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Optical interference by amplitude measurement: Spectral analysis
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Optical interference usually requires two interfering paths to be balanced within the coherence length. For
the case of unbalanced paths, interference effects can be recovered in the frequency-domain analysis of the
superposed resultant optical field because optical frequency filtering in the spectral analysis of the optical field
lengthens the coherence length to overcome the path imbalance. However, since optical detection usually is
intensity measurement that loses the phase information of the detected optical field, the output photocurrent
of intensity measurement cannot recover the lost interference effect in the postprocessing of the data such
as electronic spectral analysis. On the other hand, if amplitude measurement can be used to measure the
resultant optical field from the path-unbalanced superposition of two fields, the output photocurrent carries
complete information of two fields and can restore interference in postdetection processing, even though no
interference shows up in direct intensity measurement. In this paper, we use homodyne detection method for
amplitude measurement to analyze the output of a path-unbalanced interferometer in the spectral domain. Since
complete information about the superposed optical field is contained in the photocurrent, spectral analysis shows
interference fringes in frequency that reveal information about the path imbalance. It is found that shot noise is
the limiting factor in the visibility of interference but can be reduced with a squeezed state input in the unused port
of the unbalanced interferometer. This approach is a different paradigm from the traditional one for studying the
coherence between optical fields and should find wide application in remote sensing and precision measurement.

DOLI: 10.1103/wqz3-749q

I. INTRODUCTION

Interferometers are very sensitive and accurate scientific
instruments that are widely used in scientific and engineering
applications. There are many different structures and types
of optical interferometers, such as the Michelson interferom-
eter and Mach-Zehnder interferometer. Their basic working
principle is to superpose coherent light waves in a common
location where interference of the optical waves can occur
and be observed in intensity. Since intensity measurement
only records the energy of the field, phase information is
lost, so interference must occur before detection. This is the
reason why optical paths in an optical interferometer must be
balanced within the coherence length for the observation of
interference effect.

However, when the optical paths are not balanced, although
no interference is observed in direct intensity measurement
with a photodetector, spectral analysis by optical spectrom-
eters of the superposed optical field can be performed to
recover the interference effect in the frequency domain [1-3].
This even works for matter waves on neutron interferometers
[4]. A detailed look shows that the act of optical spectrometers
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is equivalent to optical filtering of the field to be analyzed,
which effectively lengthens the coherence length of the de-
tected fields and therefore satisfies the path balance condition
for the observation of interference.

Optical filtering requires optical elements such as grat-
ings and Fabry-Perot cavities and precise optical alignment,
so the system can be complicated and sometimes limited
by spectral resolution because higher spectral resolution is
required to increase the coherence length for longer delays.
However, electronic signal processing techniques are quite
mature and widely used in electrical engineering. So, is it pos-
sible to recover the interference effect in a path-unbalanced
interferometer by spectral analysis of the photocurrent from
intensity measurement? The answer is no because intensity
measurement records the energy distribution of the optical
field, which shows no variation if there is no direct optical
interference. On the other hand, if we can make an amplitude
measurement whose output photocurrent contains complete
information about the optical field, including the phase in-
formation, postprocessing of the photocurrent should be able
to recover the interference effect. This was recently demon-
strated in both a quantum SU(1, 1) interferometer [5] and a
traditional Mach-Zehnder interferometer [6] by using the ho-
modyne detection technique for the amplitude measurement.
However, the analysis in these prior works is done in the time
domain that depends on the response of the detectors, and
the path imbalance information can only be revealed through
a scan of electronic delay that takes huge data processing.
Furthermore, the visibility of recovered interference fringes is
limited to 50% [6]. So, information may not be fully recovered
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FIG. 1. Conceptual schematic for recovering interference in a
path-unbalanced Mach-Zehnder interferometer by amplitude mea-
surement with balanced homodyne detection. Interference fringes
are revealed in spectral analysis of the output current igyp. BHD:
balanced homodyne detection; LO: local oscillator for the BHD;
k(7): electronic response function of the detectors; ESA: electronic
spectral analyzer; Scope: fast digital scope.

for the interference effect. Spectral analysis of electric current
is a widely used technique in electrical engineering that can
discriminate against unwanted low-frequency 1/f electronic
noise and reveal more information about the electric current
than time-domain analysis. Since the output photocurrent of
the amplitude measurement contains complete information
about the optical field, spectral analysis of the photocurrent
is then equivalent to optical filtering, and interference can be
recovered in the frequency domain, similar to the work with
an optical spectrometer [1-3] but without the complicated
and expensive optical elements. Compared to optical filtering,
electronic filtering is much easier to handle and has much
narrower bandwidth.

