞

0
dt

〈
h

d

dt
[eLt (x2)]

〉
eq

(E11)

= γ

2λα
w

[
〈h x2〉eq − lim

t→∞〈h eLt (x2)〉eq

]
. (E12)

As t → ∞, eLt (x2) relaxes to the equilibrium average 〈x2〉eq.
Hence, the second term becomes 〈h〉eq〈x2〉eq = 0. Therefore,
I can be decomposed into equal-time even moments as

I = γ

2λα
w

[〈x2n+2〉eq − 〈x2n〉eq 〈x2〉eq]. (E13)

To evaluate Eq. (E13), we use

〈x2r〉eq =
(

2nkBT

λα
w

)r/n �
(

2r+1
2n

)
�
(

1
2n

) , (E14)

from which it follows that

〈x2n+2〉eq = 3
kBT

λα
w

〈x2〉eq. (E15)

Substituting Eqs. (E14) and (E15) into Eq. (E13) yields

I = γ
kBT

λ2α
w

〈x2〉eq

= γ
kBT

λ2α
w

(
2nkBT

λα
w

)1/n �
(

3
2n

)
�
(

1
2n

) . (E16)

For the denominator of Eq. (E2), the equal-time variance
Cx2n (0) can be written as

Cx2n (0) = 〈h2〉eq

= 〈x4n〉eq − 〈x2n〉2
eq

= 2n

(
kBT

λα
w

)2

. (E17)

From Eqs. (E16) and (E17), the effective relaxation time
can be written as

τμν = I

Cx2n (0)

= fn

2n
γ (kBT )−1+ 1

n λ
− α

n
w , (E18)

where

fn ≡ (2n)
1
n

�
(

3
2n

)
�
(

1
2n

) . (E19)

APPENDIX F: EXPRESSIONS FOR C(i)
μν IN EQ. (113)

The equilibrium two-time correlation functions of the gen-
eralized forces given by Eqs. (109)–(112) can be expressed
as

〈�Xμ(t ) �Xν (t ′)〉eq = σμν (t )
3∑

i=1

C(i)
μν e−|t−t ′|/τ (i)

μν , (F1)

where τ (i)
μν (i = 1 − 3) are the time constants defined in

Eqs. (106)–(108). Below, we list the explicit expressions for
the coefficients C(i)

μν for each (μ, ν) component.
(1) (w,w) component:

C(1)
ww = �2

+
(�+ − �−)2

, (F2)

C(2)
ww = −2�+�−

(�+ − �−)2
, (F3)

C(3)
ww = �2

−
(�+ − �−)2

. (F4)

(2) (w, u) component:

C(1)
wu = 1

(�+ − �−)2

(
�2

+ + λw

M

)
, (F5)

C(2)
wu = −2

(�+ − �−)2

(
�+�− + λw

M

)
, (F6)

C(3)
wu = 1

(�+ − �−)2

(
�2

− + λw

M

)
. (F7)

(3) (u,w) component:

C(1)
uw = �2

+
(�+ − �−)2

(
1 + M

λw

�2
−

)
, (F8)

C(2)
uw = −2�+�−

(�+ − �−)2

(
1 + M

λw

�+�−

)
, (F9)

C(3)
uw = �2

−
(�+ − �−)2

(
1 + M

λw

�2
+

)
. (F10)

(4) (u, u) component:

C(1)
uu = 1

2(�+ − �−)2

(
�2

+ + �2
− + M

λw

�2
+�2

− + λw

M

)
,

(F11)

C(2)
uu = −1

(�+ − �−)2

(
2�+�− + M

λw

�2
+�2

− + λw

M

)
, (F12)

C(3)
uu = 1

2(�+ − �−)2

(
�2

+ + �2
− + M

λw

�2
+�2

− + λw

M

)
.