In this paper, we extend our previous work on recovering
interference in the time domain in a path-unbalanced inter-
ferometer with homodyne measurement to frequency-domain
analysis. The interference pattern as well as the path imbal-
ance can be revealed in the spectrum of the photocurrent.
The difference between our current work and the previous
work by optical filtering [1-3] is the location where spectral
analysis is performed: Previous work with intensity measure-
ment requires optical spectral analysis before detection, while
the current work with amplitude measurement has electronic
spectral analysis after detection. Previous work performed op-
tical spectral analysis, but ours is electronic. Spectral analysis
also allows us to find the noise spectrum that is commonly
used in electrical engineering for electric signal analysis and
in quantum noise measurement of vacuum or squeezed states.
This will enable us to find the sensitivity of the unbalanced
interferometer and compare it with the balanced case.

The paper is organized as follows. In Sec. II, we discuss the
general theory about the spectral analysis of the photocurrent
from homodyne detection of the output of a path-unbalanced
Mach-Zehnder interferometer. We consider the case where
the unused port is either empty or in a broadband squeezed
state for quantum noise analysis. We present the experimental
verification of the theory in Sec. III and conclude with a
discussion.

II. GENERAL THEORY

Let us start by considering the conceptual scheme in
Fig. 1, where an input field Ej,(#) enters an unbalanced

Mach-Zehnder interferometer with a large temporal delay AT
in one arm. With the notations in Fig. 1 and the 50:50 beam
splitters, the output field of the interferometer is related to the
input fields as

Eou(t) = [Ea(t) + Ep(t — AT)/V2
= [Ein(t) — Eo(?)
+ Ein(t — AT) + Eo(t — AT)]/2, )

where Ej is the field operator from the unused port of the inter-
ferometer that is usually in vacuum. Here, we use full quantum
theory of light because we apply the formalism to quantum
states as input. A balanced homodyne detector (BHD) with a
response function k(7) and a quantum efficiency of n and a
strong local oscillator £(¢) = |E€|e?~") is used to measure
the quadrature-phase amplitude of the output field:

X(ﬁll(t) = Eou(1)e™" ™" + E;ut (1)e =D, 2)
The photocurrent output igp from BHD is given by [7]

iup(7) = nlglfdfk(t — D) (X (1), 3

and is sent to an electronic spectral analyzer (ESA) for spec-
tral analysis, or recorded by a fast digital oscilloscope (Scope)
for further postdetection data processing.

The spectral density S(€2) obtained by the ESA for the
photocurrent igp of the BHD is given by [8-10]

S(R2) = /dT(AiHD(t)AiHD(t +1))e ', “

with Aigp(t) = iyp(t) — (igp). It can be found [9,10] that the
spectral density S(2) is related to X¥ (r) by

S(2) = Ssn(D[ + nxgu (D], &)

where Ssn(R2) = 1|E1?[k($2)|* is the shot noise spectrum with
K(S) = [ drk(t)e'® and

Xo () = / drxd (1), ©)

with x4, (t) = (: AXY, (t + T)AXZ,(t) :). Notice that &, (1)
is independent of # because the field is stationary.

Since we are concerned with the spectral properties of the
output, it is better to write the fields in terms of their frequency
components:

E ) = doway(w)e ™, (7)

7l
2w
with k = in or 0. Depending on the properties of &, (w), do(w)
in the input and unused ports, we can calculate x/ () and
then S(£2) as follows.

A. Classical stationary input field and vacuum at unused port

We first consider a traditional setting with a classical
stationary field as input and the unused port in vac-
uum. So, there is no correlation between Ei, and Eo
and the stationary property of the input requires no cor-
relation between different frequency components; that is,
(&fn(w)&in(w’)) = n(w)8(w — '), where n(w) is the average
photon number per frequency mode since the total photon rate
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R(t) = (E(OEn(t)) = &~ [don(w) = [dvnQrv) (0 =2
v is the angular frequency and v is the frequency in unit
of Hz = 1/s). Using Eou(t) given in Eq. (1) and assuming that
the input field does not have a fixed phase with respect to the
LO field so that (X¢(r)) = 0, we obtain, after dropping out
the vacuum field due to no contribution from vacuum to the
normal ordered average,

x8(1) = (: AXO(t + T)AX? (1) 2)
1 i il iwoT
= 1(0) = (ZIEL©) + Ej = AT)e™
X [Ein(t + 7) + Ein(t + 7 — AT)]
| e
+ Z[EiL(t + 1)+ E (t + 17— AT)]
X [Bin(0) + Bt = AT)Je ™)

—ia)gr

= [2T'(t) + ['(t + AT) + T'(t — AT)]

4
+ 40 [20%(1) + T*(z + AT) + *(r — AT)],
®)

where

D(t) = (E] (t + 0)En(1)) = L/dwn(w)eim
27
|: 1 iQri| iwyT
L / dSQn(wo + e | ©)
27

Using the following Fourier transformation of the T
function,

/ drT(t + AT )e 07 %

0 AT ' o
= /dtdQ’n(wo + Q) CHRITHIAT
T

= n(wy — Q)" VA (10)

/th*(t + AT)eT /%"

e—iw()AT

= /drdQ/n(a)o 1 Q)el @2 AT
2

= n(wy + Q)e (W HDAT, (11)
We arrive at the expression for x5, (€2) as follows:
Xou () = / dTx$u (T
1
= 5 [n(wo = £2) + nlwo + )]
[n(wy — Q)@= DAT 4 ¢ ¢ ]

+

+ —[n(wy + Q) @+DAT 4 ¢ ¢

A= ] -

= %n(a)o — Q{1 + cos[(wy — AT}

1
+ En(a)o + Q){1 + cos[(wy + QL)AT]}
1
= §n+[1 + cos(2AT ) cos 6]
1
—3n- sin(QAT)sin 0, (12)

where ny = n(wg + Q) £ n(wy — Q) and 6 = wyAT is the
phase difference of the interferometer. Normally, we have
wo > 2 so that n, = 2n(wy) and n_ ~ 0. Hence, we have

x& () ~ n(wo)[1 + cos(QAT ) cos 0]. (13)

Substituting the above back into Eq. (5), we obtain the spec-
trum recorded in the ESA as normalized to the shot noise
spectrum:

S(€2)/Ssn(2) ~ 1 + nn(wo)[1 + cos(2AT ) cos 0]
= [1 + nn(we)l[1 +V(2)cosb]. (14)

Notice that & = wyAT is the phase difference between the
two arms, so cos 6 gives the interference fringes, and Eq. (14)
shows an interference fringe in the frequency domain with
visibility

V(Q) = nn(wo)

= — " Q 1
T nn(wo)lcos( AT)|, (15)

which depends on the analyzing frequency €. In
particular, V(2,)=0 for Q,AT =m—1/2)r or
Q,=m—1/2)r /AT (m=1,2,3,...) but the maximum
value V(2y) = Vmax = nn(wo)/[1 + nn(wp)] is reached for
QuAT =Mmor Qy =Mr /AT M =1,2,3,..).

Notice that the maximum visibility W.x — 0 when the
average input photon number n(wy) < 1. This is because vac-
uum noise or shot noise Ssy sets the minimum in Eq. (14) and
dominates if the average input photon number n(wy) is much
smaller than 1. It is well known that injection of the squeezed
state in the unused port can reduce shot noise [11,12]. Let us
consider this situation next.

B. Squeezed state input at the unused port

When a squeezed state is injected into the unused port
as Ep, it is usually independent of the input field, so
the contribution from the input is the same as Eq. (13) but
the contribution from £ is not zero. We evaluate it using the
frequency components in Eq. (7) as follows.

We first write Eq. (2) as

X (0) = e T En(e) = Eo(t) + Ein(t — AT)
+Eot — AT))/2+ 7 EL (1) — £ (1)
+Eqt = AT) + £ = AT))/2
= RO+ R — AT)
+ X700 = AT) = X¢(1)1/2, 16

where 6 = wgAT and in terms of frequency-shifted
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components,
XL () = Ex(0)e™ "™ + El (1) ™"
1 f N ‘
= —— [ dQXP(Q)e ¥, 17
N2 k
with
X2(Q) = (o + Qe ™ + af(wy — ), (18)

where k = in or O. If the input field and the squeezed state are
independent of each other, then we can write

Xew(T) = X0 (0) + x§ (7). (19)
with x” (1) given in Eq. (8) and
x$(@) =1 [X0 + 1 — AT) = X{ (1 + 1)]
[X3¢ " — AT) = X{ ()] ¢ )
=H{: X+ 17— ARt — AT) 1)
(
(

A

T+ T - AR 1)
—(: X+ X"t - AT) -

+(: XL+ DXL ). (20)
To evaluate the four terms above, we simply calculate the gen-
eral expression (: X'f (t+ r)Xf(t) ) with ¢/, ¢ =9 — 0, @.
For this, we need the properties of the £, field, which is in
a squeezed state generated as the output field of a broadband
parametric amplifier pumped at 2w, with its signal field as the
wq + 2 frequency component and its idler field as the wy — €2
frequency component:

ao(wo + ) = G(Q)e(wy + Q) + g(R)e? &' (wy — Q),
ao(wy — Q) = G(Q)e(wy — Q) + g()e e (wy + Q),
1)

where G(£2), g(2), satisfying G?> — ¢* = 1, are related to the
pump power and are the amplitude gain parameters at fre-
quency wg + Q2 of the parametric amplifier. We assume that
they are positive and that the pump field phase is denoted
as B. Field ¢(w) is the vacuum input field of the para-
metric amplifier satisfying [¢(w;), ¢'(w2)] = 8(w; — w,) and
¢(w)|vacuum) = 0. With these and using Eq. (17), we obtain