(F13)

APPENDIX G: EQUATIONS OF MOTION FOR THE FIRST
AND THE SECOND MOMENTS FOR AN UNDERDAMPED

BROWNIAN PARTICLE IN A HARMONIC POTENTIAL

In this Appendix, we summarize the equations of mo-
tion for the first and second moments of the position x and

043037-16



UNIFIED GEOMETRIC FORMALISM FOR DISSIPATION … PHYSICAL REVIEW RESEARCH 8, 043037 (2026)

momentum p used in the numerical analysis of Sec. V A.
These equations follow from the Fokker-Planck equation for
an underdamped Brownian particle in a 1D harmonic potential
Vλw

given by Eq. (9):

∂

∂t
ρ + p

M

∂

∂x
ρ − λw(t )x

∂

∂ p
ρ − γ

M

∂

∂ p
(pρ) − γ

β(t )

∂2

∂ p2
ρ

= 0, (G1)

where λw(t ) and β(t ) ≡ 1/kBT (t ) serve as time-dependent
control parameters. [Equation (G1) is identical to Eq. (125)
and is reproduced here for the readers’ convenience.]

For a harmonic potential, the phase-space distribution
function ρ(x, p, t ) remains Gaussian at all times provided the
initial distribution is Gaussian. Consequently, the dynamics is
fully characterized by the first and second moments of x and
p. Using Eq. (G1) and integrating by parts, one readily obtains
equations of motion for these moments. The first moments 〈x〉
and 〈p〉 obey a closed set of linear differential equations:

d

dt
〈x〉 = 1

M
〈p〉, (G2)

d

dt
〈p〉 = −λw(t ) 〈x〉 − γ

M
〈p〉. (G3)

The second moments 〈x2〉, 〈xp〉, and 〈p2〉 obey another closed
set of linear differential equations:

d

dt
〈x2〉 = 2

M
〈xp〉, (G4)

d

dt
〈xp〉 = 1

M
〈p2〉 − λw(t ) 〈x2〉 − γ

M
〈xp〉, (G5)

d

dt
〈p2〉 = −2λw(t )〈xp〉 − 2

γ

M
〈p2〉 + 2γ kBT (t ). (G6)

These equations are numerically integrated for the protocols
λw(t ) and T (t ) specified in Sec. V A. Typically, after one or
two cycles, the phase-space distribution relaxes to a periodic

state satisfying ρ(x, p, t ) = ρ(x, p, t + τ ). Thermodynamic
quantities of the cycle are evaluated after the system has
reached this periodic state. For the present harmonic system,
this moment-based approach is equivalent to solving the full
Fokker-Planck equation, while being numerically more effi-
cient and transparent.

The average values of W , U , and A, as well as the power
and efficiency, are evaluated by integrating the corresponding
time-dependent moments over one cycle. In particular, 〈W 〉
and 〈U 〉 are given by

〈W 〉 = −
∫ τ

0
dt

〈
∂Hλw

∂λw

〉
λ̇w = −1

2

∫ τ

0
dt 〈x2〉 λ̇w, (G7)

〈U 〉 = −
∫ τ

0
dt SṪ

= −kB

∫ τ

0
dt

[
ln 2π + 1 + 1

2
ln

(〈x2〉〈p2〉 − 〈xp〉2
)]

Ṫ .

(G8)

Here, to express 〈U 〉 in terms of the second moments, we have
used the fact that a Gaussian phase-space distribution can be
written as

ρ(x, p) = 1

2π
√

〈x2〉〈p2〉 − 〈xp〉2

× exp

[
−〈p2〉x2 + 〈x2〉p2 − 2〈xp〉xp

2(〈x2〉〈p2〉 − 〈xp〉2)

]
. (G9)

While the mean values of thermodynamic quantities, which
are determined by one-time moments, are evaluated by solv-
ing the full Fokker-Planck equation as explained above, the
fluctuation of the dissipation 〈�A2〉 and the fluctuation of the
stochastic efficiency 〈�E2〉 are evaluated within the linear-
response approximation from Eqs. (22) and (32), respectively.
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