(R +0RS @) ) = % / A2 d e )i
x (R @RI ). @2
From Egs. (18) and (21), we have
(R @R () 1)

= (: [ao(wo + Q21)e™™ + af (wo — 21)e™®’
x [ao(wo + Q2)e™ + aj(wy — 2)e?] 2)

= (ag(wo — Q) (wy — Qo))"+
+ (ao(@o + 1)ag(wy + Qy))e @ +)
(a0 — Qao(wy + Q2))e’ @
+Hag(wo — Q2)ao(wy + 21))e? )

= 2[G(Q1)g(§21) cos(¢" + ¢ — )
+&(Q1) cos(¢’ — PIS(Q + Q). (23)
Substituting into Eq. (22) and carrying out the integral, we
obtain
(X a+0%@ )= %[dsze*iﬂf[gz(sz)cos@’ —¢)
+ G(R)g(2) cos(¢” + ¢ — B)I.
(24)

Substituting the above into Eq. (20) with the appropriate ¢’, ¢,
we have

X(‘)”(r) = % / dQe’iQfg(Q)[g(Q)(l — cos QAT cos )

+ G(2)cos(2¢p — 6 — B)(cosH — cos LAT)].
(25)
Performing the reverse Fourier transformation, we have
X(‘)”(Q) = g(2)[g(2)(1 — cos QAT cosH)
4+ G(2)cos(2p — 0 — B)(cosh — cos QAT)].
(26)
Combining all results, we arrive at the final result:
S(2)/Ssn(2) = nn(wp)(1 4 cos QAT cosf) + 1
+ ng(2)[g(2)(1 — cos QAT cos )
+ G(R2)cosRyp — 0 — B)
X (cos@ — cos QAT)]. 27

Obviously, the first term is from the input field and produces
the phase signal of the interferometer, while the rest is the
noise level and gives the shot noise if the squeezed state
becomes vacuum (g = 0). Let us examine it in detail next.

We assume that maximum visibility is achieved with
cos QAT = 1. Usually, interferometers with homodyne de-
tection operate in the dark mode; that is, the output signal
term is zero with cos @ = —1. For the sake of clarity, we also
assume an ideal quantum efficiency of = 1. Then, the noise
part becomes

N(Q) = 1 +284(Q) — 2G(2)g(R2) cos(2p — 6 — B), (28)

which is minimum when the phase of LO is adjusted so that
cosQp —0 — B)=1:

Nu(Q) = 1 4+28(Q) — 2G(2)g(Q)
= 1/[G(Q) + g%, (29)

where we use the identity G> — g> = 1. This is exactly the
reduced noise level due to the squeezed state. Therefore, op-
timum performance with the squeezed state can be achieved
even for an unbalanced interferometer, provided the analyzing
frequency is set appropriately at Qy = Mm /AT.

When calculating the visibility of the fringe, we need to
be careful because the noise part in Eq. (27) also depends on
the phase of the interferometer as well as the LO, which is
different from the case of vacuum input when the noise is
independent of the interferometer phase. Another reason to
consider the phase-dependent noise as a part of the fringe
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FIG. 2. Visibility as a function of the average input photon
number n for various values of ¢.

is because the squeezed state has nonzero photon number,
different from the vacuum input. To eliminate the LO phase
dependence, we can adjust it to follow the phase of the inter-
ferometer in such a way that cos(2¢ — 6 — 8) = —1 and the
noise part is in sync with the main fringe of the input field. For
simplicity, we assume 7 = 1. Then, Eq. (27) becomes

S(2)/Ssn(R2) = n(wo)(1 +cos ) + 1
+ [£4(2) — g()G(2)](1 — cos )

o 1+ Vigcos b, (30)
with
G
Vg = M 31)
G+n(g+G)

where we used G> — g = 1. We can rewrite the above in
terms of the squeezing parameter { = 1/(g + G)?, which is
defined in Eq. (29), as follows:

V. _1=¢+2n
T 1442

which recovers Eq. (15) for vacuum with ¢ = 1. Notice that
Vsq = 1 independent of n for an infinite amount of squeezing
of { = 0 when quantum noise is totally eliminated. Even for a
finite amount of squeezing 0 < ¢ < 1, we have a finite visibil-
ity of Viq = (1 — ¢)/(1 + &) # 0 when there is no input field
with n = 0. This is because the squeezed state has nonzero
photon number. In order to see the effect of squeezing, we
plot in Fig. 2 the visibility in Eq. (32) as a function of the input

(32)

LASER
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EBS)

ATT EOM

ATT

PC

photon number n for various amounts of squeezing ¢. As can
be seen, visibility improves with the amount of squeezing.

III. EXPERIMENT

We next perform an experiment to verify some of the
theoretical predictions above. The experimental schematic is
shown in Fig. 3, where a path-unbalanced Mach-Zehnder in-
terferometer has the input light field as a phase-randomized
coherent state, which is realized by passing a laser beam
through an electro-optic modulator (EOM) driven by a white
noise source of bandwidth about 300 MHz. The extra de-
lay in one arm is made through a 22-m-long single-mode
fiber, which gives an optical delay of AT =nAL/c=1.5 x
20/3 x 108 = 110ns. The delay is chosen so that it is much
longer than the coherence time 7, ~ 3 ns. This ensures that no
interference can be observed using traditional intensity mea-
surement. However, here we make an amplitude measurement
by homodyne detection. The output of the interferometer is
measured by mixing with a strong local oscillator obtained
from the laser before detected by a fast photodetector (PD)
of 10 GHz bandwidth. Attenuators (ATT) are used to con-
trol the intensity of the input field and the local oscillator.
Polarization control units (FPC) are used to achieve a good
mode match. The phase of interferometer (0) is scanned by
a piezo-mounted fiber stretcher (PFS). The output electric
current from the detector (PD) is either analyzed by an ESA
or recorded by a digital oscilloscope for postdetection data
analysis. We first look at the results from the ESA.

A. Spectral measurement by an electronic spectral analyzer

Figure 4 shows the interference fringe (brown) on logarith-
mic scale in a spectral span of 12 MHz as the interferometer
phase @ is scanned in time (sweep time = 1 s). The blue trace
is the shot noise level when the input field is blocked. The
large bump near 1.5 MHz is from intensity noise of the laser
because we do not use balanced homodyne detection scheme
to eliminate the noise from local oscillator due to lack of extra
fast detector. It can be seen that the visibility of interference is
modulated as a function of frequency f and is zero at some
specific frequencies of f,, = ,,/2nr = (m — 1/2)/2AT, as
predicted from Eq. (15). We focus at specific frequencies of
4.6 and 6.9 MHz and find fringes when the phase is swept
in 100 ms, as shown in Figs. 5(a) and 5(b), from which we

Digital
Homodyne Scope

Local Oscillator detector

FIG. 3. Experimental layout. The dashed part is a path-unbalanced Mach-Zehnder interferometer with an optical delay much larger
than the coherence time: AT >> T.. ATT: attenuator; FPC: fiber polarization controller; FBS: fiber beam splitter; EOM: phase modulator;
PD: photodetector; ESA: electronic spectral analyzer. PES(6): piezofiber stretcher for phase scan.
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FIG. 4. Interference fringes (brown, in log scale) from
an electronic spectral analyzer. Blue trace: shot noise level

[resolution bandwidth (RBW) = 360 kHz, video bandwidth (VBW)
= 1.2 kHz, sweep time = 1 s].

can extract visibility as a function of the analyzing center
frequency. We plot this dependence in Fig. 5(c) and fit it
to Eq. (15) under nn > 1 with a scaling factor as the free
parameter to account for experimental imperfectness.

To fully verify Eq. (15) and find the influence of the
shot noise, we change the power of the input field to the
interferometer. Figure 6 shows the maximum visibility as a
function of the input light power. It can be seen that visibility
drops with the decrease in power, following the function given
in Eq. (15), which is plotted as a solid curve. The drop in
visibility at low power is due to the contribution of the shot
noise.

B. Spectral measurement by postdetection data processing

A different approach to finding spectral information is by
processing the output current igp(¢) of homodyne detection,
which can be recorded with a fast digital oscilloscope. In the
experiment, we record igp(t) in a step of 6.25 x 107195 for
a total of 100 ms, which is the time for one sweep of the
phase 6 as shown in Fig. 5(a). The step of 6.25 x 10705 is

0.4
~ (a) 4.6 MHz || (b 6.9 MHz
=03
3
5 0.2
o e
0
0 50 100 50 100
time (ms) time (ms)
1
(©)
2
Bo05f
> data
0 . —fitting curve
0 5 10 15
Frequency (MHz)

FIG. 5. Interference fringes shown in ESA at a center frequency
of (a) f=4.6MHz and (b) f=6.9MHz (RBW = 360 kHz,
VBW = 1.2 kHz). (c) Visibility as a function of analyzing center
frequency f of ESA. Red solid trace is a fit to Eq. (15) with nn > 1.

Visibility
S
(9]

0 0.5 1 1.5
Power (nW)

FIG. 6. Interference visibility as a function of input power at
frequency of maximum visibility. The fitting curve is visibility =

g:vf:rwfg, with @ = 0.92 and b = 0.026 nW in reference to Eq. (15).

much smaller than 7. ~ 3 ns to ensure that the fluctuations
of the field are recorded. There are two methods that we can
employ to perform postdetection data processing on iyp(f)
using Fourier transformation to obtain spectral information.

In the first method, we resort to the formula in Eq. (4),
where we first evaluate the autocorrelation function of iyp(¢)
and then make the Fourier transformation. Notice that the
phase 6 is a variable that slowly changes in our experiment
to display the interference fringes [about four periods in
100 ms; see Fig. 5(a)], so the spectrum will also change over
time. Because of this, unlike the result in Eq. (5) for stationary
fields, ¢ is also a variable and will appear in 6 in Eq. (14). We
need to find the spectrum at different times ¢ or 6.

Since 6 changes slowly with time, we can use data points
around a specific time ¢ to perform the average (. ..) in Eq. (4)
for the correlation function. Here, we take 2 x 10° data points
or a range of [t — 62.5us, t + 62.5 us] for the average and
select + = 100, 200, 300, ..., 1000 x 100 us. The selection of
the average time of 62.5 us is such that 62.5 us > T, ~ 3 ns,
the coherence time of the input field, to achieve the ensemble
average of the field. It is also small enough that 6 is approx-
imately constant. A typical correlation function is shown in
Fig. 7(a) for the range of interest (nonzero values), which
shows three peaks. The one at the zero delay comes from
regular autocorrelation of random amplitude in the photocur-
rent. Two adjacent peaks emerge at a symmetric delay of
~ £ 110 ns corresponding to the optical delay we apply (AT).
The maxima of the side peaks are smaller than the central peak
at zero delay, indicating only partial correlation between two
arms of the interferometer. Then, for each time ¢ correspond-
ing to different phase 6, we use Eq. (4) to take the fast Fourier
transformation (FFT) of the autocorrelation function with in-
tegration variable t also in the range of [—62.5 us, 62.5 ps].
Figure 7(b) shows the spectra at three different times cor-
responding to 6 = 0 (blue), /2 (orange), and 7 (yellow),
respectively, which follow exactly the spectrum derived in
Eq. (14). To see the interference fringes as 6 is scanned, we
pick out the spectral data at a specific frequency from the
FFT results of different times ¢ and plot the modulus of the
specific frequency component of the FFT as a function of
the time variable ¢. Figures 7(c) and 7(d) show two such plots
at f =4.6 and 6.9 MHz, respectively. This corresponds to
zero frequency span of ESA [Figs. 5(a) and 5(b)]. From the
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FIG. 7. Postdetection data analysis based on Eq. (4). (a) Autocor-
relation function of the recorded photocurrent. (b) Spectra at various
phases of & = 0, 7, and 7 (average of 100 points is taken). Interfer-
ence fringes at center analyzing frequency of (c) f = 4.6 MHz (left)
and (d) 6.9 MHz (right) (average of ten points is taken). (e) Visibility
as a function of center analyzing frequency.

interference fringes in Figs. 7(c) and 7(d), we extract visibility
of interference and plot as a function of frequency in Fig. 7(e),
and arrive at the expected visibility modulation behavior in the
frequency domain, with the solid line as a fit to Eq. (15) with
a period of 4.55 MHz = 1/2AT. This is similar to the ESA
result in Fig. 5(c).

We can also display interference fringes in a wide spectral
range as shown in Fig. 8, similar to Fig. 4. However, the
procedure to obtain Fig. 8 is not straightforward and takes
more effort than those described above for Fig. 7. We present
it in Appendix A.

Calculating the autocorrelation function can take a lot of
computing power. A more practical method is to make a direct
Fourier transformation of the recorded output current igp(¢).
The theory of this approach is presented in Appendix B. The
FFT simulation plays the same role of information extrac-
tion as correlation measurement, but the calculation burden
for the computer is much smaller than the direct correlation
function calculation. This method is practically the same as
the correlation function method: We divide the photocurrent
data recorded in a total time of 100 ms into segments of size
2 x 62.5us, with each corresponding to a different phase 6.

CORR Amplitude

1 ! ! 1 1

0 2 4 6 8 10 12
Frequency (MHz)

FIG. 8. Spectrum in a wide spectral range from the Fourier trans-
formation of the autocorrelation function in Fig. 7(a).

Then, we apply the FFT algorithm for each segment and take
the modulus square of the FFT result. The result is shown
in Fig. 9, which shows interference fringes similar to the
previous autocorrelation function method (Figs. 7 and 8).

IV. DISCUSSION

The amplitude-based interference technique offers us a
picture to understand interference between distinguished
spatial-temporal modes within the scheme of an unbalanced
Mach-Zehnder interferometer (MZI). In this paper, we find
that the phase information encoded in an optical field can
also be fully recovered by spectral analysis. Compared to
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FIG. 9. Interference fringes by postdetection data analysis of
direct FFT on the recorded photocurrent. (a) Full spectrum from
0 to 12 MHz (see Appendix A for details). (b) Fringes at center
frequency of f =4.6 MHz. (c) Fringes with near-zero visibility
at center frequency of f = 6.9 MHz[panels (b) and (c) are both
averaged over 100 points of total 13 991 sampling points for FFT
analysis in 100 ms]. (d) Visibility as a function of center frequency
with the solid red curve as a fit to Eq. (15).
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time-domain analysis, spectral analysis not only reveals the
information in a more direct way: the optical delay and rela-
tive phase variation between delayed fields, but also shows the
ability to obtain more complicated information with a simple
analysis approach. These characteristics enable the applica-
tion of the technique in some real scenarios: (1) The currently
popular light detection and ranging (LIDAR) scheme usu-
ally requires a longer ranging distance Lp,x while achieving
higher resolution AL at the same time: Traditional methods
like frequency modulated continuous wave (FMCW) LIDAR
offer flexible single-shot ranging and velocimetry. However,
the coherence length of modulated continuous wave (CW)
field becomes a limitation to Ly, if the requirement for
a larger modulation bandwidth is considered [13,14]. Our
analysis approach could offer a solution to all these LI-
DAR systems to circumvent the coherence-length limitation.
(2) Optical communication that relies on coherence of the field
suffers from phase noise in long-distance transmission [15].
However, our method can overcome this problem by measur-
ing the amplitude via homodyne detection with the aid of a
narrow-band local oscillator. Spectral analysis easily avoids
the 1/f electronic noise and operates at a higher bandwidth of
the optoelectronic system, making full use of a broad optical
spectrum and allowing for transmission of higher information
capacity. In addition, a more profound implication in practical
application is that it demands no coherence between the local
oscillator and the signal field, which makes a big difference
compared to coherent detection scheme.

As discussed in the theory part, spectral analysis can also
be applied in quantum regime analysis when shot noise be-
comes dominant. One of the quantum advantages comes from
the injection of squeezed vacuum into the unused input port
of the unbalanced MZI, which offers phase measurement
with the same noise suppression as a regular path-balanced
interferometer. Therefore, our platform with spectrum anal-
ysis and the homodyne detection technique for amplitude
measurement is naturally suitable for applications in quantum
metrology. Further work on this will be presented elsewhere.
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APPENDIX A: PROCEDURE IN THE EXTRACTION
OF FIG. 7(b)

The process of producing Fig. 7(b) is different from Fig. 4,
which is obtained directly from the ESA. Data acquisition
from ESA allows for a longer sweep time (=1 s) to record
a wide spectrum during which the phase scan of 6 runs

through many fringes as shown in Fig. 4. For the photocur-
rent analysis here, we only take data of 100 ms long, which
covers about four interference fringes, and when spread over
a wide spectral range of 12 MHz, it is hard to show visibility
change of interference fringes over the spectral range. To show
more fringes in a small spectral range as in Fig. 4, it would
require recycling the data in 100 ms for different parts of
the spectrum. The specific approach is by employing mea-
sured fringe once for a smaller frequency section [~2 MHz
in Fig. 7(b)] to see the visibility variation with enough peri-
ods. Afterward, a sequential combination of these frequency
sections (02 MHz, 2 MHz—4 MHz, 4 MHz-6 MHz, ...) to
obtain the full frequency range of the spectrum is applied
to see the visibility modulation. Through this approach, the
actual “sweep time” of Fig. 7(b) is around 100 ms x 1221\1}4}1;1; =
600 ms.

APPENDIX B: THEORY OF POSTDETECTION DATA
ANALYSIS BY DIRECT FOURIER TRANSFORMATION
OF THE PHOTOCURRENT

The theory presented in Sec. II is the output of an electronic
spectral analyzer. What will be the result if we make a direct
Fourier transformation of the photocurrent from the balanced
homodyne detector? To find out, let us go back to Eq. (3) for
the expression of the photocurrent of the homodyne detection
of the output of an unbalanced MZI. The average over there is
over the quantum state of the input field, which, in experiment,
is equivalent to the average of the current over the time that is
longer than the coherent time. However, we cannot make a
Fourier transformation of the averaged current because it will
lose the detailed fluctuations of the field. We consider instanta-
neous current, which corresponds to the operator before state
average:

it (1) o €] / dek(t — DIRY(T) + XY (x — AT)], (B1)

where we include the finite response function k(z) of the
detectors and the quadrature-phase amplitudes are defined as

)21;/; (t) — Ein (t)eiw()f*iﬁo + EAV‘T] ([)efiw[)l+ig0’
)’Zl(r/; /(t) — Ein (t)eiwo(T+AT)7ig0 + EA';] (t)efia)o(t+AT)+i(p. (Bz)
To prepare the Fourier transformation, we write the

field operator of the input field in terms of the frequency
components: E(t) = «/;27 f dwia(w)e " Then, we have

X4(t) = dwa(w)e™ @ Hioi=iv L Hc.

7=
27
1 o
= N / dQa(wy + Q)e ¥ L He.
T
1 o
=—— [ dQla(wy + Q)e ¥
V27 / 0
+ ak(w() _ Q)eiw—iﬂt]
1
- V2T

where we made a change of the integration variables: @ —
wo — 2 in the second line and —2 — 2 in the second term

dQe X4 (Q), (B3)
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of the third line, and X (Q) = &;rn(a)o — Q) + ain(wy +
Q)e . Now, we apply the Fourier transform to the pho-
tocurrent. For fast detector assumption, the response function
k(t) is depicted as a § function with a normalization factor

Q) = [drk():

iHD(Q) = dteiQ[iHD(I)

7 |

x \/%/dtemﬂ&/dt[k(t — XY (1)
+ k(t — 7 — AT)XY (1)]

~ %i' dte[X4(t) + X' (t — AT)]
= QIIEIIXL(Q) + 4T XY (). (B4)

The modulus square is |igp(2)|>. Notice here that Yiﬁ(t)
satisfies [X/ ()] = X (—Q); then, we obtain the following
expression:
i ()1 o [X(—Q) + e AT (—Q)]
X [Xih(Q) + £ATXE (Q)]
=X (—X!(Q) + XY (—)X! (Q)
+ e TR ()X (Q)
+ TR (— Q)XY (Q). (B5)

Next, we evaluate each of the four terms. We start with the
first term, which is from Eq. (B3):

. R 1 . na 5
Sy = 5 [ Og 0k
1 2 0
= 2—/dlwe’mclt)(’i‘ﬁ(l + X5 (1)
T

1 o N
= dre (X0t + XL t))e. (B6)

Note that the time integral corresponds to the ensemble av-
erage over the input quantum state in the last line. The
temporal cross-correlation above can be related to the field’s
second-order coherence function I'(t) = (Eﬂ; (t + DEn())w

as follows:
X+ X D) = X0+ DX00) 1),
+ [Ein(t + 1), E (1))
= [(0)e ™" 4+ [(=7)e™" + §(7)e".
B7)

As discussed in Sec. II A, the Fourier transform of the second-
order coherence function I'(7) is the spectrum n(w) of the
field: n(w) = [ dtT'(t)e "". So, we have

/ dtD(£7)eT % = p(wy F Q). (B8)
Hence,
X QXH(—Q) = %[n(wo — Q) +n(wo + Q) + 1].
(B9)
Similarly,

oo 1
XX (—Q) = S —ln(e — Q)+ nlwo + Q) + 11,

st o 1 )

X (DX (—Q) = g[n(wo — Qe AT 4 n(wy + Q)
x eiwnAT + 1]’

o 1 .

KRR (—92) = —ln(w = A +nlwn + Q)

x e @Al 4, (B10)

Combining all the results, we have the modulus square of the
Fourier transform as

linp ()

o %n(wo — Q)1 + cos[( — wy)AT]}
1 2
+ ;n(wo + Q){1 4 cos[(R2 + wog)AT]} + =

2
= —{1 4+ 2n4[1 + cos(QAT ) cos(woAT)]
T

+2n_[1 + sin(QAT) sin(wo AT)]}. (B11)

With the first term in the expression above interpreted as
the shot noise and n4+ = n(wy + 2) £ n(wy — ), we recover
Egs. (5) and (12) for the spectrum of the photocurrent mea-
sured by an ESA. This confirms that direct FFT of the
photocurrent is the same as the result by feeding the current
to an electronic spectral analyzer, as demonstrated experimen-
tally in Sec. III B.
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